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SKEINS ON BRANES

by Tosias EKHOLM™* and Vivek SHENDE

ABSTRACT

We study 1-parameter families of holomorphic curves with Lagrangian boundary in Calabi-Yau 3-folds. We show
that the expected codimension one phenomena can be organized to match the HOMFLYPT skein relations from quantum
topology. It follows that counting holomorphic curves by the class of their boundaries in the skein module of the Lagrangian
gives a deformation invariant result. This is a mathematically rigorous incarnation of Witten’s assertion that boundaries of open
topological strings create line defects in Chern-Simons theory [42].

Using this theory, we rigorously establish the following prediction of Ooguri and Vafa: the coefficients of the HOM-
FLYPT polynomial of a link in the three-sphere count the holomorphic curves in the resolved conifold, with boundary on (a
push-off of) the link conormal.
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1. Introduction

The skein relations in Figure 1 serve to define and calculate the HOMFLYPT
invariant of knots and links [16, 32]. Said relations have celebrated interpretations as
encoding the expected properties of Wilson lines in the Chern—Simons quantum field
theory [41], or correspondingly of traces on braid group representations arising from
the study of von Neumann algebras [27, 28] or quantum groups [34, 89]. Our purpose
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Ficure 1. — The framed HOMFLYPT skein relations.

here is to show that the same skein relations emerge from the study of holomorphic
curves with Lagrangian boundary conditions in Calabi-Yau 3-folds, and, consequently,
resolve certain long-standing problems regarding the definition and computation of
counts of such curves.

1.1. Skein relations from moduli of holomorphic maps. — Let X be a symplectic
Calabi-Yau 3-fold, i.e., a symplectic 6-manifold with trivial first Chern class ¢;(X) =0
and fixed complex trivialization of det(7X), and L c X an oriented Lagrangian with
vanishing Maslov class, i.e., the rotation of det(L) in det(X) equals zero. Let J be an
almost complex structure compatible with the symplectic structure on X.

The moduli space of J-holomorphic curves in (X, L) has expected dimension
zero, so one might expect to be able to define a count of such curves. However, moduli
spaces of holomorphic curves with boundary themselves have codimension one bound-
aries that appear in 1-parameter families, so one naively does not expect deformation
invariance of counts of curves in (X, L), but rather some wall-and-chamber structure
with counts locally constant in the chambers but changing across walls [17]. In fact the
situation is even more involved: achieving transversality of moduli depends on some
choice of perturbation, and for the same reason one would expect the resulting counts
to depend on the choice of perturbation by some wall and chamber structure.

The driving observation of the present article is that one can set up this counting
problem so that the possible wall crossings precisely match the HOMFLYPT skein
relations. Let us sketch how the skein relations appear.

The generic or expected boundary point of moduli is a map

ug: (8o, 08y)) — (X, L),

where the domain curve S has a single boundary node. There are two kinds of node,
“elliptic” and “hyperbolic”. In 1-parameter degenerations, locally in a (C3, R3)-chart of
(X, L), the nearby u.(S;), € € [0, €p), look as follows,

elliptic:  uc(S.) = {(x,9,2) € C3: 2 +y% =€, 2=0, Re(x) Im(yp) = 0},
hyperbolic: uc(S.) = {(x,9,2) € C3: 2 =y =¢, =0, Im(y) > 0}.
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Ficure 2. — Moduli spaces near nodal curves, top hyperbolic and bottom elliptic. Solid
blue lines indicates parameterized moduli spaces of curves. Over the line that goes from left to
right we see the curves u; near the crossing of boundary arcs in the hyperbolic case and with the
Lagrangian in the elliptic case. Over the line with boundary in the middle we see the curves
u; that becomes nodal at ¢ = 0. The grey dashed line is the wall whose “wall crossing formula”
— arising from the indicated association of points in distinct moduli spaces — is a skein relation.

(In Sections 3.2 and 3.1 we parameterize the moduli space by r = m, which is
natural from the point of view of Floer gluing, see Theorem 4.2.)

Consider a (generic) 1-parameter moduli space whose boundary corresponds to
a curve with hyperbolic node, see Figure 2. Then u((dSy) is some singular link, and
uc(8Se) is its resolution appearing on the right hand side of the first skein relation in
Figure 1. On the other hand, if we write #y: (Sy, 8Sy) — (X, L) for the map from the
normalization, then [u] is an interior point in a 1-parameter moduli space. Letting
Uy : (.i_,,c?gi) — (X, L) denote nearby points on either side, u. (85‘;) provide the two
knots on the left hand side of the first skein relation in Figure 1, see Theorem 4.2.

We write y (-) for the Euler characteristic of the curve obtained by smoothing all
nodes, sometimes called the arithmetic Euler characteristic, for which y (S:) = x (Sy) + 1.
Thus if we count curves weighted by 27X, then considering together the families u; and uy,
assuming transversality and possibly adjusting the sign of z, the curve count jumps by
some multiple of the first skein relation.

The moduli spaces in the case of an elliptic node are similar. The elliptic node can
be viewed as a marked point constrained to lie on the Lagrangian which formally lowers
the Euler characteristic of the curve by 1; normalization forgets this exotic marked
point. The boundaries of the normalization family of curves satisfy u,(8S;) ~ u_(3S-)
and neither intersects our (C2, R%)-chart. Meanwhile u((8Sy) is isotopic to a union of
u,(0S,) with the single point where the elliptic node appears. In u.(8S¢), this point
expands to an unknot, see Theorem 4.2.
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Thus, if we count the maps weighted by a*“%, where u®L is some quantity
satisfying

u_dL+1 = bl = u, &L -1,

then the wall crossing matches the second HOMFLYPT skein relation in Figure 1.
Observe that the 1-parameter family connecting u,(S;) and u_(S-) is a family of 2-
folds in a 6-fold, which at one moment (namely %) meets the 3-fold L. Thus we may
expect to distinguish u,(S;) and u_(S-) by their linking number with L. Since we want
in particular u, &L — u_< L = 2, we would like to choose a 4-chain C with 6C = 2L, and
define a linking number by the intersection number with this chain:

ubL:=u-C.

However, the quantity «-C cannot be expected to be invariant under deformations.
Indeed, u,(S,) and u_(S_) may have boundary on L, and u.(S,) necessarily does. Thus,
the intersection points of « and C may travel to the boundary of the domain curve,
and then disappear. We correct for this as follows (compare [4]). We demand that the
4-chain C is smooth near the boundary and that there is a vector field £ on L such that
the inward normal of C along L equals C = £ J¢. Since u is J-holomorphic, this ensures
that points of du N C # 0 are precisely those points where £ is parallel to dC. Thus if
we use & to frame %(8S), the moments when a* ¢ changes are precisely those when the

framing of u(4S) changes. This is the third HOMFLYPT skein relation in Figure 1.

1.2. Skein-valued curve counting. — Let Sk(L) be the skein module of L, i.e.,
the formal Z[a*, z*]-linear span of framed links in L, modulo the HOMFLYPT skein
relations. For a map u: (S,85) — (X, L) such that u|ys is an embedding, there is a well
defined class (du) € Sk(L). We fix a vector field & and 4-chain C as above in order to
give framings to curves so as to define skein classes, and to define the linking number

&, We write Sk(L) for the completion in z~!. The above arguments suggest that the
following curve count is deformation invariant (although its individual factors are not):

(1.1) Zyp= », 2. (ou) e Sk(),
(u,S)eM

where M is a suitable moduli space of curves.

Let us note that the skein relation does not preserve the topological type of the
curves, and thus in order to obtain an invariant we will be forced to sum over such
topological types. On the other hand, we may and often will restrict attention to maps
of a fixed class in Ho (X, L).

As usual for curve counting, we also need our moduli of maps to be suitably
compact and transversely cut out. To set up our skein valued counting, we will need
in addition the following properties of the maps themselves. First, for the boundary
of our maps to define links in L, we will want u|gs to be an embedding. In addition, in
order that wall crossings in parameter space directly match the skein relations, we will
want that in 1-parameter families, u(8S) is a singular link with one double point. These
conditions are what is expected from naive dimension counting.
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When, as for knot conormals, the Lagrangian has topology S! x R?, then curves
with boundary in a basic homology class, see Definition 5.2, are somewhere injective, see
Lemmas 5.3, 5.5 for details. It then follows that for generic almost complex structure
(as we recall in Lemma A.2) that the desired general position holds away from a locus
of maps of the expected codimension, and we then have these desired properties for
such curves.

We recall that a_J-holomorphic map fails to be somewhere injective only if some
component either maps by a multiple cover, or to a constant. Let us first fix attention
on some situation where multiple covers are excluded a priori, e.g., by fixing some class
in He(X, L) where multiple covers cannot occur for topological reasons. We consider
the remaining difficulty: maps which collapse some components (“ghost bubbles”). We
term maps without ghost bubbles “bare”. In [13] we show that a limit of bare maps
can only develop a ghost bubble if the image of the non-contracted component has a
singularity worse than an ordinary (see [3, 26, 30, 45] for similar results). Since such
singularities do not appear for generic J or generic paths of J, the locus of bare curves
is compact.

In the present article, we detail the above reasoning, and deduce in Theorem 6.3
that (1.1) is well defined and invariant under deformations when multiple covers are
excluded a priori. As we will see presently, there are already striking applications of our
setup in situations where no multiple covers can occur.

In the sequel [10], we use the techniques of the abstract perturbation theory of [21,
22] to construct a similar theory the presence of multiple covers, thereby establishing
the well-definedness and invariance of (1.1) in full generality, which is required for
various further applications [7, 8,9, 11, 12, 23, 24, 36, 37].

Remark 1.1. — The skein-valued curve counting is a mathematical shadow of
Witten’s proposal that Lagrangian branes in the topological A-model carry the Chern—
Simons gauge theory [42]. Witten reasoned at the level of the action functional, by the
cubic vertex of the open string field theory to the Chern—Simons functional, and then
further argued directly that open strings contribute Wilson line operators. By contrast,
what we are doing (in more physical terms) is showing that if the open topological
A-model is to have the expected background independence, then the contributions of
the open strings must satisfy the same relations as do the Chern—Simons Wilson lines,
without ever computing what the contribution of such a string actually is, or indeed
discussing to what it should contribute.

1.3. The Ooguri—Vafa conjecture. — Using our setup, we will establish a proposal
from the string theory literature [19, 20, 81]: the coeflicients of the HOMFLYPT
invariant are counts of certain holomorphic curves.

Let us recall some relevant notions to state this precisely. The cotangent bundle
7*83 and the total space X of the bundle O(-1) ® O(-1) — CP! are respectively a
deformation and a resolution of a quadric cone in C*. The cone itself is understood as
the limit where respectively the radius of §2 or the area of CP! tends to zero. The space
X is called the resolved conifold. Passing between T*$3 and X is the conifold transition.
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Let K be a m-component link in §% and let Lg.o ¢ 7*S? be the conormal of K.
Shifting Lg.o along a closed 1-form dual to the tangent vector of K, by some € > 0,
gives a non-exact Lagrangian Lg.. disjoint from the 0-section. Topologically, Lg.c is
LT 81 x R2. The shift of Lg, determines a positive generator 8 of H (Lg.c). Using the
conifold transition, we identify Lg.. with a Lagrangian in X and denote it Lx Cc X.

Let J be a generic almost complex structure on X that is R-invariant at infinity
and standard near CP!, see Section 5.2 for details. Assume that Lg lies in the R-invariant
region and let I" = | |} ST x {0} e Sk(Lg), the class in the skein of Lg represented by
the union of positively oriented central circles, one for each component. Fix a 4-chain
for Lg such the intersection number with CP! equals zero, CP1¢ Lg = 0.

Theorem 1.2. —  Let M be the moduli of bare connected J -holomorphic curves (u, S)
in X with boundary in Lx = L. in a basic class B. If either k = 1 or if k > 1 and € is
sufficiently small then for an almost complex structure J as above, M is a transversely cut out
compact oriented O-manifold. Curves in M are embeddings with interior disjoint from Lg, the
skein valued count of curves in M is invariant and equals

(1.2) Z)/(,LK,ﬂ = Z (_l)o(u)aQdcg(u)z—X(S)azéLK<au> = Hg(a,z)-T € Sk(Lg),
(u,S)eM

where (=1)°™) s the orientation sign of [u] € M, deg(u) is the homological degree of the curve
u, and y (8) is the topological Euler characteristic of the domain.

Furthermore, there exists generic J that are arbitrarily SFT-stretched around Lg.., see
Section 7.2.2, and for any sufficiently stretched such J, the boundary du c Lg of each u € M is
arbitrarily C'-close to the central circles representing T’ and u<>Lg = 0.

In (1.2), since u has boundary, the definition of deg(u) requires certain choices,
and correspondingly the definition of the HOMFLYPT polynomial also requires a
choice of framing on the link. We explain in Section 8 how compatible choices are
naturally induced by any choice of vector field on §2 transverse to the link.

Our proof (given in Section 8) of Theorem 1.2 will be an application of existence
and invariance of the skein-valued curve counting for curves in basic homology classes
and generic almost complex structures, plus a neck stretching argument. The argument
does not require consideration of multiply covered curves, so our proof of Theorem 1.2
does not depend on the further constructions of [10].

Remark 1.3. — Ooguri and Vafa arrived at this formula via a “large N duality”
relating the topological string theory on 7*§3 with N branes on the zero section, and
topological string theory in the resolved conifold. Here the number N of branes in X, is
supposed to be related by a change of variables to a parameter measuring the area of
the CP!. In our setup, we do not explicitly have a “number of branes”. Instead we have
the 4-chain (of §2), and the resulting Lagrangian linking number it determines.
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2. Linking numbers of open curves and Lagrangians

In this section we will define a linking number between a 3-dimensional La-
grangian submanifold L in a 6-dimensional symplectic manifold X and an open holo-
morphic curve u: (§,9S) — (X, L). While the dimensions are appropriate, the objects
are not transverse and one of them is not closed. Nevertheless, an almost complex
structure in a neighborhood of L and certain additional choices, will allow us to define
this number. Similar constructions were used before in the context of real algebraic
geometry, see [1, 4, 40].

Let us first recall the definition of linking number in the usual sense. Suppose
M is an oriented manifold of dimension n and 4, B ¢ M are disjoint oriented cycles of
dimensions a, b with a + b = n — 1. Assuming B bounds, then one defines the linking
number A< B by choosing a chain C with C = B, and setting A$B := 4 - C. A different
choice €’ of chain will have d(C’ — C) = 0, and so changing the chain affects the linking
number by the intersection of 4 with the appropriate element of Hy,1(M). In particular,
it Hy,1 (M) = 0, then the linking number is well defined. If M is non-compact, we will
allow the chains B and C to have closed but not necessarily compact support, hence the
above homology groups should be replaced by Borel-Moore homology, but we will still
take 4 to be compact. (In case 4 is also non-compact, also linking at infinity between
the boundaries of 4 and C at infinity must be taken into account.)

We return to our situation of interest. Let L be a smooth orientable z-dimensional
manifold, » odd. Consider the cotangent bundle 7*L of L with its standard symplectic
form d(pdg). Fix an almost complex structure J on a neighborhood of L ¢ T*L
compatible with d(pdg). The symplectic form d(pdg) and J induces a Riemannian
metric on T*L in the neighborhood and in particular give associated metrics on the
vector bundles 7L and T*L along L. Fix a tangent vector field £ along L with transverse
zeros and let £* be the dual covector field.

Consider the e-disk neighborhood D!L of L in T*L. Let Z(£) denote the zeros

of &. For ¢ ¢ Z(&), let £ (q) = mf*(q) denote the normalization of £*. For ¢ € Z(¢),

let (-1)9 D (¢) denote the e-disk in T, L, oriented according to the index of & at ¢.
Define d.A¢ c D}L as

ocde = {(g.p): p=e&f v | (~D"WDe(g),

geZ(§)

Let °: L x [0,1] — D?L be a smooth map such that

Blixo=id and  8,6%(¢,0) = J€(g), for g ¢ Z(¢),
FE(L\Z@E)x(0,1)NL=0 and 6 (Lx1)=0dA,.

Then

IHF(Lx[0,1])=L-T;— > (-D"VD(g),
geZ($)
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where Iy denotes the graph of € &* over L — Z(¢). Consider the chain

(2.1) Asg = B*(Lx[0,1]))+57¢(Lx[0,1])
and note that
s =2 L-Ty-T",,

since the fibers over critical points cancel.

Now let X be any symplectic manifold of dimension 2z and L c X a Lagrangian
submanifold. Let J be an almost complex structure on X and ¢ be a vector field tangent
to L along L with transverse zeros. Identify some neighborhood of L in X symplectically
with D!L.

Definition 2.1. — An L-bounding chain compatible with & is a singular chain C
with 0C = 2L, such that

C :Ai{: +C,,

where C’ is a chain transverse to L.

Remark 2.2. — One can produce such C by taking any chain C”” with dC” = 9A .,
and perturb slightly to obtain C’. Such a chain exists whenever 2L is null-homologous
in X.

Definition 2.3. — A Lagrangian brane is a tuple (L, &, J, C) where L is a Lagrangian,
J an almost complex structure on X, & is a vector field with transverse zeros, and C is an
L-bounding chain compatible with &. We often denote the tuple just by L.

In the situation of the definition we may consider the 1-chainy := (C-A.s)NL C L.
Then y is a cycle. If y = 0 € H| (L, Z) then we say that C is admissible.

Definition 2.4. — An admissible Lagrangian brane is a Lagrangian brane together
with a choice of chain o~ with do = .

We now specialize to dim L = 3.

Definition 2.5. — If § is a Riemann surface with boundary 8S and complex structure
jandifu: (S,08) — (X, L) is a smooth map then we say that u is holomorphic along the
boundary #f

(du+ Joduo j)las = 0.

n other dimensions, the same data should allow to define linking numbers for appropriate dimensional
parametric families of holomorphic maps.
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Definition 2.6. — Let L = (L, &, J,C) be a 8-dimensional Lagrangian brane. Let
u: (8,08) = (X, L) be a smooth map. We say u is transverse to L if:

(1) u.(T0S) is everywhere linearly independent from &.
(2) u(int(S)) is disjoint from L and transverse to C \ L.
(8) u(8S) is disjoint from y.

Remark 2.7. — Note that the hypothesis in Definition 2.6 that u.(76S) is
everywhere linearly independent from & implies in particular that u.(7'dS) is nowhere
zero, i.e., u is an immersion of the boundary, and that «(8S) is disjoint from Z(¢). Then
since u is holomorphic on the boundary it follows that there exists a neighborhood N of
48 in S such that (N \dS) N C = 0.

Let L be an admissible 3-dimensional Lagrangian brane, and let u: (S,4S) —
(X, L) be transverse to L and holomorphic along the boundary. Inside u[} T L, let v
be the (positive) unit normal to the plane spanned by the ordered basis of the tangent
vector to du and &. Consider a collar neighborhood of the boundary, 6$ x [0, 1] c S.
Extend Jv over § x [0, 1] by multiplying by a cut off function with values in [0, 1] to a
section of #*T X supported in a small neighborhood of the boundary inside the collar
neighborhood. Shift u slightly along /v and denote the resulting map u,. Then, since
u is holomorphic on the boundary and condition (1) in Definition 2.6 holds, u ;, (3S)
and C are disjoint.

Definition 2.8. — Define
(2.2) ubL:=uy, - C+oudy,
where dudy := du - o is the ordinary linking number in L.
Lemma 2.9. — Let u: (S,05) — (X, L) be an embedding transverse to L and

holomorphic along the boundary. If I(u, C) denotes the algebraic number of interior intersection
points between u(S) and C then uy, - C = I(u, C) and consequently

(2.3) udL = I(u,C)+0udy.

Proof. — This is immediate, since v is independent of ¢ there are no intersections
contributing to u, - C near the boundary. i

The term du<y is a sort of self-linking correction, which is present to ensure the
following invariance:

Lemma 2.10. — Let u;: (S,0S) — (X, L) be a 1-parameter family of maps that are
holomorphic along the boundary and that satisfies the hypotheses of Definition 2.6 save with (3)
replaced by “u;(8S) intersects y in general position”. Then u,<> L, which is defined away from the
discrete set of t where u,(dS) intersects vy, is constant.
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Proof. — Evidently this quantity is locally constant where the conditions of
Definition 2.6 hold. It remains to check moments when u,(dS) crosses y in general
position, i.e., at crossing moments the tangent vector of u,(4S) is linearly independent
with the tangent vector of y.

Since the curve is holomorphic along the boundary we have the following local
model up to first order. The ambient space is C® with coordinates (x; + iy1, x9 +
iy9, x3 + iy3). The Lagrangian L is R c C? and the 4-chain C is the subset given by
{x1 = y9,x9 = y1}. Then vy is the subset of L given by x; = x9 = 0 and we take the
bounding 2-chain o to be {x; < 0,x9 = 0}. The family of maps holomorphic on the
boundary is u;(¢ +in) = (¢, & + in, 0), for £ + in in the upper half plane. Then for ¢ < 0
there is an intersection point contributing to du - o at (¢,0, 0) and no intersection point
in u; N C, whereas for ¢ > 0 there is no intersection point in du N o but the point (¢, i¢,0)
contributes to u,; - C.

We conclude that the change in linking u,(8S) ¢y is exactly compensated by the
appearance or disappearance of an intersection point in u, - C. O

Another possible degeneration in a 1-parameter family is that at some moment,
the tangent vector to u(dS) becomes a multiple of ¢ at one point of the boundary. Here,
general position means that under the inverse of the exponential map, followed by
orthogonal projection along &, the family of boundary curves u;(8S) in a neighborhood
of the tangency gives a versal deformation of a semi-cubical cusp. Recall that we used
the linear independence of ¢ and the boundary tangent to define the framing of u(aS);
consequently we term a degeneration of this type a transverse framing degeneration. Indeed
at such a moment the framing will change by +1. 2

We used the same linear independence for another reason: to define the push off
u j,, which entered into our linking formula.

Lemma 2.11. — In a 1-parameter family u,: (S,0S) — (X, L) of maps that are
holomorphic along the boundary and satisfy the hypotheses of Definition 2.6, save at transverse
[framing degenerations, the framing plus u; <& L, which is defined away from a discrete set of t, is
constant.

Proof. — We will show that the framing change is canceled by a change in the
term uy, - C. Since the maps u, are holomorphic along the boundary we have the
following local model up to first order. Consider local coordinates

(21, 29, 23) = (X1 + iy1, X9 + iyg, X3 + iyg) € C

on X with L corresponding to R3. Assume that the vector field ¢ is & = d,,. Then the
4-chain C is locally given by C = C* + C~, where

CiZ{yQZygzo,iygzo}.

< ~ . . . . . . . . .
2Recall that framing is a Z-torsor, i.e. it makes sense to add integers to it, with the meaning that the ribbon
of the knot undergoes more or less twists.
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The family of maps holomorphic on the boundary with general position tangency with
8y, is given by the maps u.,,: H — C3, where H is the upper half plane and ¢ € (-¢, €),

ui;t(z) = (ZQ:Z(zQ + t): iZ)'

For ¢t < 0 the projection of u|sz to the (x1,x9) has a double point at z = ++v~¢ that
contributes to linking according to the sign of u.;. At ¢ = 0 the boundary has a tangency
with dy, and at ¢ > 0, u.(H) intersects C* at u(iV¢) with the sign that agrees with the
liking sign before the tangency. i

Lemma 2.12. —  For a map u: (S§,08) — (X, L) which is holomorphic along the
boundary and transverse to L, the framing of u(dS) plus u< L is independent of the choice of &
and metric g.

Proof. — Any two vector fields can be connected by a family of vector fields
such that the zeros of the vector fields never meet u(4S). The remaining possible
failures of the conditions of Definition 2.6 look exactly like those already considered in
Lemma 2.10 and Lemma 2.11, save that we are moving the vector field rather than
moving the map. mi

Corollary 2.13. — If u: (S,0S) — (X, L) is a map transverse to L and holomorphic
on the boundary then

(2.4) a"t . (du) € Sk(L),

where (Ou) is the element in the skein represented by the oriented link u(8S) framed by &, is
invariant under isotopies of u through maps that are holomorphic on the boundary and transverse
to L and is independent of &.

Proof. — Follows from Lemmas 2.9, 2.10, 2.11 O

Remark 2.14. — Note that neither factor in the left hand side of (2.4) alone is
deformation invariant but their product is.

In case L is disconnected, we can sometimes separate out the self-linking correc-
tion du¢y into individual contributions from the separate branes. Indeed if L = |J L;
and correspondingly C = | C;, we may consider the 1-chains y;; = (C; = ALg,) N L;. As
the Lagrangians Z; are disjoint, each y;; is a cycle. Admissibility means that y = 3, ; vi;
is a boundary; separating out into components, it means that 3, y;; is a boundary.
However we could ask that in fact each y;; was already a boundary. In this case it makes
sense to write

(25) quLZ =ugy - Ci + Z (9u¢'>)/,j
J

The virtue of this convention is that u>L = Y udL,;. (A defect of it is that if
one viewed (L;, f|1,, gl1,, Ci) itself as a Lagrangian brane, then one would have the
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incompatible formula u¢L; = u, - Ci + dudy;;. Nevertheless no confusion should arise.)
The argument of Lemma 2.10 applies also to these numbers.

Remark 2.15. — We will consider both compact and non-compact Lagrangians
and 4-chains. In the non-compact cases we consider, outside a compact set our geometric
objects are products with a half line. We take our 4-chains and bounding chains for y as
cycles with closed but possibly non-compact support.

The question of whether L and y bound then concerns Borel-Moore, rather
than ordinary, homology. Recall that Borel-Moore homology can be calculated by the
sequence

0 — Ext! (7" (X, 7)) » H?™(X,7) » Hom(H!(X,Z),Z) — 0.

In particular if L is a handlebody, then HIBM (L,Z) = 0, so a bounding chain for y
can always be found. The difference between two choices of bounding chains lives
in HQBM (L,7) = 74, which is generated e.g. by disks filling an appropriate disjoint
collection of circles on JL.

Remark 2.16. — In [36], it is explained how the theory developed in the present
article can be generalized to Lagrangians not satisfying the admissibility condition by
incorporating “linking lines” into the skein.

3. Local models for crossings and nodal curves

In this section we present the relevant local models for the wall-crossing instances
in generic 1-parameter families.

We use coordinates (z1, z9, z3) = (x1+iy], X9 +iyg, x3+iy3) on C3. The Lagrangian
L corresponds to R3 = {y] = yg = y3 = 0}, the vector field ¢ is ¢ = d,, and the 4-chain
Cis

C={(z1,29,23): y1 =92 = 0,93 > 0} U {(21,29,23): y1 =y2 = 0,93 <0},

where the two pieces are both oriented so that they induce the positive orientation
3
on R°.

3.1. Hyperbolic boundary. — We will consider a 1-parameter family of maps
from a disjoint union of two half-disks. Let D, = {z € C: |z| > 1, Im(z) > 0}. Consider
the 1-parameter family of maps u¥: (D,,dD,) — (C3,R3?),

ul (2) = (z2,2,8), u(-220), -6<t<6.

We write u?yp = u)}(D,) U uZ(D,) for the image of these two maps. Note that if
we give the boundary of the half-disks the boundary orientation then 6uf_gp, ¢ > 0 gives
two curves isotopic to those depicted on the left hand side of the skein relation in the

top equation of Figure 1.
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We consider an additional family of maps. Let r € [0, §) and consider the half
(3.1 D, c{x—y?=r}n{x?+p?<1}cc?

of the curve that induces the orientation of the boundary with positive y-component.
Note that D, is a strip for r > 0 and a strip with a hyperbolic boundary node for r = 0
and that 8D, c R2. Consider then the following additional family of maps from a strip,

(3.2) 0,2 (Dy, D) = (C,R?) = (C* X C,R* X R),  2,(2) = (2,0).
This is a model family for Gromov convergence to a map vy whose domain is a nodal

curve, and whose normalization is given by u(l) u u(g) Let v?yp = v,(D,) denote the image.

Then the boundary c')vl1 P is a curve in the x1x9-plane in R3, isotopic to the curve giving
the right hand side of the skein relation in the top equation of Figure 1.

Definition 3.1. — Let L C X be a Lagrangian in a symplectic 6-manifold, and fix
p € L. Suppose given families of subsets A, C X for a € (—€,€) and Bg c X for B € [0, €).
We say that this pair of families is a standard boundary crossing/hyperbolic degeneration near p
if there are strictly increasing functions r,s: R — R with r(0) = 0 = s(0) and C'-paths in the
Banach manifold of C' diffeomorphisms:

¢a,¥5: Nbhd(p) > Nbhd(0) c C?, ¢y =y,
such that the following holds:

Ga(L)=RP, (ddy o]~ Joodd)l=0, d4(e) =",
Up(L) =R, (g0 J - Joodupli=0, ws(By) =0,

Remark 3.2. — If the family »,: (D,,dD,) — (C3,R3) is doubled (by Schwarz
reflection) we obtain a family w, : C, — C3 which is nodal at r = 0 with a 1-dimensional
fixed point locus.

3.2. Elliptic boundary. — Consider the family of maps from a disk D = {2 € C :
lz| < 1}

u: D — C?, u;(z) = (z,iz,it), -0 <t<o.

We write «¢!! = u,(D) for the image of the map. The intersection ¢! N C is the point

(0,0,it). Note that (')uf“ gives a curve (without boundary) that intersects C as in the left
hand side of the skein relation in the second equation of Figure 1.
We consider an additional family of maps. Let r € [0, §) and consider the half

(3.3) D, c {2+’ =r}n{lx®+ 1y < 1} c C?,

of the curve that induces the positive orientation of the boundary circle in R%. Note that
D, is a cylinder for r > 0 and a cylinder with an elliptic boundary node (boundary circle



14 TOBIAS EKHOLM & VIVEK SHENDE

of radius zero) for r = 0. Consider then the following additional family of maps from a
cylinder,

(8.4) v,: (Dy,8D,) — (C3,R?) = (C?* xC,R*x R), 0,(2) = (2,0).

This is a model family for Gromov convergence to a map vy whose domain is a nodal
curve, and whose normalization is given by ug. Let o' = v,(D,) denote the image. Then
the boundary du¢! is a curve in the x;x9-plane in R3, isotopic to the curve giving the
right hand side of the skein relation in the second equation of Figure 1.

Definition 3.3. — Let L C X be a Lagrangian in a symplectic 6-manifold, and fix
p € L. Suppose given families of subsets A, C X for a € (—€,€) and Bg c X for B € [0, €).
We say that this pair of families is a standard Lagrangian crossing/elliptic degeneration near p if
there are strictly increasing functions r,s: R — R with r(0) = 0 = s(0) and C'-paths in the
Banach manifold of C' diffeomorphisms:

$a>¥pz: Nbhd(p) — Nbhd(0) c C?, b0 = Yo,
such that the following holds:

Go(L) =RE, (dge o ] = Joodda)lL =0, dulde) =2l
ws(L) =R%, (dugo ]~ Jooduple=0, vps(Bs) =0l .

Remark 3.4. — If the family v,: (D,,8D,) — (C3,R3) is doubled (by Schwarz
reflection) we obtain a family w, : C, — C? which is nodal at r = 0 with a 0-dimensional
fixed point locus.

4. Boundary geometry of Floer gluing

In this section we show that, under appropriate transversality hypotheses, moduli
of J-holomorphic curves are standard near crossings/nodal moments.

4.1. Families of almost complex structures and transverse crossings. — We recall the
expression for the linearization of the Cauchy—Riemann operator. Fix a symplectic
manifold X, a Lagrangian L, and a metric g on X for which L is totally geodesic.

Consider a 1-parameter family J; of almost complex structures on X. Note that
the ¢-derivative of J; is an endomorphism j;: TX — T'X such that j; o J;+ J, o J, = 0.

Let (S,dS) be a Riemann surface with area form wg and complex structure ;.
We write End®!(7'$) ¢ End(7'S) for the bundle of endomorphisms y: 'S — TS such
that j oy +y o j = 0. These give the first-order variations of the complex structure on S,
as (j+ey)? = 0(e2).

Consider the connection V¥ of the Riemannian metric wg( -, j - ) and fix a minimal
number of such variations y that span the cokernel of the operator £ + V57 + joVS/ 0
acting on vector fields ¢ along § that are tangent to the boundary. Let Def(S) c

End®!(7$) denote the space spanned by the variations 7.
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Let u: (S,8S) — (X, L) be a solution to the Cauchy—Riemann equations 5]u =0.
Let V denote the connection on the bundle »*7 X pulled back from the metric connection
on X.

The linearization of the Jj-Cauchy—Riemann operator at (%, ) is the map

Lius)dj, : H3(S,u*TX) x Def (§) x R — H*(S, Hom" (TS, u* T X))

sending

4.1) (v,y,€) — (Vo +]00V7)0j)—%(Vv]0+6j0) oajouo]'—%ajouon/.

Definition 4.1. — Let X be a symplectic 6-manifold with ¢¢(X) = 0, L ¢ X a
Maslov zero Lagrangian submanifold, and J, a 1-parameter family of almost complex structures.
Let u: (S,08) — (X, L) be a _Jy-holomorphic map with smooth domain curve. Assume the
(Fredholm index 1) linearized operator L(u,s)g 1 (of the t-parameterized operator d 1.) has a
1-dimensional kernel generated by a solution (v,vy,€) with € # 0. We say that (u,S) is a
Ji-transverse crossing if either:

e (Hyperbolic crossing) The map u is an immersion and fails to be an embedding solely
at the points sy, s9 € 8S, u(sy) = p = u(sg). Moreover, the three vectors d;u(sy),
d-u(sq), and v(sy) — v(sq) are linearly independent in T)L.

In this case we write (u®, S*) for the map whose domain is the nodal curve obtained
Sfrom S by identifying s; and sq.

e (Elliptic crossing) The map u is an embedding with interior disjoint from L except
at a single interior point s € S, u(s) = p, such that du(T;S) N T, L = 0. Moreover,
du(T;8) + T,L + Ru(s) = T, X.

In this case we write (u®, S*) for the map whose domain is the nodal curve obtained
Jfrom u by viewing s as an elliptic node.

Theorem 4.2. — Let L C X be a Maslov zero Lagrangian in a symplectic 6-
manifold with ¢)(X) = 0, and let J; be a 1-parameter family of almost complex structures.
Let u: (S,08) — (X, L) be a Jy holomorphic map which is a J;-transverse crossing in the sense
of Definition 4.1, and let u® be the associated map from the corresponding nodal domain. We
write M(X, L, J) = |, M(X, L, J;) for the set of all ], holomorphic maps; we endow this set
with the topology of Gromov convergence. Then the following hold.

(a) There is a neighborhood u € Q(u) ¢ M(X, L, J) so that, for all ¢ with |¢| sufficiently
small, Q(u) N M(X, L, J;) consists of a single map u,, which moreover is an embedding
Jort #0.

(b) There is a neighborhood v € Q(v) ¢ M(X,L,J) so that, for all t # 0 with |¢|
sufficiently small, there is at most one J;-holomorphic map in Q(v) N M(X, L, J;),
which is moreover an embedding.

(c) Let A; denote the family of images of the maps u, in (a). Let B; be the image of map v,
in (b) if there exists such a map at ¢, or, otherwise, the empty set. Then (X, L, p, A, B;)
is a standard boundary crossing/hyperbolic degeneration or a standard Lagrangian cross-
ing/elliptic degeneration, in the sense of Definition 3.1 or Definition 3.3, respectively.
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Theorem 4.2 will be proved in the following sections. The steps are as follows. In
Section 4.2 we fix a standard family of maps which will include all holomorphic maps
near the J;-transverse solution (u,.8) and its associated nodal curve (#°,$*), and on
which we can run the usual arguments around Floer gluing. We also describe the kernel
of the linearized Cauchy—Riemann operator at (u, S) and (z*, S*) on these spaces. In
Section 4.3 we study 1-parameter families of solutions. In Section 4.3.1 we find unique
1-parameter family of solutions (u, S;) near u = (ug, Sp). In Sections 4.3.2 and 4.3.3,
we define “pre-glued” families of maps («;, §7), such that (ug, S5) = («°,8*), and for
which the pair of families (u;, S;) and («},S’) are manifestly standard in the sense of
Definitions 3.1 or 3.3. We check that this remains true if (u;, S;) is replaced by any
family sufficiently close to it in an appropriate norm. Finally, in Section 4.3.4 we show
that if we apply Floer gluing to the pre-glued family we indeed produce a family of
solutions sufficiently close to («}, S;), which then implies Theorem 4.2.

In Section 4.3.6, we describe the second order germ of the 1-parameter families
of solutions near nodal curves.

4.2. Coordinates on neighborhoods of maps.

4.2.1. Metric and coordinate choices.

Lemma 4.3 ([5, Lemma 5.6]). — Let (X, w) be a symplectic manifold with compat-
ible almost complex structure J. Let L C X be a Lagrangian. Then there is a metric g on X
such that g = w(J-,+) on L, such that L is totally geodesic for g, and with the property that if V
is a Jacobi field along a geodesic in L, then sois J - V.

Note that we previously asked only that L was totally geodesic; the condition
on Jacobi fields is newly added. We choose such metric in order that our boundary
conditions will take a standard Dirichlet/Neumann form in local coordinates.

For a metric g on X, we write V for the Levi-Civita connection of g and exp for
its exponential map.

Lemma 4.4 ([6, Lemma 8.2]). — In the situation of Lemma 4.8, if w: (S,8S) —
(X, L) is J-holomorphic on the boundary, if v is a section of w*(T X) which is tangent to L
along dS and such that (Vo — J o Vo o j)|as = 0, and if exp denotes the exponential map in the
metric of Lemma 4.3, then also exp,,(v): (§,08) — (X, L), exp,,(v)(2) = exp,,(,)(v(2)) is
J -holomorphic along the boundary.

We will also later want local coordinates with the following property:

Lemma 4.5. — Let (X, w) be a symplectic manifold, J a compatible almost complex
structure, L C X a Lagrangian, and p € L a point. Consider also C" with the standard symplectic
Jorm wyq and complex structure I. Then there is a local symplectomorphism ¢ : (C*,0) — (X, p)
such that ¢ (R") = L and

(4.2) v (NO)y=1, W ()x) -I=0(x*), xeR"
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Proof. — Identifying (C", R") with (T, X, T,L) we find «: (C",R") — (X, L) such
that @* J(0) = 1. Write (u,v) € R* XR" for u+Iv € C". Taylor expanding J(u,v) = a* J
we find

J(u,0) = I+ Ayu+ Agv +O(|u|® + |0]?),
where Ay I = I A, k = 1,2, and hence

_ (e bk
Ay = ( " _ak) .
Define new coordinates (u,v) = B(x,y) by
ug=x, - § » (af +b)y?
t
5 = Py + Z a{’xtyt + % Z:(aitxt2 + b{ty?).
¢ t

One verifies dg~! J(u,v)dB = I + O(|x|? + |y|?) and B(R") = R*. Taking ¢ = a o 8 the

lemma follows. O

Below we will consider 1-parameter families J; of almost complex structures
around Jj and we will fix a family of diffeomorphisms as in Lemma 4.5 for j, that will

use throughout Sections 4.2.2, 4.2.3, 4.2.4, and 4.2.5:

Lemma 4.6. — Consider a cotangent bundle T*L and let J,, ¢ € [0,1], be a 1-
parameter family of almost complex structures compatible with the standard symplectic form on
T* L. Then there is a family of diffeomorphisms W, of T*L such that

“4.3) Yl =id,  (Jrody, —dy, o Jo)lr =0,

and such that ¢, = id outside a neighborhood of the zero section.

Proof. — A Riemannian metric on L gives an isomorphism between the tangent
and cotangent bundles of L. The tangent bundle TL carries a canonical complex
structure Jean: T(TL)|, — T(TL)|. along the zero section that takes a tangent vector »
to L to itself viewed as a vector tangent to the fiber. If J is an almost complex structure
on T'L, define the map ¢ ;: TL — TL, ¢ ;(x,v) = (x, Jv) in a neighborhood of the zero
section and interpolate to the identity in a slightly larger neighborhood. Then along L,
J od¢; =do; Jean. To see that lemma holds take ¢, = ¢, o ¢}01. mi

Consider now a Lagrangian L c X and a family of almost complex structures J;
on X. Let N c X be a neighborhood of L identified with a neighborhood of L in T*L.
Then Lemma 4.6 gives a diffeomorphism

4.4) Yi: X = X, y,=id|xw,

such that (4.3) holds. It follows in particular that if w: (7,0T) — (X,L) is Jy-
holomorphic along the boundary then ; o w is J;-holomorphic along the boundary.
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4.2.2. Neighborhoods of hyperbolic crossing curves. — Let u: (S,4S) — (X, L) be
any J-holomorphic map from a Riemann surface. We write H3(S, u*(T X)) for the
Sobolev space of vector fields with 8 derivatives in L? that satisfy the boundary condition

4.5) vlos € u"(TL), (Vo— JoVoj)las=0.

We write Vo, for the space of conformal variations of §, i.e., a neighborhood of § in
moduli (after stabilizing, if the original curve has unstable domain).

Given (v, «,t) € H3(S, u*(T X)) X Veon X (=6, 6), we define a map Up iyt (5,08) —
(X, L),

(4.6) z = i (expy () (0(2))),

where exp is the exponential map of the Riemannian metric of Lemma 4.4 and ¢, : X —
X is the diffeomorphism in (4.4).

It is clear that v — ¢,(exp,(v)) gives a diffeomorphism between the maps in
H3(S,u*(T X)) that satisfy the boundary conditions and a neighborhood of the map u
in the subset of H3(S, X) that satisfy the boundary condition. It follows in particular
that any J;-holomorphic map near u is of the form u, ,, for a unique (v, «, t).

Recall that we formulated the notion of “transverse crossing” (Definition 4.1) as-
suming the linearization L, g) ) 7) (given by the formula in (4.1)) has one dimensional
kernel and asking that if (v, «, £9;) is an element in the kernel, then

du(Ty,08) + du(T,08) + R - (v(s1) — v(s9)) = TpL.

We will now translate this hypothesis into a parameterization of maps suitable to
study gluing. As a first step we add boundary marked points ¢; and 9 to the map near
the intersection point. Let $* denote the corresponding domain. The resulting maps
are then parameterized by

H3(S,u" (T X)) X Veon X V&

con

X (_6a 6):

where V, = a; X ag, where a; are arcs in the boundary centered at s; and {; € aj,
j = 1,2, gives the locations of the marked points. The local coordinate map is the
same as before, (4.6) and there are natural evaluation maps ev (ux () = 0.0 ({k) € L,
k =1,2. The solution space now gains two dimensions since we may move the marked
points along the boundary and the kernel of the linarization L, g+0 7 at the solution

with u(Z1) = u(Z9) is the three-dimensional space spanned by:
4.7) (v,4,0,), my €Ty a1 C TV

oy mg € Tyag C TV

con’

where the first tangent vector is the previous kernel element.

We next replace the marked points by punctures in 8$ at £ and {9 in a neigh-
borhood of ¢; = s;, with strip neighborhoods [0, ) x [0, 1] c § where the puncture is
at co. Let §° denote the corresponding punctured domain. Assume that the punctures
are sufficiently close to s; and that the strip neighborhoods are sufficiently small so that
their images lie in the local coordinate system of Lemma 4.5. In these coordinates,
the boundary condition along [0, o) x {k}, £ = 0,1 is R® c C? (for both boundary
components).
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We write
Vie = HY(S°,u*(T*X))

for the weighted Sobolev space of vector fields with three derivatives in L2, which satisfy
the boundary condition (4.5), with norm given by

3
@.8) ol = ). [ 1a ol da
k=0

Here ws: §° — [1, o) is some fixed function which takes the value 1 in the complement
of the strip neighborhoods of the punctures and is ¢°!°! in coordinates (o, 7) € [0, ) x
[0, 1] near the punctures, where 0 < § < .

Since the weight function is exponentially growing, vector fields » € Vy,. decay
at the puncture, and hence exp, (v) takes punctures to the origin of R%. We vary the
image of punctures by using cut-off constant solutions (sometimes called asymptotic
constants). These are defined as follows.

Let ce R3, and let B: [0, ) x [0, 1] — [0, 1] be a cut off function where 8 = 1
in [3,00) x [0, 1], 8 = 0 outside [2,0) x [0, 1]. Consider [0, ) x [0, 1] c S° as the
strip neighborhood of ¢, £ = 1,2, and extend g to all of $° by 0. Assume that ¢ is
sufficiently small that it is contained in the coordinate chart of Lemma 4.5 and define
ks (8°,88°) = (C3,R®) c (X, L), k=1,2:

o 2 €8\ [0,00) x [0,1],
(4.9) (2) = {ﬁ(z)? 2 € [0,00) x [0, 1].

We define ¥V, as the space of maps (¢1, ¢9) as in (4.9) constructed from vectors
(21,¢9) in U x U, where U is a small neighborhood of the origin in R®. Then V.| =
U x U, where the isomorphism takes (cy, ¢c9) to its pair of asymptotic constants, and
TV, =R3 xRS,

Also the conformal structure on $° varies. We think of these as changes of the
complex structure j on §°. These are of two types, variations on § itself and variations
corresponding to moving the punctures. To keep the boundary conditions we take
variations that are conformal along the boundary. We pick local coordinates

—_ o
Vcon;hc = Veon X Vcon’

Here V2, corresponds to moving the location of the punctures.

From this data we may describe a family of maps near («, S):
(410) th X Vsol X Vcon;hc X (_61 5): (7)7 ¢, K, t) = (%(expu(v) + (J), S/?)
Here if ¢ = (¢1, ¢9) and if ([0, 00) x [0, 1])z denotes the strip neighborhood of ¢; then

_Jexpy () (2(2)) 2 €8°\ Up=1,2([0,00) x [0, 1])g,
4.11) CXpu(z)(U(Z))+L‘(Z) = {CXpu(z)(I)(Z)) +o(z) ze ([O, 00) X [0’ ), k= 1,9,

where “+” in the second row refers to addition in the local coordinates (C3, R3).
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We denote the linearization of the Cauchy—Riemann operator in these coordi-
nates by:

L(u’so)gjt VhCXVSOIXT[S"]Vcon;hCXR - H2’6(So; Homo’l(TSo, u*(TX)))

Remark 4.7. — As usual, the reason to use the weighted Sobolev space H3? is
that 4 ; would not be Fredholm on the corresponding H®. Imposing the weight forces
the elements of H3° to vanish at infinity, which we must correct for by re-introducing
the translations along the Lagrangian, i.e., V. The space Veonihe plays a similar role: the
vector fields on § which infinitesimally move the punctures can be choosen as cut-off
vector fields of the form 8(B8¢), where B are cut-off functions as above and where ¢ is a
holomorphic vector field in the strip region with exponential growth, ¢ (o, 1) = be™(@*+7),
where b € R. These do not satisfy the 6 decay condition, and so it is natural to discuss
them separately.

There is a continuous linear map H3(8*, u*(T'X)) — H3°(S°, u*(T X)) which
pre-composes a vector field » with the change of coordinates [0, 1] x [0,0] — H,
(0, 7) = ¢ 77+ see Lemma B.3. The map in particular takes the 8-dimensonal kernel
of L(u’go)g 7 into the 3-dimensional kernel of L(u,S*)g 7 which allows us to determine the
latter from (4.7) as follows. First, the image of (v, «, d;) is

(7), K, at) + bl + b27

where b, € TV: =~ R3 is given by d,evy € R3, k = 1,2. Second the image of my is

Yk + ¢k, where y; € TV corresponds to the linearized movement of the puncture

determined by m; and where ¢x € TV is given by 8y, ev; € R3. By the transverse

crossing assumption, ¢1, ¢g, and by + by in R® ~ T, L are then linearly independent.
Thus, the subspace of V},. & Vo1, spanned by

(4.12) Yi+c1, yo+cg, 0+ by + b,
is an approximate kernel in the sense that L, s-)d 7 is invertible on its L?-complement.

Remark 4.8. — For k > 4, the above assertion regarding kernel elements follows
by commutativity of the diagram

H*($*, w* (T X)) HM(S°,u"(TX))

LgJJ, J/Lgf

H1(8* End(TS*, u*(T X)) —— H1(S°, End(TS°, u* (T X))).

The requirement £ > 4 is because the map in the bottom row requires regularity
k-1 >3, see Lemma B.3. To treat £ = 3 as we do in our argument above, we pass to
elements in the kernel of L 7, which are smooth by elliptic regularity, and then transport
to the punctured domain.
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4.2.3. Neighborhoods of hyperbolic node curves. — We describe local coordinates
for maps near the nodal map (x*, §*) associated to the map (u,.S) in Section 4.2.2.

We consider first the variations of the conformal structure of $°. We have the
same data as for $°: the variation of the conformal structure of § together with the
location of the boundary punctures. In addition, we have a new conformal parameter,
the gluing parameter for the neck near the node, we write V.4 = [0, €) and take the
corresponding neck to have length %, r € V,eek- We define

— o
Vcon;hn = Veon X Vcon

X Vneck .

We write p = % and let §*(p), p € [po, ), denote the domain obtained from §* by
removing (p, o) X [0, 1] from the neighborhoods of the punctures and gluing the two
remaining strip regions along p x [0, 1]. We call the region resulting from gluing the
cut off puncture neighborhoods, [—p, p] x [0, 1] c §°(p) the gluing neck and identify
[-p,0] x [0, 1] and [0, p] x [0, 1] as subsets of the strip neighborhood of s; and so,
respectively, in the natural way.

Let B,: [-p,p] x [0,1] — (C,R) be a cut-off function that is equal to 1 outside
[-2,2] x [0, 1] and equal 0 on [~1, 1] x [0, 1]. Define u;: $°*(p) — (X, L) by

u® (Z) — ‘//t(”.(z)): z € S*(p) \ [_p’p] X [0’ 1],
o Yi(B(o, 1) u*(o,7)), z=(0,7)€[-p,p] x[0,1],
where the multiplication g - u*® refers the local coordinates near the node. Then «? , is

p,t
Ji:-holomorphic along the boundary. We will center our coordinates at u5 ,.
We introduce a weight function w, s: $*(p) — [1, o),

w (Z): 1’ ZES.(P)\[_P;F’]X[O’I]’
. ol z=(o,1) € [-p,p] x [0, 1].

Let H3°(S*(p), u* T X) be the Sobolev space with norm

3
loll2 = Z/( 40Py 544
*(p

=0YS

Let H(‘?"S(S'(p), w*TX) c H39(8*(p), u*TX) be the codimension 8 subspace of sec-

tions  that satisfy the condition that the real part (in R? c C3) of the average over the
middle line in the gluing neck vanishes:

1
Re/ v(0,¢)dt = 0.
0

Let a,: [-p,p] x [0,1] — [0, 1] be a cut off function where @, = 1 in [2 - p,
p—2]x[0,1], @, = 0 outside [1 — p, p — 1] x [0, 1]. Extend «, to all of §*(p) by 0.
Assume that ¢ € R3 is sufficiently small that it is contained in the coordinate chart of
Lemma 4.5 and define ¢: (8°(p),dS°*(p)) — (C3,R®) c (X, L):

_JO z€8%(p)\ [-p,p] x [0, 1],
@19 C(Z)‘{omz)? r [-p.p] X [0,1].
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Let V,.; denote the 3-dimensional space of cut-off constants ¢: $*(p) — (C3R3) c
(X, L) and define
3,0 / e *
th,p = HO (8*(p); upTX) ® Viol-

Let Vi, = L, c(0.e) Vim,1/r» Where for r = 0 we let Vi, o, = V.
The neighborhood of («*, §°) is then

(414‘) th X Vcon;hn X (_(5’ 6), ((Z), C), (K’ 7‘), t) = (lﬁt(expu;/r’()(?}) + C), S.(I/T)),

where the addition “+” is understood in the local chart as before.
Let @} , be any map that agrees with «5 , on §*(p) \ [—%p, %p] x [0, 1], that takes

[—%p, %p] x [0, 1] into the (C3, R?) coordinates and such that

u, = 0(le ¥ pl).
ol Ly oo, = O AD

Consider the linearization L(ﬁ;}t’S'(p))éJ, for fixedp=1/r:

con

— H?(8*(p), Hom" ! (T'$*(p), (@,)" (T X)))

L@, 0007 Ving X TVeon X TV X R

(fixed p means that there is no component along 7'V, ..x)-

Lemma 4.9. — There exists py > 0, ty > 0, and C > 0 such that for all p > po and
t <t

I((v,¢), k,kd,)|l < C”L(ﬁ;,[,S'(p))g]((v; ¢), K, ko),

in particular the Fredholm index zero map L 5 0 1 is a uniformly invertible isomorphism.

Proof. — The argument follows standard lines for Floer gluing. Consider first
¢t = 0. Assume the assertion is false then there exists a sequence w, = ((vp, ¢,), k,) such
that ||w,|| = 1 and ||L(,;;’t,so(p))gjwp|| — 0,as p > o0. Let B8: §°(p) — [0, 1] be a cut off
function equal to 1 outside [-2,2] x [0, 1] and 0 inside [-1, 1] x [0, 1] and consider
the sequences (Bv,, ¢, kp).

Then ((Bvp, ¢p), kp) € Vo and L(uo,SO)gj((ﬂl}p, ¢p), kp) — 0 and it follows from
(4.12) and that a subsequnece of (Bv,,¢,), k,) converges to an element of the kernel
of L(y,5:y0 7. We claim that this element must equal to zero. To see this note that ¢,
gives the same asymptotic constants at s; and sy in V,.,;. However, as the asymptotic
constants of the elements in the kernel are vectors in the direction of the tangent vectors
of u at s; and s9 which are linearly independent we conclude that the limit must have
trivial component along the first two kernel elements in (4.12). A similar argument
shows that also the component along the last kernel vector vanishes: the difference of
asymptotic constants give the d; component, but the difference induced by ¢, equals 0.

We finally check that (1 - 8)s, — 0 also in the middle. This follows from

the elliptic estimate for the usual d-operator on the strip R x [0, 1] with R3 boundary
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condition and negative exponential weight ¢~?!7!. We conclude that the result holds for
t=0.
Noting that |L(ﬁ;’t’S'(p))aj - L(,;;,O,S.(p))aﬂ = O(|t]), where the norm is the opera-

tor norm the lemma follows. m|

4.2.4. Neighborhoods of elliptic crossing curves. — We construct a neighborhood of
maps and domains for elliptic crossings in direct analogy with Section 4.2.2. Consider
a J;-transverse elliptic crossing curve («, §) as in Definition 4.1.

We again parameterize a neighborhood of the map (u, S) by H3(S,u* (T X)) x
Veon X (=6, 6), given (v, k,t) € H3(S, u* (T X)) X Veon X (=6, 8), we define u, ., : (S,8S) —
(X, L),

(4.15) 2 5 Yy (expy ) (0(2))).

As before, any J;-holomorphic map near u is of the form u,,, for a unique (v, «, ¢).

Here, “transverse crossing” (Definition 4.1) means that the linearization L, )0 ; has
one dimensional kernel and if (v, k, k9;) is an element in the kernel, then

du(TsS) +R- I)(S) + Tu(s)L = Tu(s)X.

Add an interior marked point ¢ to the map near the intersection point. Let $*
denote the corresponding domain. The resulting maps are then parameterized by

H3(S,u" (T X)) X Veon X Vi, X (=6,6),
where V'*

xo~ U, where U is a small disk around s. The local coordinate map is the same
as before, (4.15), and there is a natural evaluation map ev(uy ;) = u,,:(¢) € X. The
solution space gains two dimensions since the marked point can move and the kernel of
the linarization L, S*)5 7 at the solution with «(¢) € L is the three-dimensional space
spanned by:

(4.16) (v,k,0;), my,mg € T,UCTV,,

where the first tangent vector is the previous kernel element.

We replace the marked point by an interior puncture in § at £, with cylinder
neighborhood [0, o) x T c § where the puncture is at co. Let $° denote the corre-
sponding punctured domain. Assume that the puncture is sufficiently close to s; and
that the strip neighborhoods are sufficiently small so that their images lie in the local
coordinate system of Lemma 4.5.

We write

Vee = H3’6(SO’ u (T"X))

for the weighted Sobolev space of vector fields with three derivatives in L2, which satisfy
the boundary condition (4.5), with norm given by

3
4.17) lo||2 = Z/S |d®) 9|25 d4
k=0

Here ws: §° — [1, o) is some fixed function which takes the value 1 in the complement
of the cylinde neighborhood of the puncture and is ¢°/7! in coordinates (o, 7) € [0, c0) x
S near the puncture, where 0 < § < 7.
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Since the weight function is exponentially growing, vector fields » € V. decay at
the puncture, and hence exp, () takes punctures to the origin of R%. Again, we vary the
image of punctures by using cut-off constant solutions (sometimes called asymptotic
constants) defined as follows.

Let ¢ e C3, and let B: [0, ) x ST — [0, 1] be a cut off function where 8 = 1 in
[3,00)xS81, B = 0 outside [2, 0)xS!. Consider [0, 00)x ST c §° as the strip neighborhood
of ¢, and extend B to all of $° by 0. Assume that ¢'is sufficiently small that it is contained
in the coordinate chart of Lemma 4.5 and define ¢: ($°,85°) — (C3,R3) c (X, L):

o] 1
.18) C(Z):{o e\ [0, xS,
B(z)c z€[0,00)x][0,1].
We define V,,; ~ U x U, where U is a neighborhood of the origin in R? as the
space of maps as in (4.18). Then TV, ~ C3.

Also the conformal structure on $° varies. We think of these as changes of the
complex structure j on §°. These are of two types, variations on § itself and variations
corresponding to moving the punctures. To keep the boundary conditions we take
variations that are conformal along the boundary. We pick local coordinates

(o]
Vcon;cc = Veon X V(*on'

Here V2, corresponds to moving the location of the puncture.
From this data we may describe a family of maps near (u, S):
(4.19) Vee X Vol X Veongee X (=6,0), (v, ¢,k,8) = (Y1(exp,(v) +¢), 7).
Here
o 1
_ eXpu(z)(v(Z)) z€es§ \ [07 OO) ) )
4.20 =
(4.20) exp,(,) (v(2)) + ¢(2) {expu(z)(v(z)) ror(e) ze[0,00) xS,

where “+” in the second row refers to addition in the local coordinates C3.
We denote the linearization of the Cauchy—Riemann operator in these coordi-
nates by:

L(”ys°)5,/: Vee X TV X T[S"]Vt‘ongec X R
— H*($°;Hom"(T$°, u*(T X))).

There is a continuous linear map H3(8*, u*(T'X)) — H%°(S°, u*(T X)) which
pre-composes a vector field » with the change of coordinates S! x [0, 0] — C, (o, 7) —
¢=27(@+7) gee [10, Lemma 8.14]. The map in particular takes the 3-dimensonal kernel
of L(uyso)g 7 into the 8-dimensional kernel of L, S*)g 7 which allows us to determine the
latter from (4.16) as follows. First, the image of (v, «, d;) is

(7), K, at) + b’
where b € TV? ~ C3 is given by 8, ev € C3. Second the image of my is y; + ¢, where

vk € TV, corresponds to the linearized movement of the puncture determined by my

and where ¢; € TV? is given by 9y, ev € C3. By the transverse crossing assumption, ¢y,
¢9, b, and R® ~ T, L then generate C3 as a real vector space.
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Thus, the subspace of Vee @ Veonsee spanned by
(4.21) Yi+er, yot+eg, O +b,

is an approximate kernel in the sense that L, g0 ; is invertible on its L2-complement.

4.2.5. Neighborhoods of elliptic node curves. — We describe local coordinates
for maps near the nodal map (z*, §*) associated to map (u, S) in Section 4.2.4. The
construction is directly analogous to Section 4.2.3.

We consider first the variations of the conformal structure of $°. We have the
same data as for $°: the variation of the conformal structure of § together with the
location of the interior puncture. In addition, we have a new conformal parameter,
the gluing parameter for the neck near the node, we write V. = [0, €) and take the
corresponding neck to have length %, r € Vyeck- As before, we define

XV

o
I/COH;CII - rcon X V Il(,‘(',k‘

con

We write p = % and let $*(p), p € [po, ), denote the domain obtained from $* by
removing (p, ) x 81 from the neighborhood of the puncture. We call the remaining
region of [0, 00) x 81, i.e. [0, p] x S c 8§°(p), the gluing neck.

Let B,: [0,2p] x [0,1] — [0, 1] be a cut-off function that is equal to 1 in
[0,p—1]%[0, 1], equal to 0 on [p+1,2p] xS, and such that (o, 7) +B(2p -0, 7) = 1.
Define ug: $°(p) — (X, L) by

Ui(u®(2)), z€ 8 (p)\ [0,p] x S,

5,/ (2) = Yy, (B (o, 7) - u* (0, 7)
' +(1—,B(a'))-uT(2p—0',T)), Zz(g’T)e[O’P]XS17

where «" denotes complex conjugation of u in C3. Then up (p xS 1y ¢ U c R3 where
U is a small neighborhood of the origin in the local coordinates that take U to L, and
up , is Ji-holomorphic along the boundary. We will center our coordinates at u5 ,.

We introduce a weight function w,5: $*(p) — [1, o),

O T A DAY (I
Wys(2) = Al 2= (o,1) € [0,p] x ST

Let H39(S*(p), u*T X) be the Sobolev space with norm
3
ol = 3 [ @0, da.
=0 S (p)

Let Hg’é(S’(p), w*TX) c H39(S*(p),u*TX) be the codimension 3 subspace of sec-
tions v that satisfy the condition that the average over the boundary circle vanishes:

/ v(p, t)de = 0 € R3.
Sl
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Let a,: [0,p] x S' — [0, 1] be a cut off function where @, = 1 in [2, p] x §!,
a, = 0 outside [1,p] x S. Extend a, to all of $*(p) by 0. Assume that ¢ € R? is
sufficiently small that it is contained in the coordinate chart of Lemma 4.5 and define
c: (8°(p),88°(p)) — (C3,R3) c (X, L):

[0, zest(\[0,01x5,
(4.22) o(z) = {a(z)?, z€[0,p] x S1.

Let ¥, denote the 8-dimensional space of cut-off constants ¢: $*(p) — (C3R?) c
(X, L) and define

3 . *
Ven,p = I_I() )E(S (p)7 upTX) ® Vol

Let Ven = [,e[0,e) Ven,1/r» where for 7 = 0 we let Ve oo = Vee. The neighborhood of
(u®,S°) is then

(4.28)  Verx Veomen X (=6,6),  ((0,0), (6,1),0) = (i(expys  (0)+0),8*(1/n),

where the addition “+” is understood in the local chart as before.
Let u},, be any map that agrees with >, on §°(p) \ [%p,p] x 81, that takes

[%p, p] x 81 into the (€2, R?) coordinates and such that

=0(le™%pl).

up,l 1
P gpp1xSM| o

Consider the linearization L(,;;ps-(p))gj, for fixed p = 1/r:

con

N HQ"S(S'(p),HomO’I(TS.(p), (;Z;),t)*(TX)))»

L(ﬁ;,pso(/,))gj: Ven,p X T Vieon X TV: xR

(again fixed p means that there is no component along TV, ..)

Lemma 4.10. —  There exists pg > 0, ty > 0, and C > O such that for all p > p( and
t <t

(0, ), kDI < CllLas, 5007 (2, 0), &, k),

in particular the Fredholm index zero map L 5 0 7 is a uniformly invertible isomorphism.

Proof. — The proof is directly analogous to the proof of Lemma 4.9 and dif-
fers only in the argument where it is shown that the limit in the kernel of Lo g0 7
see (4.21), equals zero. In this case the components along y; + ¢z and 9; + b equals zero
since the asymptotic constants ¢ € V,,; for the nodal curve takes values in R? whereas ¢,
k =1,2 and b span the complement of R3. i

4.3. 1-parameter families of solutions. — In this section we construct families of
solutions to the Cauchy Riemann equations near J;-transverse crossings and associated
nodal curves.
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4.3.1. Solutions near hyperbolic and elliptic crossings. — The following result follows
directly from the definition.

Lemma 4.11. — If (u,S) is a J;-transverse hyperbolic (or elliptic) crossing then the
space of solutions

3, (0) € Vi X Voo X (=8,8)  (0r 8, (0) € Vee X Veon X (=5, 8))

—-1
is a 1-manifold, the projection 0, (0) — (=6,6) isa C L_diffeomorphism and solutions that
project to t # O are embeddings.

Proof. — This is an immediate consequence of the implicit function theorem for

Fredholm operators and the description of the kernel of Lz 5+)d 7 in Section 4.2.2 (or
in Section 4.2.4). O

We write 4; = u;(S;) for the images of the family of solutions in Lemma 4.11.

4.3.2. Pre-gluing for hyperbolic nodes. — We construct approximate solutions

to the éjt—equation in a neighborhood of («°*,8°) in Vi X V¢ con X (=6, 0) for each
sufficuiently small r € V.4 = [0, €).

In coordinates that satisty (4.2), since u is Jj-holomorphic with non-zero deriva-
tive at s¢, £ = 1,2, we have Fourier expansion in the strip neighborhoods [0, o) x [0, 1]
of the nodes of the form

u(o,7) = ck;le_”(‘””) +O(e72), k1€ R k=1,2.
Consider map u,,y,, : [—%p, %p] x [0,1] — (C3,R3) given by

Lp)+i R
uhol;p(o—; T) = 6'1,1(?_7T(((T+§p)+”) + Cg)leﬂ((ﬁ—gp)ﬂ‘r)).

Remark 4.12. — Note that there is a real linear map B: C3 — €3 such that takes
the image ”hol;p([—%p, %p] x [0, 1]) to the strip Dy, in the standard family in (3.2),

B(uhol;p([_%p’ %P] X [0, 1])) = Dl/p'

Let B: [—p,p] x[0,1] — [0, 1] be a cut-off function such that 8 =0 on §°(p) \
[—%p -2, %p +2] x [0, 1] and equal to 1 on [—%p, %p] x [0, 1]. Define the pre-glued
map uprc;p,t5 (S.(p)7asl;) - (X’L)

up 4(2), z€8°(p)\ [-p,p] x [0, 1],
(4.24) Upresp,t(2) = 1y, (1 - B0, 7)) - (0, 7)
+ﬁ(0—: T) : uhol;p(o—, T))’ z = (0-7 T) € [_P;p] X [07 1]
We next show that maps sufficiently close to uye;p; together with the hyperbolic

crossing solution family of Lemma 4.11 give standard families. Let || - || denote the
norm induced by the norm in Vy,, .
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Lemma 4.13. — If w,: (8°(p),d8°(p)) — (X, L) is any family of maps with
20 = Uerpall = O™ 17,

where n < 6/2 then there exists ry = % such that the family B, = wy,,(S*(1/r)) together with
the family A,, see Section 4.8.1, form a standard family.

Proof. — The minimal distance between the two arcs in #pre;p,(9S°(p)) near
p € L is bounded below by Ke="° for some constant K > 0. By Remark 4.12, it follows
that any family of maps of C!-distance O(¢~™*)?)-distance from upye.p, satisfies the
lemma. Since the H3-norm controls the C!'-norm and since the weight function is

1 .
larger than ¢2°° where Upre;p,e differs from us, the lemma follows. ]

We next show that u3,, is almost holomorphic. Norms refer to the norm induced
from H29($*(p), Hom" (T'S*(p), (w;,,)"(T X))) by the local coordinates

Lemma 4.14. — We have

= —(3n-
18 . tpresp,ie |l = O(l2] + e~ 27=0%),

Proof. — Consider first the case ¢ = 0, i.e., we estimate 9 ¥ u;re_p 0- BY definition,
d ju;)re%0 is holomorphic outside the region [—%p, %p] x [0, 1] in the neck. Inside this
region we have |u.,, 0(0, 7)| = O(¢7"7), along the map |(Jo — 1) |, Jonl = O(e=277)
pre;p,
by (4.2). Since the glued in map is 7-holomorphic and the weight of the exponential
weight of the norm is §, it follows that

o . (3 .—
18,7, oll = O™ F7P),

Taylor expanding J;, = Jo + tT' + O(¢%) we see that |0, — 8 yw| = O(|t|||dw]]).
The lemma follows. O

4.3.3. Pre-gluing for elliptic nodes. — We construct approximate solutions to the

d 7,-equation in a neighborhood of (#°,8%) in Vec X Ve con X (=6, 6) for each sufficiently
small r € V. = [0, €), in direct analogy with Section 4.3.2.
As before, we have the Fourier expansion in coordinates that satisfy (4.2)

w(o, 1) = c1e” 276D 1 O(e™*), ¢ € C3.
Consider map uy,,)., : [%p,p] x 81 — (C3,R3) given by
—2n(o+iT) + CTe27r(2p—a'+i‘r))

| .

uhol;p(o—: T) =c1¢

Remark 4.15. — Note that there is a real linear map B: C3 — C? that takes
the image uhol;p([%p’ pl x 81) to the cylinder D; Jp in the standard family in (3.4),

B(up, ([3p, p] X 1)) = Dy .
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Let 8: [0,p] x 8§ — [0,1] be a cut-off function such that 8 = 0 on $*(p) \
[%p - 2,p] x 81 and equal to 1 on [%p,p] x [0, 1]. Define the pre-glued map wupe;p,; :
(8°(p),0887) — (X, L)

up,(2), z€8°(p)\ [0,p] xS,
(4.25) Uprespt (2) = 1 g (1= B(or, ) - (0, 7)
+B(0,7) - o (07, 7)), 2= (0, 7) € [0,p] X ST
We show that maps sufficiently close to upre;p,; together with the elliptic crossing

solution family of Lemma 4.11 give standard families. Let || -|| denote the norm induced
by the norm in Vg, .

Lemma 4.16. — Ifw,: (S*(p),d8*(p)) — (X, L) is any family of maps with
0o = e, [l = O(e™ 2P,

where n < §/2 then there exists ag = pio such that the family B, = wy,,(S*(1/a)) together with
the family A; see Section 4.3.1, form a standard family.

Proof. — The smallest axis of the ellipse upe;p:(0S°(p)) near p € L is bounded
below by Ke~27¢ for some constant K > 0. By Remark 4.15, it follows that any family
of maps of C!-distance O(e~?™)?)-distance from wpre.,, satisfies the lemma. Since

c . . . . 1
the H3%-norm controls the C!'-norm and since the weight function is larger than ¢2°°
where upre;p,; differs from w3 , the lemma follows. O

We next show that u5, is almost holomorphic. Norms refer to the norm induced
from H29($*(p), Hom" (T S*(p), (#;,,)" (T X))) by the local coordinates

Lemma 4.17. — We have

||5Jt u}.)re;p,t“ = O(ltl + e_(3”_6).0).

Proof. — Directly analogous to the proof of Lemma 4.14. The difference in the
size of the exponent in the right hand side comes from the difference in decay rates, the
analogue of the argument in the proof of Lemma 4.14 is as follows:

. . . . . _ 20
In the region where U i) differs from u°, |upre;p,0(o', )| =0(e ), along the

map |(Jo = Dluye,0 (00| = O(e~*7) by (4.2). Since the glued in map is 7-holomorphic
and the weight of the exponential weight of the norm is 6, it follows that

ngo u;)rc;p,()” = O(e—(37r—6)p)_ O

4.3.4. Floer gluing and solutions near hyperbolic and elliptic nodes. — Floer gluing is
a version of Newton iteration for Fredholm maps. We will apply it to the maps

(426) gjt : th,p X Vcon X Ve

con

X (=6,6) — H*(8*(p), Hom™ (TS, (u}, )" (T X))).
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near the map with hyperbolic node and to

4.27) 37, Veep X Veon X Vg

con

X (=6,6) — H>(8"(p), Hom™ ('S, (u}, )" (T X))).

near the map with elliptic node.

A general version of the Floer-Picard lemma is given in [14, Lemma 6.1]. To use
this lemma, we denote the maps in (4.26) or (4.27) for p = 1/r varying in (0, €) simply
as f: X — B and think of X — (0,¢) and B — (0, €) as fibrations of Banach spaces.
Then [14, Lemma 6.1] says the following. Assume that there is a Taylor expansion at
0 € X, in the fiber direction

fr(x) = £(0) +dfs(0)x + N, (x)

such that df; (0) is surjective and admits a smooth family of uniformly bounded right
inverses Q,: B, — X,. Assume also that there exists C > 0 such that the non-linear term
satisfies

IN:(9) = Ny (#) 18, = Cllx = ylix, (llxlx, +[2lx,)-

Thenif|Q, £ (0)]| < g, foré < &=, £71(0p)N{x: [x=0]|x < 6} is a smooth submanifold

diffeomorphic to a bundle over (0, €) with fiber ker(df; (0)).

Lemma 4.18. —  The set of solutions 5}) (0) in (4.26) and (4.27) is a smooth 1-
manifold that projects diffeomorphically to (0,€1) c (0, €) for all sufficiently small €, > 0.
Furthermore, if u;hmp , 18 the solution at p = 1/, 8, (u;f]u'p ) then

(4.28) 1 Uprespll = U8, (s ) -

glu;p,¢ -

Proof. — We apply the Floer-Picard lemma as described above. Invertibility of
the differential follows from Lemmas 4.9 and 4.10. The estimate for the non-linear
term follows from standard arguments estimating the norm of the exponential map
acting on a vector field, see [5, Lemma 8.16] and [6, Equation (4.17)]. The statement
on the solution space follows.

The estimate (4.28) follows from [14, Equation (6.3)] in the proof of [14,
Lemma 6.1]. (It holds since the solution is produced by iteration of a contraction.) O

4.3.5. Proof of Theorem 4.2. — Let (u, S) be a_J;-transverse hyperbolic or elliptic
crossing. Lemma 4.11 give the 1-parameter family of solutions with images 4;.
We now apply Lemma 4. 18 t0 upye;p,, where we take |¢] < e~ (27=20)¢ in the elliptic

case and || < ¢~ "=297 in the hyperbolic case. Then it follows from Lemmas 4.17
and 4.14 in combination with (4.28) that

2n-68)p

=( —(7=6)p
ul.)re;p,t” = O(ee O(Ee ),

[ ) s~ Uprespll =
glu;p,¢ glu;p, ¢ pre;p,t

in the elliptic and hyperbolic cases. If B, are the images of the solutions then Lem-
mas 4.16 and 4.13 implies the theorem. i
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4.3.6. Detailed boundary information. — For skein valued curve counting, we will
require only a weak form of control of moduli spaces as in the definitions of standard
families in Definitions 3.1 and 3.3.

The Floer gluing arguments above that control boundaries of moduli spaces near
nodal curves give more precise information. Although not necessary for the applications
in this paper, we include the following stronger result. Let M(X, L, J) denote the space

of solutions gj_tl (0) of Lemma 4.18 compactified by adding the nodal solution (u°*, S*),
d7,(u®) =0.

Proposition 4.19. —  For generic path J, of almost complex structures, there exists
a constant ¢ # O such that the germ of the projection P: M(X,L, J) — [0,¢€) X (=6,6),
P (uglye;p,r) = (%, t) and P(u®) = (0,0) at (0,0) agrees up to second order with the curve

r > (r, 67'2), r € [0,e).

Proof. — Lemma 4.9 (respectively 4.10) implies that a unit vector in the kernel
of Denyp, (respectively Dey;p;) has a non-zero component v, € TV, and that |v,| >
vo > 0 forall p € [pg, ). At (u°*,S8*), TV, .« equals the kernel of the differential, and
the cokernel of the linearized operator L(u-,so)g o (with ¢ fixed at ¢ = 0) has cokernel
of dimension 1 spanned by Jj. Recall that the second derivative of a quadratic map
from the kernel of the differential to the cokernel, where then can be identified with a
quadratic map T[0,€) — T (-6,6), r — ¢r2. Imposing the codimension one condition
¢ = 0 would reduce the index of the correspondingly constrained 8 7,-map. Hence if the
family J; is generic, ¢ # 0. The lemma follows. i

4.4. Orientations at hyperbolic and elliptic crossings/nodes. — In this section we show
that relative orientations between crossing and nodal curves are compatible between the
hyperbolic and elliptic cases. For generalities about orientations of moduli spaces, see
Appendix A.3.

We first show that relations between orientations of moduli spaces at elliptic and
hyperbolic nodal curves and respective normalizations are locally determined. Let J;,
t € (—€,€) be a generic path of almost complex structures and let Q(uz) ¢ M(X, L)
be a 1-manifold around the crossing curve ug at ¢+ = 0 and Q(v) ¢ M(X,L) be a 1-
manifold with boundary the nodal curve v as in Theorem 4.2, see Proposition 4.19 for
parameterizations.

Lemma 4.20. —  The orientation of moduli space Q(u) at u together with the local
crossing/node model determines the orientation of the moduli space Q(v) at v (and vice versa).

Proof: — To see this we consider determinant bundles of the d; operator. We
start in the less complicated elliptic case. Here we degenerate the linearized operator
over the curve with an extra boundary to the closed curve with a sphere attached which
further has a disk attach to it. Here the sphere and the disk constitutes a local model
glued to the original closed curve. Marked points and gluing constraints are all even
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dimensional and the rotation parameters in the disk and sphere are coupled. It follows
that the relevant index bundle is expressed as a product of the index bundle over the
original curve and an index bundle in the model.

In the case of the hyperbolic node we argue similarly. Introduce two boundary
marked points where we attach two disks each with a further marked point where the
maps are required to agree. Now the boundary marked points shifts the index by 1 each
and the orientation depends on the order. The gluing locus is the inverse image of the
diagonal under the product of evaluation maps that also depends on the order, switching
the order switches orientation twice. Hence the result is independent of order and the
relevant index bundle is expressed as a product of the index bundle of the original curve
and the index bundle in the model. i

Remark 4.21. — In the language of Proposition 4.19, Lemma 4.20 says that the
orientation of Q(u) at ¢t = 0, +9, determines the orientation +4, at Q(v) at (r, t) = (0,0).

We consider also the effect of the sign of ¢ in Proposition 4.19: if Q(v) is oriented
by 8, at (¢,7) =0 and if ¢ > 0 then Q(v) # 0 over ¢ > 0 and the oriented tangent vector
of Q(v) has positive component along +d;, whereas if ¢ < 0 then Q(v) # 0 over t < 0
and the oriented tangent vector of Q(v) has positive component along —4;.

We next compare the relative signs between the crossing and nodal families
of Lemma 4.20 in the elliptic and hyperbolic cases. Consider an oriented standard
hyperbolic or elliptic crossing family over ¢ € (-6, 6), with crossing at ¢ = 0. Then
for ¢t # 0 the maps in the family has a crossing sign: the crossing sign of the oriented
nearby boundary strands in the hyperbolic case and the crossing sign between the curve
and the Lagrangian in the elliptic case. We orient (-6, §) so that the positive crossing
maps appear in the positive half interval (0, §). The orientation of the crossing family is
then either positive or negative as compared to the orientation of (-6, ). Consider an
oriented standard nodal family, at its nodal instance the family is oriented by the normal
to the nodal locus we say that the orientation is either outward or inward according to
whether the orientations points out of or into the space of smooth domains. Lemma 4.20
then gives two functions

F., R, : {positive, negative} — {inward, outward},

where F, and F, give the orientations induced from Q(z) on Q(») in the elliptic and
hyperbolic cases, respectively.

Lemma 4.22. —  The functions F, and F,, agree.
Proof. — Consider the 2-parameter family of holomorphic maps defined for ¢

in a neighborhood of the origin in the upper half plane {z = s + it € C: y > 0}, see
Figure 3, upper part:

2o (0@ + ),
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where (4, ) lies in a neighborhood of the origin in R2. For u = 0, 2 < 0 the holomorphic
map has a hyperbolic boundary crossing and for u = 0, 1 > 0 the curve has an elliptic
boundary crossing.

S

Ficure 3. — Relation between hyperbolic and elliptic nodes near a cusp.

Just as in the 1-parameter case in Lemma 4.20), the orientation of this 2-dimens-
ional space of curves is determined by the index bundle over the central curve with a cusp
together with an orientation of the 2-dimensional (1, u)-parameter space. Consider
the 1-parameter family of curves with p # 0 fixed and A changing sign. Such a family
corresponds to a framing change and we know that the curve count in the framed skein
module does not change.

Consider next the lower part of Figure 3. Here we depict the A-axis as the
boundary of another family of holomorphic curves of Euler characterstic one smaller.
For generic A and p the boundary is as depicted. For A < 0 the distance between the
components shrinks faster than the radius of the circle, for 2 > 0 the circle shrinks faster,
and at A = 0 they shrink at the same rate and we limit to a cuspidal curve.

We conclude from these pictures and the orientation on the 2-parameter family
that the orientation of curve at (4, p), p > 0, is induced by either the inward or outward
orientation in both the elliptic and the hyperbolic cases, i.e., F. = F,. i
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5. Bare compactness and somewhere injectivity in basic classes

Deformation invariance of skein valued curve counts depend crucially on the
results of Section 4 that control wall crossings in generic 1-parameter families of holo-
morphic maps. Here we discuss two additional ingredients. In Section 5.1 we recall a
compactness result for holomorphic curves without ghost components. In Section 5.2
we show that holomorphic curves in basic homology classes are somewhere injective,
which gives transversality by standard arguments (in turn recalled in Appendix A.2).

5.1. Bare compactness. — As mentioned in Section 1, skein valued curve counts
depend on controlling the wall crossings in generic 1-parameter families of bare holo-
morphic curves (i.e., curves with only positive area components) and on compactness
for such curves. Note that compactness for bare curves is not a consequence of Gromov
compactness, a sequnece of bare curves could converge to a curve with a ghost compo-
nent attached. The following result shows that generically such ghost bubbling can be
avoided in Gromov limits.

Theorem 5.1 ([13, Theorem 1.1]). — Let uy: (Sy,0S,) — (X, L) be a sequence
of immersed J,-holomorphic curves. Suppose the sequence converges to a J-holomorphic u :
(S,08) — (X, L), with a collapsed component S, i.e., u(Sy) is a point. Let the bare (positive
symplectic area) part of u be u,: (Sy,88,) — (X, L).

Then the map u, has a triple point, or a double point with linearly dependent tangents,
or there is a point { € S, where Sy is attached and where the differential of u, at ¢ vanishes,

duc(¢) = 87u(¢) = 0.

Let us mention that the above result has many related antecedents: [25, 33, 43,

44].

5.2. Somewhere injectivity for curves in basic homology classes. — In this section we
establish injectivity properties for holomorphic curves. Recall that we call a holomorphic
curve u: (S,85) — (X, L) bare provided all its irreducible components have positive
area. We say that (u, §) is somewhere injective if in any irreducible component of §
there is a non-empty open subset U such that u|y is an embedding and »~! («(U)) = U.

We start with the exact case. Consider an exact symplectic 2r-manifold X with
symplectic form w = d4, which outside a compact subset has the form [0, c0) X Y, where
Y is a contact (2n — 1)-manifold with contact form a and where A = ¢’ for ¢t € [0, ).
Let L=LyUL;U---U L, be an asymptotically cylindrical embedded Lagrangian in X
where Ly c X is a compact exact Lagrangian and each component L;, 1 < j < m, of
L has topology §1 x R”~1 and ideal boundary a Legendrian S! x §7~2. The condition
that L is asymptotically cylindrical is the following. Fix a complex structure J, on the
contact plane and consider the R-invariant complex structure Jron [0, o] X ¥ given by
Jo on the contact planes and such that jd, = R,, where R, is the Reeb vector field of
a on Y. Together with the symplectic form d(¢‘e), Jr induces a Riemannian metric
d(e‘a)(-, J-) and we say that L is asymptotically cylindrical with ideal boundary a
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Legendrian A c Y if there exists 7 > 0 such that the distance between LN [T, 00) X YV
and [T, o) X A is bounded. Consider a homology class 8 € Hy(X,L U S).

Definition 5.2. — The class p € Ho(X, L U S) is a basic class if its image under the
connecting homomorphism d: Ho(X,L U S) — Hy(L) projects to a generator y; € Hy(L;) for
1 < j < m (note Hi(L;) = Z here) and if

/xl>0.
Y

J

Consider the case when L = Ly U L; has only one non-compact component.

Lemma 5.3. — Let L C X be as above. If J is an almost complex structure on X that is
uniformly compatible with w then any bare J-holomorphic curve with boundary on L in a basic
homology class is injective in the complement of finitely many points and in particular somewhere
injective.

Proof. — The proof is similar to [35, Theorem 2.9]. Let u: ($,8S) — (X, L) be
a _J-holomorphic map in a basic homology class 8 with 98 = yo +y € H{ (L) ® H(Ly).
Then u has area a = fy A > 0 and is absolutely area minimizing (with respect to the

metric w( -, J-)) in its homology class.
Consider the image C = u(S) as a rectifiable current. By unique continuation for
holomorphic maps, C can be written as

(5.1) C=C1+2Cy+---+mCp,

where C; is the subset of € where the multiplicity equals j. It is clear that each C; is a
holomorphic rectifiable current.

Assume that u is not somewhere injective. Then C; = 0 in (5.1). We show below
that C,, is an integral current, i.e. that dC,, is rectifiable and contained in L. But then the
area of C,, is at least @ which contradicts (5.1). It follows that the maximal multiplicity
m equals 1, hence C = Cy as claimed.

We check that C,, is an integral current. We first show that the boundary of C,, is
contained in L. Assume that p ¢ L lies in the support of C,,. By Federer’s refinement of
Sard’s theorem [15, Theorem 3.4.3] we may assume that C,, is a smooth 2-dimensional
submanifold around p. By unique continuation it follows that there is a disk A centered
at a point in z~1(p) such u(A) lies in the support of C,,. Hence p does not lie on the
boundary of C,, and its boundary is contained in L.

Consider a point ¢ € L on the boundary of C,,. Again by the refinement of Sard’s
theorem, one may assume that ¢ = u(z) is a regular value of u|55. By unique continuation,
the boundary of C,, consists of an arc in L around g. It follows by monotonicity for
minimal surfaces that the total length of the boundary arcs in the boundary of C,, is
finite. Thus AC,, is a rectifiable curve in L and hence C,, is an integral current. i

We next consider a generalization of Lemma 5.3 where X is allowed to be non-
exact. We take X to be asymptotically cylindrical at infinity and assume that in the
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cylindrical end [0, ) x Y, the symplectic form w on X has the form w = d(e'@) + wy,
where « is a contact form on Y and wq is bounded. We consider Lagrangians L =
Ly U---U Ly, in the cylindrical end, L c [0,0) X Y, as before with components of
topology $! xR"*~! and asymptotically cylindrical at infinity. (The previously considered
compact Lagrangian L is now empty).

Lemma 5.4. — If wy is sufficiently small then there exists an isotopy L* of L= L° ina
cotangent neighborhood of L such that L* is Lagrangian with respect to d(e‘a) + (1 — s)w.

Proof. — This is a consequence of Moser’s trick. Fix a cotangent neighborhood
of L and let w(s) = d(e‘a) + (1 = s)wy. Then %w(s) = —wy. Since wy is closed in T*L
is also exact, —wy = dB. Then the flow of the time dependent vector field X (s) that
satisfies B = w(s)(X (s),-) gives the desired isotopy. m|

We consider basic classes in the non-exact setting. Let 8 € Hy(X, L) and 48 €
H; (L) with components y; € Hy(L;) that are generators. Assume that wy is sufficiently
small so that Lemma 5.4 holds and let L*, 0 < s < 1, be an isotopy as there so that L!
is Lagrangian with respect to d(e‘a). Let yjl. be the image of y; in H; (le.) under the
isotopy. We say that g is a basic class if

(5.2) /1 >0,
Y

J

forall j.

Assume that L lies in the cylindrical end L c [2,00) x Y and that the almost
complex structure J = Jg in [0, 1] X Y is an R-invariant almost complex structure
compatible with d(e‘a). Assume that L = LY admits an isotopy L° as in Lemma 5.4.
If L has more than one component we furthermore assume that there are translation
invariant nested subsets N; C N]f C [2-6,0) x Y, such that L; c N;, where L;,
j=1,...,k are the components of L, and such that no holomorphic curve intersects
N/\N;.

Lemma 5.5. — If L and J is as above then any bare J-holomorphic curve in a basic
class is injective on the boundary in the complement of finitely many points and in particular
somewhere injective.

Proof. — Consider first the case of one component. Let ¢;: X — X be a 1-
parameter family of diffeomorphisms equal to the identity outside a neighborhood of L
and such that y(L) = L;. Write J, for the almost complex structure dwl_l o Jody in

[%, o) X Y. Note that if w is sufficiently small compared to d(e‘@) then ¢ is close to
the identity and /. is compatible with d(e‘@) in [1,00) X Y.

Letu: ($,08) — (X, L) bea J-holomorphic map. Thenyou: (S,85) — (X, L;)
is a Ji-holomorphic map. Let ¢: [0,00) — [0, 1] be a smooth function equal to 0 in
[0, 1] and equal to 1 in [2, c0).
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For T > 0, consider the map
(5.3) ¢r: [0,00) XY — [0,00) XY, (t,9) > (t+T¢(2),y).

Consider the almost complex structure J7 that is R-invariant in the region [0, 7] X Y’
and equal to J; in [T, 00) x Y. It is easy to see that the Jr is compatible with d(e’a).

Consider the Jr-holomorphic map ¢7 o u and apply the argument of the proof
of Lemma 5.3 to get the decomposition of the image current C = ¢7 o u(S):

b5.4) C=C1+2Cy+---+mCy,.

The area of any closed component of C; is unaffected by ¢7 and the total area of C
grows linearly with 7'. At least one of the integral currents C; must have boundary dCy
in a homology class that is a multiple of the generator y of H;(L) on which the flux ar
of ¢r is positive, but then, since £ > 2 we would find that for T sufficiently large, the
area of C is at least % . fy(e‘a). However, the curve ¢7 o u lies in a basic homology class

and the area is < % fy (e'a). We conclude that only C; has boundary on L. The lemma

follows.

In the case of many components, we show that the boundary of each C; has
only positive components. We argue by contradiction. Assume that C; has boundary
component in L; that is negative. Apply (5.3) with ¢7 as there and in addition cut off
from 1 to zero in N/ \ N;. Since no curve passes the cut off region the resulting curve
is Jr-holomorphic but will have negative area for sufficiently large shift. We conclude
that all C; have only positive boundary components. It is then immediate from the
decomposition (5.4) that C = C;. The lemma follows. m]

We finally show that neighborhoods as required in Lemma 5.5 for many compo-
nent Lagrangians exists for link conormals provided the shift is suffficietly small.

Lemma 5.6. — Let K be a m-component link m > 2. Then there exists € > 0 such
that for all € < €y, Lg;e admits neighborhoods N; C N] C [€/2,00) x ST*8 such that no

holomorphic curve in a basic homology class intersects N T\ N;.

Proof. — Take € so that €!/8 is smaller that the minimal distance between the
links. Let N; € N be e!/*-neighborhoods of the lift of the knot shifted by its tangent

vector to SET*S3. By monotonicity, a curve in N]f \ N; has area > ce!/2 for some ¢ > 0.
Since the area of a curve in the basic homology class equals O(¢€) the lemma follows. O

6. Skein valued curve counts

In this section we collect properties of holomorphic curves and show how they
lead to deformation invariant skein valued curve counts.
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By stable map, we mean as usual a holomorphic map with finitely many auto-

qQ

morphisms.*

Theorem 6.1. — Let (X, L) be as in Section 5.2 and let A € Ho(X, L) be a basic
homology class. Suppose J is a subset of the space of almost complex structures that gives
transversality for holomorphic curves in class A. Let M(J) for J € J be the moduli space of
bare stable J-holomorphic maps. Then the following hold.

(1) Coherence. Forany J € J, we have u € M(J) if and only if w € M(J).
(2) Codimension zero transversality. There is a nonempty subset J° c J such that for
1eJ",

(@) Mgu(J) is compact.

(b) M(J) is an oriented zero-manifold.

(c) Any map u corresponding to a point in M(J) is an embedding of a smooth curve
and is transverse to L in the sense of Definition 2.6. In particular, u is bare.

(d) For any path J: [0,1] — J°, the map M(J) — [0, 1] is a proper cover of
manifolds, and M(J) can be oriented so that the orientations of M( Jo), M(J1)
are recovered from the boundary orientation.

(8) Codimension one transversality. Any two points Jy, J1 € J° can be connected by a
path J:[0,1] = J such that:

(@) Mgu(J) is compact.

(b) M(J) is an 1-manifold with boundary, to which the orientation on M(J)| 50
from (2d) extends. Boundary points over the interior (0, 1) are precisely the maps
in M(J) with nodal domain.

(c) The locus of t € [0, 1] so where (2d) or (2¢) fails is discrete, and the failure over
some ty occurs at only point of M(Jy,). If (2d) fails at [u], we term it a critical
point; if (2¢) fails, we term it a crossing,

(d) The universal map over a neighborhood of a crossing [u] € U c M0, 1] takes
one of the following forms:

(1) Hyperbolic crossing. The map u is an immersion everywhere and an
embedding save at two points s; # so in the boundary such that u(sy) =
u(s9). We require that the images of the two boundary tangent vectors at
s1 and s are linearly independent from each other and from &, and that
they together with the first order variation of the 1-parameter family at the
double point, d;u(s1) — 6;u(s9), span the tangent space of L.

(i1) Elliptic crossing. The map u is an embedding, but some interior point s
of the domain is mapped to L. The map at this point is transverse to the
4-chain C. At the crossing moment the tangent space of the curve and the
tangent space of L together with the first order variation of 1-parameter
Jfamily 8;u(s) span the tangent space of X.

3Some authors also allow maps with compact automorphism groups, which means they consider the disk
with one marked point stable. For those authors, the limit of the elliptic degeneration is a curve with a ghost
such disk attached. For us, the corresponding limit is instead a curve with an “elliptic node” as modeled in
Remark 8.4, and as used in the gluing analysis in Sections 4.2.5 and 4.3.8.
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(i11) Framing change: u is an embedding, but du becomes tangent to & or
intersects y generically (as in Lemmas 2.10 or 2.11).

(4) Gluing. Let [u] € M(ty) be an elliptic or hyperbolic crossing as in (3d) above. Let
v = u® be the map with the same image which is an embedding of a nodal curve. Let M,
and M, be small neighborhoods of [u] and [v] in M(ty — €, ty +€), and let uy, v, be the
corresponding families of maps. Then there are neighborhoods D, D*® of the crossing point
and node such that (u,(D), v,(D*®)) is a standard hyperbolic or elliptic degeneration, in
the sense of Definition 8.1 or 8.8, respectively.

Moreover, the orientations of M, and M., see Section A.8, are related as follows: the
moduli space M, is non-empty over a half-interval (ty— €, ty] or [ 4y, ty +€), over which
we may compare its orientation with M, using the projections of both to (ty — €, to + €).
We require that there is a global sign o = +1 such that the orientations of M, and M,
differ by the product o - v(u;) where v(u,) is the local crossing sign of u, i.e., v(u;) is
the crossing sign between boundary arcs in the hyperbolic case and between L and the
curve in the elliptic case.

Proof.
(1). — It holds trivially atall J € 7.

(2). — Define J° as the subset of generic J € J where every bare solution is
transversely cut out, is embedded and in particular has boundary an embedded link,
is transverse to the 4-chain C, and has interior disjoint from L. Then J° is open and
dense by Lemmas A.06, A.7, and A.8. By transversality our solution space is an oriented
0-manifold. Evidently Property (2b) is satisfied. Property (2¢) holds by request, and
Property (2d) by transversality.

We turn to property (2a). It is not simply a consequence of Gromov compactness,
since we have taken M(J) the moduli space of bare curves, and not all curves. That
is, by Gromov compactness we know that a sequence of bare curves must converge
to some stable map; it remains to exclude the possibility that this limit is a non-bare
curve. But by Theorem 5.1, such a limit would have underlying bare curve a singular
J-holomorphic curve, which contradicts property (2¢).

(8). — Lemmas A.6, A.7, and A.8 classify the degenerations possible in a generic
one parameter family. Properties (3b)—~(3d) follow immediately.

We turn to Property (3a). It is not simply a consequence of Gromov compactness,
since we have taken M(J) the moduli space of bare curves, and not all curves. By
Gromov compactness, a 1-parameter family will have a limit, which may however be
a non-bare curve. However, from Theorem 5.1, a limiting non-bare curve will either
have a non-immersed point or a triple point in the image of its bare component. By
coherence (property (1)), this means that at this J, we have a map from a smooth domain
with either a triple point or a non-immersed point. This contradicts property (3d).

(4). — This follows from Theorem 4.2 and Lemma 4.22. O

We are now in a position to define the invariant.
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Definition 6.2. — Let X be a 8-dimensional Calabi—Yau manifold and let L =
Lo ULy U---UL, beas in Section 5.2 with Maslov index zero and a brane structure in the
sense of Definition 2.8. Fix a basic class d € Ho(X, L). Let SK(L) be the skein of L, in variables
(a,2), a=(ay,...,a). For J € T°(X, L), we define

Zx Ld;] = Z w(u) - 27X . gL (9u)y e Sk(L)
(0,8)e M(X,L,d,])

The sum is over a finite set of points for each coeflicient of z by Properties (2a),
(2b), with the second of these providing the function w. By Property (2¢), du is a framed
link in L, so we may regard it as an element of the skein. Note that in any given homology
class, the Euler characteristic of (even a disconnected) representative is bounded above,
so the invariant is a Laurent series in z.

We emphasize that we count only bare maps from possibly disconnected curves.
That is, the image of each irreducible component has nonzero symplectic area.

Theorem 6.3. —  Under the hypotheses of Theorem 6.1, Zx 1 4,5 is independent of
J e J°(X,L).

Proof. — We will use only the properties enumerated in Theorem 6.1.

It follows from Properties (2d) and (8b) that Zy s 4.1 is locally constant in
J°(X,L). Consider now any two points Jy, J1 € J°, and a path 1, connecting them
satisfying Property (3). We want to study the ¢ with J; ¢ 7°, in order to show that also
the count Zy ; 4,7 does not change when passing these.

Note that to prove the desired constancy of Zx ; 4,7, it is enough to work order
by order in z. Bounding the order of z bounds the topological type, thus the set of walls
top we must consider is finite by Property (3¢). Fix one such .

As t — ty, by (2d), the curve counts are locally constant, and the moduli space
is just a disjoint union of intervals. By compactness (3a), each such interval has a
limit at ¢). Consider all components for which the limiting curve remains smooth,
embedded, transverse to L; i.e., (2c) remains true at the limit. Then, even if (2d) fails,
nevertheless (3b) suffices to ensure that these components of moduli have the same
contribution on both sides of ;.

Let us consider the remaining components, i.e., those for which the limiting
curve fails (2¢). Taking the normalization gives a map from a smooth domain, which is
strictly greater Euler characteristic, so among those we are considering at the current
order in z. Recall there is a unique such map, as per (3¢), and that it must take one
of the forms classified by Property (3d). Note that since (2¢) fails, we have demanded
that (2d) does not; i.e. the component of moduli containing this map from a smooth
domain locally projects to [0, 1] by an isomorphism.

For crossings of “framing change” type, by applying Lemmas 2.10 and 2.11, and
comparing to the framing change skein relation, we see that the term a*“ - (du) is itself
invariant.

We now turn to hyperbolic and elliptic crossings. First, the hyperbolic case. Let u
be the map with smooth domain and nodal image, and uyx the corresponding embedding
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of a nodal curve. We will write u.. for the curves immediately before and after « in its
family, and u, for the deformation of uy which appears on one side (either before or
after). We write w(u.) for the degree of the 0-chain on the corresponding moduli space.

According to Property (3¢), curves unrelated to « undergo no critical moments.
The 4-chain intersection and Ho(X, L) of all the u, are the same. Thus the total change
in Zx 1,4.4 is a multiple of

w(u)z X" Qu) — w(u_e)z X" (du_.) + w(u><)z_)‘(”><)(6u><).

By Properties (3b) and (2d), w(u.) = w(u_¢). By Property (4) this quantity is also
equal to w(u,(). In addition, note that y (u.) = x (u-¢) = x(#y) + 1. Thus the above
discrepancy is a multiple of

6.1) (Due) — (Du-e) + 2(du),

Recall that Property (4) asks that the crossing moment is locally given by the model in
Section 3, in the sense of Definition 3.1. As explained in Section 3.1, the images of the
boundary under . differ precisely by a crossing change *X « X, whereas the boundary
of u, is correspondingly the ) ¢.

Now let us consider the elliptic crossing. We use similar notations as above, save
writing u¢ instead of u,.. As before, Property (4) asks that the crossing moment is
locally given by the model in Section 3, in the sense of Definition 3.3 and the same
considerations apply, with one exception: u.. have one more or one less intersection
with the 4-chain than ., does. Thus now the relation is

a* (Ou) — a™ N Ou_) + 2(dup).

As explained in Section 3.2, the difference between the boundaries is that duc has an
extra unknot as compared to du.., the latter two being isotopic to each other. Thus, the
above expression is a multiple of

(6.2) a - al + 20).
Finally, by Property (4) the signs in (6.1) and (6.2) agree. Thus, changing z to
—z in our original conventions if necessary, we may ensure that the sign in formula (6.1)

is + and in formula (6.2) is —. With this choice, formulas (6.1) and (6.2) are simply
the skein relations, hence zero in the skein. m]

7. SFT and the conifold transition

In this section we compare curve counts in 783, in 783\ §3, and in the resolved
conifold X. The key ingredient is SE'T compactness and the stretching arguments it
makes possible.

7.1. The conifold transition. — Let us review the conifold transition. Consider the
locus Xg = {w? + x? + 2 + 22 = 0} in C*. On the one hard, this locus is the image of the
total space of the bundle X = O(-1) @ O(~1) over CP!, under a map which collapses
the CP! and is elsewhere an embedding. On the other hand, there is the deformation
X. = {w? +x% +y?+ 22 = €}, which is symplectomorphic to T*$2. The conifold transition
means we replace one with the other.
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From a symplectic point of view, X, provides an exact symplectic filling of the
contact cosphere bundle $*82: outside of a compact set, X, agrees with the positive
symplectization [0, c0) x ST*$§3 with its standard symplectic form d(e! pdg), where
pdg is the action form restricted to ST*$? and ¢ a coordinate on [0, ). The resolved
conifold is not quite a symplectic filling of $7*83. However, far from the central CP!,
also X looks topologically like [0, o) x $7*$% and the symplectic form is deformation
equivalent to d(e* pdg) + w, where w is independent of ¢. For large ¢ this can be viewed
as a small perturbation that vanishes in the limit ¢ — co.

We say that X is an asymptotic symplectic filling of $T7*$%. More generally, a
symplectic manifold with positive end which is analogously asymptotic to a symplecti-
zation of a contact manifold is said to be asymptotically convex at infinity. In this case,
we say that a Lagrangian L C X is asymptotically Legendrian at infinity if it is, near
infinity, obtained by fixed non-exact deformation of the Lagrangian cylinder R x A. The
fixed amount by which we deform is exponentially small with respect to the symplectic
form d(e’pdg) as ¢ — oo. Note then that, in sufficiently large disk bundles there is an
arbitrarily small change of the R-invariant symplectization almost complex structure
(for instance, given by conjugation by a map taking a Lagrangian to its shift) making the
original R-invariant curves holomorphic with the non-exact boundary condition, see
also [29] for basic results about holomorphic curves in this setting.

7.2. SFT stretching. — In this section we review SFT-stretching in the context
we will require it. A complete account can be found in [2].

Consider a symplectic manifold (X, w) with a Lagrangian submanifold L. Let
Y C X be a closed co-oriented codimension 1 contact hyper-surface. This means that
there is a conformally symplectic vector field Z (i.e., Lzw = w) defined in a neighborhood
of Y such that Z is everywhere transverse to Y. Then @ = tzw is a contact form on Y.
If Y x (-6, 0) is the neighborhood of Y obtained by flowing ¢ € (-6, ) units along Z
with initial condition in ¥ then the symplectic form has the form

w=d('a) = (dt Aa +da)

in Y x (=§,6). We assume that the intersection A = LN Y is a Legendrian submanifold
(i.e., a|p = 0) and that L is invariant under the flow of Z in some flow neighborhood
of Y.

We assume that the conact form a on Y is Morse (or Morse—Bott). This means
that its Reeb orbits (flow loops of R,) and Reeb chords (flow lines of R, connecting
A to itself) are isolated and transversely cut out (or come in smooth families that are
Bott-transverse). This condition holds after small perturbation of ¥ or Z. We recall
that the action of a Reeb orbit or chord v is fy a.

Assume that Y separates X. Then X \ Y = X°>* U X>~ where X>* (X°7) is the
component where the vector field Z point inward (outward) along the boundary. Let
X* be the closure of X>*. Fixs > 0 and 0 < € < § and consider the three symplectic
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manifolds with symplectic forms as indicated:
XF=X"Uy ((-s— 0] xY); won X*, d(e'@) on (-s5,0] x Y,
Xsoz (-s—€,s+€)X7Y; d(e!a) on (=s,5) X Y,
X, =X Uy ([0,s+€) xY); won X, d(e‘a) on [0,s5) x Y.
Define
X, = X Up, X,
where
Tos: (5,5 +€) XY - (=s—€,5) XY, 19,(0,y)=(0c—-(2s+e),y).

Note that 7y, is the conformally symplectic map that intertwines the symplectic structure
d(e” @) with d(e7~(25€)q).

Let J* be the following almost complex structure on X;*. Consider the cylindrical
pieces in X* as subsets of R x ¥ and take J* on these cylindrical pieces to be invariant
under translation in the R-direction, such that J*(ker(«@) — ker(a) and J* both agree
with some complex structure Jie (o) on ker(a) that is compatible with de, and Jd, = R,
where « is the contact form on Y and R, its Reeb vector field (unigely defined by
tg,da =0, a(R) = 1). On X#, ] is a fixed (independent of s) almost complex structure
compatible with w. Let J! be the almost complex structure on X; that agrees with J*
on X/

We identify X with X and define diffeomorphisms ¢;: X; — X by shrinking X?
to Xé). We transport J/ to a family J; of almost complex structures on X, all compatible

with the symplectic structure w: J; = d¢; o J/ o dg;!.
We state the specialization of the SFT-compactness theorem to our situation.

Theorem 7.1 ([2, Theorem 10.3, Section 11.3]). — Let u;, s — oo be a sequence
of Js-holomorphic curves with boundary on L and of uniformly bounded area. Then there exists
a subsequence uy that converges to a holomorphic building in X2, X0, and X}, where the levels
are joined at Reeb orbits and Reeb chords of A in Y. Furthermore, the total action of the Reeb
orbits and chords at the negative ends of the curves in X7, is bounded in terms of the symplectic
area of the curves.

We will use SFT-stretching Theorem 7.1 to deform complex structures near
Lagrangian submanifolds that are either compact or asymptotically cylindrical.

7.2.1. SFT-stretching near compact Lagrangians. — If L c X is a compact
Lagrangian submanifold then L has a neighborhood symplectomorphic to a
d-neighborhood of the 0-section in its cotangent bundle 7*L with the standard
symplectic structure d(pdg). Consider a Riemannian metric on L. The e-cosphere
bundle S, T*L = {p? = €2} is then a contact hypersurface with conformally symplectic
vector field p - 8, and with Reeb flow given by the natural lift of the geodesic flow on L.
Here the action of a Reeb orbit is equal to (e times) its length and the Conley—Zehender
index of a Reeb orbit equals the Morse index of the underlying geodesic.
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The three symplectic manifolds that results form stretching around L are X7, =
X \ L, with a negative end (-0, 0] X ST*L near L, X2 =R x ST*L, and X = T*L.

7.2.2. SFT-stretching near cylindrical Lagrangians. — Let X be an asymptotically
cylindrical symplectic manifold with asymptotic cylindrical end [0, ) x ¥ and let
L c X be an asymptotically cylindrical Lagrangian with cylindrical end [0, o0) X A. Then
L = LUy ([0,00) x A), where L is a compact manifold with boundary dL = A. We
consider a Riemannian metric on L of the form

3 on L,
£= di2 @ ¢(t)gn on [0,00) X Y,

where g is a metric on A and ¢: [0, 00) — [1,2] is an increasing function. Then closed
geodesics of g all lie in the interior of L and the distance from A x {#y} to A x {1} is
bounded below by |# — #y].

Consider a function fy: L — R such that f7 = 0 on L and fr(¢,1) = B(¢ - T),
where 8: R — [0, 1] is a cut off function equal to 0 on (-0, 0] and equal to 1 on [1, ).
Consider again a cotangent neighborhood T*L of L. Take

Y = {(g,[)) e T°L: Lp? + fr(g) = 62},

and note that if H = —pdg(V fr) then Z = p - 3, + Xp is a conformally symplectic vector
field transverse to Y along Y.

Note that Y is naturally subdivided into two pieces: an interior piece of the form
ST*(LUp ([0,T] x A)) and a cap diffeomorphic to DT*L|, the disk cotangent bundle
of L restricted to A. Reeb orbits and chords are of two kinds: Reeb orbits corresponding
to closed geodesics in L, and Reeb orbits or chords that restrict to Reeb flow lines over
geodesics that connect the boundary of L U, ([0, T'] x A) to itself. The action of the
latter type of geodesics are > %T .

Consider now stretching along Y for curves of bounded area. If we take T sufh-
ciently large we find that the limiting holomorphic buildings must have Reeb asymptotics
only at Reeb orbits in ST*L.

Example 7.2. — We will apply this for L of topology §! x R?. Here we take a
metric with a unique geodesic loop that goes once around the generator S' x {0} of

71 (ST x R2). All other geodesic loops are multiples of this basic loop, and all closed
Reeb orbits have Conley—Zehender index 0.

7.3. Relating T*S3 with the symplectization of ST*S3. — We generalize Theo-
rem 0.3 to exact symplectic manifolds with negative end the symplectization of the unit
cotangent bundle of the three sphere.

We use notation as in Section 7.2. Let X7, denote an exact symplectic manifold
with negative end of the form (—co, 0] x ST*83, where the symplectic form is d(¢‘e) for
the contact form « induced by the standard round metric on $3. Then Reeb orbits of «
are in natural 1-1 correspondence with geodesics and the Conley—Zehender index of
a Reeb orbit equals the Morse index of the corresponding geodesic. This means that
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a has Bott degenerate Reeb flow with Bott manifolds the Grassmannian of oriented
92-planes in R?, i.e., $2 x 82, of index > 2.

Let L = Ly U---U Ly, be an asymptotically cylindrical Lagrangian, where L;
topologically is S! x R%, where the negative end of each L; is empty and where the
positive end is a Legendrian S x §1.

Lemma 7.3. — Let X}, and L be as above and assume that J is a space of almost
complex structures that are compatible with the symplectic form and R-invariant in (—oo, =T | XY,
T > 0, of the negative end and such that every curve in a basic homology class is somewhere
injective. Then Theorem 6.1 holds for J; skein valued curve counts for (X2, L) can be defined
exactly as in Definition 6.2, and Theorem 6.3 holds.

Proof. — By assumption J-holomorphic curves are somewhere injective and
Lemma A.2 gives transversality for the Cauchy—Riemann operator 7 by varying J in
J. Then, by SFT compactness, Theorem 7.1, when there is a negative end, moduli
spaces have additional boundary corresponding to holomorphic buildings with levels
joined at Reeb orbits. In the present case, a level of such a building in (X, L) is either
closed or has negative interior punctures at Reeb orbits. However, since the Reeb orbits
have minimal index 2 the dimension of such a curve is at most —2. Since J gives
transversality we find that curves with negative asymptotics do not appear in 0- and
1-parameter families in general position. It follows that the degeneracies in 1-parameter
families are exactly as in the case without negative end which implies the result. i

Remark 7.4. — In Lemma 7.3, if L = L; of topology $*R?, then Lemma 5.3
shows that space of all almost complex structures cylindrical in (—co, 0] x S7*82 ensures
the required somewhere injectivity. Also, if X} = Rx ST7*$3 and L =L, U---U L,, then
almost complex structures for which the assumptions of Lemma 5.5 hold and which
are cylindrical in (—co0, 0] x ST*82 ensures the required somewhere injectivity.

Let L=L;U---UL, c T*S% be an asymptotically cylindrical Lagrangian, where
L; topologically is ST x R? such that LN 8% = 0. Let B € Hy(T*S3, L U §3) be a basic
homology class, see Definition 5.2. The inclusion 7*$3 \ §3 — 7*§2 induces a map
Ho(T*83\ 83, L) — Hy(T*S3,L U S3) with kernel Hy(T*8%\ §3) ~ Z. Note that any
class in Hy(T*S3 \ §3, L) that maps to B is a basic class for L ¢ 7%\ §3. Picking a
4-chain for §3 c T*83 gives a splitting Ho(ST*$3\ $3,L) = Hy(ST*S3,L) & Z - [S?],
[82] € Ho(ST*S3 \ §2) is the class of the fiber sphere. We will think of 7*83 \ §3
symplectically as the symplectization R x ST*§3.

If L has one component, let J; be the space of complex structures on 7*$3 and if
L has more thean one component then let  is the space of almost complex structures
such that the assumptions of Lemma 5.5 holds for L. Then if we apply SFT stretching
in around the boundary of a neighborhood N (7) of §3 we get almost complex structures
in R x $7*83 that satifies the somewhere injectivity hypothesis of Lemma 7.8. We use
such almost complex structures for the curve counts in the following result.
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Ficure 4. — Top picture shows the unique annulus with boundary on Lg and along K c §3,
before SFT-stretching. As we SFT-stretch, the boundary on §2 undergoes skein moves until, as
illustrated in the bottom picture, all curves left an e-neighborhood of $3.

Theorem 7.5. — Let L be a Lagrangian brane (see Definition 2.3) in T*S3 \ §% and
let B € Hy(T*S3, L U S3) be a basic homology class as above. As explained above, any class in
Ho(R x ST*S83, L) that maps to B is also basic. We have the following:

(7.1) ZT*S3,S3UL,B(a’ ay, Z) = Z ZIRXST*Sa,L,,B+/C[S2] (aL, Z)Qk|Q:a2 ® [®S3] (S Sk(S3)
k

Proof. — 1t suffices to establish this equality order by order in z and thus we may
fix area and Euler characteristic bounds. Write N(r) for a radius r-neighborhood of
§3 183

Consider the curves contributing to Z;.gs g3, Let € > 0 be sufficiently small
so that L lies outside N (10€). We apply SFT-stretching near dN (5¢). By Lemma 7.3
for sufficiently large stretching parameter p we find an almost complex structure J,
such that all curves with boundary on L lies outside N (5¢). Furthermore, all closed
Jo-holomorphic curves have zero symplectic area and are therefore constant.

That is, we may deform the complex structure for 7*$3 so that all curves leave a
neighborhood of the $3. Now the curves contributing to the invariant are literally the
same for (7*83,83 U L) and (R x ST*$3, L) (see Lemma 7.3 for the latter count); it
remains only to examine how we count them. In the former case we must account for
the intersection with the 4-chain; in the latter case, for the class in Hy(7*$3\ $2). These
match under the substitution Q = a2, since generating homology class in Ho(T*8% \ §%)
is dual to half of the 4-chain, viewed as an element of HA:-?M(T*,S‘3 \ 3. mi
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7.4. Relating the symplectization of ST*S3 with the resolved conifold. — Given a
Lagrangian conormal brane Lg ¢ 783\ §3 ~ R x $T*$2, we may consider it as a brane
also in the resolved conifold X as follows. The resolved conifold is asymptotic to the
symplectization of $7*82 so that, outside some neighborhood of the central CP!, X is
symplectimorphic to [0, 00) x $T*$3 with symplectic form d(e’e) + wy for the standard
contact form on §3, where wy is bounded with size corresponding to the area of CP!.
Then, if the area of CP! is sufficiently small then as in Lemma 5.4, Lg C [T, 00) X ST*83
admits an isotopy L3, inside a neighborhood of the 0-section in 7*Lg such that Lg = LY
and that L3 is Lagrangian with respect to d(e’a) + (1 - s)wg. When we consider Lg as a
Lagrangian in X we mean LII(.

Note that the 4-chain of Lg ¢ R x ST*8? gives a 4-chain for Lg c X which is
disjoint from a neighborhood N (CP1) of the central CP! in X.

We next consider curve counts for L ¢ X which has the properties of Lg above.
Were we to attempt to count all possibly disconnected holomorphic curves in basic
homology classes for L c X, there would be no way to exclude disconnected components
giving multiple covers of the central CP! and the general bare curve count requires
adequate perturbations as developed in [10], see Section 9. Here we bypass these
difficulties by just restricting to counting curves of which each component has boundary;
we denote the resulting count Z’ and show next that it is well defined and invariant.

Let L =Ly U-- UL, c X and each L; is topologically §1 x R?. Assume that
L c [0,00) x ST*$3 and that there exists a neighborhood N (CP!) disjoint from the
4-chain of L. Let g’ denote the space of almost complex structures on X that meets the
conditions of Lemma 5.5 and which furthermore are standard in some neighborhood
of CPL.

Lemma 7.6. — Let (X, L) and " be as above. For CP! of sufficently small area, J"
is non-empty and if M’(J) is the moduli space of curves in a basic homology class of (X, L),
see (5.2), for which every connected component has nonempty boundary, then Theorem 6.1 holds
with J replaced by J', and M replaced by M’, and Theorem 6.3 holds for the corresponding

(7.2) Zi =1+ Z w(u) -z X @ . 0uIE . gL gy ¢ SKD)[[0]],
(1,2) M’ (X,L)

which means that Z}, ;. ¥V is independent of t € [0, 1].

Proof. — To see that J” is non-empty, note that if the area of CP! is sufficiently
small then an R-invariant almost complex structure in [0, o) x ST*8® compatible with
d(e'a) is also compatible with w = d(e’a) + wy. It is also straightforward to check that
one can interpolate between the standard almost complex structure near CP! and an
R-invariant complex structure in [0, c0) x ST*ST*S3 over a region [-T,0] x ST*S3.
This shows that J” is non-empty.

We next show that any closed curve is contained in a small neighborhood of CP!.
Note that in the region [0, ) x ST*$? the complex structure is R-invariant. Here the
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t-coordinate is pluri-subharmonic and cannot have a local maximum. It follows that
closed curves cannot enter this region and we get the desired neighborhood N (CP).
Lemma 5.5 and Lemma A.2 then shows that J” gives transversality for curves
in basic homology classes for which all components have non-empty boundary. The
result then follows by a word by word repetition of the proof of Theorem 6.3, replacing
Zx 1,4, there by Z),(,L,Jt' m|

Theorem 7.7. —  For any basic homology class B:
(703) Z[RxST*S:%,L,ﬁ (Q, ar, Z) = Z,,Y,L)IB (Q’ ar, Z)

Proof. — We use notation as above. Take a complex structures on X that is
compatible with d(e‘e) in [0, o) x ST*$% and use an almost complex structure on
R x ST*83 that agree on the correspnding region. Apply SFT-stretching in both spaces
in [0, 1] x $7*83. If the limit has some level with negative end then the outer piece
is asymptotic to a collection of Reeb orbits and hence has dimenson < -2. It follows
that for suffiently large stretching all curves in both spaces lie in [0, 00) x ST*83. These
curves give all the contributions to both Zg, s7+3 7 3(Q, ar,2) and Z | ;(Q,az,2). O

8. Enumerative meaning of the HOMFLYPT polynomial

Let K = K, U---UK,, c §be alink, and let L its conormal Lagrangian, shifted
off the 0-section. When m > 1 we assume that the shift is sufficiently small so that
Lemma 5.6 holds.

8.1. A convenient choice of 4-chain. — Since the conormal is disjoint from a
cotangent fiber, it is null-homologous in 7*$3 \ §3, hence bounds a 4-chain there.
Changing the 4-chain affects the invariants by monomial factors and monomial changes
of variable.

We will now make a particular choice of 4-chain for §2 in order to avoid framing
ambiguities in the statements of theorems.

Fix a tubular neighborhood N ~ §!' x D?. Fix a metric on §2 that is the flat
product metric in N; and consider the standard complex structure in a neighborhood of
the 0-section in T*N. In these coordinates the shifted Lg is simply S x {e} x R2.

Let « denote the basic annuli stretching between Lx and §3 which in local coor-
dinates near K have connected components S! x [0, €] x {0}. Fix & a non-zero vector
field on $3 which is nowhere tangent to the link K. Consider the 4-chain C; which is
the union of the positive and negative half rays determined by & and oriented in such
a way that dC¢ = 2[8?]. Since ¢ and the tangent vector 7 to K are everywhere linearly
independent C is disjoint from the interior of the basic annulus u stretching between
Lg and 83 and thus

(8.1) I(u,Ce) =0,

where I is as in Lemma 2.9.
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In order to calculate %83 it remains to calculate du<dy. The interior of C; is
disjoint from $3. Consider the intersection y = Lg N C¢. We first look at the intersection
Y =L,nCCc 7*$% where L%, denotes the unshifted conormal. It is easy to see that
Y = K U, £(p)L, where p denotes the points where the tangent to K is perpendicular
to & and &% denotes the positive and negative half-lines in the fiber of the conormal of
K at the point p in direction of the co-vector dual to £. For the shifted conormal the
intersection y is a smoothing of the curve y’ that is disjoint from the central copy of
K. We see in particular that y has (ideal) boundary and constructing a bounding chain
correspond to picking paths at infinity closing ¥ up. Changing the closing path by a
suitably oriented meridian changes du®y by £1. It follows that there is a choice such
that

(8.2) dudy = 0.

Lemma 2.9, (8.1), and (8.2) implies that for C¢ there is a choice of bounding chain for
v such that

(8.3) ud>S3 = 0,

where u is the basic annulus stretching between Lg and $9.

8.2. The count in §3. — We compute Zj. ¢ 1guss- This invariant takes values

in a tensor product of skein modules of $2 and solid tori S x R2. Recall the skein
of §3 is just the free rank one module over the coefficient ring, generated by the class

of the empty knot @. This assertion is essentially equivalent to the existence of the
HOMFLYPT polynomial (K)gs € Z[a*, z*] of links K:

K=(K)g - @ e Sk(§?).

For the solid torus § ' xR?, we recall from [38] that Sk(8'xR2) is a free polynomial
algebra over Z[a*, z*] with generators indexed by the integers.

Sk(S! x R?) = Z[a*, z*][..., b 9,01, by, 1, by, .. ].

The algebra can be viewed as a Z-graded, with deg(¢;) = i; the grading records the class
in H; (8! x R?) determined by the skein representative. We write Sk™(S! x R?) and
Sk™(S! x R2) for the subalgebras on the positive and negative generators; Sk(S! x R?) =
Sk* (S x R?) ® Sk™(S! x R?). Then Sk* (8! x R?) is a free Z[a*, z*] module on a basis
naturally indexed by partitions. In fact there is a natural identification of Sk*(S! x R?)
with the ring of symmetric functions, but we will not need it here.

In particular, if we fix a basis for the skein of the solid torus, e.g. monomials in the
¢;, then we may extract the corresponding coefficients of Zz.gs g3, ; said coefficient will
take values in Sk($3). Here we will focus just on the simplest term. We fix the generator
¢ = ¢) represented by S x {0} and write 1% € 7% = H|(Lg) = Hy(T*S3, 83 U L) for the
homology class which is the sum of these generators for all components.

Fix 4-chain C¢ and bounding chain for y as in Section 8.1.

Note that Hy(T*S3, Lg) = H,(Lg) and that the sum of positive generators of
H; (L), written multiplicatively as 17, is a basic homology class.
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Theorem 8.1. —  We have the following equality in Sk(S3 U Lg):
(8.4) ZT*SB,SSULK,l”‘ =K ® [®m

Proof. — Let N = UJ; N; be a tubular neighborhood of K, where each N; is
diffeomorphic to §1 x D?. Identify T*N; with ST x D? x R3, where $2 corresponds to
StxD? and Lg, to S1x {6} x R2, where 6 is the shift of Lg,. Consider S1xD?xR3asa
subset of C* x C? and equip it with the standard integrable complex structure J. Let J
be a complex structure on T*82 that agrees with Jj in a neighborhood of the 0-section
in T*N; for each j.

There is an obvious holomorphic cylinder stretching between Lg, and § 3 given
in local coordinates by 81 x [—¢, 0] x {0}. We claim that for € > 0 sufficiently small, the
union 4 = Ay U --- U 4, of such cylinders are the unique holomorphic curves in the
basic homology class 1™.

By monotonicity, it is clear that any curve in a basic class must line inside 7*N
for all suffciently small € > 0. Inside N the complex structure is split. Projecting to the
T*D? c C2-factor we get a holomorphic curve with boundary on D? U iR? which must
be constant by the maximum principle. It follows that 4 is the only curve in the class 1™.

We next check that 4 is transversely cut out. The linearization of the 8 J,-operator
at A; is simply the standard d-operator with boundary condition in R x R? along one
boundary component and R x iR? along the other, there is a constant solution in the R-
direction (the linearization of rotations along 4;) and no solutions in the other directions.
It follows that the curve is transversely cut out. We conclude that the coeflicient of
{®l®---®¢{is just the count of 4 = 4; U--- U 4,,. The cylinders 4; have Euler
characteristic zero and, by our choice of C¢ and bounding chain for y, u¢Cs = 0,

see (8.3). Hence the count is just 1™ times the boundary in §3, which is the original
link X itself, (K) € Sk(8%). O

8.3. Proof of Theorem 1.2. — Applying Theorem 7.5 to Theorem 8.1 gives the
following equality in Sk(Lg):

(8.5) Z ZRXST*Ss,LK,ldEBd = <K>Sd : £®n.
d

Equation (1.2) then follows by applying Theorem 7.7.

We turn to the assertion that there are almost complex structures for which the
boundaries of all curves contributing to Zy ; ;. have boundaries framed isotopic to
the link of central curves ¢™ in Lx. We produce such almost complex structures by
SET-stretching around Lg. The details are as follows.

Consider curves in a fixed homology class. The area is then bounded and as
discussed in Section 7.2.2. Consider a metrics on each Lg, as in Example 7.2. By
invariance of the curve count we can deform the almost complex structure in a small
neighborhood of Lk to the almost complex structure determined by the metric. Then
as explained in Section 7.2.2, SFT-stretching inside this small neighborhood around
Lg, the boundary of any curve must have negative asymptotic at a Reeb orbit in S7* L,
for the contact form on ST*Lg compatible with the metric and such Reeb orbits are
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all multiples of the lift of the basic geodesic, i.e., the central curve ¢ in the solid torus.
Further, the a-degree of the curve is given by counting intersections with a fiber that
does not meet Lg. Since the area of the curve u is

deg(u) - area(CP) +/ T,
ou
where t = ) ; dg; ford; on Lg, ~ § I'xR? the standard form along the S'-factor, we find
for generic shift, that by assumption on primitive homology class, the only possibility is
a single Reeb orbit in each conormal component.

Consider now the lower level in the SET-limit after stretching, i.e., the moduli
space of curves in T Lg, with positive asymptotic a single Reeb orbit. For the almost
complex structure corresponding to the metric on Kj, a straightforward area argument
shows that there is only one curve with boundary on the unique non-degenerate geodesic
and that it is transversely cut out. Thus, for sufficiently large stretching the boundary
of any curve in a basic homology class is arbitrarily C!-close to that of the standard
cylinder, i.e., to £. The theorem follows. O

Remark 8.2. — The curve counts on the left hand sides of Equations 8.4 and 8.5
can be reinterpreted as counts of curves without boundaries as follows. Consider SFT-
stretching around Lg as in the last argument of the proof above. Then for sufficiently
large stretching curves which have boundary on the zero section are in 1-1 correspon-
dence with curves asymptotic to Reeb orbit y that corresponds to the geodesic which
is a positive homology generator (by adding the basic cylinders over this geodesic).
Since this SFT-stretching is a modification of the almost complex structure near Lg,
the counts on the right hand side of (8.4) and (8.5) can be identified with the count of
punctured curves in 7*83 \ (82 U Lg). Here £2* should be substituted by y®*, i.e., the
curves counted have negative punctures where it is asymptotic to the simple positive
Reeb orbits in the components of Lg.

However, the derivation of the (rather nontrivial) (8.5) from the (trivial seeming)
(8.4) used crucially the invariance of the skein-valued curve counting.

9. Bare curves beyond basic classes

In this article we have restricted to basic homology classes, where somewhere-
injectivity holds for essentially topological reasons, and so transversality for bare holo-
morphic curves can be achieved by changing the almost complex structure. In more
general cases, transversality is more involved, but perturbations have been constructed
in [10] to show that the main result holds. In this section we give a brief description
from this more general point of view.

9.1. General skein valued holomorphic curve counts. — In [10] we establish the
analogue of Theorem 6.1, where bare J-holomorphic curve for J € J should are
replaced by bare holomorphic curves 5J(u,S) = A for A with properties as in [10,
Theorem 1.1]; the moduli spaces are constructed using the “polyfold” formalism [21,
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22], and are weighted branched manifolds (so give invariants in Q rather than Z), but
otherwise function as desired. We may then repeate verbatim the proof of Theorem 6.3,
and deduce (for all 4) the invariance of

9.1) Zypa =1+ Zxran- Q" € Sk(L)® Q[[Ho(X, L)]]
d>0

As in Theorem 8.1 we find also in the perturbed case that for small shift all
holomorphic curves stretching between Lg and $3 in 782 map to the basic annuli.
In the more general setup these curves can also be branched multiple covers of the
basic annulus and it is more difficult to read off the contribution of such multi-covered
annuli in the skein. We found in [12], using curves with Reeb chord asymptotics at
infinity and recursion arguments, the contributions of such cylinders that we then used
in [11] to establish the general version of the Ooguri—Vafa conjecture (general version

of Theorem 1.2).

Remark 9.1. — A key point of skein valued curve counting is the restriction
to bare curves, i.e., curves without area zero components. The more conventional
approach to counting holomorphic curves is to perturb the Cauchy—Riemann equation
to du = € also on curves with stable domain but zero symplectic area, thus ensuring that
no curve will literally map to a point, and then count the resulting solutions.

Let us explain why such an approach would not directly yield the skein relations
as above. Consider a 1-parameter family of maps u,: S; — X defined over [0, €), which
say at ¢ > 0 are embeddings of smooth curves, while S is a nodal curve with components
some S, and an annulus 4, glued at a boundary point, with 4 having zero symplectic
area. In a setup where we have perturbed the constant curves, we may expect to find
such degenerations.

In order to see the skein relation as above, we would want to know that there was
another family where the central fiber is a map from the normalization S, U A. However,
A is symplectic area zero and unstable, and maps are not considered in the standard
approaches to Gromov—Witten theory.

Said differently, in order to see the skein relations from a more standard approach
to Gromov—Witten theory, it appears that one must confront, or in an organized way
avoid, the contributions of unstable maps.

9.2. Closed and open invariants. — In Theorem 1.2 we restrict the size of the

central CP! in the resloved conifold in order to separate closed and open curves. In
general no such separation is possible and with the perturbations in [10] it is not
necessary. We give a brief discussion.

Consider first the empty Lagrangian and assume that we have a perturbation
scheme for bare curves. Then Zy is the count of bare closed disconnected curves. (We
show in [10] that the (exponentiated) usual Gromov—Witten invariants Zgw can be
expressed as Zow(gs) = Zx|,_,e/2_p-e/2-)

For non-empty Lagrangian L, one can then consider the a reduced invariant

Zy ;= Zx,1]Zx;
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it is independent of choices because both numerator and denominator are. However,
Z} 1 does not generally have a direct and invariant enumerative interpretation: it may
happen that closed curves have non-vanishing intersection number with the 4-chain for
L, and hence contribute differently to the numerator and denominator. If closed curves
do not intersect the 4-chain of L, as in our setup for the resolved conifold, then the
interpretation of the reduced invariant as curves with components having non-empty
boundary on L, does make sense.

Remark 9.2. — In the absence of some geometric condition on closed curves
as in Lemma 7.6, contributions of closed curves which intersect the 4-chain cannot
be invariantly separated from those of open curves with contractible boundary. For
example, suppose that we have found generic perturbation data such that there are
no curves with boundary on L and that no closed curve intersects the 4-chain. Then
Z ;( 1 = Zx,1/ Zx, which counts only actual curves with boundary of which there none,
satisfies Zy, = 1. Now deform the data, e.g. the 4-chain, in such a way that there is
an instance when the 4-chain becomes tangent to one of the closed curves. After this
instance that closed curve intersects the 4-chain in two points with opposite intersection
signs. After further deformation one of these intersection points moves to the boundary
L of the 4-chain and at an elliptic crossing a new holomorphic curve with boundary on
L is born. After this moment there is a unique nondegenerate curve with boundary on
L. Nevertheless, its contribution is canceled by that of closed curves, and it remains the
case that Z)’(,L =Zx1/Zx = 1.

Appendix A. Properties of holmorphic curves in basic classes

In this section we review properties of holomorphic curves.

A.1. Finite area curves in manifolds with cylindrical ends. — 1In this section we show
that finite area holomorphic curves in symplectic manifolds with cylindrical ends are
confined to compact subsets. Let X be a symplectic manifold and L c X a Lagrangian.
Assume that (X, L) is asymptotically cylindrical. That is, outside a compact (X, L) is
diffeomorphic to ([0, ) X Y, [0, o) X A), where Y is a contact manifold with contact
form a and A c Y a Legendrian submanifold, and the symplectic form w on X satisfies
w =d(ela) + wy, for t < T, where t is a coordinate on [0, ), w( is bounded, and L is
the graph over A x [0, ) of a bounded closed 1-form.

We note that if L is the shifted conormal of alink X = 7*$% and L = LgUS? then
(X, L) is asymptotically cylindrical, and that the same holds for the resolved conifold,
X=0(-1)20(-1) - CP! and L = Lg.

Lemma A.l. — Let (X, L) be asympotically cylindrical and let J be an almost complex
structure unifomly compatible with w, i.e., w(v, Jv) > C||v|| for a product Riemannian metric
at infinity. Let vy be any fixed homology class in Hy(X, L). Then there exists T > 0 such that no
bare J-holomorphic curve in homology class y intersects [T, c00) X Y.
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Proof. — By monotonicity, there is a constant K > 0 such that if a non-constant
holomorphic curve intersects {¢ > T} then it has area > KT. For sufhciently large T,
KT > Aa). The lemma follows. i

A.2. General Fredholm properties and transversality for somewhere injective curves.
In this section we recall basic properties of Fredholm maps in general position and
that for somewhere injective holomorphic curves, general position can be achieved by
varying the almost complex structure. Let X be an asymptotically cylindrical symplectic
manifold and L c X an asymptotically cylindrical Lagrangian in X. Let J denote the
space of almost complex structures compatible with w.

Let V be a configuration space of maps u: (S,45) — (X, L). We will model this
on Sobolev spaces with three derivatives in L2 below so that derivatives are continuous.
More concretely this means that V is a bundle of Sobolev spaces where we use weights
that limit to exponential weights in cylinders and strips near the boundary of the space of
curves. When studying evaluations we will sometimes consider V as a bundle over the
product of the space of curves and some jet-bundle over the target space. We consider
non-linear Fredholm problems F: V x § — W, where ‘W is a bundle of Sobolev
spaces of complex anti-linear bundle maps 'S — T'X. We will sometimes also multiply
source and target by auxiliary finite dimensional spaces, F: M XV x | — W x K. The
Fredholm problems have the form

F(u, J,m) = (3 (u,8), k(u,S, m)),
For fixed J € J the linearization d(, s, »)F of F is a Fredholm operator of index

index(d y,s,,)F) = index(d ;) + dim(M) — dim(K).

This equality also holds at the level of index bundles in the sense that the index bundle
of F is given by adding the bundle difference TM o TK to the index bundle of § 7. In
particular, orientations on the index bundle of 51, on M, and on K together induce an
orientation on the index bundle of F.

Write dF for the full linearization of F, dF - §(u, S, m, J) = d(u,s,m)F - 6(u, S, m) +
d,F-5].

In this notation, that J gives transversality for the Cauchy—Riemann operator 9 7
can be stated as (6u,6J) = d(,5)F - 6(u,S) +d;F -6 ] € TW is surjective. We recall
standard transversality results for somewhere injective holomorphic curves.

Lemma A.2. — Lety € Hy(X, L) be a homology class such that every J-holomorphic
curve in class y is somewhere injective then J gives transversality for the Cauchy—Riemann
operator for curves in class 7.

More generally, for the corresponding map F: M XV x J — W x K, iféj(u,j) =0
and dky s m) 1s surjective then dF is surjective at (u,S,m, J).

Proof. — Transversality for Fredholm problems at somewhere injective curves is
well-known. We recall the argument. If « is a J/-holomorphic curve then the lineariza-

tion L(u’S)gj, see (4.1), of the gj—operator at u is an elliptic operator. We consider the
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full linearization L(,,,S)gj +d;F, where the second term corresponds to variations of
J € 9. If the full linearization is not surjective then by a partial integration argument a
co-kernel element gives a solution » of the dual elliptic equation which is orthogonal to
all variations d ; F - § /. By somewhere injectivity this means » vanishes on the open set
V where u is injective, and by unique continuation for the dual operator this implies »
vanishes identically. It follows that the full linearization is surjective.

The second statement is an immediate consequence. i

Together with a general position argument, Lemma A.2 implies that if A is a
d-dimensional manifold and : A — 7 is a smooth map then after arbitrarily small
homotopy,

(A.1) M(A ko) = {(u,S,0): u e M(b(3)), k(u,S) =ko}

is a transversely cut out manifold of dimension index(d,,s)F).

Remark A.3. — The Fredholm theory described above applies directly to maps
u: (8,08) — (X, L) with stable domains. Stable maps with unstable domains (disks and
annuli) must first be stabilized. We use somewhere injectivity see Lemmas 5.3 and 5.3
to stabilize domains by adding sufficiently many marked points in local hypersurfaces in
regions where the maps are injective gives stable domains and we use Sobolev spaces of
maps with two derivatives in L2 on these domains to convert the moduli problem for
unstable domains to an equivalent moduli problem of maps from stable domains.

A.3. Basic orientations. — To orient the space of solutions to the equation
F(u,s) = 0 in the case when the finite dimensional spaces added to the source and target
are oriented we must orient the index bundle of 4. In the case of closed holomorphic
curves this is straightforward since the index bundle is a complex bundle. As shown
in [18] in the case of maps from the disk into a symplectic manifold X with Lagrangian
boundary condition L c X, the situation in the open case is different and involves the
following relative spin condition on the Lagrangian: the second Stiefel Whitney class
of the tangent bundle T'L to L, we(L) € H%(L; Zs) should be the restriction of a class
st e H2(X). In [18, Theorem 8.1.1] it is shown that the index bundle index(gj) over
the space of maps from the disk is orientable if L is relatively spin and that a choice of a
relative spin structure on L determines an orientation.

In the case under consideration here, orientable Lagrangians in Calabi-Yau
threefolds, the relative spin condition is trivially met: an orientable 3-manifold has
trivial tangent bundle. Note that an orientation and a spin structure on L is the same
thing as a trivialization of T'L up to homotopy. The generalization of the orientation
results from [18] is straightforward. We give a brief discussion. Let index, 4 €] 7) denote
the index bundle over the space of maps u: (S§,8S) — (X, L) where S is a connected
Riemann surface of Euler characteristic y with £z boundary components.

Lemma A.4. — The index bundle index, ] 1) is orientable and the choice of an
orientation and spin structure of L determines an orientation.
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Proof. — We follow [18, Chapter 8]. The linearized operator L3 ; over § can be
homotoped to a linearized operator L’d 7 over a closed surface §” with 4 disks Dy, ..., Dy
attached, where the bundle and boundary condition are trivialized on each Dy to (C3, R3)
and the operator agrees with the standard d-operator. (This is where the trivialization of
T L is used.) Now indeX(L’gj) is oriented as a complex bundle and index(8) = det(R3)
over each disk D;. To obtain index(Ld 7) we need to glue the bundles at the points
where Dy, are attached to §’. This uses a standard linear gluing argument, see e.g., [14,
Lemma 7.2]. Introduce small positive exponential weights and explicit solutions at the
marked points viewed as punctures and glue. Here the twist parameter in the gluing
extends over the disk and taking this automorphism into account we find that the index
space index’(8) of the disks have dimension 2 = 8 — 1. We then have

h
index, 4(8;) = index(L'd ;) ® ®(index'(5) ® det(C?)),
k=1

where the last factors are the gluing data at each puncture: require the values of sections
to agree where glued and take out the twist automorphism.

The first factor is complex and factors in the last tensor product are even dimen-
sional, so the orientation is independent on the ordering of boundary components. The
lemma follows. i

A.4. Jet extensions and evaluation maps. — With the basic Fredholm properties
established we now describe how to show that generic holomorphic curves have the
geometric properties needed to define the skein valued Gromov—Witten invariant.
The ideas used are standard. We use evaluation maps of various kind and add finite
dimensional spaces to the target and source of our maps.

We describe the setup for showing that the boundary of our holomorphic curves
give framed links in the Lagrangian (that thus give elements in the framed skein module).
The mapping spaces we use are Sobolev spaces of maps u: (Z,9%) — (X, L) with three
derivatives in L2. The smoothness assumption means that the restriction du: X — L
has g derivatives in L? and, in particular, the derivative %(au) is continuous and we
consider the 1-jet evaluation along the boundary

il (ou): 02 — JUO, L),

In the language above this means that we add the boundary of the surface to the source
space of the Fredholm operator s € §%, and the 1-jet space of maps dX — L to the
target space, t € J1 (3%, L).

Lemma A.5. — For generic 1-parameter families in J all bare holomorphic curves
are immersions on the boundary.

Proof. — Formal maps of vanishing differential forms a codimension 3 subvariety
of J1(8Z,L). Thus adding a boundary marked point and the 1-jet extension to our
Fredholm problem as described above, (A.1) implies that maps with vanishing derivative
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somewhere along the boundary does not appear in generic 1-parameter families (and at
isolated points in generic 2-parameter families). i

Lemma A.6. — For generic | € J the boundary of any bare holomorphic curve is
nowhere tangent to &. For generic 1-parameter families in I there is a finite set of points where
the tangent vector to the boundary curve of a bare holomorphic curve is tangent to the reference
vector field &. In a neighborhood of any such instances the 1-parameter family is conjugate to the
standard tangency family of Lemma 2.11.

Proof. — Outside the zeros Z(£) of the vector field &, & determines a codimension
two subvariety N/ of J1(4%, L) where the formal differential has image in the line

spanned by &. Let Ng ¢ J1(9Z, L) denote the union of the fibers over the zeros of & and
N/ As above, extending the Fredholm problem with the 1-jet extension of the evaluation

map j!(du), we find the following. In generic 0-parameter families the tangent vector
of du is everywhere linearly independent from £&. In generic 1-parameter families there
are isolated instances where the 1-jet extension intersects N transversely in its smooth
top dimensional stratum. Such instances correspond to the versal deformation of a
tangency with &, see the local model in the proof of Lemma 2.11. i

In order to prove that boundaries are embedded we consider the multi-jet
extension

0% j%0u): 0= x 02 — JUOE x 0%, L x L),

adding 9% x 94X to the source and J°(4Z x 8%, L x L) to the target.

Lemma A.7. — For generic J all bare holomorphic curves in M( J) are embeddings
when restricted to the boundary. For generic 1-parameter families in J there is a finite sets where
the boundary curves have double points and the 1-parameter family gives a versal deformation of

the double point.

Proof. — Note that the diagonal Ay c L x L gives a codimension 3 subvariety of
JY(0Zx0Z, Lx L) and that the immersion condition implies that there is a neighborhood
U c 9% x 8% such that (jO x j)~1(U \ Ags) = @. Transversality of this evaluation map
than implies that (79 x j9)~1(A7) \ Ass is empty for generic 0-parameter families, and
consists of isolated instances of generic crossings corresponding to the versal deformation
of the intersection point where the tanget vectors are linearly independent. i

Finally, we consider the interior of the curve in a similar way.

Lemma A.8. — For generic J all bare holomorphic curves are embeddings transverse
to the 4-chain C. For generic 1-parameter families in J this holds except at isolated instances
where some holomorphic curve is quadratically tangent to the 4-chain or some curve intersect L
at an interior point. Near such instances the 1-parameter family is a versal deformation.



58 TOBIAS EKHOLM & VIVEK SHENDE

Proof. — The proof is similar to the arguments above. We add an interior marked
point to the source and the 1-jet space J'(Z, X) to the target to find that solutions are
immersions and have transversality properties with respect to C and L as stated. To see
the embedding property we then add = x X to the source and J(Z x £, X x X) to the
target. a

A.5. Orientation twisting and different skein relations. — Our proof of the skein
relation implicitly fixes choices of the orientation of the Lagrangian and a spin structure.
It is easy to check that the skein relation is invariant under these choices. For example
for the orientation of the Lagrangian, a should be replaced by a~! and crossing signs
change which means that the left hand sides of the skein relations change sign. The
mod 2 number of boundary components differ between the left and right hand side
in the skein equations and that by definition of the Fukaya orientation there is then an
additional orientation sign difference between the left and right hand side and thus the
skein relations are preserved.

One orientation choice does affect the skein relation: the choice of orientation of
the complex plane itself, which induces the orientation on the moduli space of curves.
Here we first note that this reversal of orientation does not change the orientation
input from gluing a disk in the Fukaya orientation: the change of orientation of the
disk changes its boundary orientation but then the orientation of the quotient of the
orientation changes complex gluing parameter by the orientation changed rotation along
the boundary remains unchanged. For the closed curve component the orientation
change is (—1)!7¢. Now at an elliptic boundary crossing the genus g stays constant and
the number of boundary components change by +1 and there is no sign difference. In
the case of hyperbolic boundary splitting there are two cases, when the crossing branches
belong to the same boundary component the number of boundary components increase
and the genus remains the same which means no sign change. However, in the case
when the crossing branches belong to different components the number of boundary
components decrease and the genus increases by 1 which introduces a sign. Thus when
the orientation of the complex plane underlying the space of stable domains is changes
we get new skein relations, the elliptic case is the same but the hyperbolic version splits
into two different relations that differ by a sign in the right hand side depending on
whether the number of boundary components increase (+) or decrease (-).

Appendix B. Regularity at marked points and punctures

In the gluing results relating crossing and nodal 1-parameter families of curves
we introduce marked points and then consider the marked points as punctures. Near
marked points our mapping spaces are usualk Sobolev spaces but near punctures we
have half infinite strips (boundary punctures) or cylinders interior punctures. In this
section we review basic relations between Sobolev norms in this set up. The results are
formulated for cylinders, the case of strips follows by doubling.

We compare the regularity requirements for Sobolev spaces H™ and H™°, see
Sections 4.2.2 and 4.2.4. Let § be a Riemann surface and p € S. Let s + iz € [0, c0) x S!
and let z = ¢=27(+%) be coordinates in a neighborhood D of p € §. Consider a map
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u: D\{p} — R?" and let u,: [0,00)xS! — R?* and ug: D° — R?" be the corresponding
maps in local coordinates. Take the weight § € (0, 27). We have the following basic
relations between regularity requirements.

Lemma B.1. — The integral norms are related as follows:
(B.1) / lug|? dxdy = / luoo|2e =47 dsdt,
D [0,00)x1
(B.2) / luo|? dsdt = / 2|72 ug|? dxdy.
[0,00)x1 D
and
k
(B.3) / ID®) |2 dxdy < Z/ |IDD ug|2e*-Ds dsds,
D =1 [0,00)x1

X

k
/[0 : I|D(k)uoo|2dsdt Zf,)lzlf‘leu(g”dedy,
00) X .
: =

where for positive functions a, b, we write a < b to mean that there exists constants ¢, C > 0 such
that ca(x) < b(x) < Ca(x) for all x.

Lemma B.2. — Assume that us, and Duo, both lie in Lg then the following hold.

(i) uo and Duy both lie in L2.
.. . . . 2 . . 2
(i) For any |a| > 2, if DPug lies in L* for |B| < || then D*u, lies in L.

Proof. — We have

dlogz = % = —2n(ds +id¢), 20, = —% (8 — i0;),
0 = =21 (20, + 2053) , 0; = —2mi (20, — 203),

Also |z| = ¢ 27 and so €% = |z|79/27. Thus,

/ 1o |2629% dsds ~/ luo|2)272(57) 2|72 dzdz
[0,00)xT

|2]<1
and, if |a| > 0,

||
9 C C C 5 C _
/ |D§”tuoo|2e263 dsdz ~ E / |z|2|ﬂ||szu0|2|z|_2(ﬂ)|z|_2 dzdz,
[0,00)xT 1B1=1 |z]<1 ’

where ~ means up to multiplication by constant. The result follows. i

Using the Sobolev embedding theorem we get more information.

Lemma B.3. — Let m > 8. If ug has m derivatives in L? then uo, has m derivatives
in L?
5.
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Proof. — By Lemma B.2(ii), it suffices to estimate the Lg—norm of us and Du..

By Sobolev embedding, g lies in C!(D) and we have |Dug| < C for some constant C.
Therefore, |ug(z)| < C|z| and thus,

/Iuoo(s+it)|2325‘ dsdt < ‘/Ce_4’”e25“v dsdt = 0/32(6_2”)5 dsdt < o
and
/ |Duce|? 2% dsdt ~ / (|128,up| + |Z05u0))? €2%* dsdt

~ /6_4’”625“ dsdt < oo. O
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