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MODULARITY OF HIGHER THETA SERIES I: COHOMOLOGY
OF THE GENERIC FIBER

by Tony FENG, Zuiwer YUN, and We1 ZHANG

ABSTRACT

In a previous paper we constructed higher theta series for unitary groups over function fields, and conjectured their
modularity properties. Here we prove the generic modularity of the £-adic realization of higher theta series in cohomology.
The proof debuts a new type of Fourier transform, occurring on the Borel-Moore homology of moduli spaces for shtuka-type
objects, that we call the arithmetic Fourier transform. Another novelty in the argument is a sheaf-cycle correspondence extending
the classical sheaf-function correspondence, which facilitates the deployment of sheaf-theoretic methods to analyze algebraic
cycles. Although the modularity property is a statement within classical algebraic geometry, the proof relies on derived algebraic
geometry, especially a nascent theory of derived Fourier analysis on derived vector bundles, which we develop.
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2 TONY FENG, ZHIWEI YUN & WEI ZHANG
1. Introduction

The modularity of theta series has a long and storied history, beginning with
Poisson, who famously applied Poisson summation to prove the modularity of Jacobi’s
theta series." From the modern perspective of automorphic forms, theta series can
be constructed much more generally, for all reductive groups fitting into dual reductive
pairs, and essentially the same Poisson summation argument generalizes to prove their
modularity. So, to make a long story short, the modularity of theta series can ultimately
be seen as a relatively simple (by modern standards) consequence of Fourier duality.

Kudla introduced an analogue of theta series in arithmetic geometry, called
arithmetic theta series. These objects are again constructed as Fourier series, but with
coeflicients being algebraic cycles rather than numbers. They are also conjectured to be
modular, but that turns out to be much more difficult to prove (and even to formulate, in
the ideal generality). For example, the modularity of arithmetic theta series of divisors
on (the integral models of) unitary Shimura varieties was proved only recently, in [2],
and has interesting applications such as to the proof of the “Arithmetic Fundamental
Lemma” [35]. For another example, the modularity of arithmetic theta series on (the
integral models of) orthogonal Shimura varieties was proved even more recently, in [14]
(for divisors) and [13], and has interesting applications such as to the study of exceptional
jumps of Picard ranks of K3 surfaces over number fields [27].

As these examples illustrate, the modularity of arithmetic theta series has so far
only been accessible through the codimension one (i.e., divisor) case; the reason for this
is immediately clear from the proof strategy, which will be recalled below. In particular,
it has so far been inaccessible in situations with no arithmetic theta series of codimension
one”, such as unitary groups with signature (p, ¢) where both p,¢ > 1. Moreover,
this modularity has important and far-ranging consequences for other problems in
arithmetic geometry.

In the papers [8] and [9], the authors investigated theta series and arithmetic
theta series over function fields, and discovered in that context that the story extends
further: for each r > 0, there are higher theta series Z” that specialize to classical theta
functions when r = 0, and arithmetic theta series when r = 1. The adjective “higher”
refers to the fact, established in [8], that these higher arithmetic theta series are related
to higher derivatives of Siegel-Eisenstein series, a generalization of the Siegel-Weil and
arithmetic Siegel-Weil formulas.

The main objective of [9] was the construction of higher theta series, and the
precise formulation of a Modularity Conjecture asserting their modularity property.
The construction is itself a substantial task, because certain so-called “singular” Fourier
coeflicients comprising the Fourier series are especially subtle and complicated (the
authors did not know how to define the singular Fourier coeflicients at the time of

"The proof of the modularity appears in Jacobi’s paper [15], where he credits it to Poisson; cf. [5, p. 15,
footnote %].

2However, Kudla proved in [18, Theorem 1.1] that the Beilinson-Bloch Conjecture can be used to deduce
the modularity of the generating series for compact orthogonal Shimura varieties (on the generic fiber)
even in signatures that do not admit special divisors. The argument relies on particular features of the
Hodge diamond of orthogonal Shimura varieties, and does not apply for unitary Shimura varieties.
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writing [8]). In particular, we emphasize that the singular Fourier coeflicients appear to
be more complicated in the function field setting than their counterparts over number
fields (see the discussion in Section 1.2), at least from the perspective of classical algebraic
geometry. A new insight of [9], however, was that all Fourier coeflicients (singular or not)
have a uniform and concise description in terms of derived algebraic geometry; we refer to
the Introduction of loc. cit. for more discussion of these issues. As was anticipated there,
this phenomenon extends to the more traditional number field context of arithmetic
theta series: Madapusi has recently found an interpretation of the virtual fundamental
classes of special cycles on Shimura varieties in terms of derived algebraic geometry [25].

In the present paper, we prove the modularity of the higher theta series for all
r, after realization in £-adic cohomology and restriction to the “generic fiber” (whose
technical meaning will be explained below in Section 1.1). Notably, the argument is
completely uniform in all parameters, including both r and the codimension of the
cycles, unlike what one has in the number field setting. We also believe that it will
apply with little change for symplectic-orthogonal dual pairs, as well as unitary groups
with different “signatures”, although for comprehensibility we have not written it in
the maximum generality here. The prool employs an arithmetic incarnation of Fourier
duality, which can be seen as a natural generalization to algebraic cycles of the Fourier-
analytic argument for the modularity of the classical theta series (i.e., the case r = 0).
In particular, our proof is completely different from existing proofs of modularity for
arithmetic theta series.

1.1. Formulation of the results. — We turn next to a precise formulation of our
results. Let X’ — X be an étale double cover of smooth projective curves over a finite
field F, of characteristic p > 2. Fix integers n > m > 1, and r > 0.

We recall the following definitions from [9, Section 4.5]:

e Let Bungy- (9, be the moduli stack of triples (G, M, ) where G is a vector
bundle of rank 2m over X’, M is a line bundle over X, and £ is a skew-Hermitian
isomorphism £ : G — ¢*GY @ v'M = 0*G* @ v* (wy @ M).

o Let Bunﬁm be the moduli stack of quadruples (G, M, &, E) where (G, M, k) €
Bungy-(9m), and & € G is a Lagrangian sub-bundle (of rank m).

e Let Shtgy(,) be the moduli stack of rank # similitude Hermitian shtukas.

In [9, Section 4], we constructed the higher theta series
Zy, : Bung (k) — CH,(u-m) (Shigy ).

The value of Z;l on a tuple (G, M, &, E) is defined as a Fourier series, with Fourier
coeflicients [ Z7 (a)] where the Fourier parameter a is a Hermitian map & — 0*&" ®
Vi (wx @ M).

The map Bung (k) — Bungy-(9m)(k), given by forgetting the Lagrangian sub-
bundle & c G, is surjective, and [9, Modularity Conjecture 4.15] predicts that Z! de-
scends through this map to induce a function Z;, : Bungy-(2m) (k) = CH, (4-m)(Shtgy (1)),



4 TONY FENG, ZHIWEI YUN & WEI ZHANG

as in the diagram below.

Bung, (k)

l -

Bungy-(gm) (k) = ~ » CH; (nm) (Shtgy ()

In other words, the Modularity Conjecture says that the function Z’, which a priori
depends on (G, M, &, E), is actually independent of the Lagrangian sub-bundle & c G.

Next we proceed to describe the main theorem of this paper. For ¢ # p, there is
an £-adic realization map

where HBM(Y) denotes the ¢-adic Borel-Moore homology of a space ¥ % Speck, i.e.,
HgiM(Y) = H2(Y; 7T!Q57Sperk(—l')). We denote by | Z! |, the composition of the £-adic
realization map with the higher theta series, which is a function

|Zyle: Bung (k) — HEN, . (ShiGy,))-

2r(n—m
We consider a modification of | Z] |, according to the following structures:

e The stack Shtg () is locally of finite type, and admits a presentation as an

r,<u

inductive limit of finite type open substacks Sht where u is a Harder—

GU (n)
Narasimhan polygon for GU (r). Hence we have restriction maps

BM r BM r,<u
HQr(n—m) (ShtGU(")) - H2r(n—m) (ShtGU(n))

for every pu.

e The stack Shtgy; () admits a “leg map” Shtgy, () = (X’)". Letn = Spec F” — X’
be the generic point. Let n” = Spec(F’ ®; ... ®; F’) — (X’)". Note that n’
contains the generic point of (X”)" but it also contains many more points such
as the generic point of the diagonal X’. Hence we have a restriction map

BM BM
HQr(n—m) (ShtTGU(n)) — H2r(n—m) (ShtTGU(n) X(X/)rnr).

Our main result is that the function | Z7, |, is modular after composing with the restriction

maps of the bullet points above:

Theorem 1.1. —  The composition
ATy . (BM <
Bunﬁm(k) HQr(n—m)(ShtrGU(")) - lﬁl H2r(n—m)(Sht;}'UlZn) X(X')”]T)

u
descends through Bung (k) — Bungy- 9m) (k). In other words, its value on (G, M, h,E) €
Bung (k) is independent of the Lagrangian sub-bundle & c G.

Remark 1.2. — Theorem 1.1 implies the modularity of | Z! |, restricted to the
generic point of (X’)" (hence also the geometric generic fiber of (X”)"), but it contains
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more information. For example, it also implies the modularity of |Z] |, restricted to the
generic point of the diagonal A(X”) < (X’)" (i.e., all legs coincide), whose geometry is
quite different from the generic fiber over (X’)".

Remark 1.3. — We emphasize that Theorem 1.1 can be formulated completely
within classical algebraic geometry, while its proof will draw upon the theory of derived
algebraic geometry.

1.2. Comparison to number fields. — As hinted earlier, the case r = 0 of Theo-
rem 1.1 is classical, while the case r = 1 of Theorem 1.1 is parallel to the modularity of
arithmetic theta series on the generic fiber of Shimura varieties. Therefore it is natural
to compare Theorem 1.1 to analogous results for arithmetic theta series on the generic
fiber, which we refer to as “generic modularity”.

One analogous result to (the r = 1 case of) Theorem 1.1 is the landmark work of
Kudla—Millson [19], establishing modularity in Betti cohomology of Shimura varieties,
which was a vast generalization of a theorem of Hirzebruch—Zagier [12]. (Note however
that this amounts to modularity in the geometric generic fiber, which is weaker than
modularity in the generic fiber.) This will be discussed further below. For the analogous
problem on orthogonal Shimura varieties, a similar result is the work of Borcherds [1]
which established the generic modularity in the Chow group for the codimension 1 case.
Using Borcherds’ work, the third author’s thesis [36] proved the generic modularity
in arbitrary codimensions conditionally upon a convergence hypothesis. Finally, this
convergence hypothesis was established by Bruinier—Westerholt—Raum [3], completing
the proof of the generic modularity in arbitrary codimensions (in the orthogonal case).
Of course, these achievements built upon work of many other people, whom we have
not mentioned.

Naturally, our initial attempts to prove the Modularity Conjecture started by
looking to the proofs of the above results for inspiration. However, we did not find a
way to adapt any of their ideas to the function field case, for reasons that we will briefly
explain.

1.2.1. The work of Kudla—Millson. — As mentioned above, the modularity of
arithmetic theta series in the Betti cohomology of the geometric generic fiber was
obtained by Kudla-Millson [19]. Roughly speaking, they imitate the proof of modularity
for theta functions, but replacing functions by differential forms on the complex points
of the relevant Shimura varieties, which are then uniformized by complex hermitian
domains. Unfortunately for us, this argument relies fundamentally on features that do
not exist in positive characteristic, such as:

e An “analytic description” of cohomology classes in terms of automorphic forms,
coming from de Rham theory.

e The control of Betti cohomology of locally symmetric spaces provided by
(g, K)-cohomology.

By contrast, we have no analogous “uniformization” of Shtgy;(,), we cannot represent

their £-adic cohomology classes by concrete objects close to automorphic functions, and
their cohomology groups are comparatively very complicated (e.g., infinite dimensional).
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We remark that although the statement of our Theorem 1.1 is formally analogous
in the r = 1 case to the results of Kudla—Millson on geometric modularity in cohomology,
the actual arguments seem to have nothing in common. In particular, the reason we
restrict to the generic fiber has nothing to do with the previous paragraph; for us the
point is that we need to add level structure along certain points on the curve (that we
have no control over), and the level-structure cover is generically finite but may fail to be
finite when these points coincide with the legs. If the cover were proper over the whole
curve, then we would be able to execute our argument over the whole curve. Also, we
prove modularity in absolute cohomology, i.e., without having to pass to the geometric
generic fiber.

1.2.2. The work of Borcherds, etc. — Except in low rank cases that can be analyzed
explicitly, all other approaches to modularity of arithmetic theta series are based on the
method of Borcherds [1]. A summary of this method can be found in (for example) [2,
Section 1.2]. Roughly speaking, it proceeds by using Borcherds products to lift weakly
holomorphic modular forms to meromorphic forms on the unitary Shimura variety.
The divisor of each such form provides a relation in the Chow group of the Shimura
variety. Applying this to the entire space of weakly holomorphic modular forms, of the
correct weight and level, leads to a host of such relations, which comprise the content of
modularity, by Borcherds’ modularity criterion.

Unfortunately for us, no analogue of Borcherds lifting exists in positive charac-
teristic.

Moreover, one might say that the strategy above relies implicitly on the fact
that the zero-th Fourier coeflicient of the generating series has a simple form: it is the
negative of the first Chern class of the line bundle of modular forms w. It is for this
reason that constructing modular forms, i.e., sections of w, produces the right relations.
In general, one expects roughly that the singular Fourier coeflicients of arithmetic theta
series should be a power of this Chern class times a cycle that “looks like” a non-singular
Fourier coeflicient (see [17] for more precise formulations).

By contrast, in [9] we proposed a construction of the singular Fourier coeflicients
for higher theta series over function fields, which turned out to be much more com-
plicated. For example, the constant term Z[(0) of the higher arithmetic theta series
has a decomposition into infinitely many (if m > 1) open-closed pieces, indexed by
sub-bundles K c &. The piece labeled by the sub-bundle K = 0 is what we call the
“least degenerate stratum”, while the piece labeled by K = & dominates the whole moduli
space of shtukas. Correspondingly, the virtual fundamental class [Z(0)] is an infinite

sum® of the form

(1.1) FAUIEESY ((]_[ aop (P K" ® &)) n [zg;y(@]) .

Kccé& i=1

The notation is explained in [9, Section 4]; we do not explain it here as we only want to
refer to coarse aspects of its form.

3This is a well-defined cycle because Shth(n) is of infinite type. On any quasi-compact open substack

Shtgf/z"), only finitely many of these summands are supported.
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e The summand indexed by K = & contributes the top Chern class of a vector
bundle, which is analogous to the Hodge bundle w~! in the number-field case.

e The summand indexed by K = 0 (which we think of as the “least degenerate”
piece) contributes a virtual class defined by certain, somewhat complicated,
derived intersections of cycles.

e The intermediate terms, indexed by non-zero proper sub-bundles K c &,
contribute some mixture of the above extremes: they are a Chern class times
the virtual fundamental class of the “least degenerate” piece from a lower-
dimensional situation.

From this perspective, what happens over number fields is that only one summand
from (1.1) appears (namely, the one corresponding to the “most degenerate stratum”),
because the other pieces are precluded by considerations at the archimedean place.

In summary, the vastly more complicated form of (1.1), as compared to the num-
ber field case, makes it difficult to imagine proving modularity by explicitly constructing
all the necessary relations.

1.3. New ingredients. — Having explained why the pre-existing approaches to
modularity do not seem applicable in our setting, we now proceed to describe the novel
ingredients used in our proof of Theorem 1.1.

1.3.1. Derived fundamental classes. — The elementary but complicated definitions
of the virtual fundamental cycles [Z(a)], such as in (1.1), are too unwieldy for us to
work with effectively. A key point is to find a more conceptual description, which is
uniform in the Fourier parameter a.

An insight of [9] is that the virtual fundamental classes admit an alternative de-
scription: they are the “naive” fundamental classes from a more sophisticated perspective.
Namely, recall that the higher theta series is defined as a Fourier series, with Fourier
coefficients [Z (a)] where a is the Fourier parameter. Here Z7(a) is a certain space
which is finite over Shtgy;(,.), but often of the “wrong” dimension, so the associated cycle
class [ Z7 (a)] must be constructed as a virtual fundamental class. However, it was dis-
covered in [9] that “repeating” the definition of Z(a) in the natural way within derived
algebraic geometry produces a derived stack 2 (a) which is quasi-smooth of the “correct”
dimension. As explained in [16], a quasi-smooth derived stack .# has an intrinsic notion
of fundamental class [.#], which can be interpreted as a “virtual fundamental class” on
its classical truncation. The classical truncation of 2 (a) is Z}(a), and we calculated
that [ 2 (a)] coincides with the elementary but complicated construction of the virtual
class [Z (a)]; thus for example the “naive” notion of fundamental class [ 2£(0)] of the
derived stack 2/ (0) agrees with the unwieldy formula (1.1).

1.3.2. Arithmetic Fourier transform. — As mentioned at the beginning, the mod-
ularity of classical theta series is based on the Fourier transform. In order to prove
Theorem 1.1, we introduce an arithmetic Fourier transform over HBM(Shth(n)), which
specializes to a relative version of the usual Fourier transform over finite fields when
r=0.

The construction of the arithmetic Fourier transform is formally analogous to that

ro»

of the usual Fourier transform. We consider a level structure cover “Shty, " — Shtgy ()
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which is an F,-vector space in stacks over Shtg (). (The main reason for working on
the generic fiber is that the geometry of the level structure cover is relatively simple over
the generic fiber.) Therefore, it has a dual cover “Sht; ” — Shtgy(,), and an evaluation
map

ev

r r
Shty, XShtl Shtz; — F,.

V

For a nontrivial additive character ¢ of F,, the arithmetic Fourier transform
FT*: HBM(Shtj,) — HBM(Shtl)
is defined in terms of the diagram

r T ev
Shty, XShtly ) Sht; —— F,

Shty, Sht

if d denotes the rank of the relative F,-vector space, by sending a € HBM(Sht},) to
(—=1)? proy(ev* ¢ - pri @) € HPM(Shty).

Recall that the Modularity Conjecture can be phrased as independence of the
higher theta series Z’ on the Lagrangian sub-bundle & ¢ G. In other words, its content
is that for two different choices of Lagrangian sub-bundles &1, &9 c G, one has

(1.2) Z (G, M, h, &) = Z! (G, M, h, Ey).

In the case of the classical theta series r = 0, one can prove this relation as follows.
Assuming for simplicity that &; and &g are transverse Lagrangian sub-bundles, one

can factor the special “cycles” through a level cover Sht?, — Sht?;U(n) (adding level
structure along a subset depending on &;, Eg), which is an F,-vector space over ShtOGU(n)
equipped with a self-duality. One can show that the Fourier transform of the special
“cycle” ¥, [Zgl (a1)] for &1, which is really just a function on the discrete set | Sht?, l,

is essentially equal to the special cycle 3, [222(612)] for &9. The theta functions for
&1, Eg are obtained by pairing the respective special cycles with a Gaussian, so then the
equality (1.2) for r = 0 follows from the Plancherel formula (i.e., unitarity of the finite
Fourier transform) and the Fourier self-duality of Gaussians.

We can formulate a generalization of this statement for higher r: the special
cycles ¥, [Zé1 (a1)] and %, [ZZSQ(aQ)] factor through a certain self-dual level cover

Sht;/ — ShtTGU(n), and:

The arithmetic Fourier transform FT*™ of the special cycle ¥, [Zé1 (ay)]

(13) should be essentially equal to the special cycle ¥, [Z(’82 (a9)].

However, for r > 0 it is much less clear how one would prove such a statement, and this
requires another innovation that we describe next.
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Remark 1.4. — The arithmetic transform does not depend on features specific
to the function field context, such as the possibility of “multiple legs” or the existence
of categorifications, so it makes sense even for Shimura varieties as in the traditional
context of arithmetic theta series. It is therefore enticing to wonder how much of our
strategy can be ported over to number fields. One new puzzle that arises when trying
to do this is that the Archimedean place must be incorporated somehow (even when
working on the generic fiber).

1.3.3. The sheaf-cycle correspondence. — Grothendieck’s sheaf-function corre-
spondence associates to an £-adic sheaf on a variety over a finite field F,, a function on
its Fy-points. This allows one to bring the tools of sheaf theory to bear on functions,
and its utility is by now well-documented in myriad applications.

In fact, Grothendieck’s formalism [11] can also be applied to produce higher
dimensional cohomology classes from sheaves, although we are not aware of any in-
stance until now where this observation has been used. In order to prove a statement
like (1.3), we extend Grothendieck’s formalism to a framework that we call a sheaf-cycle
correspondence, in order to bring the tools of sheaf theory to bear on the analysis of
algebraic cycles.

To hint at what this entails, we recall that in the sheaf-function correspondence,
one begins with an endomorphism of a sheaf, and then extracts a function by taking
the trace of the endomorphism. In the sheaf-cycle correspondence, one begins with
a derived endomorphism of a sheaf (i.e., a higher Ext class) and then extracts, by a
generalization of the “trace” operation, a cycle class in cohomology. (By working with
motivic sheaves, one can refine the trace to produce a class in the Chow group, but that
is not considered in the present paper).

As usual, in practice it is useful to consider generalizations with complexes instead
of sheaves, and correspondences instead of maps. Thus, in its general form, the sheaf-
cycle correspondence applies a “trace” to extract a cycle class from a cohomological
correspondence, which is a certain map of complexes.

To prove the precise statement underlying (1.3), we realize the virtual fundamen-
tal classes 3, [Z, (a1)] and ¥, [Z¢, (a9)] as arising by the sheaf-cycle correspondence

from cohomological correspondences ¢y and ¢y1, respectively. Then, we prove that
a sheaf-theoretic Fourier transform essentially takes ¢y to ¢y.. Finally, from this sheaf-
theoretic statement we extract (1.3) by taking the trace. The above strategy uses crucially
the additional flexibility afforded by sheaves (as opposed to cycles).

Remark 1.5. — The classical sheaf-function correspondence includes a compati-
bility with pushforward and pullback operations; in particular, the pullback compatibility
is obvious there. For the sheaf-cycle correspondence, there is a form of pullback com-
patibility but it is much subtler, and seems to require derived algebraic geometry even to
formulate (a reflection of the fact that pullback of algebraic cycles is a subtle operation,
which is most robustly understood through derived algebraic geometry). Perhaps this is
a reason why the sheaf-cycle correspondence has taken relatively long to materialize
into applications.
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1.3.4. Derived Fourier analysis. — Via the sheaf-cycle correspondence, the dual-
ity (1.3) ultimately comes out of a new apparatus that we call derived Fourier analysis.
This involves a generalization of Deligne—~Laumon’s theory of £-adic Fourier transform,
which takes place on vector bundles, to a context that we call “derived vector bundles”,
which are spaces built out of perfect complexes, generalizing how vector bundles are built
from locally free coherent sheaves.

An example of a derived vector bundle is the derived fibered product of a mor-
phism of classical vector bundles E’ — E with the zero section of E. Derived vector
bundles also include certain types of classical stacks as well. Derived vector bundles
have duals, and this duality interchanges the “classical stacky” and “derived” directions
of derived vector bundles. In particular, the dual of a classical stack can have nontrivial
derived structure, and vice versa.

We can give a brief hint as to the role of derived vector bundles. For r = 0, the
special cycle ¥, Zgl (a1) is a counting function on the set of (Hermitian) vector bundles

F over X’, which sends F to the number of maps # Homy (&E;, ). For r > 0, we want
to let ¥ vary in moduli, but the vector spaces Homy- (&1, F) do not assemble into a
vector bundle as ¥ varies, for example because their dimensions jump discontinuously
with #. However, the “derived vector spaces” RHomx (&1, ) do (informally speaking)
assemble into a derived vector bundle, which is locally of the form described in the first
sentence of the preceding paragraph.

In particular, the previously discussed cohomological correspondences ¢y and
¢y live on derived vector bundles of the above sort, and are defined using the notion of
relative fundamental class for a quasi-smooth map of derived schemes. We therefore
develop the theory of £-adic Fourier transform on derived vector bundles in order to
compute with them. It turns out that there are several new technical challenges in the
derived setting, which would be interesting for further study.

Remark1.6. — The primordial forms of derived Fourier analysis were discovered
through computations in [7], and the theory we develop here will also be applied
in loc. cit. (along with other ingredients) in order to categorify the Rankin—Selberg
unfolding method for automorphic periods. Some of our results on the derived Fourier
transform were inspired by work-in-progress of Adeel Khan investigating a derived
Fourier transform for homogeneous sheaves.

1.4. Organization of the paper. — We provide some commentary on the organi-
zation of the paper.

In the next section of the paper, Section 2, we explain a proof of modularity in the
special case r = 0, as a template/toy model for the general case. Very roughly speaking,
this proof will be geometrized from functions to sheaves, and then Theorem 1.1 will
be extracted from the sheaf-theoretical level by an appropriate trace operation (which
depends on r). The proof for r = 0 is in Section 2.3, and then in Section 2.4 we give
an overview of the strategy for the general case, which relies on a setup that we call the
“transverse Lagrangian ansatz”. As the implementation of the strategy is quite long and
involved, we recommend referring back to this overview repeatedly for guidance. In
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particular, we defer a discussion of the organization of some individual sections of this
paper to Section 2.4.

Part I, consisting of Sections 3-5, is devoted to the formalism of cohomological
correspondences and their interaction with algebraic cycles through the sheaf-cycle
correspondence.

The notion of a cohomological correspondence, and the operation of extracting
an algebraic cycle as the trace of a cohomological correspondence, are explained in
Section 4.1. The majority of Part I is devoted to constructing the functoriality opera-
tions for cohomological correspondences, and establishing their compatibility with the
formation of the trace. This story is much subtler than its analogue for the classical
sheaf-function correspondence; in particular, derived algebraic geometry already arises
naturally and crucially in the basic formulations.

Part 11, consisting of Sections 6—8, develops Fourier analysis in two new contexts.

In Section 6, we generalize the Deligne—-Laumon Fourier transform for £-adic
sheaves to a derived setting. We recall the notion of derived vector bundles, which are
built out of a perfect complex of coherent sheaves in a manner generalizing how vector
bundles are built from locally free coherent sheaves. Then we define the derived Fourier
transform and state its basic properties, with the proofs deferred to Appendix A. Actually,
we are only able to establish one of these properties under a technical assumption
of “global presentability”, which appears to be an artefact of the proof. This is good
enough for our purposes but it would be more satisfactory to remove it, which seems an
interesting problem.

Then Section 7 studies the interaction of the derived Fourier transform with
cohomological correspondences between derived vector bundles. Next Section 8 intro-
duces the arithmetic Fourier transform, establishes its basic properties, and relates it to
the derived Fourier transform through the sheaf-cycle correspondence.

Part I11, consisting of Section 9 and Section 10, assembles the preceding ingredi-
ents to complete the proof of Theorem 1.1. We postpone an overview of the contents
of this Part to Section 2.4.

1.5. Acknowledgments. — We thank Adeel Khan, Will Sawin, and Yakov Var-
shavsky for helpful correspondence. We are grateful to Haoshuo Fu, Adeel Khan, Tasuki
Kinjo, Steve Kudla, Chao Li, and Yifeng Liu for comments on a draft of this paper.
Parts of this work were carried out while the authors were visiting SLMath.

1.6. Notation. — Throughout the paper, let £ = F, be a finite field.

1.6.1. Notation related to spaces. — In a previous article [9], we took care to use
calligraphic fonts like Z, M for classical stacks and script fonts like 2, .# for derived
stacks. Starting in this paper, we will always work with derived stacks over k£ by default
(although many of them happen to have the property of being classical, i.e., the natural
map from the classical truncation is an isomorphism), and we do not use script fonts for
derived objects. Hence when we say “Cartesian square” we mean what might be called
“derived Cartesian square” (sometimes we keep the adjective “derived” for emphasis),
unless noted otherwise. In particular, the notation departs from that of [9].
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“Derived Artin stacks” are defined in [30]. In this paper, all derived Artin stacks are
assumed to be locally of finite type over a field.

1.6.2. Notation related to -adic sheaves. — Let Y be a derived Artin stack. Then
tautologically the classical truncation Y;; of Y is a higher Artin stack in the sense of [22,
Section 5.4] (this notion goes back to Toén). We let D(Y,;) = D(Y,;Q,), be the
bounded derived category of constructible étale sheaves on Y,; as constructed in [21,
Section 1]. This is the bounded subcategory of a homotopy category of a certain stable
oco-category D (Y,; Q,), constructed in loc. cit., but we shall only need the six functors
and their properties at the level of homotopy categories; for our purposes we prefer the
framework of [21, 22] because of their generality in handling higher Artin stacks.

Let f be a map of higher Artin stacks. In [21, Section 1.3] one finds the con-
struction of f* and £, for general f, the construction of f; and f* for locally of finite
type f, and the construction of — ®y — and RHom. One also finds there ([21, Theo-
rem 1.3.9 and Theorem 1.3.10]) the Kiinneth formula, the base change isomorphism,
the projection formula, and other “usual” properties of the six functors when f is locally
of finite type.

Since Y,; — Y induces an isomorphism of étale sites by definition, we may set
D(Y) := D(Yy). Foramap f: Y] — Yy of derived Artin stacks, we define f*, f. to be
the corresponding functor on classical truncations; if f is locally of finite type then we
define f' and £ to be the corresponding functor on classical truncations. In this way we
may bootstrap all of [21, 22] to the setting of derived Artin stacks.

Remark 1.7. — It may seem at first that consideration of derived structure is
totally irrelevant to the categories of £-adic sheaves. However this is not the case, as
derived structures will be used to construct certain natural transformations of functors
between such categories, namely the “Gysin natural transformations” associated to quasi-
smooth morphisms f. This is analogous to how the Chow group of a derived stack
is the same as that of its classical truncation, but the derived structure is still useful to
construct a virtual fundamental class within the Chow group.

For a separated morphism f: X — Y of derived Artin stacks that is representable
in derived schemes, we let can(f) be the natural transformation fi — f. of functors
D(X) - D(Y). If f is proper, then f; = f. and can(f) is the identity transformation.

For a quasi-smooth morphism f: X — Y of derived Artin stacks, we let d(f) be
the virtual dimension of f (i.e., Euler characteristic of its tangent complex), which we
view as a locally constant function on the source. If f: E — § is a derived vector bundle
in the sense of Section 6.1.1, then we call d(f) the virtual rank of E, and denote it by
rank(E).

For alocally of finite type morphism f: X — Y of derived Artin stacks, we denote
by Dx/y := f'Quy the relative dualizing sheaf. If f is smooth of relative dimension
d, then f' = f*[2d](d). We denote by D,y (=): D(X) — D(X)°" the relative Verdier
duality functor, which is represented by the object Dx,y. For Y = Spec k, we abbreviate
DX = DX/Y .
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For any ¢-adic complex K € D(Y), we denote by K¢) := K[2i] (i) the indicated
shift and Tate twist.

1.6.3. Notation related to coherent sheaves. — We let Perf(Y') be the triangulated
category of perfect complexes on Y, i.e., the full subcategory of the derived category
of quasicoherent sheaves on Y spanned by objects locally quasi-isomorphic to finite
complexes of finite rank vector bundles.

For an animated ring R, we let Modp be the stable co-category of R-modules.

For a torsion coherent sheaf Q on a curve X’ we let Dg be its scheme-theoretic
support, viewed as a divisor on X’, and |Q| c X" its set-theoretic support.

In [9] we distinguished between the notion of a GL(n)-torsor F and the associated
vector bundle V(F), because we wanted to consider maps of the associated vector bundles
that are not isomorphisms (and so do not come from maps of torsors). However, this
would be too much of a notational burden in the present paper, so we use the same
notation for F and its associated vector bundle, trusting that context will make the usage
clear.

2. The transverse Lagrangians ansatz

In this section, we will explain a proof of modularity of the higher theta series in
the special case r = 0. Although this result goes back at least to Weil [33], our particular
presentation serves as a toy model for the more general argument. In particular, the
argument motivates the introduction of certain auxiliary spaces.

To give a more precise overview of this section:

(1) In Section 2.1 we review the formulation of the Modularity Conjecture, which
says that a certain construction of higher theta series Z7, which a priori de-
pends on a choice of a Lagrangian sub-bundle in a Hermitian bundle, is in fact
independent of that choice.

(2) In Section 2.2, we reduce the Modularity Conjecture for Z! to a slightly weaker
independence statement, namely that the values of Z’ on two transverse La-
grangians coincide.

(3) In Section 2.3, we prove this independence statement in the case r = 0. This
involves finite Fourier analysis on various auxiliary vector spaces.

(4) In Section 2.4, we outline the proof of the general case, indicating in particular
the ansatz of spaces and maps that will be used to generalize the modularity
argument from r = 0 to arbitrary r.

2.1. The modularity conjecture for higher theta series. — Recall from [9, Section 4.5]
that Bungy () parametrizes triples (7, £, £), where ¥ is a vector bundle on X’ of rank
n, £ is aline bundle on X, and & : F — o*F¥ @ v*Q is an L-twisted Hermitian structure
(i.e., c*hY = h).

Recall from [9, Section 4.6] that Bungy- (9, parametrizes triples (G, I, &),
where G is a vector bundle on X’ of rank 2m, M is a line bundle on X, and & : G —
o*GY ® v*IM is an M-twisted skew-Hermitian structure (i.e., c*h" = —k). Alternatively,
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we can think of Z as an Ox-bilinear perfect pairing
(2.1) (s )h:Gx0"G— Vv (M wx)
satisfying (o*B,0*a), = —o*(a, B); for local sections a and B of G respectively.
Let Bun};m be the moduli stack of quadruples (G, M, &, E) where (G, M, k) €
Bungy-(9m), and & C G is a Lagrangian sub-bundle (i.e., & has rank m and the compo-

sition & € G LA oG’ @v'IM — o*&EY @ v*M is zero). In [9, Section 4.6], we defined for
each r > 0 and m < n a higher theta series

Zy: Bung (k) — CH,(y-m) (Shigy)-

We briefly recall the definition of Z7. Let € = wyx ® M. Let Shty ()¢ be the

moduli stack of rank » Hermitian shtukas F. = ((x,), (77), (), ¢ : F» — "Fp) on X’
with r legs and similitude line bundle 8. For a vector bundle & on X’ of rank m, we
have the special cycle Zf, ¢ parametrizing a point %, of Shty; ()¢, and maps ¢; : & — F;
(0 < i < r) compatible with the shtuka structure on %,. For details we refer to [9,
Section 2.3]. For a Hermitian map a : & — 0*&Y @ v* 8, let Zg () be the open-closed
substack of Zj; ¢ consisting of (#., t.) such that the Hermitian form on %, induces the
Hermitian map a on & via &. Let { : Z ¢(a) — Shty(,) ¢ € Shtgy(,) be the map
forgetting t,, which is known to be finite [8, Proposition 7.5] and unramified.

In [9, Definition 4.8] we have defined a virtual fundamental class [Z5e(a)] €
CH, (n-m) (Z§ ¢ (a). Pushing forward along £, we get Chow classes

s [Z(’S,g(a)] € CHr(n—m)(ShtrU(n),Q)'

The value of Z[n on (G, M, h,E) (recall M = w}l ® 8), which we henceforth abbreviate
as (G, &), is defined as

(2.2)  Z;(G,8) = x(det&)g IrE I dwon2 Ny (o6, 0)£.[Z5 o (a)].
acAg o (k)
Here
e y : Picx/ (k) — Q; is a character whose restriction to Picy (k) is ", where
n : Picy (k) — {£1} is the character corresponding to the double cover X’/ X.

ey:F,— QZ is a nontrivial character.
e the sum runs over all @ in the set Ag ¢ (k) of Hermitian maps a : & — o*EY@v* L,
including the singular ones.
o Let & =G/&E. The pairing (-, -); in (2.1) induces a perfect pairing Ex *&" —
v*&. This identifies & with o*&* ® v*2. We thus have a short exact sequence
0 —>8—>G—>dc&eve—0

giving an extension class eg g € Ext!(c*&" ®v*2, ).
e The pairing (-, —) is the Serre duality pairing between Ext!(c*&* ®v*¢,8) and
Hom(&,07EY @ v*2).
As explained after [9, Conjecture 4.15], the modularity of Z? can be formulated as
the assertion that Z, is actually independent of the choice of Lagrangian sub-bundle &.
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2.2. Reduction to the case of transverse Lagrangians. — We first argue that it suffices
to show that whenever 81,89 C G are two transverse Lagrangians in G € Bungy- 9m) (k),
meaning that their intersection in the vector bundle G is the 0-section, then we have

Z1(G,81) = Z,(G, &9).

Note that the condition that &1, &9 are transverse is equivalent to their intersection being
zero on the (geometric) generic fiber of X”.

Lemma 2.1. — Let F’|F be a non-trivial quadratic extension of fields of characteristic
not equal to 2, with non-trivial automorphism o, and V be a finite-dimensional (skew) F’ | F-
Hermitian space. Let Ly, Ly be two Lagrangian subspaces of V. Then there exists a Lagrangian
subspace L C V such that

LinL=LysNL=0.

Proof. — The arguments for Hermitian and skew-Hermitian spaces are identical,
so we give the Hermitian case only. Let I := L; N Lg, an isotropic subspace of V. Then
(using that the characteristic of F is not 2) we may find an orthogonal decomposition
V = (I &I @V’ as Hermitian spaces, such that:

e I* is Lagrangian in I @ I'* and the Hermitian form on ¥ induces a polarization

15T

o Ly =1®L}and Ly = I & L, with each L] being Lagrangian in V".

We will take L to be of the form I*@ L’, where L’ is a Lagrangian in V’ transverse to both
L7 and L. To see that such L” exists, note that the Lagrangian polarization V'’ = L & L,
induces an identification of L} with (L})*. Choosing any basis of L/ induces a dual basis
for L, and a corresponding decomposition of ¥’ into a direct sum of 2-dimensional
Hermitian spaces. This reduces to the case dimg (V’) = 2. In this case, we may arrange
I € L and Iy € L{ whose non-zero pairing under the Hermitian form lies in (¥ nyo=-1,
Then /; +1y generates a Lagrangian subspace of V” which is transverse to both L and L.

With this choice of L, it is clear that L is transverse to both L; and Lg. o

Corollary 2.2. —  Suppose that for any G € Bungy-(9m) (k) and any two transverse
Lagrangian sub-bundles &1,E9 C G, we have

Z1(G,&1) = Z1,(G, &9).

Then Z!, is modular.

Proof. — The meaning of modularity is that Z! (G, &) = Z!(G, &) for any
two (not necessarily transverse) Lagrangian sub-bundles &1,89 ¢ G. By Lemma 2.1,
applied at the generic point of X’, we can find a Lagrangian subspace of the generic fiber
of G which is transverse to the generic fibers of both &; and &g. This generic Lagrangian
extends uniquely to a Lagrangian sub-bundle of G by saturation. Thus we can link
any two Lagrangian sub-bundles by a Lagrangian sub-bundle which is transverse to

both. O
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Hence, in order to establish Theorem 1.1, we are reduced to proving:

Theorem 2.3. — For any G € Bungy-(9m) (k) and any two transverse Lagrangian
sub-bundles &1, E9 C G, we have

123G, EVe =1Z3,(G, E9)le € im HEY o (Shig7f, Xy’
M

The formulation in [9] involves a similitude line bundle £ on X. For sanity of
notation, we will present the proof only in the case where L is trivial, so that it may be omitted
entirely. The argument can be adapted to include € in a completely straightforward

manner. Accordingly, we assume henceforth that the similitude line bundle 9t for G is
w)‘(l, i.e., the skew-Hermitian form on G is an isomorphism G — o*G*.

2.3. The case r = 0. — The proof of Theorem 2.3 will be long and complex.
Some of the complications are caused by technical issues that are not present for r = 0.
Therefore, we will illustrate the argument for r = 0, which can serve as a simplified
model for the general case.

2.3.1. By definition [9, Definition 4.13], the higher theta series for r = 0 is a
function on Bung (,) (F,), whose value on ¥ € Buny ) (F,) is given by

Zp(G,E1)7 = x (det &))" IBOIENZ K"y ((eg e, a)HZP, ()5
aeAg, (k)

= x(det&p)gn@esbrdesen2 X' y((eg s, a(1)))
teHom(&4,%)

where a(t) € Hom(&y,0*&)) is the composition
}L (T* \ .
& — F 5o F I Y.
We find it more psychologically convenient to rewrite the index of summation as
Hom(¥F™,&]) = Hom(&y, 7).
Similarly, the value of Z9(G, &) at F is
Z3(G,E9)7 = x (det Eg)g" eI /2 K" y((og g, a(1))).
teHom(&Eg,F)
We will show that

(2.8) Z,(G, 817 = Z,(G,89)7, ¥ F € Buny(a)(Fy),
whenever & and &g are transverse Lagrangians in G.
2.3.2. Preliminaries. — We begin with some preliminaries that are not specific

to r = 0. Recall that we assume the similitude line bundle g is trivial, so that for
(G, k) € Bungy-(9m), k gives a perfect pairing

(24) (-,-)h:QXO'*g—>OX/.
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Let &, &9 be Lagrangian sub-bundles of G. Each inclusion &; < G induces a short
exact sequence

(2.5) 0— & — (6> "G — o8& — 0.
Here we are using the form (-, -); to induce a perfect pairing &; X c*(G/Ei) — Ox,
which in turn induces an isomorphism G/&; = o*&.
Another way to formulate the transversality of &;, Eq is as follows. If &1 N &y
vanishes, then the composition
b12:81 —>Q—>a’*8;
has full rank generically, and therefore has torsion cokernel. Conversely, if the composite

map &) — o0& has torsion cokernel, then & N &g vanishes. We can think of 419 as
given by the pairing

(26) 81 X 0'*82 — OX/

obtained by restricting (-, ); from (2.4). Similarly we have b9 : &9 — 0*&7.

Since we are assuming that &;, Eg are transverse, we may define torsion sheaves
Q1 and Q9 to fit into the short exact sequences

(2.7) 0— & 15 08} — Qg — 0,
2.8) 0— & 2 "8} — Q) — 0.

Let F’ be the Zariski constant sheaf on X’ with stalks #’. For a torsion sheaf
T, 7" is defined to be Hom(7, F’/Ox-). Taking the linear dual (composed with o*)
of (2.7), we get a short exact sequence

*pV

2.9) 0 — & —2 o8] — Q5 — 0,

Since (-, -); is skew-Hermitian, and b9 and b9y can be interpreted as the restrictions of
(-, )nto 8 X 0*Eg and Eg x o* &7 respectively, we have

(2.10) o by = —bo.
Comparing (2.8) and (2.9), we get an isomorphism
(2.11) Bi2: Q1 — o0

compatible with the quotient maps & — Q1 and o*&] — o0 in (2.8) and (2.9).
Now switching the roles of &; and Eg, the same considerations give an isomor-

phism

(2.12) Bo1: Qg — 0 Q;}

compatible with the quotient maps 0*&; — Qg in (2.7) and 0*&; — Q] obtained by

dualizing (2.8).

Lemma 2.4. —  The maps 19 and B satisfy
(2.13) o*BYy = —Bar.
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Proof. — Let G* = o' &y ® 0" EY; then G is naturally a subsheaf of G¥ of the same
rank. The form (-,-); extends to a ratlonal skew-Hermitian pairing

(2.14) (m:Gxogh— F.
This restricts to pairings:

(2.15) o' EG X E] — F’

(2.16) oE xEy — F’

which induce pairings

(2.17) y21: Qe x0"Q1 — F'/Ox,
(2.18) vig: Q1 X0 Q9 — F'/Ox-.

Unwinding the definitions, we see that 819 is induced from y;9 and B9 is induced from
yeo1- Since (-,-); is skew-Hermitian, we see that for local sections s; of Q; and s¢ of
o0*Qg, we have

(2.19) Y12(s1, 89) = —0yg1 (0 59,07 s1)
This implies the desired equality for 819 and B . i

2.3.3. Self-duality of Q. — Recall from the proof of Lemma 2.4 that G# =
oE; @ 0*E] contains G as a subsheaf of the same rank. Introduce the torsion sheaf Q:

(2.20) Q:=6"G= ("8, ®0"E)/G.
Consider the commutative diagram of coherent sheaves on X,
(2.21) 0

To explain the maps in this diagram:

e The diagonal arrows in and out of G are as in (2.5).

e The horizontal sequences are short exact by definition.

e The maps i; and iy are the inclusions as a summand by the definition of G¥, and
¢; is induced from i;.

Lemma 2.5. — Maintaining our assumption that the Lagrangians E1,E9 C G are
transverse, then both v} : Q1 — Q and 19 : Q9 — Q are isomorphisms.

Proof. — The maps connecting the first and second rows of (2.21) give a map of
short exact sequences. By definition G¥ is the pushout of G along 4,9 (and also along
bg1), so the cokernels of the hook arrows &; < G and 0*&; — G* are both identified
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with &7, hence we conclude that ¢g is an isomorphism. The same argument applied
to the second and third rows of (2.21) shows that ¢; is an isomorphism. m|

Therefore, composing the isomorphisms in Lemma 2.5 with either g9 or Bo1,
we get isomorphisms

1 *( 1)\/
(2.22) hs: Q-5 01 22 o) 2 070
—1 ,8 o (L_])V
(2.23) Q—>Q2£> Q1—>0'Q
Lemma 2.6. — Both hyg and hg give Hermitian structures to Q, and
(2.24) hyo = —hg).
Proof. — Let
(225) €19 :QXO'*Q —>£’/OX/

be the pairing induced by A;9. Similarly define ¢9;. Then for local sections s and s’ of
Q, we have

(2.26) c12(5,5") = y12(:7 (), 0" (151 (s))),
(2.27) co1(s,5") = yo1(15" (), (¢ ().
The equality A9 = —hg; is equivalent to ¢j9 = —c97, which is equivalent to
(2.28) Y19(i71(9), " (151 () + 21 (151 (5), " (171 () = 0

Note G* — Q; ® Q9. The rational pairing (2.14) induces a pairing
(2.29) y:(Q1®Q9) X (0701 ® " Q) — F'/Ox

whose restriction to Q; Xo*Q; is zero, and whose restriction to Q1 Xo*Qq (resp. QoXo*Q1)
is y19 (resp. y91). Now the image G of G in Q; @ Qy is isotropic under the above pairing,
and both projections G — Q; are isomorphisms. Therefore G is the graph of a unique
isomorphism ¢: 01 — Q9. The fact that G is isotropic implies that for local sections
51,87 of Q1, we have y(s1 + ¢(s1), 0"s] + 0" (¢(s]))) = 0, ie.,

(2-30) Y12(s1,07¢(s7)) +721(90(81),0' s1) =

Note that Q = (Q; ® Q9)/G, hence

(2.31) o =~-¢: 01 — Q.

We can rewrite (2.30) as

(2.82) Y12(s1, 0" (15 a1 () + ¥21 (1 11 (s1), 07's7) = 0

which confirms (2.28). It remains only to record the Hermitian property. By Lemma
2.4 and the definitions of £19 and kg1, we have o*h{, = —hg1 and o*hy, = —h19. Since
hig = —hgy, it follows that oA}y = h1g and o*hy, = hg1. Thus both /19 and Ay, are
Hermitian, as claimed. O
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2.3.4. Self-duality of Hom(F*,0*Q). — Let
(2.33) V = Hom(¥",0"0).

The torsion sheaf Hom(F*,0*Q) = F ® 0*Q carries a wy: ® F’/Ox-valued Hermitian
form that is the tensor product of 2z on ¥ and o*¢19 on c*Q:

(2.34) A0 c19 : Hom(F*, 0" Q)xo" Hom(F*,0°Q) — wx' ®F'|Ox» = wp' |wx-.

Here, wp = wy ®0,, F’ is the sheaf of rational differentials on X”. Taking global sections
and applying the residue map, this gives a perfect symmetric F,-bilinear pairing

(235) (—=—-)192: VXV — Fq,

which induces a quadratic form

qie: V — Fq.
Concretely, for s : F* — o*Q, we have the composition
(2.36) Fowy 5 o7 250 1% oror L 1

giving an element in Ext!(F ® wy X, ,F). Then qlg(s) is the image of this element under

the trace map Ext/(F ® wX,,T) — HY (X', wx') =

Similarly, using 49 on o*Q instead of }112, we obtain a perfect symmetric F,-
bilinear pairing (-,-)91 on Hom(¥*, c*Q) and a quadratic form qg9;. By Lemma 2.6, we
have

(2.87) q12 = —qg1.

Lemma 2.7. — Fort € Hom(&,F), let s € V.= Hom(F*, 0*Q) be the composition

— # * oy *
Fr— & — o' Q1 —0'Q.

Then we have

(2.38) (eg,8,,a(t)) = ag1(s).

Proof. — Let mr; : 0*&F — Q; be the projection. Let ¢; € Ext! (Qg,&1) be the class
of the top row of (2.21). Since the map G — &} has a section over the subsheaf
Eg — 7], eg,g, is the image of ¢; under the map

(2.39) Ext'(Qg,&1) = Ext' (01,8)) — Ext' (078}, &)

induced by the projection 71 : *&] — Q1 and the isomorphism -5 '¢; : Q) = Q9. In
other words, ¢g g, is the comp051t10n

o1

(2.40) T8 5 01 —5 0 — Qg 5 &[1]
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Recall we have a commutative diagram of short exact sequences

g

0 &1L €, 0 0
(2.41) H ‘ Jﬁ
—0*5\2/1 * O % * )%

0 &1 o & o 0] 0

This implies that ¢ : Q9 — &1[1] can be written as a composition

Ba1 —o'ny

(2.42) Qs = " Qt — & [1].

Using this and (2.40), we can rewrite eg g, as the composition

B21 o'y

_o1 —
(2.43) TE] 5 01— 0 = Q5 Q) — &1[1]

Using the definition of A9y in (2.23), we see this is the composition

(2.44) o8 1 0 M g TN g1
Therefore (eg g,, a(t)) is the trace of
h otV un c o (ymp)Y
245) Foewy 5o Ih ot 2L 0 B oo TUT 51117 - A1)

Using the definition of s, we can rewrite (2.45) as

. OFs ho1

(2.46) F ® wy! 2 e T 0= 00" KN F11]

which is g91(s) by comparing with the analogous concrete formula for q9; obtained
from (2.36) by replacing A9 with 9. This proves the lemma. |

Remark 2.8. — Combining Lemma 2.7 with (2.37), we see that

(2.47) (ege,,a(t)) = —a12(s).

Switching the roles of & and &9 in Lemma 2.7, we have the following formula. Let
¢t € Hom(&g, F), let s € Hom(F*, 0*Q) be the composition

% Y * x O-*LQ *
F*— Eg—»0"Qy —> Q.
Then we have

(2.48) (eg,e9,a(t)) = a19(s).
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2.3.5. Rewriting the theta series. — Denote by
f: Hom(7",&]) — Hom(F",0"Q) =
the map induced by the quotient o*(¢j o 711) : &} — 00y — o*Q. Using (2.47), we
may rewrite Zg(g, E1)s as

Zp(G, 815 = x (det &))" IsErdwon2 A" y((eg g, a(t)))
teHom(&,%)

= x (det &) gt E=IED2 X" 4 (91 () (ALtom(r &) (5)
sevV

(2.49)

Here Lom (5,7 18 the constant function with value 1 on the set Hom (57, €]), so that
fors eV, (ﬁ]lHom(gc*’g{))(s) is the number of maps & — F lying in the fiber over s.
For functions ¢, ¢9 on ¥, we denote

(@1, 09)v = Z ¢1(2) ()

velV
so that (2.49) becomes

(2.50) Z,(G, 815 = x (det &1)g" WO AR08y, [, ep))v-
2.3.6. More dualities. — Applying o* to the bottom row of (2.21), and using ¢;
to identify Q; with Q, we get a short exact sequence
(2.51) 0—> 06 —&E —dcQ—0
which induces a 5-term exact sequence
(2.52) Hom(7",0"&9) — Hom(¥*,&]) =V — Ext!(F*,0°89) — Ext! (7, 8}).
From the top row of (2.21) we get another short exact sequence
(2.53) 0—0'6 —& —0c'Q—0
which induces a 5-term exact sequence
(2.54)  Hom(¥",0"&;) —» Hom(F*,8&;) — V — Ext'(F*,0*&1) — Ext! (77, 8}).

Serre duality exhibits certain dualities between the terms of (2.54) and (2.52),
as indicated in the diagram below:

Hom(F*,0"&9) = Hom(¥*, &% ) — V — Ext (F*,07°89) —3 Ext! (F*,8))
(2.55)

Hom(F*,0%&1) AN Hom (77, 8*) — V — Ext (F*,0%8) =5 Ext! (F*,8)
where the dotted arrows connect spaces that are dual. For example, the bottom left term
Hom(¥*,0*€1) = Hom(o* &}, F) is dual (via Serre duality) to

h
Ext'(F,0"8} ® wy) £ Ext! (o*FY, 078} ® wy) = Ext! (F*, &%),

which is the top right term. The self-duality of the middle term ¥V has been explained
in Section 2.3.4.
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Lemma 2.9. — Under either the pairing {(—, —)19 or (—,—)91 on V and the Serre
duality pairings, the sequence of maps in the first row of (2.55) is dual to the sequence of maps
in the second row, up to sign.

Proof. — This follows from applying RHom(#*, -) to the diagram (2.41). O

2.3.7. Fourier transform over finite fields. — Next we consider the finite Fourier
transform on Hom(F*, o*Q). First we will have to set up our normalizations.

Temporarily in this section, we let ¥ denote a vector space of dimension r over
the finite field £ = F,, and V the dual vector space over k. Recall  is a nontrivial additive
character of k. We define the Fourier transform of a function ¢ on ¥ by the formula

FTy(9) @) = (-1) ) ¢y (0,3, TeV.
velV

This definition is compatible under the sheaf-function correspondence with the sheaf-
theoretic Fourier transform to be defined in Section 6. With this normalization, we
have the following properties of the Fourier transform:

e (Involutivity) FT; o FTy () = ¢"[-1]*¢, where [-1]*¢(v) = ¢(-0).

e (Plancherel formula)

(2.56) ¢’ Y e1)pe(0) = D FTr([~11°¢1)(3) FTv (99) (3).

veV Gev

e (Gaussians) Suppose we have an isomorphism £: ¥V — ¥ satisfying h = h. This
induces a quadratic form q: ¥V — F, given by q(v) = (v, 2(v)) and a quadratic

formq: V — F, given by q(2) = (A~ 1(2), 7). Then we have

1.
(2.57) Fly(ay) = D'GV, ) (=30,
where G(V, q) is the Gauss sum
(2.58) G(V,q) = ), u(a(v)).
velV

e Let f: V' — V be alinear map between vector spaces of ranks r” and r respec-
tively. This induces a morphism f: ¥V — ¥’ of dual spaces. Then we have

(2.59) FTy(fig') = (1) f*FTy (¢)
for all functions ¢’ on V’, and
(2.60) FTy (f*¢) = (1) 7"¢" " fF Ty ()

for all functions ¢ on V.

Example 2.10. — Let 1y be the constant function on ¥ with value 1 and 6y be
the delta function on ¥ with value 1 at the origin. If dimy (V) = r then we have

FT(1y) = (-1)"¢’65 and FT(sy) = (-1)'1;.
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2.3.8. The Gauss sum. — For a non-degenerate quadratic space (V, qy) over
F,, the normalized Gauss sum (with respect to the fixed additive character  on F,) is

defined as

(2.61) yVoar) = ¢~ "™V S w(ay (v).
velV
(Here g~ 4mV/2 means the positive square root of ¢~4m" ) We have the following

well-known (at least as far back as Weil [33, Section II]) facts:

(1) y(V,qyp) is a fourth root of unity in Q[.
(2) The function (V, qy) — y(V, qy) is multiplicative with respect to orthogonal
direct sums, hence induces a homomorphism from the Witt group Witt(F,)

to ug((Qy))-

(3) For the hyperbolic plane H, := Fg and q+(x,y) = xy, we have y(H,, q;) = 1.
From this one deduces that if the quadratic form qy is split (i.e., there exists a
Lagrangian subspace), then y(V, qy) = 1.

4) ForH_ := F o and q_(x) = Nqug/Fq (x), we have y(H_, g-) = —1. From this one
deduces that if V is a F j2-vector space with a nondegenerate F 2 /F;-Hermitian

dimp oV
q

form (-, -), and qy (x) = (x, x), then y(V,qp) = (=1)
(6) Let &’ be a finite extension of F,, and (V’, qp/) be a quadratic space over £’.
On one hand, we can define the normalized Gauss sum y;/ (V’, qp+) using the
additive character y = ¢ o Try/g,. On the other hand, we can view V'’ as a
vector space over Fy equipped with the quadratic form qa,, = Trpk, oqys. Then

we have yp (V/, qp) =y(V',q,,,).

Now we are back to the convention that V' = Hom(¥*, o*Q). We want to compute
v(V,q19). Dehine the divisor D’Q on X’ to be the },, dyx” where d,/ is the length of Q at

’

x’. Since Q carries a Hermitian form, we have dy = dy (4, therefore Dy,

=v*Dyg fora
unique divisor Dg on X.

Lemma 2.11. —  We have
y(Hom(5",0*0Q), a12) = y(Hom(F*,07Q), a91) = nrjr(Dg)".

Proof. — Decompose Q = &Q, where Q, is the summand supported over a place
x € |X|. Then (V, q19) := (Hom(F*, 0*Q), q19) is the orthogonal direct sum of quadratic
spaces (Vy, qx) where Vy = Hom(F*, 0*Q,) and q19, = q12|y,. By observation (2) above,
it suffices to consider the case Q = Q, for some x € | X]|.

If x splits into " and x” = o(x”) in X’, then we can write Q, = Qy @ Q,~ according
to the support, and 0c*Q, = 0*Qy ® 0*Q,~. Relabeling the two summands by their
supports, we get V = Vy @V, where V,y = Hom(F*,0*Q,) and V,» = Hom(F*,0*Qy),
so that V,» and V,» are both isotropic. By observation (3) above, y(V, q19) = 1 in this
case. On the other hand nz,r(Dg) = 1, hence ng  r(Dg)" = 1.

Now we consider the case x is inert in X’, and let x” be the unique place above x.
By observation (5), we may rename the base fields, and thereby assume £(x) = F, and
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k(x) =F . Recall the quadratic form q;9 on V comes from a F 2 /F; Hermitian form
(=, —) on V by taking q19(») = (v, v). By observation (4), we have

y(V,a12) = (1)
Note that dimg , V = nd where d is the multiplicity of Dg. Therefore
g

y(V,q12) = (=1)" = npp(Do)"

The same argument works for q91 in place of q;9. i

dimp , V
qQ

2.3.9. Conclusion of the argument. — We return to the notation V=Hom(¥* 0*Q).
At the end of Section 2.3.5, we expressed

(2.62) Z(G, &) = x (det £,)g" B EIEO2q0 i, filitom(r )7

By the Plancherel formula (2.56), we have

* 1 * *
<QQ1'//, ﬁ]lHom(‘}'*,ST)>V = W([_l] FT(QQ]'/’); FT(ﬁ]lHom(T*,ST)»V-

So we turn to analyze FT(q5,¢) and FT(ﬁ]lHom(‘?—'*,ST))- Below, we abbreviate
hom(4, B) := dimp, Hom(4, B) and ext! (4, B) = dimg, Ext!(4, B).
e By (2.57), we have

* im 1. "
[-1]. FT(a3,%) = (-1)™VG(V, q91) - (—ZQ) .
As was explained in Section 2.3.8, especially Lemma 2.11, we have

G(V,a91) = qdim V/Q)/(V, qe91) = UF'/F(DQ)”qdim /2

On the other hand, if we use qg; to identify ¥ with V, then §o; = q9;. By (2.87),
we have —q91 = q19. Therefore, under this identification, we have

@63 [T FT(w0 = D™ ape(00) g2 (| v

e To analyze the Fourier transform of £1 Hom(7,&;)> W€ have a long exact sequence

(2.64) 0— Hom(¥",0"Ey) — Hom(F, &) L Hom(¥*,07Q) LR Extl(T*,a*Sg)

coming from applying RHom (™, -) to the short exact sequence c*&9 — &7 —
o*Q. From this we get

I 05 Eg)
(2.65) Slitom(rgn) = g0 g Ofxt! (7,0 E9)’
tBy (2.60), the Fourier transform on ¥ = Hom(¥*, 0*Q) sends g*6Ext1(T*,(r*82)
0
* _ (_1\dimV dimV-ext! (F*,0*E9) =
ae  TTE i) = (O TG

5 5 _ 1 * —
— (_l)dlIandlInV ext' (F,0 ag)g!]lHom(T*,Sa)
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where the last equality uses the duality between the fourth term of the top row and the
second term of the bottom row in the diagram (2.55), and Lemma 2.9.
Putting these equations together and collecting factors yields:

Zp(G, 815 = x (det &))" 88174802 (g5 s, filom(r 60))v
(2.67) 1
=X(detal)nF'/F(DQ)"Q'((ZCHQ) ¥, & 1tom (7,8, )V

where the exponent of ¢ is
(2.68) P= g(degé‘] —degwy) + Y (F ® 0" E9) + %dim V.

We want to show that this agrees with

Z(G, 89)5 = x (det E)g" 18 274802 (qL0u, &L itom (7 65) )7

so we separately compare the sign and the exponent of ¢.
First, we claim that

1 . £ o=
(269) <(Zq12) ¢,g!lH0m(T*,8§)>V = <q12$, g!]lHom((F*’SéﬂV.

Indeed, the factor 1/4 = (1/2)2 can be eliminated on the left side since g Litom(5,&5) 18
invariant under the scaling action of Fy on Hom (7™, Q*).
Next we compare the exponents of g. We expand (2.68) as

(2.70) P= %(n deg &1 —ndegwy)+ndeg(Eg) +mdeg(F)— %mn degwy: + % dimV.
From (2.51) we have —deg&; = deg&] = deg&g + degQ. Also dimV = ndegQ.
Substituting these into (2.70) and simplifying yields

degwx

2

Now, F — o*F" implies that deg F = %, s0(2.71) equals %(n degEg9 —ndegwy),
as desired.
Next we compare the signs. From the top row of (2.21) we have

(2.72) x(det&1)x (v'Dg) = x (det ™ Ey).

(2.71) ?:%(ndeg&‘g—ndeng)+mdeg77—mn

Since y o v* =", we have x (v*Dg) = np//r(Dg)", and we may rewrite (2.72) as
(2.73) x (det&)npr(Dg)" = x (det o™ &) = x (deto*Eg) ™"
Finally, we note that
x (detEg) x (detc*E9) = ¥ (v Nmdet Eg) = n(NmdetEg)" =1,
so that (2.73) agrees with y (det &y), as desired. i
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2.4. Outline of the proof of Theorem 2.3. — We now give a brief summary of the

proof of Theorem 2.3. It is a generalization of the r = 0 case in Section 2.3, but the
steps are of course much more complicated. We also take the opportunity to indicate,
in more detail than in the Introduction, the role of the individual sections of this paper
in this strategy.

that

ey)

2)

3)

)

4)

Choose transverse Lagrangians 1,89 — G. Let Q be as above. We want to show

Z1(G,81) = Z,(G, E).

We will realize the cycle [Zél], whose summands comprise the Fourier coef-

ficients of Z! (G, &), as the trace of a cohomological correspondence” “cy;”, where
U is a derived vector bundle over Buny(,) geometrizing the F,-vector space
Hom(¥, &]) which appeared in Section 2.3.6.

Similarly, we will realize the cycle [ZE,1, whose summands comprise the

Fourier coefficients of Z! (G, Ey), as the trace of a cohomological correspondence
“cyr”, where U+ is a derived vector bundle over Buny (,) geometrizing the vector
space Hom(F~, &) which appeared in Section 2.3.6.

The space U is defined in Section 9.1, while U+ is defined in Section 9.2,
the cohomological correspondences ¢y and ¢+ are defined in Section 9.4, and
the computation of the traces is performed in Section 10.2, based on general
results established in Section 4.7. N
We will construct maps f: U — V and f+: U* — V, where V is a vector
bundle over Buny (,) geometrizing the F -vector space Hom(¥™, c*Q) which
appeared in Section 2.3.6. This occurs in Section 9.1.

We will construct certain derived vector bundles W and W+, geometrizing
the F,-vector spaces Ext!(F*, 0*&g) and Ext! (F*, 0*&), respectively, which
appeared in Section 2.3.6. In addition we will construct maps g: ¥V — W and
gt: V — W+t such that g geometrizes the “g” from (2.64), and g* plays the
analogous role with & and &g interchanged. This all occurs in Section 9.1 and
Section 9.2.

We will prove that a certain pushforward cohomological correspondence “fj ¢;”
agrees with a pullback cohomological correspondence “g* ¢j”, geometrizing the
identity (2.65). We note that while the identity (2.65) is trivial, its geometriza-
tion is highly non-obvious, and occupies the entirety of Section 5.

We will prove that the sheaf-theoretic Fourier transform of cohomological
correspondences (introduced in Section 7.1) takes the cohomological corre-
spondence “g* ¢i” to the cohomological correspondence “f* ¢y2” (up to shift
and twist), geometrizing (2.66). This occurs in Section 9.4, based on general
results established in Section 7.

4These notions will be reviewed later, in Section 4.
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At this point the situation is summarized by the following diagram, in which
the dotted arrows connect dual vector bundles.

, TrShl n TrShl ;
“--= ———>
[ 81] 94 UK 7|U tyL [ 52]
j ro P J
ficy V e ‘..::.:::.::4.‘ ....... N 74 f!‘J_ L
g e
\4" "N
w W+

(6) Forming traces of f ¢y and f;* ¢y produces Borel-Moore homology classes of
special cycles, generalizing the f; Ltom(5+,&;) and :g\!]lHom(q:*’S;) in Section 2.3.9.

Therefore, the pairing of TrSM (fi cy) with an appropriate Gaussian produces

the higher theta series Z’ (G, &), while the pairing of TrS}"(f!l cy+) with an

appropriate Gaussian produces the higher theta series Z7 (G, 8). This is detailed
in Section 10.3.

Tiltom(Fg;) € > & ltom (7,85
r—()g r—(é
e . arithmetilg .
transfor K
I b A I P [t fre
Zr(G,&)) == ([Zgl],Gaussian) ([Zéz],Gaussiam = Z,(G,E9)

(7) We introduce in Section 8 an arithmetic Fourier transform on Borel-Moore
homology classes, generalizing the finite Fourier transform from Section 2.3.7.
The previous steps imply that the arithmetic Fourier transform sends the special
cycle [Z¢,] for &; to the special cycle [Z5,] for Eg (up to signs and powers of ¢),
generalizing the observation that the finite Fourier transform sends fi1jom (s, )
to E!]lHom(rp,g;) (up to signs and powers of ¢) from Section 2.3.9. Noting again
that the Gaussian q*y is essentially self-dual, we conclude that

([Zg,], Gaussian) = ([Zg, ], Gaussian)

using a version of the Plancherel formula (2.56) for the arithmetic Fourier
transform. This is carried out in Section 10.3.
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Part . Generalities on cohomological correspondences

3. Base change transformations

The purpose of this section is to establish situations in which we can push forward
or pull back cohomological correspondences (to be recalled in the next section). This is
important for functoriality in the sheaf-cycle correspondence.

We will start with a commutative square of derived Artin stacks (recall from
Section 1.6.1 that these are automatically assumed to be locally of finite type over a

field)

g_)B

A
(3.1) f,l P
c—=-Dp

We will investigate various situations in which we have base change maps between
various combinations of pull/push functors in this diagram, and the compatibilities
between them.

Remark 3.1. — Recall that restriction induces an equivalence of étale sites of
a derived stack and its classical truncation. Therefore, one might ask why we discuss
derived stacks at all in this section, since all categories and functors are determined
by the underlying classical stack. The answer is that when discussing pullbacks (in
Section 3.5) we will need to invoke the relative fundamental class of a quasi-smooth
morphism, which is a derived notion.

3.1. Pushable and pullable squares. — Let B = C xp B (derived fiber product) such
that the square (3.1) decomposes into a derived Cartesian square and two triangles

(3.2)

—— B

sothat g/ =goaand f' = f o a.

Definition 3.2. —  The outer square in (3.2) is called

e pushable, if a is proper.
e pullable, if a is quasi-smooth. In this case, we call the relative dimension d(a) the
defect of the pullable square (A, B, C, D).
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Note that the notion of the outer square of (3.2) being pushable or pullable is
invariant under flipping the square about the diagonal connecting 4 and D.

Example 3.3. — Here are some examples of pushable squares:
(1) A square whose reduced classical truncation is Cartesian.
(2) A square where f and f’ are proper.
(8) A square where g’ is proper and g is separated and representable in derived
schemes.

The pushability of (2) is implied by the pushability of (3) using the flipping symmetry,
but we highlight it to make contact with previous constructions in the literature (see
Example 3.6 below). Some special cases of the above examples are observed in [31,

Section 1.1.6].

Example 3.4. — Here are some examples of pullable squares:

(1) A derived Cartesian square.
(2) A square where f and f’ are smooth.
(8) A square where g’ is quasi-smooth and g is smooth.

Indeed, in the last case, § : B — B is smooth (as the base change of the smooth morphism
g)- Then because g’ = g o a is quasi-smooth, we learn that a is quasi-smooth.

The pullability of (2) is implied by that of (3) using the flipping symmetry, but
we highlight it because it will be of special importance. Some special cases of the above
examples are observed in [10, Section A.2].

Remark 3.5. — After releasing the first draft of this paper, we learned that the
notion of pushability and its significance for pushing forward cohomological correspon-
dences had already been identified in work of Lu—Zheng, [23, Construction 2.10]. We
are not aware that the notion of pullability, which is most useful in the context of derived
algebraic geometry, has previously been identified.

3.2. Push-pull. — Referring to the diagram (3.2), there are always base change
natural transformations

(3.3) g*ﬁ - ﬁl(g/)*
and
(3.4) @) — g'h

by adjunction. If the outer square in (3.2) is pushable, i.e., the map a is proper, then
we have a natural transformation

(3.5) g~ fig — fiad'g = fima'g = f(g)*

Here and below we always label the proper base change isomorphism by o. The second
map above is the unit map Id — a.a*, and the next step uses a; = a. because a is proper.
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We often denote such natural transformations coming from a pushable square
by v:

(3.6) g fi -5 f(g)"

Example 3.6. — In special cases, the map (3.5) has been observed before with
a slightly different description. In particular, if f and f’ are proper then f, = f; and
f! = 1/, and Varshavsky [31, Section 1.1.6] observes that the base change map

therefore gives another natural transformation g*fi — f’(g’)*. Since we will use some of
Varshavsky’s results concerning his natural transformation, we spell out for completeness
why this natural transformation coincides with (3.5). Under these assumptions (3.5) is

adjoint to the composite map

unit(g) unit(a)

fo—=}&ET =& )T — gfad’§ =g.f/(&)
which since g’ = g o a coincides with

unit(g’)

fo— ()¢ =g f (&)
which is adjoint to (3.7).

3.2.1. Compositions. — Suppose we have a commutative diagram

44 B
el
(3.8) c—£.p
J !
E-—f.F
Lemma 3.7 (2 out of 8 for pushable squares). —  Consider the commutative dia-
gram (3.8).

(1) If both the upper square and the lower square are pushable, then the outer square formed
by (A, B, E, F) is also pushable.

(2) Suppose g and g’ are separated. If the outer square is pushable, then the upper square is
also pushable.
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N Proof. — Intrgduce the base changes D=ExpD,B; =DxpB=ExpBand
B =C xp B = C x5 B;. We have a commutative diagram

a b &1
(3.9) x ‘ ¢ |A f
c

where all squares are Cartesian.

In situation (1), both a and ¢ are proper, hence & is proper (being a base change
of ¢), therefore b o a is proper, i.e., the outer square is pushable.

In situation (2), we know that 4 o a is proper. Since g is separated, g is separated.
Since g’ = goc is separated, ¢ is separated. Hence & is separated, and 4 o a proper implies
a is proper. O

Assume both the upper square and the lower square are pushable. Then the outer
square formed by (4, B, E, F) is also pushable by the above lemma. In this case, we have
two maps g*(ho f); — (A" o f')1(g"”)*: one given by (3.5) for the outer pushable square,
the other as the composition

where both arrows are (3.5) applied to the upper and the lower squares. The next result
says that these two maps are the same.

Proposition 3.8. —  Assume that both the upper square and the lower square in (3.8)
are pushable. Then the following diagram is commutative

’

* ‘ﬁ /7 1A% !v ’ !’ I\ *
g hfi —2— k() —— K £ (")
(3.10) ‘ ‘

g (ho [ . (A" o f')(g")"

Proof. — Consider the diagram (3.9), in which a, b and ¢ are proper.
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Consider the diagram of natural transformations

ghfi——— hgf, s bt G i ——=hc"T f;
gy ———— hec’ fugy =——=="hic"hg;
(3.11) u * o o

Eﬁlb*a*a*b*gf — Ec;ﬁa*a*b*gf — h!’ﬁa*a*b*gf

Here the arrows labelled by ¢ are the proper base change isomorphisms, and the arrows
labelled by u are the unit maps Id — a.a*,Id — b.6* and Id — ¢.c*. Starting from the
upper left corner, going along the top and then down to reach the lower right corner is
the top row of (3.10). On the other hand, going along the diagonal first, then down
and then right gives the bottom row of (3.10). Therefore it suffices to show that each
square and triangle in (3.11) is commutative. These are almost all clear except possibly
the square labelled x. To show x commutes, we refer to the Cartesian square

B—5 B,
(3.12) ‘ l

c—-D
and would like to show that

fo—— e iy

(3.13) l J
fub.b* afib*

is commutative. Note that 4 and ¢ are proper. To check this, it suffices to check on
the geometric stalks. Therefore we may reduce to the case where D is a geometric
point, in which case both compositions are identified with the map RI,(B;,-) —
RT.(B;,-) ® RT'(C) given by x — x ® 1. i

The following variant of Proposition 3.8 will also be needed later.

Proposition 3.9. —  Suppose we have two pushable squares
4. " ¢
(3.14) J/f// lf’ J/f

D2 E_ ", F
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Then:

(1) The outer square is also pushable.
(2) The following diagram is commutative

g fi—5 gy 28 gy ey

o | |

(hog)"f KW o g)

Proof. — Part (1) is the same as Lemma 3.7 (1). Part (2) follows from a similar
argument as in the proof of Proposition 3.8. i

3.3. Push-push. — Suppose the square (3.1) is Cartesian. Then we have a base
change map

(3.16) fig. 5 g, £

To construct this, we construct the adjoint map g* fig! — f’. For this, we start with the

proper base change isomorphism g* fi 5 1 (g")*, so composing with the counit of the
((g")*, g1) adjunction gives a sequence of natural transformations

g fig > [ @) e — .

Lemma 3.10. —  Consider the commutative square (3.1). Suppose it is Cartesian and
g is separated, locally of finite type, and representable in derived schemes; hence g’ has the same
properties.

(1) The following diagram commutes:
g ==gf

(‘an(g’)l lcan(g)
(3.16) ,
figi—— &,

(2) Assume additionally that f is separated and representable in derived schemes, hence f’
has the same properties. Then the following diagram commutes:

3.16) .,
fgl— g,

can(f)l lcan(f’)

fgi=—=gf.
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Proof. — Since g is separated and locally of finite type, we may compactify g into
the composition of an open embedding followed by a proper map. The statement is
obvious when g is proper, so we reduce to the case where g (hence also g’) is an open
embedding. It suffices to check that the adjoint diagram

g*ﬁg!, N f!‘/
(3.17) can(g’)l Hld
ghe=—=1%

commutes. By definition, the adjoint of the base change map ¢ is the composition
«pr g ° reoINE S ’
ghee— L&) g —f

But since g’ is an open embedding, (g”)"g; is the identity functor. Hence, after applying
the isomorphism g*f 5 £/ (g")* to both of the left terms (3.17), the upper right path
through (3.17) is the identity natural transformation f’ LN /- Similarly, since (g")"g!
is also the identity functor, the lower left path through (3.17) is also evidently the

. . Id '
identity natural transformation f” — f’. The map can(g’): (g’')*g, — (g’)*gl is the
identity natural transformation, so the diagram commutes.

(2) is similar to (1). O

Now, suppose that (3.1) is pushable. Then natural transformation (3.5) induces
by adjunction a map

(3.18) fig. — g*f!'.
Unravelling the construction, it is the composition
(3.19) figl = figa. — g fia. = g.fiar — g.f;"

Here, the map ¢ is (3.16).
The natural transformation (3.18) has similar compositional properties to (3.5).

Proposition 3.11. —  Assume both the upper square and the lower square in (3.8) are
pushable. Then the following diagram commutes:

’

17 h!v /7 4 Vf': ’ 4
(8.20) H ‘

(hofhg! ’ g o f)

Proof. — Similar to the proof of Proposition 3.8. i
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3.4. Recollections on relative fundamental classes. — We review some properties of
relative fundamental classes.

Let f: Y — Z be a quasi-smooth map of derived stacks, of relative dimension
d(f). Then one has a relative fundamental class (also called “Gysin map”)

* [f]
(3.21) 700z L 110, i,

In fact, (3.21) induces a natural transformation f* — f-a(f)). To see this, we note
that there is a base change natural transformation for K, Ky € D(Z)

(3.22) [ ® 1K) = fH(K © Ky)

arising from the Cartesian square

Iy
Y—YXxZ

17, T

ANy N/

where I's is the graph of f. Taking Ky = Q, 7 in (3.22), the relative fundamental class
induces

1K) = (K1) @ f(Ke)
G20, ) ® A Ka)-airn 22 11K ® Ka)i-di)
= F{(K) =a ().

The base change property of relative fundamental classes [16, Theorem 3.13]
says that for a derived Cartesian square of derived Artin stacks

f/

Y — 7’

Y —Z7

with f (hence also f”) quasi-smooth of relative dimension d(f) = d(f”), the base change
homomorphism (s")* f' — (f”)'s* fits into a commutative diagram

() [ ==’
(3.23) ml l[m
(s)* fli-a(r)y —— (f)'s* =)
and dually, the diagram below commutes
() f ()"
(3.24) [f]l l[f’]
(") =iy == (f)'s"-arn
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3.5. Pull-pull. — Suppose the square (3.1) is Cartesian. Then we have a base
change transformation

(3.25) (g — (@)'f"

To construct this, we construct the adjoint map g' — £/ (g’)' f*. We start with the proper
base change natural isomorphism, g'f, = £/(g’)". Then we compose this with the unit

of the (f*, f.)-adjunction:
unit(f) .~ ;. .
g —— gL — L&
Now suppose only that (3.1) is pullable, i.e., the map a in (3.2) is quasi-smooth.
Then we have a natural transformation

7\ * * a’o * * [a] * ’ *
(8.26) (fg =afg L5 agdf = dd frdw) = (&) f-dw).

Here the map o is induced from the proper base change isomorphism as in (3.25). We
have also used the natural transformation

[a] : a* — d'(-d(a))

induced by the derived fundamental class of the quasi-smooth map a.

3.5.1. Gysin natural transformation. — We often denote such a natural transfor-
mation induced by a pullable square by a,

(3.27) (f)'g = () )

where 6 = d(a) is the defect of the pullable square.

Remark 3.12. — 1f (3.1) is pullable, the map (3.26) then induces the following

maps by adjunction
(3.28) g (f)" — fra-o.

This resembles the pull-push map (3.5) (with the square flipped), but the arrow is in
the opposite direction and there is a shift and twist.

Example 3.13. — If f is smooth and f’ is quasi-smooth, then the square (3.1)
is pullable with defect d(f”) — d(f). In this case, the base change map (3.26) can be
alternatively described as the composition

e 1 U / N
(3.29) (F'e L5 (tearn = (@) fleaurn = (@) w-ai
where the last isomorphism is induced from the inverse of the isomorphism [f] : f* —

fl-da(r)) since f is smooth. The agreement of the composition above and (3.26) can
be proved by a similar argument to that of Example 3.6.
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3.5.2. Compositions. — The setup is the same as in Section 3.2.1.

Lemma 3.14. —  Consider the commutative diagram (3.8).

(1) If both the upper square and the lower square are pullable, then the outer square formed
by (4, B, E, F) is also pullable.
(2) If upp, Slow and Sou denote the defects of the upper, lower, and outer squares respectively,

then
(330) Oout = 5upp + 5low-
Proof.
(1). — Consider the commutative diagram (3.9), in which all squares are Carte-

sian. Both @ and ¢ are quasi-smooth, hence 4 is also quasi-smooth. It follows that 4 o a
is quasi-smooth, i.e., the outer square is also pullable.

(2). — The defect equality follows from the fact that 8.y, = d(a), 61, = d(¢) =
d(b) and 6o = d(b o a). g

Proposition 3.15. —  Suppose in the commutative diagram (3.8) both the upper and
the lower squares are pullable. Let &,pp, 810 and Soue denote the defects of the upper, lower, and
outer squares respectively. Then the following diagram is commutative

INE (T * fra INE (S * ) ’” * ok
(f ) (}l ) g! — (f ) (g )'h (=0low) i) (g )'f h <_5low_6upp>
s | |

(Ko f)g' - (g") (ko f)"¢=60u)

Proof. — Consider the diagram (3.9). Let ’: B — B be the pullback of g’.
Consider the diagram of natural transformations

(fr)*(h/)*g! — (f/)*c*}l'*g!

A * [£] A% * *~* * o
(f) e gh = (f) g (o) =a" G (o)
(3.32) J
* ok ~*~* * ok ~* * * ~* * [d] ~* *
a'b fhg a'b [ g ————— &b [ (51 ———— @' G (5o
YR =Y [ ——— a8 G, [ (~510) ————— @D G} (=50

Tracing along the top and right edges gives the top and right path of (3.31), while tracing
along the left and bottom edges of (3.32) gives the bottom and left path of (3.31), using
that [a] o [6] = [b o a]. Therefore, it suffices to verify that all the rectangles of (3.32)
commute. For the rectangle on the left, this is because the proper base change natural
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isomorphisms are compatible for compositions of Cartesian squares. For the middle
rectangle, the commutativity is an instance of (3.23). For the two rectangles in the
bottom row, the commutativity is obvious. mi

Proposition 3.16. —  Suppose we have two pullable squares

A2 B " ¢

(3.33) f// f/ f

DL)EL)F

(1) The outer square is also pullable. Moreover, if we let 5, and &, be the defects of the left
and right squares, respectively, then the defect of the outer square is Sou = 8¢ + 6.
(2) The following diagram is commutative

! ( /)!
(F) g' B =2 (e ) R o) 5 (g1 (B F*(=60-0,)
(38.84) ‘ H

(f")(hog) - (B o g f*(=60u)

Proof. — (1) is the same as Lemma 3.14. The proof of (2) is similar to the proof
of Proposition 3.15. i

4. The sheaf-cycle correspondence

As explained in the Introduction, an important part of our strategy is the real-
ization of our cycle classes of interest as “traces” (in a suitable sense) of cohomological
correspondences. Furthermore, we will need notions of pushforward/pullback of cohomo-
logical correspondences, and we will need to know in some situations that they interact
well with the notion of pushforward/pullback of cycles. We will explain this yoga in
this section; it constitutes a framework that we call the “sheaf-cycle correspondence”,
extending the classical sheaf-function correspondence.

In Section 4.1 we recall the notion of a cohomological correspondence, and the
definition of the trace of a cohomological correspondence. In Section 4.2 we explain
a variant of this construction, incorporating a Frobenius twist, that applies over finite
fields. The early parts of this section are similar to material already appearing in [11]
and [31, Section 1], but we need much more generality than is handled there.

In Section 4.3 and Section 4.4 we will review some situations in which cohomo-
logical correspondences can be pushed forward or pulled back; this uses the material
of Section 3. In Section 4.5 we explain some situations in which this pushforward or
pullback functoriality is compatible with the formation of traces, with proofs given in
Section 4.6. In Section 4.7 we apply the theory to compute the trace for certain types
of cohomological correspondences that will come up later. Finally, in Section 4.8 we
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introduce a dual notion of cohomological co-correspondence, which plays a role in later
analysis of the interaction with Fourier transform.

4.1. The trace of a cohomological correspondence. —

4.1.1. Basic definitions. — Let Y and Y7 be derived Artin stacks. A correspondence
between Yy and Y7 is a diagram of derived Artin stacks

C
N
Yy Y

Let Ky € D(Yy), Ky € D(Y7). A cohomological correspondence from K to K supported
on C is a map

CE‘]'KO — (,‘!17(1
in D(C). Let
4.1) Corre (Ko, K1) == Home (63 Ko, ¢1K7)

denote the vector space of cohomological correspondences from K to K; supported
onC.

4.1.2. Fixed points of a self-correspondence. — Now suppose that we have a fixed

isomorphism Yy — Y7, which we will sometimes use to identify Yy with Y;; however, it
will also be convenient to distinguish them at times. Let A: Y; — Y;; x Y7 be the diagonal
morphism. Define Fix(C) as the fibered product

Fix(¢) —2 ¢
(4.2) J J
Y() L) YO X Yl
where ¢ = (¢, ¢1).

4.1.3. Trace of a cohomological self-correspondence. — Let K € D(Yy). Then,
following [31, Section 1.2]° we will define a trace map

Tr: Corre (K, Ki-1)) — HeM(Fix(C)) := H™# (Fix(C), Dyix(c) (=1)).-

Observation 4.1. — Recall that one has the following isomorphisms:
(1) Forany K € D(Y;), K, € D(Y7), an isomorphism [31, Section 0.3]

RHome (¢, Ko, ¢} K1) = ¢ RHomy,xy, (prj Ko, pr; K1) € D(C).
(2) Forany K € D(Y;), K, € D(Y7), an isomorphism [31, Section 0.4]
RHomy,xy, (pry Ko, pry K1) = D(Kp) 8 K € D(Yy x 17).

5Technically, Varshavsky does not consider the variant with the shifted Tate twist (-i).
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Definition 4.2. — Let ¢ € Corrg (K, K(-i)). We will define its trace Tr(¢) €
Hg}w(Fix(C)). By Observation 4.1(1), we have

4.3) RHomc (¢;kK, 6'!17(<—i)) = ¢ RHomy, xy, (pry K, pr!1 K(-i)).
Then Observation 4.1(2) gives an isomorphism
4.4) ¢! RHomy, xy, (prj K, pr} K1) = ¢ (D(K) & K(-1)).

The evaluation map D(K) ® K(-iy — Dy, (~i) induces by adjunction a map
D(K) ® K(-iy — A.Dyy(-i).
Composing this with (4.3) and (4.4) gives a map

(4.5) RHome (i K, ¢} K(-1)) — ¢' ADy, (-
Finally, using (the adjoint form of) proper base change, we have isomorphisms
(4.6) ¢'ADy, (i) = AL(¢") Dy (-1) = A Dpiycy 1)

We may regard ¢ as a global section of RHomc (¢;K, ci?((—n). Then
Tr(c) € HY(C, A\ Dyiy(c)(-0) = Hy (Fix(C))
is defined as its image under the composition of (4.5) and (4.6).

Remark 4.3. — It may not be clear why Definition 4.2 is similar to the usual
notion of “trace”. The linear algebraic notion of trace has a natural generalization to
symmetric monoidal categories, and it is possible to view the construction above as a
special case of this general “categorical trace”, at least when i = 0. For a development
along these lines, see [23].

4.1.4. Shift and twist. — Let ¢ € Corr¢(Ky, Ky). For m, n € Z, the same map
¢: Ko — cll7<1 induces a map
cyKo[m](n) —> &K [m] (n)
which we denote by Tj(s) ¢. Then ¢ - Tpp (s ¢ defines an isomorphism
Tim(a) : Corre (Ko, K1) — Corrg(Ky[m](n), K1 [m] (n)).
When Y, = Y7 and K| = Kjy(-i), we have
Tr(Tpmy ) ©) = (-1)™ Tr(c) € HoM(Fix(C)).
4.2. Fix vs Sht. — We will be working with correspondences of objects over the
finite field k. Therefore, our objects will have a Frobenius endomorphism Frob, which
in terms of the functor points is the absolute Frobenius Frob, on the test scheme. We

will use this to twist the preceding construction by Frobenius.
For a correspondence

€0 ‘]
Y—(C—Y
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over k, we will let Sht(C) (or sometimes Shty) be the derived fibered product

Sht(C) —— C

(47) l Jv(co,cl)
(Id,Frob)
Y ——Y XY

This derived fibered product can also be presented with the derived Cartesian square

Shi(€) —— C
4.8) J J(Frob 000,¢1)

A

Y — Y XY

which is the “fixed point Cartesian square” for the correspondence datum

Frob o¢ a

4.9) Y——¢c Ly

where ¢ := € but with the left map twisted by Frob. In other words, we have a
canonical identification

4.10) Sht(C) = Fix(¢™M).

Given a cohomological correspondence ¢: ¢;Ky — 611‘7(] on C, with K; € D(Y),
plus the canonical Weil structure Frob™ K = K (because Y is defined over £ = F,),
we have a cohomological correspondence ¢V : (Frob o¢)*Ky — 6!17(1. In this way we
obtain a linear isomorphism

Corre(%Ky, K1) — Corray (Ko, K1)
sending ¢ to ¢V, If K} = Ky(-), then we define
T (¢) == Tr(c¢V) e HEM (Fix(Cc ")) = HEM(Sht(C))
using the notion of trace in Section 4.1 for the cohomological correspondence ¢!

supported on C (1,

Lemma 4.4. —  The tangent complex Uy (c)x, i the restriction of Te,. In particular,

if ¢y is quasi-smooth, then Sht(C) is quasi-smooth (over Spec ¥,), of virtual dimension equal to
d(cy).

Proof. — The tangent complex of Sht(C) over F, is the fibered product

TSht(C)/Fq — T¢p,Ise

J Jd(Frob 0¢(,€1)

A
Tyw,Ishc)y —— Ty/F,Isnic) ® Ty/r, lshe)
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Since Frob induces the zero map of tangent complexes, this fibered product simplifies to
T, Ish(c)- Since by assumption ¢; is quasi-smooth, this shows that Sht(C) — SpecF, is
quasi-smooth. i

Assume that ¢ is quasi-smooth, so that [¢]] € Hg%q) (C/Y) exists. Then
Sht(C) is quasi-smooth (over SpecF,), so the derived fundamental class [Sht(C)] €

Hg}lv([” ) (Sht(C)) exists.

On the other hand, regarding [¢;] as a map jQey — c’ng’ﬂ—d(c])), we have a
cohomological correspondence

% % [01]
Quy =Qrc =] Qry — i Quy(-d(e),

whose composition we call ¢y, and regard as an element of

Corrc(Qry, Qry(-d(e1))).

We equip Qg y with the natural Weil structure Frob* Q,y = Q;y. Then we have

Trg}"(cY) € Hg}iv(lq) (Sht(C)). It is natural to ask when it will be true that

4.11) Tr"(¢y) = [Sht(C)] € HEN, | (Shi(C)).

We will see below in Section 4.7 that (4.11) follows from Proposition 4.10 whenever
Y is smooth. We expect that proving (4.11) in more generality will be important for
integral modularity statements.

4.2.1. Shift and twist. — We view Qy(n) as a Weil sheaf where Frob acts as
multiplication by ¢=". If K| is another Weil sheaf over Qy, this equips K(n) := Ky ®q,
Q/(n) with a canonical Weil structure.

For ¢ € Corr¢(Ky, Ko(-i)) and m, n € Z., the shifted and twisted cohomological
correspondence Tjp () ¢ € Corrg(Ko[m](n), Ko[m](n)(-)) is defined in Section 4.1.4.
When Y, = Y7 and K| = Kjy(-i), we have

4.12) T (Tpmy () ©) = (=1)"g ™" Tr®™(¢) € HEM(Sht(C)).

4.3. Pushforward functoriality for cohomological correspondences. — Suppose we
have a commutative diagram of correspondences

C
VN
(4.13) Yo D N
dy d
ﬁJJ / Jfl
Zy Z

We assume that all morphisms are separated and representable in derived schemes.
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Definition 4.5. — The diagram of correspondences (4.13) is called left pushable if
the square with vertices (C, Yy, D, Zy) is pushable in the sense of Definition 3.2. In other words,
letting Dy = D Xz, Yy, the natural map ¢y = (f,co) : C — Dy is proper.

When (4.13) is left pushable, for any cohomological correspondence ;Ko 5
c!I‘Kl, we shall construct a “pushforward correspondence” fi(¢) : d;fo Ko — diflg‘Kl,
yielding a linear map

4.14) fi: Corre (Ko, K1) — Corrp(fonKo, /11 K1)
Given ¢, Ko 5 c!1‘7(1, we get a map

4.15) fieko 2 fidac

Recall from (3.4) that there is always a base change morphism

(4.16) fie\ Ky — d funk.

Since the left square of (4.13) is pushable, (3.5) gives a base change morphism
4.17) dy for Ko — fieyKo-

Precomposing (4.15) with (4.17) and post-composing it with (4.16), we get natural
maps

4.17 4.15 4.16
dfoto 222, faracy L1 g L1 4 fix

whose composition is a cohomological correspondence from f K to f11K; that we

denote by f(¢).

4.4. Pullback functoriality for cohomological correspondences. — Consider the dia-
gram of correspondences in (4.13).

Definition 4.6. — The diagram of correspondences (4.13) is called right pullable if
the square with vertices (C, Y1, D, Z)) is pullable in the sense of Definition 3.2. In other words,
letting Dy = D x 7, Y1, the natural map ¢; = (f,¢1) : C — D, is quasi-smooth.

In this case, we define the defect 65 of the map of correspondences f : C — D to be the
defect of the square (C,Y1, D, Zy), i.e., the relative dimension of ¢ : C — D Xz, Y.

When (4.13) is right pullable, for any cohomological correspondence 4;%j 5

a’i?(l, we shall construct a “pullback correspondence” f*(¢) : ¢ f; Ko — 6!1 Fi K=o,

yielding a linear map

(4.18) f7 2 Corrp(Ky, K1) — Corre(fy Ko, f; Kic-65))-
Given 4%, 5d i?(l, we get a map

(4.19) Frdwo 2 rdx.
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We have an obvious identification
(4.20) frdyKo = ¢y fy Ko-

Since the right square of (4.13) is pullable, we get a base change morphism (cf. Sec-
tion 3.5)

(4.21) [rdiK — o fyKi-5p).

Precomposing (4.19) with (4.20) and post-composing it with (4.21), we get natural
maps
o (420) L (419) ., (4.21) i
cofo Ko —— [ dyKo —— f di7(1 —_— c!lfl Ki(-o5)
whose composition is a cohomological correspondence between f; Ky and f;"Ki¢-s,)
that we denote by f*(¢).

4.5. Functoriality for the trace. — Now we examine some situations in which
pushforwards or pullbacks of cohomological correspondences are compatible with the
formation of trace.

Assume that in (4.13) we have fixed identifications

(422) Y() = Yl,Z() = Zl and ﬁ) = fl
so that Fix(C) and Fix(D) are defined.

4.5.1. Proper pushforward. — Assume the maps f and f are proper. Then (4.13)
is left pushable (cf. Example 3.3), and the pushforward fj on cohomological correspon-
dences is defined. Moreover, the induced map Fix(f): Fix(C) — Fix(D) is proper, so
that we have a map Fix(f);: HSM(Fix(C)) — H3M (Fix(D)).

In this situation, we have the following compatibility between f; and the formation
of trace, which generalizes [31, Proposition 1.2.5] and [23, Corollary 2.22].

Proposition 4.7. —  With notation as in (4.13) and (4.22), assume that fy, f, f are
all proper and let ¢ € Corre (K, K(-i)). Then we have

Tr(fi ¢) = Fix(f) Tr(c) € HPM (Fix(D)).

Proof. — We stress at the outset that the result is essentially due to Lu-Zheng:
their [23, Theorem 2.21] proves the result when i = 0 and all stacks involved are
schemes. Furthermore, their proof can be adapted to our more general setting without
much difficulty. To see the details written out, one can repeat the discussion of [6,
Section 5] verbatim with Dy, (—; Q) replaced by our derived category De(—; Q) of £-
adic sheaves. The statement in question is then the analogue of [6, Theorem 5.4.2].° o

6From a pedagogical perspective this is somewhat backwards, as the point of the sequel paper [6] is to
handle the more difficult setting of motivic sheaves. However, the referee accurately pointed out that this
Proposition was important enough that a reference for its full generality should be given.
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Remark 4.8. — Varshavsky’s proof of [31, Proposition 1.2.5] does not generalize
immediately to stacks (since he requires the existence of compactifications for all total
spaces), but the proof of Lu—Zheng applies as is (cf. [23, Remark 2.24]).

4.5.2. Smooth pullback. — Assume that the map f; (hence also f;) is smooth,
and f is quasi-smooth. Then (4.13) is right pullable (cf. Example 3.4) of defect
5 =d(f) — d(f1), hence the map f* on cohomological correspondences is defined.

On the other hand, we consider the map between fixed points.

Lemma 4.9. —  Under the above assumptions, the map Fix(f) : Fix(C) — Fix(D) is
quasi-smooth of dimension § = d(f) — d(f).

Proof. — Detine E = Fix(D) xp C. Then Fix(f) factors as
Fix(f) : Fix(C) - E 25 Fix(D).

We get an exact triangle of quasi-coherent sheaves on Fix(C) by taking cotangent
complexes:

(423) Q’*ng — LFiX(f) — La.

From the derived Cartesian square

E L Fix(D)

c

we get that Ly = y*L;. Denote both ¥ and Y7 by Y, and Z; and Z; by Z. From the
derived Cartesian square

Fix(C) —*—E

.

Y —YxzY

we conclude that L, = 7 Lay,, = j*Lg[1]. Combining these observations with (4.23),
we get an exact triangle

Since fy = fi : Y — Z is smooth, we see that j*Lj [1] is a perfect complex with
tor-amplitude in [-1,00). Since f is quasi-smooth, we see that a*y*Ly is a perfect
complex with tor-amplitude in [~1, e). By (4.24), we conclude that Liy(s) is a perfect

complex with tor-amplitude in [-1, ), i.e., Fix(f) is quasi-smooth. The relative
dimension calculation of Fix(f) also follows from the exact triangle (4.24). |

By Lemma 4.9, the pullback map on Borel-Moore homology

Fix(f)*: HyM (Fix(D)) — Hg~y, (Fix(C))
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is defined. It is induced from the map

. N [Fix(£)] ..
(4—25) FlX(f) DFix(D) e FlX(f)lDFiX(D)(—é) = DFiX(C’)<_5>

by taking global sections.

Proposition 4.10. —  With notation as in (4.13) and (4.22), assume that fi is smooth
and f is quasi-smooth. Let 6 = d(f) — d(f). Let d € Corrp (K, K(-i)). Then we have

Tr(f*d) = Fix(f)* Tr(d) € Hyy, (Fix(C)).

The proof of Proposition 4.10 is long, and will be given over the course of the
next subsection.

4.6. Proof of Proposition 4.10. — We begin with some preliminary technical
observations.

4.6.1. Another construction of the trace of a cohomological correspondence. — Let
notation be as in Section 4.1. We fix an identification Yy = Y] =: Y.

The following alternative formulation of the trace will be useful. By Observa-
tion 4.1, we may interpret a cohomological correspondence ¢: ¢;K — ci?((—:) as an

element of H"2/(C, ¢! (Dy (%) ® K)(-i)). We have a map
(4.26) H*(C, ¢ (Dy (%K) g K)) — H*(Fix(C), (A)*¢'(Dy (%K) ® K)).

Then the base change transformation (A’)*¢' AN (¢’)'A* for the Cartesian square (4.2)
induces a map

(4.27) H*(Fix(C), (A")*¢' (Dy (%) ® K)) — H*(Fix(C), (¢')'A*(Dy (%) ® K)).
Applying the trace map A*(Dy (K) 8 K) = Dy (K) ® K — Dy, we get a map

H™(Fix(C), (¢')'A"(Dy (%) ® K) (=i)) — H™ (Fix(C), (¢)' Dy (=)
H™*(Fix(C), Drix(c) (1))
: HIM(Fix(C)).

[l

(4.28)

Lemma4.11. — Themap Tr: Corrc (K, K-i) = H"2(C, ¢! (Dy (K)®K)(-i)) —
Hgl_M(Fix( C)) coincides with the composition of the maps (4.26), (4.27), and (4.28).

Proof. — 1In the proof we denote all pull-pull base change transformations (3.25)
induced by Cartesian squares with the symbol <.
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Comparing the definitions, the Lemma amounts to the commutativity of the
diagram
o X
6! unit(A") A;(A’)*C! A;(C’)!A*
(4.29)

A .
LA AA AL A
By definition, the morphism (A”)*¢! 5 (¢)'A* is the composition

w1 unit(A)

(AI) ¢ — (A,)*C'A*A* i) (A,)*A;(C,)'A*

counit(A”)
>

(')A
Therefore, the top row of (4.29) fits into a commutative diagram

. )
d A S AL

(4.30) lunit(A) counit(A’)T

1 unit(A")ounit(A)
¢

AL(A) AN —— AL(AN)*AL () A
Similarly we have a commutative diagram
AN ——— S AL()A
(4.31) \unit(A') Junit(A')
AL(N) ¢ AN —— (A). (M) (A) () A
Putting together (4.30) and (4.31), we get a commutative diagram

c! unit(A’) A;(A')*c! ° A;(Cl)!A*

‘ lunit(A) counit(A’)I

it(A”)ounit(A 3
c! unit(A”)ounit(A) A;(AI)*()'A*A* A;(A,)*A;(C,)'A*

‘ Tunit(A’) unir(A’)T

” )
! unit(4) AN —— L (A)()AT

whose upper and lower rows agree with those in (4.29). It remains to verify that the
vertical composition on the right column, counit(A’) o unit(A’), is the identity map. But
this is the triangle identity for the adjunction ((A”)*, A). i

4.6.2. Alternative description of pullback cohomological correspondence. — Recall the
setup of Proposition 4.10: suppose we are given a commutative diagram of derived
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Artin stacks

€0 ¢l
Yo——C—mnN

o ] s
dy d

Zo——D— 7

such that £} is smooth and f is quasi-smooth with d(f) — d(f1) = 6. We suppose a fixed
identification of fy: Yy — Z, with f;: Y] — Z;.

Since f is smooth and f is quasi-smooth, we may use Example 3.13 to give
an alternative description of the pullback map f* on cohomological correspondences:
given d : d;Kp — di?(l (where K; € D(Z;)), f*d is the composition

% L% % g% f*b %
afasKo = frdiKo — frdiK
0 I,
= &K iy = fiKaan = fK o).
By Observation 4.1, we have

(4.32) Corrp (%, K1) = HY(D, d' (D, (o) 2 K1),
(4.38) Corre(f7 Ko, fiKi1(-) = H(C, ¢! (Dy, (f7Ko) ® 7K1 (-6))).
Consider the commutative square

f

c—7’ p
[T
Yo x ¥1 20 70 % 2,

Since fj X f7 is smooth and f is quasi-smooth, this square is pullable (cf. Example 3.4).
The base change map (cf. Section 3.5) in this situation is defined and reads

Frd =5 (o X ) d(prd oy ed ().
Using the identifications (4.32) and (4.33), the map f* : Corrp(%y, K1) —
Corre (f; Ko, f;Ki1(-) is induced by the following map upon taking H':

[rd (DKo RK) S ¢ (fy DKy & fK1) (—d(f)+d(fo)+d(fi))

(4.34) = ¢(D(fyKo) B £ K1) -d(f)+d(fo)+d (i)

(/o] . N
2 {(D(fyKo) ® f7K1) (o).

4.6.3. Consider the commutative diagram

Fix(C) —"——¢c—7 . p

(4.35) ij A J X J"

Yy — Yy x ¥ 55 Zg x Z,
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The left square is derived Cartesian and the right is pullable. Therefore by Lemma 3.14,
the outer square is also pullable. By Proposition 3.16, the pull-pull base change map for
the outer square is the composition of the base change maps for the two inner squares

x rx gl Iy & x| * o (fox /1) 1Ak *
(4.36) iy fd — iy (fo X f1)(=6+d(fy)) —— jy Ay (Jo X f1)“(=6+d(f)).

On the other hand, consider the commutative diagram

Fix i
Fix(¢) X Fix(D) —% D

(4.37) ij sz ld
Jo

Yo—2 7, -2 L 7,x 7

where the right square is derived Cartesian and the left square is pullable, since f; is
smooth and Fix(f) is quasi-smooth by Lemma 4.9. Again by Proposition 3.16, the
pull-pull base change map for the outer square is the composition of the base change
maps for the two inner squares

| Fix(f)o
—_—

AN
(4.88) Fix(f)*i5,d Fix(f)*j,Ay — ji Sy Ay -6+d(fy) = v fO!A;<_(s>.

Since the outer squares of both diagrams (4.35) and (4.37) are the same, Propo-
sition 3.16 implies that both (4.36) and (4.38) give the base change map for the same
square. We thus get a commutative diagram

S(oX )y .
— AL (fy X i) (s (o))

Jo [ Ay (~s+d())

ivA
i frd ———— i (fo X ) (~6+d ()
(4.39) H

Fix(f)" . sl Ax
——— Fix(f) JzA%

Fix(f)*i5d"

4.6.4. Completion of the proof. — Now we may complete the proof of Proposi-
tion 4.10.

Consider applying (4.36) to an element of the form D(K)) ® K| € D(Zy X Z;):
we get a map

iy f*d' (D(Kp) mK1) — iyc (fyD(Ko) ® f; K1) -svd(fy))
(4.40) — jy Ay (fyD(Ko) B £ K1) (~o+d (o))
= jy (D(fyKo) ® £, K1 (-9)).
Here we use fD (%)) = j%'D = Dfy. As we have observed in Section 4.6.2, for
a cohomological correspondence d € Corrp(Kj, K7), viewed as a global section of

d' (D(%) ® K1), f*b is the image of b under the map on H" induced by the base change
map (4.34), which is the first step in (4.40).
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Suppose now that K} = Ky(-i) (and recall that fy = f;). Then we may com-
pose (4.36) with the map Try,: Dy, (f;Ko) ® (f;"Ko(-i-5)) — Dy,(-i-5) to get a se-
quence of maps

L3k * (4'40) . * *
wan iy f*d' (DKo 8 Kot-n) —— Jy (D (f5Ko) @ (f; Kopt-i-0)))

Try,
— jyDyy(=i-6) = Dyix(c)(-i-6).

Then by Lemma 4.11 and the preceding paragraph, the image of i}, f*d under (4.4 1)

is Tr(f*d) € HSX%(FiX(C)).

Next consider applying (4.38) to D(K))) ® K7 € D(Zy X Z1): we get a map
(4.42) Fix(f)"izd (D(Kp)rK)) — Fix(f)* j (D(Kp)@K1) — jy f5 (D(Kp) @K )i-6).
Suppose now K; = Ky¢-i). Then we may compose (4.38) with the map
Trz,: D(Kp) ® Ko(-iy = Dz, (~i) to get a commutative diagram
Fix(f)*i;d" (D(Kp) ® Ky(-) — Fix(£)* j5,(D(Kp) @ Ko(-i) — jiy S (D(Kp) @ Kiy(~i-5))
J“X(fyf!z Trz, l];f()’ Trz,
4.43) Fix(f)* j,Dz,(-1) —————— jb fiDzy(-i-)

. " ‘ (4.25)
FlX(f) DFix(D)<—i) —— DFix(C)<—i—5)~

Again we view the cohomological correspondence d € Corrp(Ky, Ko(-i)) as a global
section of d'(D(%p) 8 Ky(-i)). By Lemma 4.11, the image of this global section under
i, Trz, is Tr(d) € HEZM(FiX(D)). Since the bottom map induces Fix(f)* on Borel-
Moore homology, we get that the image of Fix(f)*i;,d in the lower right corner of (4.43)

is Fix(f)* Tr(b) € HYM, (Fix(C)).
Finally, the commutativity of (4.39) establishes that (4.41) agrees with the
upper-left to lower-right composition of (4.43), so then Tr(f*d) = Fix(f)* Tr(d) €

HEX%(FiX(C)), as desired. i

4.7. Derived fundamental class as a trace. — Let notation be as in Section 4.1, and
set Y :=Yy=17].

Proposition 4.12. —  Assume that Y is smooth over k and ¢y is quasi-smooth. Then we
have
Tr(ey) = [Fix(C)] € Hg{%q)(Fix(C)).
Remark 4.13. — This result almost appears as [26, Theorem 1.7], but we need

more generality than is treated there. We will see that the proof is almost a trivial
application of Proposition 4.10.
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Proof. — Consider the map of correspondences

€0 3]
Y—C—Y

pt——pt—— pt

On the bottom row we have the trivial correspondence ¢y = Id € Corrp(Qp, Qp).
By assumption 71 is smooth and ¢; is quasi-smooth, so 7 is quasi-smooth, hence the
diagram is right pullable, and it is immediate from the definitions that

m* ¢y = ¢y € Corre(Qry, Qry(-d(a1))).

Then Proposition 4.10 implies that

Tr(n* ¢p) = Fix(7)* Tr(cpr) = Fix(m)*[pt] = [Fix(C)] € ngm (Fix(C)). O

Corollary 4.14. — In the setup of Section 4.2, suppose Y is smooth over F, and ¢y is
quasi-smooth. Then we have

Tr"(¢y) = [Sht(C)] € HEMN, | (Shi(C)).

4.8. Cohomological co-correspondences. — Later when we study how cohomologi-
cal correspondences interact with Fourier duality, we will naturally encounter variants
of the above constructions in terms of what we call co-correspondences and cohomological
co-correspondences.

4.8.1. Definitions. — A co-correspondence between derived Artin stacks ¥ and Y;

is a diagram’

Yy g}
(4.44) \ /
B ‘o
C/

We define a cohomological co-correspondence from Ky € D(Y) to K, € D(Y7) to be an
element of Home (¢},%Ko, ¢, K1) Let

(4.45) CoCorre (Ko, K1) := Home (¢}, Ko, ¢, K1)-
"We deliberately denote the map ¥ — €’ by ¢}. This is not a typo. This will be justified in the situation

when we can complete the diagram into one of the form (4.46), in which we follow the convention that
the names of arrows at opposite sides of a square differ by a prime.
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To see the relation between cohomological correspondences and co-correspond-
ences, suppose we have a Cartesian square

/\
\/

Then for Ky € D(Y,) and K; € D(Y7), there is a canonical isomorphism of vector spaces

(4.46)

(4.47) ve : Corren (Ko, K1) — CoCorrg: (Ko, K1)
given by adjunctions and proper base change
Hom (¢;%o, (,‘!17(1) = Homy, (¢116,%K0, K1)
= Homy, ((¢))" ¢}, %0, K1)
= Hom: (¢}, %0, 60, K1).
4.8.2. Pushforward and pullback of cohomological co-correspondences. — We have

dual notions of pushability and pullability for co-correspondences. Consider a morphism
of co-correspondences, i.e., a commutative diagram

Yy n
N
(4.48) Z et
N4
N

Definition 4.15. —  The diagram of co-correspondences (4.4 8) is called left pullable
if the square with vertices (Yy, C’, Zy, D’) is pullable in the sense of Definition 3.2. We define
the defect &5/ to be the defect of the square (Yy, C’, Zy, D).

Similarly, (4.48) is called right pushable if the square with vertices (Y1, C’, Z,D’) is
pushable in the sense of Definition 3. 2.

When (4.48) is left pullable, we have a pullback map of cohomological co-
correspondences (where K; € D(Z;))
(4.49) (f")* : CoCorrp (Ko, K1) — CoCorre (fy Ko, f; Ki¢-5))
defined as follows. For ¢’ : d],Ky — d, K1, we define (f”)*(¢’) as the composition

r o INSZ (f) (¢)
(4.50) i Ko~ (F1) d) Kot-op) ———— (f/) df Kii-op) — ¢ [ K1 (=6,



54 TONY FENG, ZHIWEI YUN & WEI ZHANG
where the first map is the natural transformation (3.28).

When (4.48) is right pushable, we have a pushforward map of cohomological
co-correspondences (where K; € D(Y;))

(4.51) A+ CoCorre (Ko, K1) — CoCorrp (fn Ko, f11K1)
defined as follows. For ¢ : ¢},Kp — ¢, K1, we define f’(¢’) as the composition

()
(4.52) di, forKo = fi ¢}, Ko —— f¢(, I — d|), fuT

where the last map is the push-push natural transformation (3.18).

4.8.3. Compatibility. — Suppose we are given a commutative diagram

Cb
N
PN

(4.53) p

where the top and bottom diamonds are derived Cartesian. We view f”: C" — D" as a
map of correspondences, and f¥: C* — D* as a map of co-correspondences.

Proposition 4.16. —  In the above situation,

(1) If f* is left pullable, then f° is right pullable, and & 1 = 0. Inthis case, we have a
commutative diagram for any Ky € D(Zy) and K, € D(Z;)

-1

CoCorr p: (Ko, K1) 2 Corrpy (Ko, K1)
-1
Y,
CoCorrgs (f5 Ko, f;K1(=8,4)) —— Corren (f Ko, f7Ki(-0,))
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Q) If f % is right pushable, then £ is left pushable. In this case, we have a commutative
diagram for any K, € D(Yy) and K, € D(Y7)

-1
CoCorr 4 (Ko, K1) T Corre (Ko, K1)

4.55) \ r J P
. o !
CoCorr s (finKo, K1) —— Corrpy (fn Ko, fir K1)

Proof.

(1). — Using that the top diamond in (4.53) is derived Cartesian, the fact that
the square (Y, C*, Zy, D¥) is pullable implies that the square (C°, Y}, Zy, D¥) is pullable
with the same defect. Using that the bottom diamond is derived Cartesian, we have
Y| Xz, D” = Y| Xp¢ Zg, from which we see that the square (C”, Y1, D", Z)) is pullable
with the same defect as (C?, Y7, Zy, D%).

We prove the commutativity of the diagram (4.54). Let ¢’ : d], %y — d/, K be
an element in CoCorrp;(Kp, K7). Consider the following diagram

* Lk ° A A (C())*A 1N ¢ £FBVE 7 (c(/))*(fu)* ¢ xRV E 7
cl!cofb (}<0 — (60) C“ 0 7(0 — (Co) (f ) dlywﬂ(_‘sfﬁ> — (60) (f ) d *7(1 (—6/,&)
(4.56) H J

ady N fie
en(fO) diKy — frdndiKo(-s ) —— f;(dg) i Kiy(-s ) ———— fy K1 (-

)

The right vertical map comes from the identity (¢/)*(f fys = f7(d})" by adjunction.
The map ¢ : (dj)*d], Ky — K that appears on the bottom row is obtained from ¢’ by
adjunction.

In the above diagram, the two ways of getting from ¢1y¢j Ko to f;"Ki(=6,), by
going right and down, and by going down and right, are obtained from 751 (fH*(¢)
and (f ")*yl‘)l (¢/) by adjunction respectively. Therefore it suffices to show that the above
diagram is commutative. The equality in the middle divides the diagram into two parts.
The right square is tautologically commutative. The top and bottom rows of the left
part both induce base change maps for the square (C°, ¥;, Zy, D¥)

(4.57) cny(fo o c0)* = en(dy o f7) — (dfj o f1)"dj\ (-6 = (f* 0 c)) d]y(~50)

by decomposing it in two different ways

Cb L) Yl Cb L) Y]
60[ Jvc() fbl Jfl
(4.58) Yo —s ¥ -4z
fol Jfﬁ do[ ld()
d &
Zy —— Dt Zy —— Dt

The two base change maps agree by Proposition 3.15, after adjunction.
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(2). — The proof is similar. We omit it as the statement is not used in the
sequel. i

5. Base change for cohomological correspondences

In this section we formulate and prove the Base Change Theorem for cohomolog-
ical correspondences (Theorem 5.3). This will be used in Step (4) of the outline in
Section 2.4.
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5.1. The setup. —

5.1.1. Correspondences. — Suppose we are given a commutative diagram of
derived Artin stacks, all of whose morphisms are separated and representable in derived
schemes,

a aj

0 1

\ " ‘ N " ‘ \
Vo Cy 141

) T m
b5.1)
£ g

81

! | Cs\l ! Sl\

20 z 2]
o ° Cw a Wi

satisfying the following conditions:

(1) The middle vertical parallelogram
Cy

~

Cy

(5.2)

is derived Cartesian.
(2) The three squares in the following diagram are pushable

(5.8) Upe—2 ¢y

fo f
\ o \
I/() — CV
7o

So Cs

2() ko X
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(3) The three squares in the following diagram are pullable

Cy ———— 1,

W | X

Cy |41
m

5.4)

hl 81

K
1

Cy —2  w

Moreover, the right square (Uy, V7,81, W;) above has defect zero.
We view Cys as a correspondence between Sy and S}, and similarly for Cy, Cy and
Cw.

5.1.2. Push and pull of cohomological correspondences. — Let K; € D(S;) fori =0, 1.
Lets € COI“TCS (Ko, K7).

Consider the back face of the diagram (5.1), viewed as a map of correspondences
m:Cy — Cs:

Uy — ¢y -2 1
(5.5) l J J
ko hy
Sg—— Cs —— 8

By assumption, this map of correspondences is right pullable. Therefore, by Section 4.4,
the map
(5.6) n* : Correg (Ko, K1) — Correy, (15Ko, 17K (-6x))

is defined (where the defect 6, is defined in Definition 4.6).
Consider the top face of the diagram (5.1), viewed as a map of correspondences
f:Cy — Cy:

Uy — ¢y -2 1
(5.7) jfo Jf Jfl
b0 by
Vo——Cyr — 1

By assumption, this map of correspondences is left pushable. Therefore, by Section 4.3,
the map
(5.8) fi: Corch (71'(*)7(0, 7TT7(1 (=6x)) — CorrCV (f()yira(]((), fl!ﬂﬁf(f(l (=6x))

is defined.

The composition of the two maps gives an element

(5.9) ﬁn*(s) € COI‘I’CV(ﬁ)!HSWO,ﬁlﬂTW1<—5n)).
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Similarly, the bottom face of the diagram (5.1)

h h
So +—— Cs —— 8

(5.10) JZO l \zl

¢ ¢
W()(LCW—l)W]

is left pushable and the front face

b by
|2 Cy "

(5.11) Jgo l l

¢ c
W()(—OCW—l)Wl

is right pullable. Therefore the cohomological correspondence
(5.12) g 2(s) € Corre, (g5201K0, g1 211K (-6,))
is defined.

5.1.3. Matching source and target. — We will now formulate a Base Change
Theorem for cohomological correspondences, which is the main result of this section.
The Base Change Theorem asserts that, referring to the diagram (5.1), for any s €
Correg (Ko, K1), the cohomological correspondences fin*(s) and g*z(s) on Cy “agree”.
To make sense of this statement, we need to relate the sources and targets of the respective
cohomological correspondences.

By assumption, the square (U, V), Sy, Wp) in (5.1) is pushable. We get a base
change map

(5.13) gi201 — ot : D(Sy) — D(V).

By assumption, the square (U, V1, 81, W) in (5.1) is pullable with defect zero. We get
a pull-pull map

(5.14) xizy s flgt: D(Wh) — D(Uy).

By adjunction (cf. Remark 3.12), it gives a base change map
(5.15) fur] — giz11: D(S)) — D(1).

Lemma 5.1. —  We have an equality of defects (Definition 4.6) 65 = 6.

Proof. — By Lemma 3.14, both defects are equal to the defect of the pullable
square (Cy, Vi, Cs, Wp), using that both (Cy, Cy, Cs, Cw) and (Uy, V1, 81, W) have defect
zero. m

Example 5.2. — A special case (which will be our case of interest) is when both
(Uo, Vo, So, Wp) and (Uy, Vy, 81, W) are derived Cartesian. In this case, the sources and
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targets of finr*(s) and g*z(s) are matched by the proper base change isomorphisms

(5.16) JoryKo — gozoKo,  fur Ki(=s0) — gizanKi(-s,).

Theorem 5.3 (Base Change Theorem for cohomological correspondences). — Under the
assumptions in Section 6.1.1, forany s € Corre, (Ko, K1), the following diagram is commutative

. g as) .
gy201 Ko — g12nKi (=6,

(56.17) 1(5.13) 1(5.15)
* () .

Jorry Ko ———— fum] Kic-6)
Here we use Lemma 5.1 to match the twists.

In particular, when both (Uy, Vy, So, Wo) and (Uy, V1, 81, W1) are derived Cartesian,
we have an equality of cohomological correspondences on Cy

(56.18) fim"(s) = g x(9)

under the isomorphisms (5.16).

Remark 5.4. — In applications to the modularity theorem, we are interested in
the special case where both (Up, V), Sy, W) and (U, V3, 81, W;) are derived Cartesian,
hy is quasi-smooth, Ky = Qy 5., K1 = Qp,5,(-d(h1)), and the map s : Ky = Q¢ —
/1!1“](1 = lz!IQ&S1 (-d(hy)) is given by the relative fundamental class [4;].

5.2. Proof of Theorem 5.3. — Unravelling the constructions of g*z (s) and fin*(s),
we see that they appear as the top and bottom rows of the following diagram

by8g520Ko g cpz0Ko g—v>g*21ﬁ87<0 £, gk Ky —— g e 2K A, b g7 211K (~5p)
(5.19) Jb'*]v Joh(“) ok 1;!14
% % Vﬂ("] s sk s fin's Al fia | ! s

boﬂ)gﬂ(ﬂ(n —)fgaUJrO'Ko = fir hO'Ko — fir h‘l'K| —»ﬁa'lnl'](](—&”) —_— b‘lf]gnl'K](—a‘,,>

Here, the arrows marked by v are the base change maps obtained from a pushable
square as in Section 3.2; the arrows marked by A are the base change maps obtained
from a pullable square as in Section 3.5, and the arrows marked by ¢ are the proper base
change isomorphisms, which are special cases of both v and A. The unmarked arrows
are the tautological base change maps from commutative squares.

To prove the theorem, we need to check that all three rectangles in (5.19) com-
mute. The middle square is clearly commutative. Below we check separately that the
left and right sleeves commute.
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5.2.1. Left sleeve. — We need to show that the diagram of natural transformations

g'v
bygyz0n == g cyzor — g ahy

(5.20) J”SV JV”S
v

b forms, —— fagm == fin*h},

is commutative. Here we have replaced the ¢ with the v in the right vertical arrow

because the proper base change isomorphism g*z — fiz* is a special case of the v map
from a pushable square.
Let

(5.21) ag:=npoag=hygon:Cy — Sy,
(522) ,80 = g00b0260 cg: Cv—> W().

The left cube in the diagram (5.1) provides two decompositions of the commu-
tative square

CUL)CV

(5.23) lao l 5

20
So —— W

The first is

CUL)CV

-,k
fo

(5.24) Uy —— 1,

[ e
20

So — Wy

in which both the upper and lower squares are pushable. After flipping the two squares
about the diagonal, Proposition 3.9 shows that the natural transformation v for the
square (5.23) agrees with the composition

* *

b v,
0 0
(5.25) Bozor == b,g;201 — b}, forr;; — fia;m,

feg -

This is the lower composition of the diagram (5.20).
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The second decomposition of (5.23) is

CU L) CV
Fol
(5.26) Cs —2— Cy

]

20

SO — WO
in which both the upper and lower squares are pushable. After flipping the two squares

about the diagonal, Proposition 3.9 again shows that the natural transformation v for
the square (5.23) agrees with the composition

* vh,
(5.27) Biron == &' ez —— g alhy — fir' by = fiary.

This is the upper composition of the diagram (5.20). Therefore both compositions
in (5.20) compute the same base change map v : (zo1 — fier(j. This proves that (5.20)
is commutative.

5.2.2. Right sleeve. — We need to show that the diagram of natural transforma-
tions

g*z!hll _ g*cllz“ B LN bllgi‘zm—ég)
(5.28) TM; bgAT

1A
f!n*hll fe, ﬁaﬁn?(—éﬁ — b’lﬁ!n’;<—5,,>

is commutative. Here we have replaced the o with the A in the left vertical arrow because
the proper base change isomorphism fir* — g*z is a special case of the A map from a
pullable square.

Let

(5.29) @1:=fioay=byof:Cy — 1,
(5.30) Bri=z10h;=¢cjoz:Cs — W.

The right cube in the diagram (5.1) provides two decompositions of the com-
mutative square

CU L> CS
(5.81) lfll Jﬁl

V1 i)I’Vl
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The first is
Cy —— Cs
-l
(5.32) Uy — 8,
I s
i —2 Wy

in which both the upper and lower squares are pullable. After flipping the two squares
about the diagonal, Proposition 3.16 shows that the natural transformation a for the
square (5.31) agrees with the composition

“pl ! S B R O U B
Thyz P AT 27 (=0x) P Ay f 81 (~0x)

(5.33) ' p @, g} ¢-00)

The second decomposition of (5.31) is
CU L CS

I, |

(5.34) Cy —— ¢y

b

V] —]>W]

in which both the upper and lower squares are pullable. After flipping the two squares
about the diagonal, Proposition 3.16 again shows that the natural transformation a for
the square (5.31) agrees with the composition

1
! fa

!
Ac
! 1 ! ! 171 !
ﬂ.*z.cl f.g*c.l f'b'lgi‘<—6g>—a'1gf<—6g>

(5.35) g

Combining the two expressions of a: n*ﬁ’l — allgi*<—6g> = aigi*(—é,,), we get a commuta-
tive diagram

Ay T A 11
—— g ——— [ bg -5

1 ! H

Az 1 a; A

AN ! N ! Vel
Thyz) —— @\ 2 (=6x) — a [ g (=6x)

w01
71'.2’()1

(5.36)

Compare (5.36) with (5.28). Starting in both diagrams from the lower left
corner, going upward then turning right to arrive at the upper right corner, we see the
two maps

(5.37) ﬂ*}l'12’1 I f!b!lgf<_6g>7
(5.38) fm*h!] — b!]g’l"zm—ag),
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are related by adjunctions (£, f) and (zq), z!l). Similarly, starting in both diagrams
from the lower left corner, going right and then turning upward to arrive at the upper
right corner, we get two maps of the above shape that are again related by adjunctions.
Since (5.36) is commutative, we conclude that (5.28) is also commutative. This
completes the proof of Theorem 5.3. i

Part II. Generalities on Fourier transform

6. Derived Fourier analysis

In this section we introduce a package of results that constitute what we call
“derived Fourier analysis”, because it occurs on generalizations of vector bundles that we
call derived vector bundles. These are the “total spaces” of perfect complexes, generalizing
how vector bundles are the “total spaces” of locally free coherent sheaves. Then we
generalize the Deligne—-LLaumon Fourier transform for £-adic sheaves from vector
bundles to derived vector bundles; we call this the derived Fourier transform. This theory
of “derived Fourier analysis” is needed to lift the function-theoretic Fourier analysis
in the proof for r = 0 to the level of sheaves. We establish several properties of the
derived Fourier transform generalizing familiar ones, deferring most of the proofs to
Appendix A.

6.1. Derived Fourier transform. — Let S be a derived Artin stack, and E — S a
vector bundle.

For E the linear dual of E, we have the tautological evaluation pairing ev :
E Xg E - 1A1 .

Lety: F; — QJ be a nontrivial additive character and £, be the corresponding

Artin—=Schreier sheaf on Al
The Deligne—Laumon Fourier transform is the functor

FT%: D(E) — D(E)
given by (following [20, Définition 1.2.1.1] in our normalizations)
K+ pryj(pro K @ev’ Ly)[r]

where r := rank(E) is the rank of E, and the maps are as in the diagram

EXSELAI
2N
E E

We will extend the Deligne—Laumon Fourier transform to certain “derived linear
spaces” that we call derived vector bundles, generalizing vector bundles.
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6.1.1. Derived vector bundles. — Let S be a derived Artin stack. There is a functor
Totg from the category Perf(S) of perfect complexes on § to the category of derived
stacks over §, which extends the usual construction of a vector bundle from a locally free
coherent sheaf. As far as we know, the construction is due to Toén and is documented
in [29, p. 200-201] (and essentially goes back at least to [28]); however, be warned that
Toén’s convention differs from ours: what he calls Totg(E) is what we would call Totg(E).
(The construction of Totg also appears in [16], who agrees with Toén’s convention and
therefore disagrees with ours.)

The elegant definition from [29, p. 201] explains that as a functor from (derived)
S-schemes to anima, Tots(&) sends u: T — § to Mapgcon(r) (O, #*E), alter taking into
account the reversal of convention as mentioned above. Here Mapgcop ) invokes the
enrichment of QCoh(T") over anima.

Definition 6.1. — For & € Perf(S), we will call E := Totg(E) the derived vector
bundle associated to E. The virtual rank of E, still denoted rank(E), is the locally constant
Sfunction on S given by s «— x (&;), the Euler characteristic of the fiber of & at a geometric point s.
In general, for perfect complexes denoted with calligraphic letters such as &, &, etc.,
the corresponding roman letters such as E, E’, etc. denote their associated total spaces.

The map 0 — & equips E with a zero-section
ZE: S — E.

We caution that zg is not necessarily a closed embedding; it is a closed embedding exactly
when E comes from a perfect complex & with tor-amplitude in [0, o).
Also, the map & — 0 equips E with a projection

ng: E— S.

We caution that 7 is not necessarily representable in derived schemes; it is representable
exactly when E comes from a perfect complex & with tor-amplitude in [0, c0).

Remark 6.2. — If the perfect complex & has tor-amplitude in (—o0, 0], then
the morphism E — S is represented by stacks which are classical in the sense of being
isomorphic to their classical truncations. If & has tor-amplitude in [0, o) then the
morphism £ — § is represented by derived schemes. Therefore, duality of derived
vector bundles interchanges “stackiness” with “derivedness”.

6.1.2. Geometry of derived vector bundles. — We record some observations about
the geometric interpretation of derived vector bundles.

Example 6.3. — Suppose & has tor-amplitude in [0, o) (sometimes referred to
as & being co-connective). Then E* has tor-amplitude in (—oo, 0], and in particular is an
animated Og-module. The forgetful functor from animated Og-algebras to animated Og-
modules has a left adjoint, the derived symmetric algebra functor Sym§ (see for example [24,
Section 25.2.2]). Then Totg(&) is the relative spectrum of Sym§(&).
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Remark 6.4. — We will spell out a possibly more concrete way to think about
the geometric object Totg(&). We start by explicating Totg(E) in the special case where
& € Perf(S) has tor-amplitude in (—o0, 0] (sometimes referred to as & being connective).
Then Totg(E) represents the functor given by (derived) global sections, which at the
level of 0-cells assigns to a derived affine test scheme T — S the sections RI'(T, E|7)
viewed as an animated abelian group.

Next we explain how to generalize the construction of the preceding paragraph
to general & € Perf(S). It is immediate from the definition that the construction
&  Totg(E), defined so far on connective &, preserves limits (if they exist as connective
complexes), hence sends exact triangles &, — &g — &g to derived Cartesian squares

Tots(E1) — Tots(Eg)

l l

Totg(0) —— Totg(E3)

Note that Totg(0) = §; we call the map Totg(0) — Totg(E) the zero-section. We
extend the construction of Totg(-) to all & € Perf(S§) by this condition. Concretely,
Totg(E[-1]) is the derived self-intersection® of the zero-section of Totg(E),

Totg(E[-1]) —— Totg(0)

| |

Totg(0) ——— Totg(8E)

and for a general & € Perf(S) there exists some d such that E[d] is connective; then
Totg(E) is obtained from Totg(E[d]) by iterating the procedure of forming derived
self-intersection of the zero-section d times.

Lemma 6.5. — Let S be a derived Artin stack and f : & — F be a map in Perf(S).
Denote the associated map of derived vector bundles by f: E — F.
(1) The map f is smooth if Fib(f) has tor-amplitude in (—oo, 0].
(2) The map f is quasi-smooth if Kib( f) has tor-amplitude in (—oo, 1].
(8) The map f is a closed embedding if ¥ib(f) has tor-amplitude in [1, o).
(4) The map f is representable in derived affine schemes if ¥ib(f) has tor-amplitude in
[0, o).

Proof. — Note that if & is a perfect complex on §, then the relative tangent
complex Tg/s of the associated derived vector bundle is the pullback of & to E. It
follows that the relative tangent complex T is the pullback to E of Fib(f). From this,
(1) and (2) follow immediately.

For (3) and (4), we may work locally, and thus assume that F is represented by a
complex of finite locally free Og-modules

8Although we call this an “intersection”, the zero-section will typically not be a closed embedding.
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By (1), the map F=" — F is a smooth cover. We can check the properties in question
after smooth base change on F, so we can replace F by F2Y to reduce to the case where
¥ has tor-amplitude in [0, o). If Fib(f) has tor-amplitude in [0, ), then & also has
tor-amplitude in [0, ). From the explicit description of derived vector bundles in this
co-connective case (Example 6.3) we immediately see (4).

For (3), the property of being a closed embedding can be checked after classi-
cal truncation and smooth base change, so we may assume that the base § = SpecR
is a classical affine scheme. Since Fib(f) has tor-amplitude in [1, o), its dual has
tor-amplitude in (—oo0,—1]. Dualizing the exact triangle Fib(f) — & — ¥ gives an
exact triangle 7* — &* — Fib(f)*, which shows that H(7*) — H?(&*) is surjective.
Since, after the preceding reduction, & and ¥ have tor-amplitude in [0, o), the com-
plexes & and F* are animated R-modules; for an animated R-module M, one has
no Symp(M) = Symy (ngM). It follows that Symy (F*) — Sym%(E) is surjective on
ng. By Example 6.3, this says exactly that the map E — F is a closed embedding on
classical truncations. i

6.1.3. The t-adic Fourier transform for derived vector bundles. — Let S be a derived
Artin stack, & € Perf(S). For &* € Perf(S) the linear dual of &, we have a tautological
evaluation pairing & x &* — Og. Setting E := Totg(&) and E := Totg(&*), this induces
on total spaces a map

ev: Exg E — AL
The Fourier transform
FTY: D(E) — D(E)
is defined as
K +— pry(pry(K) @ ev* Ly)[r]

where r := rank(E) is the virtual rank of £ — § (which is constant on each connected
component of S, so the shift [7] makes sense over each connected component of §), and
the maps are as in the diagram

EXSELAI
N
E E

This extends the Deligne-Laumon Fourier transform for £-adic sheaves for vector
bundles, which corresponds to the case where & is a locally free coherent sheaf. When
the additive character  is understood, we will simply omit it from the notation.

6.2. Properties of the derived Fourier transform. — We now tabulate some basic
properties of the derived Fourier transform. Below we let r be the virtual rank of E — §.
The nontrivial proofs are all found in Appendix A. Below we use the adjective “canonical”
to describe an isomorphism whose construction does not depend on any auxiliary
choices; we emphasize this because the proofs require considering, at intermediate
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stages, natural isomorphisms that a priori depend on auxiliary choices (but are ultimately
seen to be independent of such choices a posteriori).

6.2.1. Fourier transform of Gaussians. — Suppose hg: E — Eisa symmetric
isomorphism. This induces:

e a quadratic form ¢: E — Al given by g(e) := (e, hz(e)), and
e a quadratic form g: E — A! given by 7(2) := (/lil(@,é).

Then one has a canonical isomorphism
[2]" FTr(g"Ly) = (-9)" Ly ® (nommg” Ly[r]).

The proof is the same as for classical vector bundles, which is found in [20, Proposi-
tion 1.2.3.3].

6.2.2. Base change. — Let h: § — 8. For a derived vector bundle E — 8, let
E — E be its base change along £. So we have derived Cartesian squares

—_~ hE = }ZE —~
E——E E—E
Lol
§— 8 S——

Then there are canonical natural isomorphisms of functors D(E) — D(E )

(6.1) FTzo(h%)* = (k)" o FTp

(6.2) FT5o(h5) = (k) o F T

and canonical natural isomorphisms of functors D(E) — D(E)
(6.3) FTgo(hE), = (hF), 0 FT

(6.4) FTgo(kE), = (h%). o FT.

The isomorphisms (6.1) and (6.3) follow directly from proper base change. The other
natural isomorphisms will be constructed in Section A.3.4.

6.2.3. Involutivity. — There is a canonical natural isomorphism FTz o FTg =
[-1]*(=7) of functors D(E) — D(E), where [—1] is multiplication by —1 on E.

Remark 6.6. — The construction of this natural isomorphism appears to be sig-
nificantly more involved than in the situation of the Deligne-L.aumon Fourier transform,
and occupies much of Appendix A.
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6.2.4. Functoriality. — Let f: E’ — E be alinear map of derived vector bundles
having virtual ranks 7/, r respectively. This induces a morphism f: E — E’ of dual
derived bundles. Then we have canonical natural isomorphisms of functors D(E’) —
D(E):

(1) f*oFTp = FTgofi[r - 1],

2) f oFTg =FTgofilr—7'](r—1"),
and canonical natural isomorphisms of functors D(E) — D(E’):

@) FTpof* = fioFTglr—11(r 1),

(4) FTE/ Of! = ﬁ o FTE[T, - T].
We record for convenience that in the Fourier dual coordinates, the previous two
isomorphisms become natural isomorphisms of functors D(E’) — D(E):

b) FTEof* = fiokTg[r' —r](v' - 1),

6) FTzof' = fioFT5[r—1].
Moreover, we shall see in Section A.2.6 that by construction, the natural isomorphisms
above intertwine the adjunction (f;, f') with the adJunctlon ( f f ) (up to shift and

twist), and the adjunction (f*, £.) with the adjunction (£, /) (up to shift and twist). In
particular, FTz sends the unit and counit

Id— f'f fiff —1d
to the unit and the counit”
FTp — £ FTg [ f.FTy — FTg

under the above identifications, and similarly for the other adjunction.

Definition 6.7 (The delta-sheaf). — For a derived vector bundle E — S, recall that
zg: S — E is the zero-section, which may not be a closed embedding. We define 6g := zp1Qy.s-

Example 6.8 (Delta-constant duality). — Suppose E — § is a derived vector
bundle of rank r. Then the natural transformation (1) gives an isomorphism

FTe(88) = Q, 7l7]
and natural transformation (3) gives an isomorphism

FTEQ[,E = 5E[—r](—r).

6.2.5. Verdier duality. — Letting Dg (resp. Djg) denote the Verdier duality
functor on E (resp. E), there is a canonical isomorphism naturally in K € D(E)

D(FT(%K)) = FT}, (D(%)) (7).

9In some normalizations of the involutivity isomorphism, a sign would appear here. We have set up our
formalism so that no sign issues intervene here.
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6.2.6. Convolutions. — For Ky, K| € D(E), we write
Ko *x K = +!(pr6 Ko @ pri K1)

where maps are as in the diagram

ExsE——E
2N
E E

For r = rank(E), there is a canonical natural isomorphism
FTE(Ko * K1) = FTg(Ko) ® FTe(K)[-7]

which is constructed formally from the functorialities of Section 6.2.4.

6.2.7. Plancherel formula. — There is a canonical natural isomorphism
(6.5) 7 (FT(Ko) ® FTE(KY)) = np (Ko ® [-1]"Ky) (-7).

To see this, we write the LHS as nE,A FTEXSE(prO(‘KO) ® pr}(%K1)), then use the

dual-side Cartesian square involving —A : E — E xg E and +5 to rewrite (zz)*(+z) by
proper base change.

6.3. Proper base change. — We will need the compatibility of the Fourier trans-
form with proper base change, at least under a “global presentation” hypothesis.

6.3.1. Globally presented derived vector bundles. — We introduce the following
definition for technical reasons:

Definition 6.9. — A perfect complex & € Perf(S) is globally presented if it is
quasi-isomorphic to a bounded complex of vector bundles on S,

By definition of Perf (S) such a presentation exists Zariski-locally on S, but we are asking for its
existence globally.

We say that the associated derived vector bundle E = Totg(E) is globally presented if
& is globally presented.

We say that amap f: E' — E of derived vector bundles lying over h: 8" — S is globally
presented if there exist global presentations E* for E and (E°)’ for E’ and f is induced by a
map of complexes (E°) — h*E°.

More generally, we say that a diagram of derived vector bundles is globally presented if
there exist global presentations for all derived vector bundles such that all maps between derived
vector bundles are induced by maps of these presentations.

Example 6.10. — Any diagram of classical vector bundles is globally presented.
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The role of the notion of global presentation is the following. Certain proofs
(deferred to Appendix A) towards the results already mentioned in this section rely on
the notion of global presentation at intermediate stages. Furthermore, in the statement
of Proposition 6.11 below, we impose a global presentation assumption. Various results
in later sections depend on Proposition 6.11 and will therefore also require a global
presentation assumption. We expect that this assumption is not actually necessary, but it
provides a “shortcut” for the proof, ultimately because a globally presented map can be
factored into the composition of a closed embedding and a smooth map (Lemma A.16).

6.3.2. Compatibility with proper base change. — Consider a Cartesian square of
globally presented derived vector bundles, along with the dual Cartesian square

B . C
A D an /’1\ 5
N A NS
C B

Then proper base change gives natural isomorphisms

(6.6) ghR= ) ad  g@f =g
Letd =d(f),d :=d(g). According to Section 6.2.4, there are natural isomorphisms
) Gf FT4=FTpg fild +51(6)

' and (F)g FTa=FTp (g [d +6](5).

Proposition 6.11. —  Assume that f and g are globally presented (in particular, A, C, D
are globally presented). Then the diagram

af FT,—=—FTpg*fild +5](5)

6o | |

(f) g FTa——FTp f'(g)*[d +61(6)

commutes, where the identifications are as in (6.6) and (6.7).

This innocuous-looking statement turns out to be rather involved to prove, so
the proof will be deferred to Section A (see Proposition A.18). As discussed above, we
believe that the technical assumption that f, g are globally presented is an artefact of
the proof.

6.4. Fourier transform of the Gysin map. — Let f: E' — E be a quasi-smooth
morphism of derived vector bundles over S, which by Lemma 6.5 is equivalent to
Fib(& — &) having tor-amplitude in (—co0, 1]. Then f has a relative fundamental
class [f], which induces a Gysin natural transformation f* — f ~d(f)), as explained in
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Section 3.4. Dualizing and d using Lemma 6.5 again, this is equivalent to the condition
that the dual map f E — E’ is representable in derived affine schemes, hence separated
and therefore has a “forget supports” natural transformation can(f): f; — f.

Example 6.12. — 1f E and E’ are classical vector bundles over S, then the map
f is automatically LCI (and therefore quasi-smooth). Indeed, the graph of f provides a
factorization

pr
E « ExsE —5 E
which is a composition of a regular embedding and a smooth morphism.
We need the following identification of the Fourier transform of the Gysin map.
After some inquiries, we found that this statement was unknown to experts even in

the case where f is a map of classical vector bundles, hence automatically LCI by
Example 6.12.

Proposition 6.13. — Let f: E' — E be a globally presented quasi-smooth map of
derived vector bundles and let f: E — E’ be the dual map to f: E' — E. Then the diagram of
functors D(E) — D(E’)

can(f)

fFTg £ FTg
(6.9) J y

FTw £ 1NN ~L5 FTy fiI-d(f)]

commaultes.

Remark 6.14. — The significance of Proposition 6.13 is to describe the derived
(relative) fundamental class [ f] in terms of classical geometry in the Fourier dual space.

The proof of Proposition 6.13 is rather lengthy. We will begin with several
reductions.

6.4.1. Reduction to a classical base. — The first observation is that for the purpose
of proving Proposition 6.13, we may assume that the base § is classical. To justify
this, we note that derived base change along the classical truncation §; < § induces
an equivalence of étale topoi, compatible with all functors such as f, fi, f*, f and

FTg, FTg . Itis also clearly compatible with the natural transformation can( f ) since
this does not depend on the derived structure. For the natural transformation [ ], which
does depend on the derived structure, the compatibility has more content, but follows
from compatibility of formation of relative fundamental classes with respect to change
of base [16, Theorem 3.13]. Thus, for the rest of the proof of Proposition 6.13 we may
and do assume that our derived vector bundles are over a classical higher Artin stack.
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6.4.2. Reduction to smooth derived vector bundles. — We begin by reducing Propo-
sition 6.13 to the case where E and E’ are both smooth (but still potentially stacky)
over S.

Lemma 6.15. —  We can find globally presented F, F' with tor-amplitude in (—co, 0]
and a globally presented quasi-smooth map g: F’ — F fitting into a derived Cartesian square
E -

(6.10) |7 h E

E—F

Proof. — We have by assumption that f is represented by a map of complexes of
vector bundles

i (&N —— () —— 0

6.11) l = lfm

el em 0

We induct on the statement: as long as m > 1 and f is quasi-smooth, any such diagram
is up to homotopy equivalence pulled back from one in which both rows are complexes
of vector bundles which vanish in degrees at least m (in both rows).

To prove this, we will replace (6.11) via homotopy equivalences by a map of
complexes for which f, = Id, for then

8/ (8/)<7ﬂ

|7 [

&E— &°m

is a pullback square, where (---)<™ refers to the naive truncation, and we may take
g: F > F tobe fop: (E)™ — <™. This g is globally presented by the truncated
complexes, and the pullback square identifies Fib(g) with Fib(f), so g is quasi-smooth.
Indeed, the assumption that f is quasi-smooth implies that it induces an isomorphism on

d+fm
H?Z? and a surjection on H', so by the assumption that m > 1 the map &™~ 1@ (&)™ adN

E™ is surjective. (Note that this makes sense only because we have reduced to a classical
base.) We may replace (&)"~! LR (&)™ by &1 g (&)1 Hed, g lg (&)™, and
replace the diagram (6.11) by

e ——— Sm—l @ (af)m—l M)am—l ® (8/)m — 0

l lld+fm_1 ld.q.fm

. —>8m—1 d Em 0

Hence we reduce to the case where f,, is surjective. Therefore, naive pullback along £,
computes the derived pullback. Then we may replace the bottom row in (6.11) by its
pullback along the surjection f,: (&)™ — &™. The map in degree m is now the identity
map, as desired. i
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Lemma 6.16. — If Proposition 6.13 holds for the map g: F’ — F in the right column
of (6.10), then it holds for the map f: E' — E.

Proof. — In the construction of Lemma 6.15, the maps £ and 4’ are obtained by
successively removing terms in strictly positive degrees, so they are closed embeddings.
Hence every object of D(E) is of the form A*L: for K € D(E), one has K ~ i*h. K. It
is consequently enough to verify the desired natural transformation on objects of the
form A* L, with £ € D(F).

By the base change property for relative fundamental classes [16, Theorem 3.13],
we have (2')*[g] = [f], meaning that the following diagram commutes:

T,
(R g"Qur — (')*g' Qup(-d(g))

FhRQur 7, [ Qe ri-di)
The commutative diagram (6.12) is the special case £ = Qy r of the Lemma; tensoring
it with 2*£ and using the construction of the Gysin natural transformation from the
relative fundamental class gives the corresponding base-change identity for every A* L €
D(E). We are granted that FTg ([g]) = can(g). Then applying FTg to (6.12), using
Section 6.2.4, and absorbing the normalizing shifts and Tate twists from Section 6.2.4
into the notation, we have that

FTe ([f]) = FTe ((F)[g]) = k| FTp ([g]) = & can(g) = can(f)

where the last equality used Lemma 3.10 (note that both maps g and £ are representable
in derived affine schemes, hence separated and locally of finite type). i

(6.12)

Hence we have reduced the proof of Proposition 6.13 to the case where E’ and
E are smooth over S, and in the rest of the argument we will assume this to be the case.

6.4.3. Equivalence of formulations. — Recall from Example 6.8 that for r :=
rank(E), we have FT(Qy ) = 6 z[—r](-r). Therefore, a special case of Proposition 6.13
is the following Lemma.

Lemma 6.17. — The relative fundamental class f*Qq g W, F'Qupi-d(r)) is sent
by FTg to

Fol-r1(=r) 2 s [—r1(=r).

However, the converse is also true, at least under the given assumptions.

Lemma 6.18. — Let E', E be derived vector bundles smooth over S, and f: E' — E
be quasi-smooth and globally presented. If Lemma 6.17 holds for f, then Proposition 6.18 holds

for f.
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Proof. — Indeed, let K € D(E). Then f*K — f!7(<—d(f)> is the composition

FK= Ko Qs L, rrac® £1Qpmi-ar)

= A K@ Qur)i-dif)y = f HK-air)

(6.13)

where we recall that the second arrow is the base change map for the Cartesian square

d,
E,(f) EXE

Jf lfxld
E—2 JEXE

Note that a global presentation for f induces a global presentation for this diagram.
Let us factor (6.13) into two halves:

Ide[f]

(6.14) K=K [ Quz —— K[ Qur(-d(f))
and
(6.15) FK® ' Qupi-dn) — f{K®Que)-d(f) = f'K(-d(f).

Abbreviate K := FTg(K). By hypothesis, the first half (6.14) is sent (up to shift and
twist by r —7’) by FTg to

-~ Id can(f) ~—
f‘K f?(*f& ——>f‘K*f5

Applying Proposition 6.11, we see that the second half (6.15) is sent (up to shift and
twist by r —r’) by FTg to

ﬁq?*ﬁéﬁ —O> ﬁ(??*éi) = ﬁ??
where the arrow comes from base change for the Cartesian square

ExE—E

Jld xf J f
~ o~ f +Id ~
EXE ——F
which has a global presentation induced by that of f.
To complete the proof, we need to show that the above composition agrees with

the “forget supports” map for f . This follows from the compatibility statement in
Lemma 3.10 that the following diagram commutes:

ﬁ??*ﬁ%%ﬁ??*ﬁéi

f((K 515) f(q(*éE)
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where the top horizontal isomorphism is justified by the chain of identifications (using
that zz and 2z are closed embeddings because &, & are connective by assumption)

(6.16) ﬁég = ﬁZg!Qz,s =25,Qes = 25, Qes = ﬁZE*Qe,s = ﬁ%-

Indeed, tracing the diagram along the left and bottom gives can( f ), while tracing along
the top and right gives (up to shift and twist by r — 7’) the natural transformation
FTgz ([f])- This concludes the proof. i

6.4.4. Proposition 6.13. — We now complete the proof of Proposition 6.13 by
establishing Lemma 6.17. By Lemma 6.15 and Lemma 6.16, we may assume that
E’, E are smooth over §. Then the map f is LCI, hence f!Qg,E(—d(f)) is isomorphic to
[ Qe e = Qp. Note that the space Homg (f*Qg,E,f!Qg’E(—d(f))) then identifies with
HO(E; Q) = HO(85Qp).

Similarly we see f(SE = §p = f(S and HomE/(féE,féE) HO(E; Q) =
H(S$;Q,). Of course, this also follows formally from the previous paragraph, since
FTg is an equivalence of categories.

By examining each connected component at a time, we reduce to the case where
S is connected. Then HY(S;Q,) = Qy, so the two maps in question differ by some
scalar. We want to verify that this scalar is 1; it suffices to check this after pulling back to
a geometric point of §: Fourier transform is compatible with pullback on the base, the
relative fundamental class is compatible with base change by [16, Theorem 3.13], and
the natural transformation can and the delta-sheaf identifications are functorial under
base change. Thus we reduce to the case where $ is a point.

For f ' the six-functor formalism is developed (cf. [32]) so that for a smooth
morphism £, the shriek pullback f* is equal to [ Henceif f: " — Eis surjective,
then the Gysm map is the identity map, and since f is a closed embedding the forget

supports map f f is the identity as well. So Proposition 6.13 is evident in this case.

By factoring f: E’ — E as the composition of a linear closed embedding and a
linear smooth map (cf. Lemma A.16), we may assume that f is a closed embedding
(since the statement of Proposition 6.13 is compatible with compositions). Since § is a
point, f necessarily has a splitting 7: £ — E’, which is necessarily smooth. Then since

no f =1d, we have

Qre =7 Qur ﬂ)f*ﬂ!QZ,E’<—d(ﬂ)> ﬂ>f!7T!Qz,E/<—d(:r)—d(f)> =Que-
Since 7 is smooth, [r] is the identity map. The composition [ o f] = [Id] is also the
identity map, so we deduce that with respect to the identifications f*7'Qy g (-d(r)) =
Qg and f !H!Q(,Er(—d(n)—d( ) = Qg g induced by the equalities in the equation above,
[f] is the identity map.
Similarly, we have

can(zg) -~ can(f)
fZEszs -l fZE*QZS EE— fZE*st = E,
Since zz is a closed embedding by the hypothesis that & is connective, can(zz) is the

identity map. The composition in the above diagram is can( f o zz), which is also the
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identity map because f o 2z = 25, is also a closed embedding. Therefore, can(f) is also
the identity map. i

7. Fourier analysis of cohomological correspondences

In this section we study how derived Fourier transform interacts with cohomo-
logical correspondences. This provides the main content towards Step (5) of the outline
in Section 2.4. In this section, all maps between derived vector bundles (over the same base) are
assumed to be linear, i.e., induced by maps of perfect complezxes.

7.1. Fourier transform of cohomological correspondences. — In Section 4.8 we defined
the notion of cohomological co-correspondence. These arise naturally as the Fourier
transforms of cohomological correspondences, as we now explain.

7.1.1. Over the same base. — Suppose we have a Cartesian square of derived
vector bundles over a base S,

/ \
Dualizing, we obtain a Cartesian square of derived vector bundles over §:

/\
\/

We may apply Section 6.2.4 to see that the cohomological correspondence py Koy — p!17(1

(7.1)

is taken by FT to a cohomological co-correspondence on cb
P01 FT g, (Ko) [=d (p0)1(=d (po)) — p1. F T, (K1) [d(p1)].
This may be converted as in (4.47) to a cohomological correspondence on ct

9o F 15, (Ko) — ¢, FTg, (1) [d(po) + d(p1)](d(po))

which we call T (¢). The construction ¢ — FT ¢ (¢) defines an isomorphism of vector
spaces

(7.2)  FTg : Corrgy (Ko, K1) — Corr (F T, (Ko), FTx, (K1) [d(po)+d (p1)1(d (o))

thanks to the near-involutivity of the derived Fourier transform.
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7.1.2. Varying the base. — In Section 7.1.1 we explained that cohomological
correspondences on certain correspondences of derived vector bundles over a base §
could be Fourier transformed to a dual correspondence.

We will define the Fourier transform of a cohomological correspondence in a
slightly more general situation, where the base of the derived vector bundles is also
permitted to change. Suppose we are given a map of correspondences

(7.3) Ey Cs Eq

where E, Ci’ and E) are derived vector bundles on Sy, Cs and §; respectively.
Let Ey and E; be the pullbacks of Ey and E; to Cs via A;. We can canonically

Po V4l . . .
extend the correspondence Ey ¢— C” — Ej into a commutative diagram

Here C* is defined to be the pushout of the correspondence of vector bundles E, &

c’ LR E;, so that C* is also a derived vector bundle over Cs, and the inner diamond
is derived Cartesian. When we view C" as a correspondence between Ej and E;, we
denote it by C”; when we view it as a correspondence between Ey and E1, we denote it
by C.

Taking dual derived vector bundles we get a diagram

Ch=C

Ey o

Again, when we view C# as a correspondence between E and E;, we denote it by C*.
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For K; € D(E;), i = 0, 1, we define an isomorphism of vector spaces
(7.4) FT¢ : Corre (Ko, Ki) — Corrg, (FT g, (%), FT g, (K1) 1dGo)+d )1 Fo)))
as the composition of isomorphisms

Corr ey (Ko, K1)
= Corrg, ((k§)*7<o, (}lf)!(Kl )
FTg

— Corr= (FT, (k)" Ko), FT g, (h)'KD) 14 G+ i) 1@ o))

> Corr= (k)" FT 5, (%0), () FT g, () 1o v ) 1 )
= Corr (FT g, (Ko), FTg, (Ki)1dGo)+d(31)1(d(30))-

Here we have used Section 6.2.2 in the second-to-last isomorphism.

7.2. Functoriality. — We state and prove functorial properties of the Fourier
transform of cohomological correspondences constructed in Section 7.1.1 and more
generally in Section 7.1.2.

7.2.1. Functoriality over the same base. — Suppose we have a commutative diagram

(7.5) 5o fi

of derived vector bundles over §, where the top and bottom diamonds are derived
Cartesian and all maps are linear.
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The dual diagram to (7.5) is

Dt

q %

A\ A
71

(7.6) 7

7

E,
;1

Lemma 7.1. — In the above setup, the following are equivalent:

(1) The map of correspondences f° : C* — D" is left pushable;

(2) The map of co-correspondences fF : g\ﬂ — 9\# is right pushable;

(8) The map of co-correspondences fb Ve Db - C b is lefi pullable;

(4) The map of correspondences f* : D¥ — C¥ is right pullable.
Moreover, when (3) and (4) hold, we have § A= ) oo

Proof. — Using that the bottom diamond in (7.5) is derived Cartesian, we see
that the following diagram is derived Cartesian

b
Cb — Ey XK D’
(7.7) pl[ P; <0
E; e—1> C"i X pt 1a

Now (1) & ¢ is a closed embedding of derived vector bundles & ¢, is a closed
embedding of derived vector bundles (by the above derived Cartesian diagram)

(2). This proves (1) < (2). The same argument shows (3) <= (4) and that

It remains to show that (1) = (3). Let &;, %, C, ... be perfect complexes
over S whose total spaces are E;, F;, C°, . ... We christen the maps between these perfect

complexes with the same names of the induced maps between their total spaces. Let P
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be the derived fiber of the linear map (g, f°) : C* — Ej xg, D" over the zero section Og;

let Q be the derived fiber of (io,]%) : Fy > Db X5 E, over the zero section Og.

Note that P is the total space of the perfect complex £ over § that is obtained by
taking the total complex of the double complex

b _
(7.8) AL U [Ny

Here the displayed complex means the totalization with C in horizontal degree 0,
&y ® D’ in horizontal degree 1, and ¥ in horizontal degree 2, while retaining the
internal cohomological gradings. By the preceding closed-embedding criterion, (1) is
equivalent to

(1’) # islocally represented by a complex of vector bundles in degrees > 1.
Similarly, Q is the total space of the perfect complex Q over § that is obtained by
taking the total complex of the double complex

- = N P iy
(7.9) Fo ), Db @ &y L1 b,

Here %, denotes the derived dual F,> and the same horizontal-degree convention is
used. Since pullability is quasi-smoothness of the corresponding comparison map,
Lemma 6.5 gives that (3) is equivalent to

(3") Q islocally represented by a complex of vector bundles in degrees < 1.

With these totalization conventions, dualizing the three-term complex defining
reverses the horizontal degree and identifies Q with P*[-2]. Thus # has tor-amplitude
in degrees > 1 if and only if Q has tor-amplitude in degrees < 1, proving (1') < (3’)
and hence (1) < (3). i

Assume that f° : C* — D" is left pushable. Then for %; € D(E;) (i = 0, 1), the
pushforward map

(7.10) (f")1 : Correy (Ko, K1) —> Corrpy (finKo, K1)

is defined. By Lemma 7.1, the map of correspondences }\ﬁ . DF 5 Chis right pullable.
Hence for £; € D(Ei) (i =0, 1), the pullback map
(7.11) (FH) s Corrg (Lo, £1) — Corrgs (i Lo, F; L1¢-0-)

is defined.
On the other hand, applying Fourier transform to f % and f;,X;, we have by
Section 6.2.4

(7.12)  FTx (fuKo) = f3 FTa,(Ko) [-d(f)],  FTr(fuK1) = f; FTe, (K1) [-d(fi)].

Lemma 7.2. — We have
(1) 67 = d(po) — d(qo).
(2) d(p1) —d(q1) +d(f1) = d(po) — d(gq0) +d(fp)
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Proof.

(1). — Let P be the perfect complex computing the derived fiber of €’ —
Ey x5, D", as in the proof of Lemma 7.1. That proof identifies the fiber complex

defining the defect of ﬂ with P*[-2], whose Euler characteristic is the same as that of
P. Since P is the total complex of C” — &y & D* — Fy, this Euler characteristic is

rank(C") — rank(Ey) — rank(D") + rank(Fy) = d(po) — d(go).

(2). — Both sides are equal to rank(C”) — rank(D"). Indeed,

d(p:) — d(q:) +d(f2)
= (rank(C”) - rank(£;)) — (rank(D") — rank(F,)) + (rank(E;) — rank(F;))
= rank(C") — rank(D")

fori=0,1. m]

Proposition 7.3. —  Assume the diagram (7.5) and its dual are globally presented, and
that all morphisms in these diagrams are separated and representable in derived schemes.

(1) Suppose the map of correspondences f* : C* — D is lefi pushable. Let K; € D(E;) for
i =0, 1. Then the following diagram commutes

FT,,
Corre: (Ko, K1) - Corr (FTg, (Ko), FTe, (KD)1d(po)+d (001 (p0)))

T J(fb)! l(f‘)*
T FT
Corrp (firKo, firky) — 210

% Corrr; (fAO* FTg, (7<o),fl* FTg, (51 [d(g0)+d (g1)+d(fy)~d(f)1(d(0)))

Here we use Lemma 7.2 to match the differences of the twists that appear in the right
vertical map with (=05, which is the correct twist for (f#)*.

(2) Suppose the map of correspondences f* : C* — D is right pullable. Let K; € D(F;) for
i =0, 1. Then the following diagram commutes

er
Corrpy (%o, K1) . Corr (FT g, (Ko), FTr, (K1) 1d(g0)+d(01) 1 40)))

J(f”)* l(f”»
N . Ty ¥l —~ ~
Corre (fy Ko, 7 Ki(=6 ) ——————— Corrg (for FT 5, (Ko), fir FLr (K 1d(0)+d(41)1(d(90)))

In (2), the lower-left term includes the defect twist from the right-pullback operation,
and here 6 p = d(p1) — d(q1). With this identity and Lemma 7.2, the shift and twist
introduced by Tiqs)1(a()) ¥ ¢r match the displayed lower-right term.
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Proof.

(1). — Below, to shorten notation, we write 7?1' := FTg (%;). By definition, FT
is the composition of two isomorphisms
FT, L
7.14) FT¢ : Corre: (Ko, Ky) —— CoCorr (Ko, KiLd(po)+d(p1)1(d (1))

1

YA ~  —~
SACEN Corrz (Ko, Kild(po)+d(p1)1(d (p0)).-

Here yEl denotes the inverse of the comparison isomorphism (4.47) for the dual
Cartesian diamond. Similar remarks apply to FT'),. Therefore it suffices to prove the
commutativity of the following two diagrams separately

FT’, ~ -~
Corr: (Ko, K1) : CoCorr (Ko, Ki ld(po)+d (p1)1d ()

(7.15) Lph fﬁr

Tiaipn FT e
Corr s (fuKo, f1151) ———= CoCorrg; (f5Ko, £, Kild(go)+d(g1)1+d () -d(/) 1 (d(g0)))

and

-1
CoCorra (Ko, K1) L) COFFa(WO, 1)

(7.16) yﬁﬁ yﬂr
-1
—~ o~ —~ o~ ’y —~ o~ —~ o~
CoCorrbT) (fy Ko, [7K1) SLLIEN Corrb} (fy Ko, [ K1)

Here the pullback map of co-correspondences ( fb)* is defined in Section 4.8.2.
In (7.16), the lower terms are displayed with the common defect twists suppressed: the
second arguments carry the twists attached to ( j?b)* and ( ﬂ)*, and Lemma 7.1 identifies
the corresponding defects. The commutativity of the diagram (7.16) is proved in
Proposition 4.16.

It remains to show that (7.15) is commutative. Since the statement does not
involve C* and D¥, we will omit the superscript b from the notations and denote C?, D’
by C and D. For ¢ € Corr¢(Kp, K1), denoting 7?, = FTg (%), we have to show the
commutativity of the outer square of the diagram

T(fic

v F ! !
FT (g forko) —— FT(fiprKo) — 2 FT(fip, K1) —— FT(g} k)

(7.17) , : : ,
T Ko [21C) —2 Frhoo [21(5) —m s P 21 () —— 1. 77K [21)

Here the arrows marked by v and a are the base change maps attached to the pushable
square (C, Ey, D, Fy) and the pullable square (F, D, E, C). The unmarked arrows are
induced by the natural transformation f p!l — 9!1 fir attached to the square (C, Ey, D, Fy)

and the natural transformation £*py, — §1. f;* attached to the dual square. The vertical
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isomorphisms are from Section 6.2.4. We have omitted the shifts and twists in the
bottom row.

The middle square above is commutative by the naturality of the isomorphisms in
Section 6.2.4. The right square is commutative: write fip} — g} fi; as the composition

| unit counit

(7.18) fP] —>fﬁ1f1f1' ff qlfl' —_— 91f1'

Therefore it suffices to note that FT transforms the unit map Id — f1 f]l (resp. counit

map fif' — Id) to the unit map Id - f£;, f1 (resp. the counit map f*f, — Id), as
explained in Section 6.2.4.

It remains to show that the left square in (7.17) commutes. Let C% = Ey x5, D,
with the induced map ¢ : C — C%. The square (C, Ey, D, F) can be decomposed as the
composition of two squares of derived vector bundles over §

E ¢

|, |

(7.19) E, <p_° Ch

I
70

Fo(—D

where ¢ is proper by assumption, and the bottom square is derived Cartesian by defini-
tion. Note that the assumptions guarantee that (7.19) is globally presented. Using the
compatibility of the base change maps with composition of squares proved in Propo-
sition 3.8 and Proposition 3.15, we reduce to showing the commutativity of the left
square in (7.17) separately for the two squares in (7.19), i.e., for two special cases:

(1) The square (C, Ey, D, Fy) is derived Cartesian (hence so is its dual square).
(2) The map fy = Id : Ey — Fy = Ey is the identity map, and f¥ is proper (i.e., a
closed embedding of derived vector bundles; dually f# is smooth).

The first case follows from Proposition 6.11 (proved in Proposition A.18), which applies
because (7.19) is globally presented. In the second case, we reduce to showing that the
outer square in the following diagram is commutative

FT gy — S FT(f5). (/%) FT(f9. ()" ————FT(f(p})"

(7.20) ! ! ! .
-~ ni TN R~ 0k l/EJ . h —
G FT 1100 5 (79} (P FT 12100 —— (793, FT 1710 e (F5)° g3, FT 110340 7o)

Here ? = —d(gp). (The global presentability assumption is used here to produce the first
and second vertical maps, since ¢ is not assumed to be smooth or a closed embedding.)
Now the left and middle squares commute because FT takes the unit to the unit. The
right square commutes by Proposition 6.13.

(2). — An analogous argument can be applied. Alternatively, (2) follows from
(1) using the near-involutivity of FT. i
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7.2.2. Functoriality over varying bases. — We next extend the preceding discus-
sion to the situation where the base space may vary. Consider a diagram of maps of
correspondences

SN

where E; and F; are derived vector bundles over S; (for i = 0, 1), and C® and D’ are
derived vector bundles over Cs. All maps between derived vector bundles are assumed
to be linear.. _ o _

Let E; — Cs, F; — Cs and f; : E; — F; be the base changes of E;, F; and f; along
hi: Cg — S;. Using the discussion in Section 7.1.2, we can canonically extend the upper
part of the diagram (7.21) into a commutative diagram

(7.22)

where the squares labeled by ¢ are derived Cartesian.

Since the leftmost parallelogram is derived Cartesian, the square (C?, Ey, D, Fy)
is pushable if and only if the square (C, Ey, D", Fy) is pushable. In other words, the
morphism £ : C* — D’ of correspondences is left pushable if and only if the morphism

fb : C" - D" of correspondences is left pushable. When any of these equivalent
conditions holds, we have a pushforward map

(7.23) £ Corres (Ko, K1) — Corrps (finKo, f1rK1)-
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7.2.3. The dual diagram to (7.22) is:

(7.24)

Since the rightmost parallelogram is derived Cartesian, the square (B\ﬁ R, Eﬁ E)) is
pullable if and only if the square (B ;7:, 571 a) is pullable. In other words, the mor-
phism ﬂ Dﬁ s Chof correspondences is right pullable if and only if the morphism
AR Fi Dﬁ — Cﬁ of correspondences is right pullable. When any of these equivalent
condmons holds, we have a pullback map

(7.25) (fH": Corrg (Lo, £L1) — CO”,}(E)*LO’ELN“W))’
Moreover, by Lemma 7.1, f” is left pushable if and only if;‘\ti is right pullable.

Proposition 7.4. —  Assume the diagram (7.24) and its dual are globally presented,
and that all morphisms in these diagrams are separated and representable in derived schemes.

(1) Suppose the map of correspondences f* : C* — D is lefi pushable. Let K; € D(E;) for
i =0, 1. Then the following diagram commutes:

FT,

Corre (%o, K1) Corr (FT g, (Ko), FT g, (K1) 1d(Bo)+d (1)1 (Go))
(7.26) ff“' |

4(f nk
Corrpy (forKo, /K1) T8, Corry ,,(fo FTg,(Ko), f; FT g, (K @) +d @) +d (o) ~d () 1 (d(@)))

Here we use Lemma 7.2 to match the differences of the twists that appear in the right
vertical map with (=05, which is the correct twist for (f#)*.
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(2) Suppose the map of correspondences f° : C* — DV is right pullable. Let K; € D(F;) for
i =0, 1. Then the following diagram commutes

FT,

Corrp, (Ko, K1) Corrg (FT'g (Ko), FTr, (K1) 14Go)+d @)1 (@)

J(f”)* J(ﬂh

N N ) Ty ¥l —~ _ o )
Corres (fy Ko, £ K1 (=5 ) ——————— Corrg (for FTx,(Ko), fir FTp (K1) 1d@)+d@) 1 @)

As in the same-base case, the lower-left term includes the defect twist for the right
pullback; in tilded notation 57, = d(p1) - d(q1)-

Proof.

(1). — Let Ky = (leE)*WO and K, = (/Lf)!7(1. Using the definition of F Ty and
FTp from Section 7.1.2, we decompose the square (7.26) into three squares

Corres (Ko, K1) ———— Corrg, (Ko, K1)

(7.27) \(f"n J(f”»
Corrp (frKo, f1rK1) —— Corrg, (fnKo, /K1)

FTa

Corrg, (Ko, K7) Corrz, (FT(Ko), FT (K1) 14 Go)+a (F1) 1 d Go))
(7.28) [(m l(}’:“)*

Ty T

~ ~ ~ ~ b = ~ = ~
Corrg, (fnKo, f1uK1) ————— Corr=((fo)" FT(Ko), (f1)* FT(K1)14Go)+d@)+d (fo)-d (/)1 (G0))

and

corra(FT(v?o), FT(%X)) ———— Corr; (FT (%), FT(%)))
(7.29) | [
Corr=((fo)" FT(Ky), (/1)* FT(K1) —— Corr (/3 FT(Ko), /i FT(%))
As in (7.16), the defect twists in the second arguments of the lower terms in (7.29)
are sgp(pressed from the notation. The commutativity of (7.28) is proved in Proposi-
nor /‘i.et us prove the commutativity of (7.27). After unraveling definitions, the

non-obvious part is to show the commutativity of the following diagram of functors
D(Eg) — D(D")

(1 F\* —q-*oo ~¢ 7 7 E\x V(/lg)* b7 (g EY*
qo(ho) ﬁ)! —_— QOf()!(ho) —)f; po(ho)

9,01 - b5

(7.30)
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This follows from Proposition 3.9 applied to the two squares

b Po > }’g
c —)EO—)EO

(7.31) Jfb Jf“ Jf”
138

0 = 0
D’ —— Fy —— F

Let us prove the commutativity of (7.29). After unraveling definitions, the
non-obvious part is to show the commutativity of the following diagram of functors
D(E;) — D(D*)

NN N s = @) S a o
(f5) (py) () —— (gp) (f1)" (h)) —— (g()" (A]) (f1)
(7.32)

) : () ()
This follows from Proposition 3.16 applied to the two squares

—~

= 5 = M
Dt — F— F

(7.33) J P \ ;

7 — E

Ct ——E ——E

(2). — The proof is similar. Alternatively, it follows from (1) using the near-
involutivity of FT. i

8. Arithmetic Fourier transform

In this section we introduce an “arithmetic” variant of the Fourier transform,
which will be used to do Fourier analysis on the Borel-Moore homology of moduli
spaces for shtuka-type objects.

Sht}, —— Hk},

J/ J( (b():br)
(Id,Frob)
|14 xV

—

When specialized to r = 0, the arithmetic Fourier transform recovers the finite Fourier
transforms used in Section 2.3 to prove modularity for r = 0.

8.1. The general setup. — Let T be a derived Artin stack and ¥ — T be a finite
rank F,-vector space over 7', meaning that Y is a finite-dimensional F,-vector space
object in stacks over T'. In particular, Y — T is representable (in schemes) and finite
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étale. Let ¥ — T be the dual F,-vector space, i.e., at the level of étale sheaves over T
we have

Y = RHomyz (Y, F,).
Note that Y = Y.
Then we have an “evaluation” map
ev: Y Xr Y —F P

where F, is the set F; viewed as a discrete scheme. Consider the diagram

Y Xr ?LF{,

>N
Y\ /?
T

Definition 8.1. — Let  be a nontrivial additive character of F ;- Letd be the rank of
Y as an Fy-vector space over T. We define the arithmetic Fourier transform (with respect

to ¢) to be the map

FT;rith,w: H*BM(Y) SN H*BM(?)
given by

@ +— (=1)? pryy(pry(@) - ev ).

Here, we used that HBM (<) is @ module over H°(—; Q,), or in other words, we can multiply
Borel—Moore homology classes by locally constant functions. More generally, HBM (<) is a module

over 12" (=; Q, (+).
Similarly, we define the arithmetic Fourier transform (on cohomology) to be the
map

FTarith,W: H*(Y, Q[,Y) — H*(?’ QZ,?)
given by
a — (=1 priy(pry(a) - ev' ¥).

When w is understood, we will suppress it from the notation, writing FT®™" = praithy,

8.2. Basic properties. — We establish some basic properties of the arithmetic
Fourier transform, parallel to those of the usual finite Fourier transform (Section 2.3.7).
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Lemma 8.2 (Plancherel property). — Let a} € HQBlM(Y) and

Bo € HY(Y;Q,5(j)).
Then
m(ar - FTU(Bg) = RET™ (1) - Bg) € HEM, (7).

Proof. — We have

m(ay - FT"™(By)) = (-1)m(ay - proy(pr} B - ev' )
= (-1)?m proy(pry @y - pr} By - eV ¥)
= (=17 pry(pryay - pri By - ev' i)
= (-D)?m@(pryy(prfay - ev* ) - Bg)
= m(FT" M (ay) - By). O

Next we examine compatibility of the arithmetic Fourier transform with base
Change Leto: T - T be a  proper map. Let Y7 — 77 be the pullback of ¥ — T and
Y’ — T’ be the pullback of ¥ — 7. So we have Cartesian squares

v 2y Y — 7Y
N N

The properness of ¢ ensures the existence of maps ¢;: HBM(Y”) — HBEM(¥) and
o: HEM(Y”) — HPM(Y).

Lemma 8.3. — Let ¢: T’ — T be proper and maintain the above notation. Then we
}Lave FTanth oY) =y 0 FTanth as maps H*BM(Y’) N H*BIW(Y)

Proof. — The pushforward ¢, satisfies base change against: smooth pullback,

proper pushforward, and tensoring with H(-, Q,), and FT"" is a composition of such

operations. O

Now suppose that ¢: T’ — T is quasi-smooth. Let Y’ — T’ be the pullback of
Y - T and Y’ — T’ be the pullback of Y — T. The quasi-smoothness of ¢ ensures

the existence of maps ¢*: HBM(Y) — HB+1\éId( )(Y’) and ¢*: HBM(Y) - HBl\é[d(‘p)(?’).

Lemma 8.4. — Let ¢: T’ — T be quasi-smooth and maintain the above notation.

Then we have FT™ op* = p* o FTh g maps HBM(Y) — HB}gd(@ (Y.
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Proof. — The pullback ¢* satisfies base change against: smooth pullback, proper

pushforward, and tensoring with H*(-, Q,), and F T s o composition of such opera-
tions. m]

Lemma 8.5 (Involutivity). — We have ¥ T;fith o FT;’IM’ = ¢?[-1]*, where [-1] is
multiplication by —1 on Y using its ¥ ;-vector space structure over T.

Proof. — First suppose that Y — T is a split étale Fy-vector space over T, i.e.,
there exists a (finite-dimensional) F,-vector space ¥j such that ¥ = ¥ x T'. In this case,

HBM(y) = HBM(T) ®q, Q¢[Yo] and the arithmetic Fourier transform simplifies to the

identity on HBM(T) tensored with the usual Fourier transform on Q,[Y;]. Therefore,
the identity follows as for the usual finite Fourier transform (Section 2.3.7).

Now, since Y — T is finite étale, it is split by some finite étale pullback ¢: 77 — T.
Letting Y’ — T” be the pullback of Y — T along ¢, the previous paragraph shows that

(8.1) FTE o FTH = g7 [-1]".
According to Lemma 8.3 and Lemma 8.4, FTa?r,ith op* = p* o FTmth and FT3 o =
¢* o FT?;“M‘, so composing (8.1) with ¢* shows that

(,0* FT;gith o FT;‘;ith — So*qd [_1]*
Now apply ¢r. Since ¢, o ¢* is multiplication by deg ¢ (which is invertible), we get the
desired equation. o

Let ¢: Y — Y be an F,-linear map of F,-vector spaces over T. In particular, ¢
is finite étale, so that we have maps

¢ YY) — HM (),
g IEM(Y) — I ().
Let 3: Y — Y’ be the dual map. As @ is also finite étale, we have maps
g HMT) — M),
G HPM(T) — HMT).

Proposition 8.6 (Functoriality for linear maps). — Keep the above notation. Let d, d’
be the ranks of Y, Y as ¥ ;-vector spaces over T. Then we have the following identities.
(1) FTo g = (=1)d-4' 5 FTmth as maps HBM(Y") — HBM(Y).
2 FT"‘”‘h * = (=1)?4g? =45 o FTA g5 maps HBM (Y) — HBM (7).

Proof. — First suppose that the entire linear map ¢ : Y/ — Y is split over T: there
are finite-dimensional F,-vector spaces Y, ¥ and an F,-linear map ¢ : ¥; — ¥ such
that Y’ =Y/ xT,Y =Yy x T, and (,0 ¢o x 1d7. Then HEM(Y) = HEM(T) ¢, Q/[Y0]
and HBM(Y ) = HBM(T) ®q, Q¢[Y;], the arithmetic Fourier transforms are the identity
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on HBM(T) tensored with the finite Fourier transforms, and ¢y, ¢*, @, and &* are the
identity on HBM(T) tensored with the usual finite pushforward and pullback attached
to ¢o and its dual. The two asserted identities therefore follow from (2.59) and (2.60).

In the general case, after working componentwise if necessary, choose a finite
étale surjective map s : Ty — T which splits the finite étale sheaves Y, Y’ and the
morphism ¢ : Y’ — Y in the sense of the previous paragraph. Then the proof reduces
to that in the split case, as in the proof of Lemma 8.5. i

8.3. Compatibility with sheaf-theoretic Fourier transform. — Let § be a derived stack
and p : E — S be a vector bundle (note that we deliberately do not allow more general
derived vector bundles here). Suppose ¢ = (¢p, ¢1) : C — § X § is a correspondence such
that ¢y and ¢; are separated and representable in derived schemes, and suppose we are
given an isomorphism of vector bundles over C

(8.2) L:coE = |E.

Let Cg be the total space of o E and of | E, identified via . Let p : E — S be the
projection, and let p¢. : Cz — C be the bundle projection. Then we get a correspondence
e = (eg,e1) : Cg — E X E that fits into a commutative diagram

€0 3]
E—Cy—FE

(8.3) P [ P

s o2 .g

such that both squares are Cartesian.

The above data induces a correspondence ¢': Cz — E x E by passing to the dual
vector bundles. Let p : E — § and P57 : Cz — C be the projections.

Let K € D(E) and ¢ : ;K — 6!1(]((—11) be a cohomological correspondence.
Applying Fourier transforms, using that Fourier transform commutes with arbitrary =
and ! base change (Section 6.2.2), ¢ induces a cohomological correspondence of FT z(%K)
as the composition:

—~ * FTcg (o) ! ]
(84) FTCE(C) ) FTE((}() ~ FTCE(eO(]() E— FTCE(eiW(—n)) =€ FTE((]()<—n).

Consider the map ¢! = (Frobg o¢g,¢;) : € — § x §. This makes C into a self-
correspondence of § in a different way, which we denote by 1. Similarly, we define

Cc 1(31) (a self-correspondence of E) and Cg) (a self-correspondence of E). Recall notation
(8.5) Sht(C) = Fix(c"),  Sht(Cg) = Fix(C."), Sht(Cj) = Fix(cé”).

Lemma 8.7. — The projections
(8.6) m: Sht(Cg) — Sht(C), 7 : Sht(Cz) — Sht(C)

are relative ¥ -vector spaces over Sht(C) that are dual to each other.
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Proof. — Evident. mi

Let K € D(E). Then K is equipped with a canonical Weil structure Frobz K =
K. A cohomological correspondence ¢ : ¢;K — 6!17( (-n) induces a cohomological

correspondence ¢! supported on Clgl):

(8.7) D e Froby, K ~ eS‘K—% 6117((—71).
Taking trace we get

(8.8) T3 (¢) == Tr(c™M) € HEM(Sht(Cp)).

Similarly, we have the cohomological correspondence FT¢, (¢)) of FT (%) supported
on Cél), and its trace

(8.9) T3 (FTe,(0) = Tr(FT¢,(0)V) € HeM(Sht(Cp)).
Theorem 8.8. — In the above situation, we have
(8.10) TS (F T, (¢) = FTgﬁ;}gCE)(TrSht(c)) e HgM(Sht(Cp)).

Proof. — It is easy to see that
(8.11) FTc, (¢W)=FT¢, (o).
Therefore we need to show
(8.12) Tr(FTc, (M) = FTgh g, (Tr(cM)).

Consider the following diagram of correspondences (correspondences are written hori-
zontally and morphisms between correspondences are written vertically)

Frob oe e
¢ L L E
pr] pri pry
~ Frobod, d —~
(8.13) ExsE—2¢cM % L Ex.E
EXSE
pry pry pry
E Frob og C,(\l) G E

Note that all squares are étale topologically Cartesian. The normalized Fourier transform
FT(¢() is obtained by applying the following unshifted correspondence operation and
then the normalizing shift by rank(E):

(8.14) FT(¢™M) = Tppankz)) Prai (g (pri (D)),

After applying Tr, this shift contributes the sign (=1)*(£) which is exactly the sign in
the arithmetic Fourier transform of Definition 8.1. Thus the unshifted calculation below
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proves the stated normalized trace identity. Here, for a cohomological correspondence
b:d;F — di"}‘(—n), t,(d) means the cohomological correspondence
(8.15) #,(d) : dy(F®ev* Ly) =~ dyF@ev' Ly, ———> d F(-n)y®ev' Ly =~ d (Fev* Ly)(-n)

where ev : Exg E — G, and év : CEX 7
pairings.
On the other hand, let

pri™ : Sht(Cy, 7) = Sht(Cr) Xsh(c) Sht(Cg) — Sht(C)
pry™ : Shi(Cp, 7) = Sht(C) Xshi(c) Sht(Cz) — Sht(Cp)

= Cg x¢ C5 — G, are the tautological evaluation

be the projections to the two factors (the maps are finite étale). Then the unshifted part of
FT*! is the composition prShl omy o pr?h‘*, and the prefactor (—1)""k(%) is the sign dis-
cussed above, where m, means multiplying the Borel-Moore classes on Sht(Cg) Xgp(c)
Sht(Cz) by the function evSht g where evSM : Sht(Cp) Xshi(c) Sht(Cz) — F, is the
evaluation pairing.

By Proposition 4.10, Tr(pr] (¢(M)) = pr?}“* Tr(c¢D). It is also clear that taking
trace intertwines ¢, and my. Hence

(8.16) Tr(ty pri (¢V)) = my pr‘?h'*(Tr(c(l))),

Let # = pri K ® ev' Ly € D(E Xg E), and d = typri(c) : jF — dif(—n) be the
cohomological correspondence of F supported on Cpy 5 It remains to show

(8.17) Tr(pro (d1)) = prgy Tr(d™).
This follows by applying Lemma 8.9 below to the - map of correspondences prq :
C ExsE = Cy (viewing E Xg E as a vector bundle over E). m|

Lemma 8.9. —  Consider the situation (8.3). Let K € D(E) and ¢ be a cohomological
correspondence ¢ : efHK — 8!1(]((—”). Let pSM : Sht(Cg) — Sht(C) be the induced map on fixed

po}fnts of C él) and CV, which is a relative ¥ ,-vector space (in particular a finite morphism).
Then

(8.18) Tr(pei(cM)) = pS Tr(¢V) € HEM (Sht(C)).

Proof. — Consider the projective bundle E = P(E ® O) — S that contains E as
an open substack. Similarly let C; = P(¢jE ® O) = P(¢]E ® O) — C be the pullback

projective bundle over C, via either ¢y or ¢;. Then Cj is a self-correspondence of E with
a proper map to C:

CE
(8.19)

C/M—‘h:”
(—
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Let E,, = E — E be the divisor at infinity, which is isomorphic to P(E). Similarly define
Cg,, = Cz — Cg, which is a self-correspondence of E.,. We define C g) and C éi) by

composing the first projections by the Frobenius. For the fixed points, we have an open
and closed decomposition

(8.20) Shi(Cg) = Sht(Cp) | | Sht(CE..).

Fiberwise over Sht(C), this decomposition takes the form P¥ (F,) ~ F]qv [JPVN-! (F,),
where N is the rank of E.

Let j : E — E and j¢ : Cg — Cj be the open inclusions. The map of correspon-
dences

& ——
~.
-
l’ﬂ(TTi’j

has both squares Cartesian, so it is left pushable. Therefore we have the pushforward
cohomological correspondence

(8.21) C:= Jcic € COYI‘CE(jﬂ(, jﬂ((—n)).

Here jc is the left pushforward of cohomological correspondences along the displayed
open immersion of correspondences. Since this open immersion and the Frobenius
twist are obtained by base change from the same maps, jei1(¢(V) = (joo)™M = ¢ and
per(¢D) = pojer(¢M). Since p and p. are proper, we have by Proposition 4.7,

(8.22) Tr(per(¢M)) = Tr(prjer(c M) = Tr(p €)= o Tre V)

—Sht

where p7 : Sht(Cz) — Sht(C) is the obvious map. On the other hand, since jc¢ is

an open embedding, we have by Proposition 4.10 that Tr(E(l))lsm(CE) = Tr(c¢M) €
HSM(Sht(CE)), therefore

(8.23) P (Tr(c M) = o (Tr(@ ) g cp))-
It remains to show that

(8.24) A TeE ) = T ) i)
which would follow from the vanishing

(8.25) Tr(€")lshices.) = 0 € Hov(Sht(C,.)).

The divisor E is invariant under Cx, since ¢ Il (Ew) = Cg_, and this closed substack
maps to E, by ¢y. Hence E is also invariant under the Frobenius-twisted correspon-

dence Cg). We claim that Cg) is contracting near E in the sense of [31, Defini-
tion 2.1.1(b)]. Let Z, be the defining ideal of E. in E. Because Cp, = e_al(Eoo) =
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EII (Ew), both £ 1, and &} I, are the defining ideal of C_, inside Cz. For the twisted left
leg Frob oeg, therefore,

(Frob oéy)" Iy = Frob* (7 Ze0) = (70e)? = (7 Z0)! € (717,

which is precisely Varshavsky’s contracting ideal condition.
Now we can apply the £-adic version of [6, Theorem 7.5.1] to the correspondence

C g) , the closed substack Z = E,, c E, and each connected component 8 of Sht(Cz_) as

an open-closed substack of the fixed point locus of C g) . Since C él) is contracting near
E.,, we conclude that the g-part of the trace satisfies

(8.26) Tr(e)p = Tr(cV |51 € HEM(B).

Here ¢V |£., is the restriction of the cohomological correspondence ¢ as defined in [31,
1.5.6(a)], which is a cohomological correspondence of (/1K)|g, = 0. Therefore the right

side above is zero, hence Trg &) =0 for any connected component of Sht(Cg_). This
proves (8.25) and finishes the proof of the lemma. i

Part I1I. Modularity

9. Modularity for cohomological correspondences

In this section we carry out Steps (2), (3), and (5) of the proof outline from
Section 2.4. Throughout this section we assume r > 1; the case r = 0 was handled in
Section 2.3.

First, in Section 9.1 we set up the derived vector bundles U, ¥, and W and their
Hecke correspondences; in the terminology of the outline in Section 2.4, U belongs to
Step (1), V to Step (2), and W to Step (3). Switching the roles of &; and &g, in Section 9.2
we define the corresponding dual-side derived vector bundles U+, V, W+, belonging
respectively to the same three steps. The main result of this section is Theorem 9.9,
showing that the Fourier transform on Hk?/ of the cohomological correspondence f; ¢y
agrees (up to shift and twist) with the parallel cohomological construction obtained by
interchanging &; and &gy. The proof of Theorem 9.9 uses the general results proved in
Section 5 and Section 7. We regard Theorem 9.9 as an incarnation of modularity at the
level of cohomological correspondences (the modularity of the higher theta series will
be extracted from it by taking a trace in the sense of the sheaf-cycle correspondence)
which explains the title of the section.

9.1. The stacks U,V ,W and their Hecke correspondences. — We begin by defining
various spaces of interest.
Suppose we are given a short exact sequence of coherent sheaves on X’:

9.1) 0— 08 — &) —>§1 — 0

where &1, &9 are vector bundles and Ql is torsion.
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9.1.1. Definition of U,V and W. — Below we denote S for a Harder—Narasimhan
truncation Bun>

u

Un)” (The reason for this truncation is to guarantee global presentability;

see Section 9.3.) We define several derived vector bundles over S. Let Fiv be the
universal Hermitian bundle over X’ x §. Let R be any animated F,-algebra.

e Define U := RHom(F

, &}) to be the perfect complex on § whose pullback

univ
to an R-point ¥ € S(R) is naturally in R isomorphic to RHomy, (F*, 8] ® R)
regarded in Modg. Let U := Totg(U) be the associated derived vector bundle
over §.

Define V := RHom(¥*

univ’

0)) to be the perfect complex on § whose pullback

to an R-point ¥ € S(R) is naturally in R isomorphic to RHomy, (¥, 0, ®R)
regarded in Modg. Let ¥ := Totg (V) be the associated derived vector bundle
over S. Since Ext}(;{ (F*,01 ® R) = 0 as Q; is torsion, V is in fact a locally free
coherent sheaf on S, so that V' — § is actually a vector bundle in the classical
sense. This fact is not important for this section, although it plays a role in later
sections.

Define W := RHom(¥ . ,0*Eg[1]) to be the perfect complex on § whose
pullback to an R-point £ € §(R) is naturally in R isomorphic to
RHomXI/{ (F*,0*E9[1] ® R) regarded in Modg. Let W := Totg(W) be the
associated derived vector bundle over §.

From (9.1) we get an exact triangle of sheaves on X’,

(9.2)

& — Q~1 — 0" Ey[1]

which induces the exact triangle in Perf(.S),

(9.3)

U—V—Ww.

Forming total spaces, this is equivalent to the derived Cartesian square of derived vector
bundles over S:

9.4)

U——VT
S—~2w

where z : § — W denotes the zero section.

Remark 9.1. — By [9, Section 5.7], U is isomorphic to the derived pullback of

the derived Hitchin stack “.ZG1(my,u () = Bungrmy X Buny,” from [9, Section 5]
along the map {&;} X § — Bungp, ) X Bung .
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9.1.2. Hecke stacks. — Recall the Hecke stack Hkp; .y from [9, Section 5.4]. The
R-points of Hky; () are diagrams

b
T2

/“\ P N

————————————— > F - .y T e T,

where each 7; € Bung(,)(R), and each le/Q

some conditions (for example, the maps are injective). We shall abbreviate such diagrams
as (%) € Hky(,) (R). There are maps

(9.6) hi: Hk;](n) — Buny,y, i=0,...,r

is a rank z vector bundle on X}, satistying

projecting to the datum of #;, as well as pr: Hky;(,) — (X’)" projecting to the “legs”
(r-tuple of points on X’ at which the dashed maps have poles).
We define the open substack Hky ¢ Hky; () as

HKS = a5 () n a7 ($) N n i 1(S).
Therefore the maps (9.6) restrict to give
hi: Hkg — S, i=0,...,7.

We will at some points find it convenient to distinguish the different copies of §, so we
will also sometimes use S; to denote a copy of S and write #;: Hk — S;.

9.1.3. Hecke stacks for U,V and W. — Given a diagram (%) € Hk(R), define

F2 to be the homotopy limit of the diagram '’

NN

This is a perfect complex on Xy, (as the limit of a finite diagram of locally free sheaves).
Explicitly, it admits a compact description as the complex (placed in degrees 0, 1)

(7:1[)/2@...@??71/2)_)(7—‘1@...@7—;_1),

1/2

where the map sends (sy/9, ..., ,_1/9) to (s12—53/9, ..., 5,-3/2—5,-1/2). This description
makes clear that 7 has tor-amplitude in (-0, 1]. Note that even for classical R, 7’
may have non-zero cohomology in both degrees 0 and 1.

Define F2* to be the Ox;, -linear dual of 77, i.e., the cone of the dual morphism
(in degrees —1 and 0)

(Fr@-@F ) — (Fly) @& (F ).

10%or y = 0, this is the empty diagram and the homotopy limit is interpreted to be the 0 object.
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Note that for classical R, F2* is a coherent sheaf on X % concentrated in degree 0 which
may not be locally free.
We have a natural map of perfect complexes on Xj

pi:Fe—F, i=0,1,...,r

that is the composition of the projection to le_ and the tautological map F; > 0 Fi

and the tautological map

1/2
when i > 0, and the composition of the projection to ?;E—l 12
7‘:&1 9 = ¥: when i < r. Both constructions give the same map up to explicit chain

homotopy when 0 < i < r. Dualizing p;, we get a map of coherent sheaves on Xy
(9.7) p; T — F

As F varies in HK, the construction % +— F2* gives a coherent sheaf ﬁ’lfiv,.
X’ x Hk.

We now construct various spaces over Hk.

e Define (Lllb{k := RHom(F"*

univ,e’

over

&?) to be the perfect complex on Hkg whose

pullback to an R-point () € Hkg(R) is naturally in R isomorphic to
RHomy, (‘7—?*,8“{ ® R) regarded in Modg. Let HK), := Totyy, ((L{Ib{k) be the
associated derived vector bundle over Hkf.

e Define (V}blk := RHom(%"*__,0}) to be the perfect complex on Hky whose

univ,e’

pullback to an R-point (%) € Hkg(R) is naturally in R isomorphic to
RHomy:, (F2*,01 ® R) regarded in Modg. Let Hk?, = Totyy, ((Vﬁlk) be the
associated derived vector bundle over Hkj.

e Define (Wlb{k = RHom(?:lbI’:iV’.,O'*Sg[l]) to be the perfect complex on Hkj
whose pullback to an R-point (%) € Hk(R) is naturally in R isomorphic to
RHomy:, (F2*,0°E9[1] ® R) regarded in Modg. Let Hk?,‘/ := Totyy, (’Wlb{k) be
the associated derived vector bundle over Hkj.

From (9.2), we get an exact triangle of perfect complexes on HKkG,
(9.8) (Ll%k — (VPbIk — (WPbIk‘

At the level of total spaces, this induces maps Hktz] ER Hktf, 4, Hka fitting into a derived

Cartesian square of derived vector bundles over Hk:

HK,, —L - HK,

9.9) l Jg

Hk —— Hk!,

Remark 9.2. — By [9, Section 5.7], Hkg] is isomorphic to the derived pullback

of the derived Hecke stack from [9, Section 5], “Hk'y, = — Bungp,m) x Hky ()"

along the map {&} x Hky — Bungy,(m) X Hkb(n)-
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9.1.4. Geometric properties. — Foreachi=0,1,...,r, let

. ZZ, — HKkj be the pullback of U — § along #;: Hkg — .
e V; — Hkj be the pullback of V' — § along &;: Hk — S.
e W, — Hkj be the pullback of W — § along &;: Hkj — S.

Let
(9.10) U — U, biv,—v, WVw—w,

be the natural projections. When no ambiguity can result, we also write U;, V;, W; for
copies of U, V, W over the copy S; of S.
The maps (9.7) induce natural maps of perfect complexes on Hk

b * b # b *
Uy — iU, V) — BV, W — KW

At the level of total spaces, these induce maps of derived vector bundles over Hky for
i=0,...,7r:

(9.11) @ :HK), — T, & :HK, — 7V, &:HK, — W,.
Composing these maps with &}, we get maps fori =0,...,r
(9.12) a;: HK), — Uy, b, :HK), — V;, ¢ : HK), — W,

Lemma 9.3. — We have the following properties of the morphisms in (9.11).

(1) Each morphism a; is a quasi-smooth closed embedding.

(2) Each morphism b; is quasi-smooth and separated (in particular, representable in derived
schemes).

(8) Each morphism ¢; is a smooth vector bundle.

Proof. — 1In all cases, the quasi-smoothness follows from the fact that the maps
are induced by the dual of (9.7). Indeed, for () € Hkg(R), write

(9.13) T; := Cofib(F;" — For.

Note that along each fiber over Spec R, the map F;* — F* is generically an isomorphism,
hence 7; is generically zero. Therefore, we can write 7; = t..(T}") as a pushforward from
some relative divisor ¢: Z < X}, such that Z is finite over Spec R. The relative tangent
complex of @; at any R-point of Hk?] over (%) is RHom(7;, & ® R). To analyze its
tor-amplitude, write

RHomy, (T;,&; ® R) = RHomy (T}, "8} ® R).

Since T, is perfect of tor-amplitude [-1,0] on Z, RHomz(T}?, &} ® R) is perfect of
tor-amplitude [0, 1] over Z. Since Z is finite over Spec R, the direct image preserves
tor-amplitude, hence RHom X}/{(T,-, E®R)is perfect of tor-amplitude [0, 1] over R.
Let T; univ be the universal version of 7; over X’ x HkY, and form the perfect complex
RHom (7 univ, E]) on Hk{. Then the relative tangent complex of g; is the pullback from
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Hk of RHom(7; univ, &, which is perfect of tor-amplitude [0, 1]. This shows that a;

is quasi-smooth.

Since being a closed embedding is a condition on classical truncations, the as-
sertion that a; is a closed embedding can be checked after base changing to the clas-
sical truncation of §. Then 7; is an honest torsion sheaf (concentrated in degree 0),
so RHom(7; univ, €7) is represented by a locally free coherent sheal in degree 1. By

Lemma 6.5(3), this imBIies that a; is a closed embedding.
The analysis of 4; is similar, except that its tangent complex is the pullback of
RHom(7;,univ, @1), which is locally represented by a complex of locally free coherent

sheaves in degrees [0, 1].
The analysis of ¢; is similar, except that its tangent complex is the pullback of
RHom(7;,univ, 0*E¢[1]), which is locally represented by a locally free coherent sheaf,

which implies that ¢; is a smooth vector bundle. i

By the argument of [8, Lemma 6.9], each map %;: Hky — S is smooth. Since
the maps % in (9.10) are all base changed from #,, we get the following Corollary.

Corollary 9.4. — We have the following properties of the morphisms in (9.12).

(1) Each morphism a; is quasi-smooth.
(2) Each morphism b; is quasi-smooth and representable in derived schemes.
(8) Each morphism c; is smooth.

Corollary 9.5. — The diagram

Uy il Hk), o U,
fo f fr
\ bo \ b, \
Vo HK, I 74
70
& g
&r
SO ho Hkg J{ 4 Sr
2 z r Zr
\ . ~ b . \
W, HK, — = W,

satisfies the conditions in Section 5.1.1. Here, z; and z are the inclusions of zero sections, and r;
and ©t are the natural projections.

Proof. — We first check all maps in the above diagram are representable in
derived schemes (this is abbreviated “schematic” below) and separated.
e The horizontal maps. The maps 4; are separated and schematic. By Lemma 9.3,
the maps a;, 6; and ¢; are separated and schematic. Therefore the same is true
fora; =AY o a;, b; =/L1Voz,- and ¢; = bV o 7.
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e The maps f;, f and z;, z. Since W, is a classical vector bundle stack over S;, z; is
separated and schematic. The same is true for z. By the Cartesian diagrams (9.4)
and (9.9), we see that f; and f are also separated and schematic.

e The maps n;, 7 and g;, g. The map g; is given by the linear map V — W of
perfect complexes on S whose cone is U[1]. To show g; and x; are separated and
schematic, it suffices by Lemma 6.5 to observe that U has tor-amplitude [0, c0),
which is clear from the definition. Similarly, the fact that (L(Ib{k has tor-amplitude
in [0, o) implies that g and 7 are schematic and separated.

The vertical squares (U, Vy, Sy, Wp), (HKS,, HK,, HkS, Hka) and (U,,V,, S,, W;)
are derived Cartesian by (9.4) and (9.9). It remains to check the pushability and
pullability of various squares, which will all be seen to be cases of Example 3.3 or
Example 3.4.

(1) The square (Hktb, Uy, Hk?,, V) is pushable. For this it suffices to base change
all relevant spaces to Hks and show instead that

Uy —— Hk),

Jfo \f

=k

is pushable. This follows from the fact that a; is proper (Lemma 9.3 (1)) and Zo
is separated.

(2) The square (Hkg, S, Hk%,, W,) is pushable. After base change to Hk, it suffices
to show that

HK, —— HLK}
l?o lz

WE)(LHI(I;V

is pushable. This follows from the fact that Idyyy;, is proper and ¢ is separated.
(3) The square (Hk%, U,, Hkg, S,) is pullable. It suffices to check that

Hk% .0,

ln l

HE}, —— HK}

is pullable. This follows from the fact that a, is quasi-smooth (Lemma 9.3 (1))
and Id is smooth.
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(4) The square (Hk?,, v, Hka, W,) is pullable. It suffices to check that

Hkt;,L»f/v}

Tl
Hk%‘, L W,

is pullable. This follows from the fact that ¢, is smooth (Lemma 9.3(3)) and b,
is quasi-smooth (Lemma 9.3 (2)). O

Lemma 9.6. — Fori=0,...,r, we have d(a;) +d(c;) = d(Z,-).

Proof. — We have
d(a;) = rank((LIIb{k) —rank(U)
d(b;) = rank(V}y,) — rank(V)
d(;) = rank(W},) — rank(‘W).
By (9.3) and (9.8), we get the result. O

9.2. The stacks U*,V, W= and their Hecke correspondences. — Dualizing the se-
quence (9.1) and applying o*, we get a short exact sequence

(9.14) 0 —0'8 — & — Qg — 0
where QQ = O'*QI =0 8xt1(§1,()xr).

9.2.1. Definition of U*,V and W+. — We apply the same constructions in
Section 9.1 to get derived vector bundles U+, ¥V’ and W+ over § = Bunf]’zn) that fit into

a derived Cartesian square

Uutr——v’

(9.15) J J

st

To spell out the details, for any animated F,-algebra R,

o Define U+ := RHom(F ;. , &) to be the perfect complex on § whose pullback
to an R-point ¥ € S(R) is naturally in R isomorphic to RHomy; (77,85 ® R)
regarded in Modg. Its associated vector bundle is denoted U+ — §.

e Define V" := RHom(¥ " . , Qo) to be the perfect complex on § whose pullback

to an R-point ¥ € §(R) is naturally in R isomorphic to RHomy, (7, Qg ®R)
regarded in Modg. Since Ext}(},e (F7%, Qg ®R) =0 as Qg is torsion, V’ is in fact a

locally free coherent sheaf on .S, corresponding to a vector bundle in the classical
sense. Its associated vector bundle is denoted ¥V’ — S.
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e Define W+ = RHom(¥*.,0*81[1]) to be the perfect complex on S

univ

whose pullback to an R-point F € S(R) is naturally in R isomorphic to
RHomy: (77, 0"&;1[1] ® R) regarded in Modg. lIts associated vector bundle
is denoted W+ — §.

Lemma 9.7. —  As vector bundles over S, Serre duality identifies V' with the dual
vector bundle V of V. Under this identification, U™ is identified with W, and W+ is identified
with U, and the derived fiber sequence (9.15) is identified with the dual fiber square to (9.4)

wW—
Sz—ﬁ>

Proof. — First we produce the identification V" = V. Forany F € S(R), we have
RHomy, (7,01 ® R) = RHomy, (Q7[-1] ® R, ¥) as perfect complexes over R. By
relative Serre duality, the latter is R-dual to RHomy, (F, Qi ®0, wx’ ® R). Using the

He——=

Hermitian form Ag: F = o*F Y, we have

RHomy, (7, Qﬂ{ ®0, wx' ® R) = RHomX;{(O'*TV,QVT ®0,, wx ® R)
= RHomy, (F*,0"Q] ® R) = RHomy, (¥, Q2 ® R).
(For classical R, note that all RHom’s appearing above are in fact concentrated
in degree 0, ~hence identified with their respective Hom’s.) This shows that
RHomy; (77, Q1 ® R) is R-dual to RHomy, (7,09 ® R).
Under the above identifications, the exact triangle

RHom(#;,., &) — RHom(F,,01) — RHom(F;,o"Es[1])
is dual to the exact triangle

RHom (% ;., €5) — RHom(7 ., Q2) — RHom(%,, &1 [1]).
On total spaces, this says that U - V — W isdual to U+ - V' —» W+, i

From now on, we will identify ¥’ with ¥ using Lemma 9.7.

9.2.2. More Hecke stacks. — We let Hk},. — HK}, and Hk},. — Hk%, be the
derived vector bundles on Hk defined similarly to Hktb — Hkj, and HK}, — HKk,
respectively, but interchanging &; and &y. We let Hkbﬁ — Hkj be the vector bundle

defined similarly to Hk), — Hk%, but replacing 0, with Qq.
Given a diagram (7,) € Hk(R), define

7:.ji :=C0ﬁb(771b/2@---®?;b_1/2—> 0@...@7_;)’
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where the map sends (s1/g,...,5-1/2) (0 (=51/2,51/2 = $3/2, -+ $-8/2 = Sr_1/2> $,-1/2)
(using the solid arrows in (9. 5) to map 7" " 19 1O F;_1 and F;). For classical R, ?'.ﬂ isa

coherent sheaf on X} concentrated in degree 0. Let Tiﬁ* be the O X, -linear dual of ?',ﬂ,
i.e., 7 is the perfect complex on X}, in degrees 0 and 1,

(Fo @ @F) — (Flg) @@ (F, 9.

Note that even for classical R, the cohomology sheaves of i may be nontrivial in both
degrees 0 and 1.

Comparing with the definition of 7 given in Section 9.1.3, we have an exact
triangle in Perf (X’ x Hkj):

9.16) 7o — (FoeF,) — 7l — 71
We now construct the #-version of the Hecke stacks over Hkj.
e Define the perfect complexes u’ Vi i . and W J L on HKkY similarly to 24°

b
Hk’ Hk’ (V
and W}, b respectively, replacing F2* w1th 7 Let Hk# := Totyy, ut ) HkN

Totyy (V, k) and Hk = Totyye (W, k) be the associated derived vector bundles
over Hks N N
e Switching the roles of &; and &9 and replacing Q; by Qq, we define analogously

the derived vector bundles Hkgﬂ, Hk’:7 and Hk‘;,L over HKk.

9.2.3. The exact triangle (9.16) induces three exact triangles in Perf(HkY):

Uy — U U — Ul — Ul (1]
Vo — Ve kv — Vi — Vi [1]
Wh — bW © ;W — W — Wi (1],

which induce three (derived) Cartesian squares of derived vector bundles over Hk:

/Hkb \ /Hkb\ /Hkb \

9.17) T,

NI AN SN

Analogously, switching the roles of &; and &g, and using the Qg instead of Ql,
the exact triangle (9.16) induces three (derived) Cartesian squares of derived vector
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bundles over Hkj:

HE?,.

Hkb
> Y / N 7 \
9.18) U+
<a>\, k/aw \ /ﬁo <c\ Aﬁ
# # #
HKE HKE HKE,

0

Lemma 9.8. — Let Hk),, HK}, and HK), be the dual derived bundles to Hk},, HK},
and HK),, over Hk.'! Then we have identifications

(1) HK!, = Hk and 1K, = HK, .
(2 Hk{ > Hk and HkA = Hk”

(8) Hkiﬂ = HK}, and HK,, = Hk”

Moreover, under these identifications, the first (resp. second, resp. third) derived Cartesian square
in (9.18) is the dual to the third (resp. second, resp. first) derived Cartesian square in (9.17).
In particular, we have

B’OZZZW ET:Z(/)’ E;':ZOa ﬁ():Z‘

Proof. — Similar to Lemma 9.7. i

HNote Hkl;, has a different meaning from Hkbﬁ.
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9.2.4. Summary. — Starting from (9.1), we defined a collection of spaces and
maps as in the diagram below:

b
HE,

!

>
Uy
N

/ AU
% \
[]0 Hkgj U,
\E
(9.19)
g
Here:

e The maps in the columns come from exact triangles of perfect complexes.
e The three diamonds in the middle are derived Cartesian.
e The four parallelograms on the left and right sides are derived Cartesian.
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Starting from (9.14), we defined a collection of spaces and maps as in the diagram
below:

b
- HkUL
a4y
r7L
th_ []0
(a)* i
Uy Hky,,
]?(”)L
Hk
oo L2 N
(9.20) 7, N\
4 \ g
+ / E/
7 HK:
&
~ /HK},.
g C(/

o W
h()
HK

1
WO wt r

Again:
e The maps in the columns come from exact triangles of perfect complexes.

e The three diamonds in the middle are derived Cartesian.
e The four parallelograms on the left and right sides are derived Cartesian.

Furthermore, (9.20) is the dual to the diagram (9.19). The duality exchanges
U with W+, V with V, and W with U+, and exchanges b and # superscripts. Sample
examples of dual morphisms in (9.19) and (9.20) are colored with the same color.

9.3. Global presentability. — We will want to apply the derived Fourier theory of
Section 6 and Section 7 to the ensemble of spaces and maps in Section 9.2.4. In order
to justify this we need to check that all the derived vector bundles are globally presented,
and all the maps are globally presented. The reason for Harder—Narasimhan truncation
(in this section) is to guarantee these properties.

The following observations are useful to perform this check.

(1) If7 is a torsion coherent sheaf on X’, then the perfect complex RHom(%* . ,7")

on Bunf]‘(‘n) is locally free.
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(2) Given p and any coherent sheat & on X, for any effective divisor D on X’ with
deg D sufficiently large (depending on p and &), RHom(% " . , E(D)) is locally
free.

Now, from the exact triangle in Perf(X”),
& — &(D) — &[p(D)
we get an exact triangle of complexes in Perf (BunU ()
(9.21) RHom(#7 .., &) — RHom(¥, . ,&E(D)) — RHom(¥, .., E[p(D)).

By the observations above, the second and third terms in (9.21) are vector bundles,
so this presents RHom(7* . ,&) as a 2-term complex of vector bundles. Since the

univ’? univ’?

derived vector bundles U;, W,, v, U, W, V, appearing in Section 9.1 are all instances of
this construction, they are all globally presented.

Furthermore, it & — &’ is a map of coherent sheaves on X”, then for any effective
divisor D on X’ with degD sufficiently large (depending on g, &, &’) the diagram

RHom(¥ . ,&) — RHom(¥ " . ,&E(D)) — RHom(¥F ., E|p(D))

| | |

RHom(¥*. /&) — RHom(F* . ,& (D)) — RHom(F*.  &'|p(D))

gives a global presentation for RHom(?:l " ©) — RHom(F ., &) as a map of com-
plexes of vector bundles. A similar trick gives a global presentation for all the commuta-
tive quadrilaterals involving the U;, V;, W; and S;.

Since the universal perfect complex 2 used to construct ‘L(Ib{k, (VI?H{, ‘Wb is as-

sembled out of the pullbacks of the #,;y from the various projections to Bun

umV’ univ’ umv’

U(n)’
all the maps between HkU, HK., HkW and Hkj are also globally presented (this im-
plicitly includes the statement that the individual derived vector bundles are globally
presented). The same argument also applies to the intermediate bundles Tb " 1jgi ON the
fixed Harder-Narasimhan truncation the adjacent bundles #;_; and #; are bounded,
and the modification length at a leg is fixed, so the family of all 7—'1'3_1 19 18 bounded. After
enlarging D once, the two-term presentation in (9.21) works uniformly for these inter-
mediate bundles and for the universal maps among them. Consequently, the complexes
built from T‘Lt’niv , and ?fniv , and all maps in (9.19) and (9.20) are globally presented.
The same appliés to all the variants of these spaces and maps considered in Sections 9.1
and 9.2.

We have now verified that the diagrams in (9.19) and (9.20) are globally presented, so
that we may apply the results of Section 7 to them.

9.4. Comparison of cohomological correspondences. — We refer to the diagram
(9.19) and its Fourier dual, diagram (9.20).

By Corollary 9.4, the relative fundamental class of the quasi-smooth map a,
defines a cohomological correspondence

v = la;] € Corrpy (Qru, Qru, (-d(@)).
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Similarly, the relative fundamental class of a; defines a cohomological correspondence
cyr = [ay] € Corryp (Qpys, Quut(-d(a))).
UL 0 r

By Corollary 9.5, the pushforward of cohomological correspondences along the mor-
phism of correspondences f : Hktb — Hktf, is defined, giving
Jilew) € Corry (o Qe uy 1Qeu,(=d(@)))-
Similarly,
fr(eyr) € Corerbﬁ (f(‘)J!_QZ’UOi,f;!LQg’UTL<—d(a,+)>)

is defined.
Recall the notion of Fourier transform of cohomological correspondences from

Section 7.1. We have

9.22) FTyy (fiCco)
S COI‘I'”kt,A (FTV() (f()!Qf,Uo)’ FTV, (f,!Qg,UT)[d(zo)ﬂl'(zr)](d(Zo))(-d(ch))).
v

Here we use that Hk?, = Hk?; (see Lemma 9.8). Note that d(bg) = d(,), therefore
[d(B0) + d(8:)1(d(bg))(~d(ar)) = (d(B)-d(a,)).
Hence (9.22) simplifies to
(9.23) FTy (fiew)) € Corry (FTy, (f0rQeu), KT, (f1Qeu,)(d ()= d(ar).
|4

Since U+ is the orthogonal complement of U relative to V (in the derived sense),
by Section 6.2.4 and Example 6.8, we have canonical isomorphisms for i = 0, r:

FTV,- (ﬁ!Q[’ZJi) = f;#Q&Uﬁ- [rank (V) ]{-rank(U)).

Note the shift and twist on the right side is the same for i = 0 and i = r. Therefore
FTHkE, (fi(cy)) can also be viewed as an element in

Corerhﬁ (for Qeup> 7 Qev (d (B -d ().

On the other hand, by Lemma 9.8, ¢, is dual to (Ea)l, which has the same relative
dimension as Zié. Therefore, by Lemma 9.6, we have

d(b,) - d(@) = d(7) = —d(a@}) = —d(@).
Therefore
d(b,) - d(a,) = d(b,) — d(@,) — d(h,) = ~d(@*) - d(h,) = ~d(a}).

We can therefore view F Ty (filey)) as an element in
4

COI’I‘Hka; (f(‘)J!_QZ,Ud': f;ﬁQ[,Uﬁ- (=d(at))).

The main result of this section is the following theorem.
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Theorem 9.9. —  Under the above notations, we have
Ty d o)1 m)) F g (ilew)) = £+ (e)
as elements ofCorerbﬁ (‘f(‘)J!_Q[’UOL’ fr!ng’Uri (=d(at))).

Proof. — Let s € Corryye, (Qy,s, Qe s(-d(#,))) be given by the relative fundamental
class of 4,

s = [h]: hyQes — hQus(~d(h).
Recall the maps of correspondences

n: Hk), — HK%,  #*: Hk),. — HKE,
+: Hky — Hkjyo, g+ : Hk, — Hkjy. .

The theorem follows from a sequence of equalities of cohomological correspon-
dences

Trafy)+d(mo) 1 (d(xo)) FT(fi ewr)

) .
= Tla(fy)+d(mo) 1 (d(rg)) FT(fir"s)

)] " 3) . (4) G
= (é’l) Z!J'FT(S) = (gl) Z!J_S = fiL(ﬂJ—) S = fiL CytL.

We explain the reason for each equality:
(1), (5). — It follows from the equalities
s =cy, (nH)'s=cye

which will be proved in Lemma 9.10.

(2). — It involves two applications of Proposition 7.4, namely

Tiai FTofi = (7)o FT,  Tia(my)1(d(ng)) FT o™ = 2z o FT.

We used here that g'¥ : Hk’i7 — Hk’i‘,L is the dual of the map of correspondences

f: Hkt;] — Hklf,, as summarized in the diagrams (9.19) and (9.20). Under the
identifications of Lemma 9.8, this is the map denoted g+ in (9.20). Similarly, r is dual
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to z*#; in fact, the diagram

(8). — It is the trivial equality s = F T (s).

(4). — It follows from Theorem 5.3 and Lemma 9.10. Note that we have verified
in Corollary 9.5 that the hypotheses of Theorem 5.3 hold in this situation. i
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Lemma 9.10. —  With s = [h,] as above, we have

n*s=c¢y and (7)*s=cye.

Proof. — Unravelling the definition, we need to show that the composition

7 [hy] « A %
Qp i, — 7 Qus, () = @17 Qes5,(~dar))

is equal to the relative fundamental class [a,]. Here a is the pull-pull base change map
attached to the pullable (outer) square

ar

m

(9.24) Hk), U, U,
Hk L S,

By construction, A is the composition of two steps

T Qu s, (~d(h) = @ R Qs (~d () = @ () 77 Qp s, (~d (k)
[a] .

~ @) 1 Qs (~d(@)-d k) = almiQys, (~d(a).
As explained in Section 3.4, on the level of global sections the map ¢ (adjoint to proper
base change for the derived Cartesian square in (9.24)) sends the relative fundamen-
tal class of %, to the relative fundamental class of 2Y. Post-composing with [a,], we
get [a,]. The proof of the identity (7+)*s = ¢y is identical after interchanging &; and
&g and using the dual diagram (9.20). mi

10. Proof of the generic modularity theorem

In this section we carry out Steps (6) and (7) of the proof outline from Section 2.4,
thus completing the proof of Theorem 2.3.

10.1. Transverse Lagrangians. — Let G € Bungy-(9,) (k). For notational
simplicity, we assume the similitude line bundle of G is trivial, hence the skew-
Hermitian form takes the form &g : G 5 0*G*. Let 81,89 — G be two transverse
Lagrangian sub-bundles. The Modularity Conjecture asserts the equality of elements in

(10.1) Z1(6,&)) = 71(G, &y).

Our goal is to show that given any Harder—Narasimhan polygon u for Buny ,), both
sides of (10.1) have the same image in Hg%vnl (Sht;]?”) Xx)r (X' =T)";Q,) for a finite
set of closed points 7' depending only on &;, & 82, and u. This will establish Theorem 2.3.
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We reproduce the diagram (2.21) with &; replaced by &;:

Q9

N /*8*\ N

(10.2) 0

/\/ A

Here 419 is the composition

51 — G — oG — 0'*5;

The map b9y is defined similarly, and the three rows are short exact. In particular, the
maps ¢] and tg are isomorphisms of torsion sheaves on X’. As in Section 2.3.3, the
duality between Q; and Q9 equips Q with two Hermitian structures z19: Q — o*Q* and
ho1: Q — o*Q*, related by k19 = —hoy.

For each i € {1,2} let & < & be a sub-sheaf with cokernel a torsion coherent
sheaf 7; on X’. Let 7;* = RHom(7;, Ox+)[1] be its dual torsion sheaf on X”. Therefore,
&; is the saturation of &; in G, and in the diagram below

T — — o*TF

(10.3) & < & « G &y — 7'}

Q

the arrows are labeled by their cokernels.

10.1.1. Assumptions on 7] and T3. — Fix a Harder—Narasimhan polygon u for

Bung(,), and write § = Bun>*  for the corresponding open substack of Bung ().

U(n)
We make the following assumptions:

(1) The supports 1Q1, 1711, 172 are disjoint after mapping to X.

(2) Forall ¥ € S(k) = BunU( )(lc) we have fori=1,2

(10.4) Extl, (F*,&7) =
k

Note that by the dualities in (2.55), (10.4) is equivalent to
(10.5) HomXI_:(T*, c*&)=0

for all ¥ € Bun=¥

Uln )(k) and i =1,2.

Remark 19.1. — Given any g, the conditions (10.4), (10.5) can be arranged
by taking &; = &;(-D;) for sufliciently large effective divisors Dy, D9 whose supports
over X are disjoint from each other and from |Q|. By taking D; to be a sufficiently large

multiple of a single closed point, we may even arrange that the support |7;| is a single
closed point of X”.
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Let
(10.6) 01:=0" a7 ®c"T,
(10.7) Q=000 T eT;.

From (10.3) and the disjointness assumption in Section 10.1.1, we have short exact
sequences

(10.8) 0— "8 — & — Q1 — 0,
(10.9) 0—0"8 — & — Qg — 0
Remark 10.2. — The torsion coherent sheaves 77, 75 are auxiliary objects in-

troduced for purely technical reasons (to ensure that certain spaces are smooth, and
that certain maps are closed embeddings). They do not appear in Section 2.3, but are
necessary when r > 0 in the argument as currently construed.

10.1.2. Moduli spaces. — For i € {0, r} we define U;, U, V;, Vi, W;, W, etc. as in
Section 9.

The vanishing assumption (10.4) implies that U, ¥V and W are all classical vector
bundles over §, and we have a short exact sequence of classical vector bundles over §

(10.10) 0—U—V—Ww—0.
Similarly, we have a short exact sequence of classical vector bundles over .S
(10.11) 0—U"—V—>w-—0.

10.1.3. Open locus. — We denote
(10.12)  X°=X—v(IQ|UI7i| UIT]) = X - v(IQ1]) = X - v(|s]);
(10.13) x° =y 1(x°).

For a stack Y over X7, we denote
(10.14) Y=Y xxr (X°).
In particular, Hk3® ¢ Hkg denotes the open substack where the legs are all disjoint from

1011V Qg

On (X°)’, the structure of Hkj, is simpler.

Lemma 10.3. — Forany O < i < r, the restriction Z;’: Hk?}o — 171.(’ of b; and the

restriction b;° : V2 — Hkg,’o of b} are isomorphisms.

Proof. — Let (%) € Hk®(R). The projection by Hk?, — V;, when base changed
over  : SpecR — HKY, is induced by the map p! : F* — F2* in (9.7). Recall

1

from (9.13) that 7; := Cofib(p} : * — F2* is a torsion sheaf (pushed forward from a

1
relative divisor ¢: Z < X} finite over Spec R) supported set-theoretically on the union

of the legs of 5, which by assumption are disjoint from Q. Therefore p; restricts to an
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isomorphism in an open neighborhood of [Q;| x Spec R ¢ X}, and hence induces an
isomorphism in Modpg

RHomy, (7%, Q1 ® R) — RHomy, (%", Q1 ® R)

This being true for any R-point %, of Hky®, we conclude that Fbvf Hkl;,’O — V2 is an
isomorphism. _
The argument for 4}° is similar. o

We define Shty,, Shty,, Sht}, to be the derived fibered products

Sht}, —— Hk}, Sht), —— Hk}, Sht}, —— HK),
l l(ﬂ()ﬂr) J l(bo,br) J l(fo,w)
(Id,Frob) (Id,Frob) (Id,Frob)
U—UXxU V——V XV W—WxWwW

7,0

Following the notation above, we define Sht;;°, Sht;;°, Sht};; to be the respective base
changes to (X°)". We define Shty,., Sht%, and Sht}, . analogously.

7,0

Corollary 10.4. —  The projection map Sht};° — Sht¢® = Sht;}i’; )’O is a relative finite-
dimensional F ;-vector space. Hence the theory of the arithmetic Fourier transform (Section 8)
applies to it.

10.2. Calculation of traces. — Recall from Remark 9.1 that the spaces U; from
Section 5 can be viewed as the derived fiber of the derived Hitchin stack .#y, g, from [9,
Section 5] over {€1} x § — Bungy ) X Bungy (), where H; = GL(m)" and Hy =
U (n). Similarly, we explained in Remark 9.2 that Hk% was an open substack of the
derived fiber of the derived Hecke stack ka///Hl,HQ from [9, Section 5] over {&;} X

S — Bungp,n) X Bung(s). Therefore, Shty; is equipped with an open embedding in
Shtf//ZHl 1y and in particular is of virtual dimension d(a,). We then have two natural

Jec in FIBM .
cycles in H%(a,) (Shty)):

(1) The intrinsic derived fundamental class [Sht;,] € HQB%& )(Shtb), which agrees

with the restriction of the intrinsic derived fundamental class [Shtf///Hl HQ] €

Hg%ar) (Shtr//fgl,yg) along the étale map Shty; — Shtf//,HI’HQ.

(2) The trace of the cohomological correspondence ¢y, denoted TrSht(cU) €

Hg{%a )(Shtb), see Section 4.2. Here, Tr>" is calculated using the Weil structure

on ¢y coming from the canonical identification Frob" Q= Qv
We assemble the earlier results to calculate the trace of our cohomological cor-
respondences. For any space ? over £, we equip Q,; with the natural Weil structure

Frob" Q,; = Q. This equips all of our cohomological correspondences with a Weil
structure.
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The assumptions (10.4) imply that the maps U; — § and U;* — § are smooth,
hence U; and U;- are smooth. Then by Proposition 4.12 we have

(10.15) Tr*"(cy) = [Shty] € HEY, | (Shty).

In particular, Shty, is an open substack of Shl’ngl , s0 it is quasi-smooth and [Shty,] is
the restriction of [Shtf\,(b,l ], which was called [Z§,1in [8].
Similarly, we have

(10.16) Tr¥" (e2) = [Shig.] € HYY L (Shig),
where Shty;. is defined by the derived Cartesian square

Sht;jj_ _— Hkt;]i

J M,m
(Id,Frob)

U — Ui x Ut

Next,Athe assumptions (10.5) imply that the maps f;: Uy — V;, f: Hk}, — Hk},
U >V, and f+: Hk%,i — Hkk;; are all closed embeddings, in particular proper.
Therefore, by Proposition 4.7, we have

(10 15)

(10.17) TS (f cp) = She(f) T (ep) Sht(f)[Shty] € Hg)!  (Sht}),

where we write Sht(f) := Fix(f(): Sht}, — Sht}, for the map induced by taking fixed

points of the Frobenius-twisted map of geometric correspondences f1, and similarly
for other maps of correspondences. We similarly have

(10.18) T (f% cpe) = Shi(F4) Trd (epe) 2 Shi(F4),[Shiy.]

ngal) (Sht};).

Recall from Corollary 10.4 that Sht;” — Sht(”® is a relative F,-vector space. We
now relate the cycle classes (10.17) and (10.18) under the arithmetic Fourier transform
on Sht;° as defined in Section 8.

Theorem 10.5. —  We have
Tgf;;h (Sht(f); [Sht}]) = (=1)2WU/)1+d0) gdWIS) . Shy(£4)7 [Shty ]
e Hy)(,  (Sht?").
Here Sht(f)° : Sht; — Sht};° is the restriction of Sht(f), and similarly for Sht(f*)°.

Remark 10.6. — A priori, Sht(f+)7 [Sht;;.] lies in Hg% 1) (Sht;f’). We note that

d(a,) = d(a;) = (n — m)r, so the statement makes sense.
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Proof. — We apply Theorem 8.8 with E =V, Cg = Hk?}o and ¢ = (fi cpr)|jpoe-
14
Then Theorem 8.8 tells us that

(10.19)  FTg (Trsht (fi o)l Sht;o) - (Trs}“ FTyp (f cU)) lshre € HE),, (Sht}").

By Theorem 9.9 we have
FT e (ficv) = Timaw/s)-a )1 -aw sy (f ) o

Putting this into (10.19) and then taking the trace, using (4.12), (10.17) and (10.18),
yields the result. o

10.2.1. Test functions. — We introduce some notation for functions on Shty and
Sht. The decompositions 0, :=0"a 7" ®0*T3 and Q09 =005 T & 7, induce the
following.
e A decomposition
VavOx, v x,v®),
where V(© — § is the vector bundle associated to RHom(F . ,Q%), |4SRN
is the vector bundle associated to RHom(F " ., 7;"), and V@ — §is the vector
bundle associated to RHom(F; . , 0" 73).
e A decomposition
VeV O x 7MW xgv®),
where V(© = § is the vector bundle associated to RHom(¥ . ,0*Q), v 5§

is the vector bundle associated to RHom(F" . , o*77), and V@ _ §is the vector

bundle associated to RHom(% ;. ,7,"). As the notation suggests, Vi 8 is

the dual bundle to V(¥ — §. As in Section 2.8.3, the Hermitian structures 49
and kg1 on Q induce two isomorphisms V(0 = 7O which are the negatives of
each other.

e A decomposition

b ryb b b

where HkI;/(O) is the vector bundle associated to RHom(¥, lb:iv’., 0, etc.

e A decomposition

HE? = Hk ) xpppr HR ) xpg HE?

70 7 | Z4SK

where HK%

7 1s the vector bundle associated to RHom(F*

univ,e’

c*Q), etc. The

Hermitian structures £19 and &g; on Q induce two isomorphisms Hk?/w) =

Hkl;;w) , which are the negatives of each other.
By Lemma 10.3, we see that Hk;’z) — Hk{® is the dual bundle to

b,o 7,0
Hk ", — Hk{".
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e A decomposition
ShtV - Sht[/(l)) Xsht” Shty(l) XShtT ShtV(Q)

where Sht},,, is defined by the derived fibered product
ShtV(,) _— HkV(l)

(5" ")

(Id,Frob)

) 2 i) @)

e A decomposition

.
ShtI7 = ShtA((,) XShi ShtA“) XShi; Sht’..

V(2

where Sht:;(,.) is defined by the derived fibered product

b
Sht,, —— Hkp,
l(ﬁ(”, 5,")
7@ A4Eob) Sy o )

We note that Sht%’?i is dual to Sht}(, as Fy-vector spaces over Shtg” in the

sense of Section 8.1. The Hermitian structures ;9 and g1 on Q induce two
isomorphisms Shty,, = Shtim), which are the negatives of each other.

We denote q19: Sht}, ¢, — Fy and q91: Sht},o, — F, the two quadratic forms
induced by k9 and hgy, respectively. Namely, q;9 is the composition

(Id,k19) ,
(10.20) a12 : Shi}, o ——= Shi}, ), X Shth,, — F,,

and similarly for q91. They satisfy 19 = —q9;.

o Welet q],¢ be the pullback of ¢ to Shty, ¢, via q19, and similarly for qg1. Abusing
notation, we will also use the same notation g}, to denote its pullback to Shtj,
and to Sht2°. The meaning will be clear from context.

e We let 5sm’v° be the indicator function of the zero-section of the relative F,-

vector space Sht — Shtg®. Abusing notation, we will also use this same

y @)
notation to denote its pullback to Sht}°.

e Welet1 she, be the constant functlon on Sht 7, with value 1. Abusing notation,

we will also use this same notation to denote its pullback to Sht};”
o Welet (q5,¢-6 shie, -1 shi', ) denote the product of the above functions, viewed
v v

as a locally constant function on Sht;;°
e We use similar notation on Sht%’o.
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Lemma 10.7. — Let dV) be the rank of Sht;/’fl.) as an ¥ ;-vector space over Sht(”°.

Then we have the following identities.

arith _ d®
(10.21) FTShE;?” (6Sht;’°(l_)) =(-1 ﬂSht;fEi)

arith _ o 1\dD 4@ .
(10.22) FTSht;"(’i) (]lshtv’(i)) =(-D%"¢ 65}“5(0

i * (0) % % * (0) n
(10.23) TGP (@) = D" 1121 0y, =11 - 4" 1 p(Dg)
14

where we recall that Dy € Div(X) denotes the divisor of Q.

Proof. — As in the proof of Lemma 8.5, we can reduce to the case where
Sht;,, — Shtg® is split, and then to the usual finite Fourier transform, which we
handled in Section 2.3.7. m

Corollary 10.8. — Let d = d© +dV + d® be the rank of Sht};” as an ¥ j-vector
space over Shtg°. Then we have

it @ 41 4(0)
FTaﬂ“(CIQllﬁ . 6Sht;?1> . ]lSht;?%) = (—l)dqd +qd nF’/F(DQ)"
’ ([1/2]*q§1 [_1]*(// ’ ]lShtr’o “Oghe )

7D 72

as functions on Sht;’".

Proof. — Multiply the equations (10.23), (10.22), (10.21) together. i
10.2.2. Higher theta series. — Here we relate [Sht;"] and [Sht}%] to the special
cycles [Zgo] and [Zg:], and then to the higher theta series associated to & and Es.
Recall that for i € {1, 2} we had exact sequences of coherent sheaves on X,
(10.24) & — & — T
This induces an exact triangle in Perf(R) for any # € Bung (,) (R),
(10.25) RHomy, (&, ) — RHomy;, (&, F) — RHomy, (7, F[1]).

By linear duality we have RHomy, (7;, 7 [1]) = RHomx, (7%, 7;*). Since 7;" is a tor-
sion sheaf (concentrated in degree 0 on the classical scheme X’), RHom X, (F*,7,7) is
equivalent to a finite locally free R-module, equivalently a vector bundle on Spec R
concentrated in degree zero. Let Ny be the total space of RHom(7;, Funiv[1]) =
RHom(F . ,7;*), a vector bundle over Buny ().

Below we refer to the notation of [9, Section 5]: we will use the pair (H;, Hg) =
(GL(m)’,U(n)). Fori € {1,2}, we let
e Mg, be the derived fiber of the Hitchin stack My, g, from [9, Definition 5.14]
over &; € Bung, (k), and
e Hk). be the derived fiber of the derived Hitchin stack Hk;\/lyl,y(_, over &; €

Buny, ().
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We define Mg and ijwg similarly.

Then the exact triangle (10.25) corresponds at the level of total spaces to a
derived Cartesian square

Mgi — Mgi

(10.26) J J

Bung () — 5 N7

Let Hk;v,r be the total space of RHom(7;, #*

univ,e

[1]) on Hky(,). The exact

triangle

RHom(g,-, i

univ,e

) — RHom(&;, 7. ) — RHom(7;, 7. .[1])

univ,e univ,e

corresponds at the level of total spaces to a derived Cartesian square
Hk;wgi — kawsi

(10.27) l J
Hk () — Hk;vr,;

Consider the commutative diagram

hohy Id,Frob
Hk;\'la,- L,M& x Mg, &Ma

i

(10.28) Hk;\/ﬂ. — ob) N7 X Ny o (dFeb) Ny

[ hohy Id,Frob
Hk;](n) L) BunU(n) X BunU(,l) w BuIlU(n)

By (10.26) and (10.27), the derived fibered product of the columns of (10.28) is

(10.29) Ky 0 Mg x Mg, & M,

By definition, the derived fibered product of the rows of (10.28) is
Shty, = Zg,

l

(10.30) Shty,

|

Shty ()
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In turn, the derived fibered products of (10.29) and (10.30) are canonically identified
by the same proof as for [84, Lemma A.9]. This shows:

Corollary 10.9. —  The commutative square

r r
L ——Z;

|,

0
Shtz(n) LN ShthTi
is derived Cartesian.

To compare with earlier objects:
e Restricting Shtj\/,/_1 — Shty;(, along the open embedding Shtg < Shty,,
recovers Sht},;, — Shtj, i.e., we have a derived Cartesian square

open

r r
ShtV(l) —> ShtN‘Tl

(10.31) l l

open

Shty < Sht,,

Restricting Shtf\% — Shty;(, along the open embedding Shtg < Shty;,,
recovers Shtp, — Shtg.

* Restricting Z; — Shty(,) along the open embedding Shtg < Shty, ) recov-
ers Shty; — Shtg, and restricting Zj — Shty, along the open embedding

Shtg < Shty(,) recovers Shty;. — Shtg. In other words, we have derived
Cartesian squares

Shtzj open Zél Sht;p open Zgz
(10.82) l l l l
Shty <=5 Shty, Shty <% Sht},,

Abbreviate Zé’s” for Zé XSt Shtg. We have derived Cartesian squares
i i "

nSi e Shij Z5 s Shijy.
1 2

(10.33) | J l l

Shty —2— Sht,, Shty —— Sht,,
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By Corollary 10.4, Sht,, — Shty” is finite étale, so the zero section Shtg® —

Sht”?, is open-closed, which by (10.33) implies that ZT SO = Z7 lsny = Shty) is
1

e
also open-closed; similarly for er" ° < Shty}

Z
Corollary 10.10

(1) Viewing 5Shl;‘(’l) e H(Sht;*; Q) and Sht(f);[Sht;’] € HE{% )(Sht;,’o), we have

Shi(f)7[Sht] - dsee = [Z2°] € Hyp(,  (Sh”).

(2) Viewing 5g,> € H(Sht’2’; Qy) and Sht(f+)y[Shi;r] e HBM (Sht”:*), we have
7@ v 2d(a}") v

o 7,0 r,<u,0 BM r,0
Sht(fl)! [ShtUJ.] ’ 6Sht:7’?2) = &, g ] e HZd( )(Shtf; ).

Lemma10.11. — Fori=1,2, let Ag, be the Hitchin base as in [9, Section 8.3]. For
a € Ag (k), let z’ <”°( ) = z; (@) Xsh, Shty”.

(1) We have an equality in HEM )(Sht;,’o):

9d(a

Sht(f); [Shty’] - (a5, ¥ - Ogpyre Ashee, )

140

D, Wliegg, @) - Sh(IZE™ (a)].

acAg (k)

. BM 7,0\,
(2) We have an equality in sz( )(Shtﬁ ):

Sht(f+); [Sht;2] - (a]g¥ - 1Sht;‘(’1) '5Sht;7"(’2))
D, Ulleg g, a)  Sh(fHIZEH (@),

ac Ag (k)

Proof.
(1). — By Corollary 10.10, we have
(10.34)  Shi(f);[Sht;"]- (Agpre, -Ospee ~Isnes, )= >, Sh(f)I r~<”°( )1
y(0) p()

y(2)
aE.ﬂSl (k)

In the displayed equation of (1), the LHS is obtained by multiplying the LHS of (10.27)
by q5,¢. Here (2.53) and (2.24) are applied to the saturated transverse pair (&1, E9)
and the quotient Q in (10.7). On the support of the product on the left, namely after
imposing the condition coming from Sht(f);[Sht;;] together with the zero section
551";,?1) , the quotient-level ¥-datum lifts to the corresponding special-cycle datum for

&;. On this support, (2.53) and (2.24) show that a5, ¥ sends the lift to '/1«6@51’ a)).
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Thus multiplying each special-cycle stratum on the right side of (10.27) by q, gives
the claimed weight.

(2). — The argument is similar, applying (2.48) to the same saturated pair. O

10.3. Conclusion of the proof of Theorem 2.3. — Let d,dV, for i € {0, 1,2}, be as
in Section 10.2.1. Note that 9 is also the rank of V() as a vector bundle over .
By Lemma 10.11 we have

(10.35) Z;(Q,glﬂsmg(’ = x (det &)gdes&1-degen)/2
- (Sht(f)7[Shty;’], ag v - Oshire ~ Tshire, )
14 v
and
(10.36) Z;l(g, 52)|Shtg,o :X(deth)qn(ngSQ_ngwX)/Q
: <Sht(fl)f[5ht;}i], aje¥ ]lsm;?l) : 6Sht:7’?2) ).

By the Plancherel formula of Lemma 8.2 and the near-involutivity of FT*™ of
Lemma 8.5, we have

(10.37) (Sht(f)y [Sht'], 05,9 Ssnre - Tshire, )
1 arith o 7,0 arith w0 %
= TG ShO IS D, FT (11 (030005, s, )
Here [—1]* acts trivially on the second factor because g97 is quadratic, the zero section is

fixed by [-1], and ]lSht"‘EQ) is constant. Then we use Theorem 10.5 and Corollary 10.8
v
to rewrite the right side of (10.37) as
1 d(U/S) d(U/8)+d(fy) d d?+140 n
(10.38) q—dq (-1 V(=D%" 2% “npr(Dg)
ShCFF IS [1/21 03 (110 - s B, -

Since qg1 = —q19, we have g3, [-1]" = q},. Eliminating the [1/2]* does not affect the
expression since Sht(f+); [Sht;71] is invariant under the scaling F , action on Sht”°.

Then clearly (10.38) agrees with (10.36) up to sign and integral power of ¢. Therefore,
it remains to check the sign and the exponent of ¢. The exponent of ¢ in (10.38) is

(10.39) —d+d(U/S)+d? + %d“” =—dD g0y qU/S) + %d@).

Recall that 'V := rank(RHom(¥F*, 7,"))- By the exact triangle of perfect complexes

over S

RHom(7 g}k) — RHom(?—::‘niv,S]‘) —> RHom(F* V,‘i]*)

niv?’ uni

we have
—dM=- rank(RHom(7 .., &])) + rank(RHom(7;, ;. , 5}“))

niv’ I
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and

rank(RHom(¥

T

i ©1) =d(U/S).

Putting all this into (10.39) simplifies the exponent of ¢ to

(10.40) rank(RHom(%7;.,&E})) — d ) + %N.

By the exact triangle
RHom(7 .., oEg) —> RHom(?:fniv,g’f) — RHom(¥ ., 0")

we have
(10.41) rank(RHom(%;., E}))
= rank(RHom(F ., 0*Eg)) + rank(RHom(F* ., 0%)).

univ? univ?

Putting (10.41) into (10.40), noting that rank(RHom(%* . , %)) = d©, the exponent
of ¢ in (10.38) simplifies to

(10.42) rank(RHom (7"

univ’

~ 1
o E9)) + §d(0).

In Section 2.3.9 we exactly showed that

n(deg &, — degwy)/2 + rank(RHom (F*

uni

= 1
T E)) + 5d Y

= n(deggg —degwy)/2,

which after comparing (10.35), (10.36) shows that the exponents match! Hence we
have established that

Z,(G,81)lshge = 2, (G, 895

Finally, we match the signs. Let
¢ :=n(degE; —degwy)/2-d+d(U/S) +d? + %d“’)

= n(deggg —degwy)/2,

where the equality is the exponent comparison proved above. We found above that

(10.43) Z3 (G, EDIshee = x (det&npp(Do)" (=) V/SHU) (—1)dge

: <Sht(fL)|O[Sht;]’o¢], CITQ!P : ]lSherf(’l) ’ 65}1[%’?2)>
while
(10.44) Z3(G,E9)lsnee = x (det Eg)g*

- (Sht(fH)7[Shty2], ajg¥ - Lpee. - Ssp

"°
7 7(2)

)
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Next, we note that (U /S) - d(fy) = d(V/S) = d, hence d(U/S)+d(fp)+d =0 (mod 2).
Furthermore, in Section 2.3.9 we calculated that y (det&1)nz r(Dg)" = x(det&Ey).
Therefore, (10.43) and (10.44) are equal. m]

Part IV. Appendices
Appendix A. Derived Fourier analysis: proofs

This appendix justifies assertions made in Section 6 about the derived Fourier
transform.

We remind the reader of the notational conventions introduced in Section 6 regarding
derived vector bundles: for perfect complexes denoted with calligraphic letters such as

&, &, etc., the corresponding Roman letters such as E, E’, etc. denote their associated
total spaces.

A.1. Preliminaries. — We record here some general facts about functors on sheaf
categories induced by kernel sheaves. In particular, we introduce a configuration that
we call a “butterfly”, which induces natural transformations between such functors.

A.1.1. Correspondences. — We begin with some preliminaries on correspon-
dences. Given a correspondence

C
v N
S T
we associate the functor
D¢ = 51!685 D(S) — D(T)
Consider the fibered product of correspondences

c/ T\D
Sy \Ty \dlU

Then by proper base change, we have a natural isomorphism of functors

(Al) CDCXTD = ®pod, D(S) —>D(U)
More generally, for any K € D(C), we have a functor
(A.2) @c,x = c11(¢y(-) ® K): D(S) — D(T)

using K as the kernel sheaf. The functor considered in the previous paragraph cor-
responds to the special case K = Qg ¢. By the projection formula, we have a natural
isomorphism of functors D(S) — D(T)

(A.3) D¢ g = Psyr ok
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where ¢ = (¢p,¢1) : C > S X T.

What is a general mechanism to construct natural transformations between such
functors? For this we introduce the notion of a “butterfly”, which is essentially a corre-
spondence between correspondences.

A.1.2. About butterflies. — Suppose we have a commutative diagram of derived
stacks

E/FXH

(A4)

S

where u is proper, v is quasi-smooth, and all morphisms are separated. We will refer to
such a diagram as a butterfly (we codify this notion because many butterflies will come
up). We also let prg : F — S and prf: F — T be the obvious maps. We will construct a
natural transformation

% * *
(A.5) ®p = pry, pry” — Op(-d() = prij; pry” (-dw)

of functors D(S) — D(T), as the composition of the following maps.
(1) The unit for (u*, u,) induces

E Ex E %« FEx
PTy Prg — Py Ul Pry

(2) Since u = u. because u is proper, we have identifications
E * Ex _ E * Ex _ F Fx _ * H
pryy w.u” prg’ = pry, wu’ prg* = pry, prg’ = pr?l 0" pry”.
(3) Since v is quasi-smooth, its relative fundamental class induces (as explained in

Section 3.4) a natural transformation [2]: v* — v'(-d(0)), which gives a natural
transformation

pré oo prii* — prl o' (—a()) pri*.
(4) The counit for (v, ") gives a natural transformation

pri o' (—a) pril — pri pri -aw)).
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Remark A.1. — Let prf = (prg ,pry) : E — § X T, and similarly define pr? and
prf’. A butterfly of the form (A.4) can be viewed as a correspondence F between E and
Hover S xT

F
(A.6) E/ \H
SxT

Assume that the morphisms in the butterfly are representable in derived schemes,
in addition to being separated, so that we may use the pushforward formalism for
cohomological correspondences from Section 4.3. The fundamental class of v gives a
cohomological correspondence

(A.7) ¢y € Corrp(Qe g, Qru(-d()).

The assumption that » is proper implies that the map of correspondences (prZ, prf, prf?) :
(E—F—>H)—> (SXT =8x%xT=S8xT) is left pushable. Therefore

pr{ : Corrp(Qez, Qer(-d)) — Corrgur (pr{ Qup, pr{’ Qe u(-d()))
= Homgxr (pr{’ Qu,z, pri’ Qus(~d)))

is defined. In particular we get a map

(A.8) pry ¢ i pry Qup — pril Qe (-d(o)

which induces a natural transformation

4.9 Pr = Pt et Q> Poxrprt! Quur(-d(w) = Por(=d@).

Unwinding the definitions we see that this construction recovers the map % in (A.5).

Next we establish some compatibilities between natural transformations induced
by different butterflies.

A.1.3. Butterfly and pushforward. — Consider the butterfly (A.4). Suppose we
are given a map f: 8 — §. Then the construction in Section A.1.2 gives a natural
transformation

* fi
(A.10) 05 fi 2L dy fieaw)

of functors D(S’) — D(T).
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On the other hand, we have another natural transformation of the same form
coming from another butterfly. Consider the diagram where the superscript * means

pullback along f.

This is also a butterfly («’ is proper and v’ is quasi-smooth) and therefore gives another
natural transformation

*I
(A.11) Qp — Oy (-d(v')) = P (-d(v))

of functors D(S”) — D(T).
The Cartesian squares

’ pr?, E ’ pr?,, ’
7| [/ rh
S e E P p—

prg pri

induce proper base change identifications of functors D(S§’) — D(T)

(A.12) Op = Dyf,
(A.13) Oy = Oy f.
Lemma A.2. — With respect to the identifications (A.12) and (A.13), the two

natural transformations (A.10) and (A.11) agree.
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Proof. — Consider the diagram below, where all parallelograms are Cartesian.

This yields a diagram of natural transformations

E | Ex 1 E fE _ E'x E _ E'x
pry, Pry’ fi > Py Sy prg Pr7 Prg,
lunit(u’)
unit(u) unit (x) pre (u').(w')* pr&*

H

o1 7 9 ’
Py, pro” pry we’ [ pri” pryy i (W) pri
F 0 F pF ’
Pry, pro’ f pry A7 prg”
o , o3 ,
pré v prif* f - pri, v* fH pril’* : pré o fF (o) pré’*

lle J(M 1[7/]
4 ’ ’
prIT{I v!v!prg* fit-d@)) —— prI;! v!z)!fIH pri’* (-a@) —— pr¥! zJ!f!F(v')I pri’ (-aw))
counit(z) counit(v) prI;! f;HU!'(U')I prgl,l* (=d(v))

lcounil(v')

prll prif* fi-at)) ——— prll f7 prll* i) === prll; pril* -a()

The natural transformation (A.10) is the composition along the left column,
while the natural transformation (A.11) is the composition along the right column. All
the arrows labeled by o; are isomorphisms,



(1)

2)

3)

)

©®)
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¢ is induced by the base change natural isomorphism for the Cartesian square

S — F’

||

S e——— F
o1 is induced by the base change natural isomorphism for the Cartesian square

S/ «— E/

|

S e————E
o9 is induced by the base change natural isomorphism for the Cartesian square

E «—— F’

||

E——F
og is induced by the base change natural isomorphism for the Cartesian square

H —— F'

|

H——F
o4 is induced by the base change natural isomorphism for the Cartesian square

Sl(—H/

|

S ——H

It remains to show that the above diagram is commutative. The only non-obvious
squares to check are the two wide rectangles in the middle. Their commutativity follows
from the observation that the two diagrams

and

S’ E F’
S E F
S’ H’ F’

—
—
—
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give two decompositions of the same Cartesian square
S/ F/
S ——F
so that the composition of their base change natural isomorphisms agree. i

A.1.4. Butterfly and pullback. — Next suppose we are given g: T’ — T. Then
the construction in Section A.1.2 gives a natural transformation

% % % g** * * %
(A.14) gOp=g pr% pr? = g Op(-dv)) =g prIT{! pr? (~d(2))

of functors D(S) — D(T”).

On the other hand, we have another natural transformation of the same form
coming from another butterfly. Consider the diagram where superscript” means pullback
along g,

This is also a butterfly («’ is proper and »” is quasi-smooth) and therefore gives another
natural transformation

*/
(A.15) Qp — Oy (-d(v')) = P (-d(v))

of functors D(S) — D(T").
The Cartesian squares

E — T H — T
I N .
E—T7T H——T

induce proper base change identifications of functors D(S) — D(T”)
(AIG) O = g*(I)E,
(A.17) O = gDy

Lemma A.3. — With respect to the identifications (A.16) and (A.17), the two natural
transformations (A.14) and (A.15) agree.
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Proof. — The proof is analogous to that for Lemma A.2, considering instead the
diagram below, all of whose parallelograms are Cartesian.

Fl

§ O

A.2. Functorialities. — The running notational conventions are now restored:
E, E’ are derived vector bundles over the base S. Let f: E/ — E be a map of derived
vector bundles over a derived stack S. Let r be the rank of E and " be the rank of
E’. We begin by establishing some of the easier functorialities for the derived Fourier
transform.

A.2.1. FT f versus f* FT.

Lemma A.4. — We have a natural isomorphism of functors D(E') — D(E)
FTgofi[r' —r] = f* oF T .

Proof. — The proof is the same as for classical vector bundles, cf. [20, Théo-
reme 1.2.2.4]. (In fact the same proof works if we replace £, by any £ € D(A).) O

A.2.2. FT £ versus f, FT: special cases. — Assume that f: E' — E is either a
closed embedding or is smooth. We explicate that since f is a map of derived vector
bundles, f is a closed embedding if and only if T's has tor-amplitude in [1, o), and f
is smooth if and only if T has tor-amplitude in (-co,0]. In particular, f is a closed
embedding if and only if £ is smooth.

Therefore, if f is a closed embedding then the diagram

E XsE\

fy \Idxf

EXSE E XsE\’

(pro,ev)

(foprg,ev) fOprl
ExA!
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is a butterfly. Composing its natural transformation s with the functor D(E) — D(E x
Al given by K +— K ® Ly, it induces a natural transformation

(A.18) FTg of* <—ﬁo FTg[r—7"1(r -71").

Lemma A.5. — If f is a closed embedding, then the natural transformation (A.18) is
an isomorphism.

Proof. — Letu := fx1d: E' xg E > ExgE. Examining the definition of (A.18),
and using that £ is smooth, it suffices to check that the natural map

ﬁpr“(prz Keev' Ly,) — ﬁpr“ uu' (proy K@ ev' Ly)

is an isomorphism for all K € D(E).

LetU:=E\ E and j: U xg E — E Xg E be the open complement of ». Then it
suffices to check that fipryy jij*(pry K ®@ev Ly) =0

For this we can localize over stalks of the base § and thus assume that § is a
geometric point. Let C be the cone of f; then C is the (derived) fiber off The fiber of
fipry over y € E' is Ex (C +3y), so by proper base change the stalk of fpry, jij “(pryKe
ev* L) at y has cohomology groups H; (U x (C +7),pry K ® ev* L), which we want to
show vanish. By the projection formula, it suffices to show that for the first projection
map pry: UX(C+y) — U, we have pry ev* L, = 0. Indeed, by definition any geometric
point « € U has non-zero image in C, so ev* Lyl -1,y 182 nontrivial character sheaf, so

0

its cohomology vanishes. i

If f is smooth, then f: E — E’ is a closed embedding and the diagram

E’ X5E

I(V \fxld

E’ ng' EXSE

(fopro,ev) fopri

(prg,ev)

ExAl E
is a butterfly, so it induces a natural transformation
(A.19) FTgof* —>ﬁo FTglr—7o"1(r=1").
A similar argument as for Lemma A.5 shows that
Lemma A.6. — If f is smooth, then the natural transformation (A.19) is an

isomorphism.
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A.2.3. The right adjoint of FT. — Let 'FT‘Z: D(E) — D(E) be the functor
K - pri(ev' L, ® pr!0 (K))[—-r], where maps are as in the diagram

EXSEl)Al
>N
E E

By the compatibility of right adjoints with composition, ’FTE”: D(E) — D(E) is the
right adjoint of FT%. When ¢ is understood, we abbreviate 'FT := ’FT;.
Taking the right adjoint of Lemma A.4 (using the convention 'FT :='F T;”)

gives a natural isomorphism
(A.20) flo(FTa)lr—»1=(FTg) o f.

This can also be proved directly by a similar argument as for Lemma A.4.
We are especially interested in the case where f is a closed embedding (and dually

£ is smooth), in which case we can replace £, with f; and f! with f*((s)) above.
Taking the right adjoint of (A.18) and (A.19) gives a natural isomorphism

(A.21) Lo (FTp)r—r1(r—1") = (FTp) o f'
if £ is smooth or a closed embedding. Alternatively, this isomorphism can be proved
directly using analogous constructions to those in Section A.1.2 and Section A.2.2.

We are especially interested in the case where fis smooth (and dually f is a
closed embedding), in which case we can replace f' with f*(f)) and f. with f; above.

A.2.4. Involutivity. — The key to the functoriality properties of the derived
Fourier transform is the (near) involutivity property. This appears to be significantly
more subtle to establish than in the situation for classical vector bundles. It will be done
later in Section A.3.

Lemma A.7. — Let E be a derived vector bundle over S of rank r. Recall 5 denotes
2Qy.s where z : S — E is the zero section. Then any isomorphism

(A.22) ag:0p = FT5Q, plrl(r)
determines an isomorphism of functors

(A.23) FTz0FTy = [-1]*(-r).

Proof. — Unravelling the definition of FTzoFTx and using proper base
change, we see that it is the endo-functor of D(E) given by the kernel sheaf
progi(evor +evie)* Ly, [2r] € D(E Xgs E), where

e prog : EXs E x5 E — E xg E is the projection to the first and third factors, and

e evgr+evig: Exg E xg E — Al is given by (x,9,2) — (x + 2, 9).
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On the other hand, [-1]* : D(E) — D(E) is given by the kernel sheaf A7 Q, g, where
A~ : E — E Xg E is the anti-diagonal. To give an isomorphism (A.23), it therefore
suffices to give an isomorphism of kernel sheaves

(A.24) pr02!(€V()1 +€V12)*£¢, [27] = A!_Q[’E(_T)-

If we let a : E xg E — E be the addition map, then proper base change for the
Cartesian square

= (pro +pro,pry) =
ExsExs E —— 2", ExsE

lpfoz lPrE

Exg E ¢ E

supplies an isomorphism
(A.25) progi(evor +evie) Ly [2r] = a” prg ev’ L, [2r]
Also, proper base change for the Cartesian square

E— §
(A.26) lA' l

ExsE —*> E

supplies an isomorphism
(A.27) AT QuE = a’Sg.

Now, an isomorphism ag: §g(—7) = prg ev* L, [2r] induces an isomorphism a*6(—r) =
a*pryevt Ly, [2r]. Combining this with (A.25) and (A.27), we get an isomorph-
ism (A.24). Since the canonicity of (A.24) will be a recurring theme, we note that it
only depended on ag. i

Definition A.8. — Let E — S be a derived vector bundle of virtual rank r. An
involutivity datum on E is a pair of natural isomorphisms

ne: FlgokFTg — [-11*(-r) and ng: FTEOFTE% [—1]*(=r)
such that the composition

FTgon:! =oFT
FTp — % FToFTz0 FTe[-1](r) -——5 FTp

is multiplication by (—1)".
Remark A.9. — We will later equip every derived vector bundle with a canonical

involutivity datum, but the construction is rather circuitous; for example, it will involve
first constructing involutivity data that (a priori seem to) depend on auxiliary choices.
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A.2.5. Self-adjointness. — In Section A.2.3 we defined 'FT, and we explained
that 'F T;E'// was the right adjoint to F Twa'

Lemma A10. — Let E — S be a derived vector bundle of virtual rank r. Any
involutivity datum (ng,ng) on E induces natural isomorphisms

FTz; — (FTg)(-r)
and
FT; - (FTz)(-7).

Proof. — The given data of g and 55 show that I Tg(r) and F TE” are inverses,
and in particular adjoints. Since 'F Té was by definition the right adjoint of F Tgp,

this induces the natural isomorphism F TZ S (F Tﬁ)(—r); the other isomorphism is
obtained similarly. mi

Example A.11 (Compatibility with Verdier duality). — Let E — S be a derived
vector bundle of virtual rank r and Dg (resp. D5) denote the Verdier duality functor on

E (resp. E). We have

Dz o FTY = ('FT,”) o Dg.
By Lemma A.10, an involutivity datum for E equips FTx and F'T'z with natural isomor-
phisms

Do FTY = FT;” oDg(r).

A.2.6. More functoriality. — Let f: E' — E be a linear map of derived vector
bundles over S. Assume that E, E’ are equipped with involutivity data. We may then
produce the remaining natural isomorphisms claimed in Section 6.2.4.

Recall that we always had the natural isomorphism

(A.28) FTgofilr' —r] = f* o FTg

without any assumptions. Taking right adjoints in (A.28), applying Lemma A.10, and
relabeling terms gives

f‘ oFTp =FTgofilr—r"](r-1).

Pre-composing (A.28) with FT'5 and post-composing with FTz, then applying
(-Drky 2l [-1]7(=r) — FTz0FTg

and
ng: FTgoFTs; — [-1]%(-r),

and re-labeling terms, gives the isomorphism

(A.29) FTg of* Eﬁo FTg[r-7"](r-71").
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Taking right adjoints in (A.29), applying Lemma A.10, and relabeling terms gives
FTpof' = f.o FTg[r —1].

A.3. Involutivity. — We will construct a canonical involutivity datum for any
derived vector bundle E — §. According to Lemma A.7, it suffices to produce isomor-
phisms

QaE: 5E = FTE(QZ,E)[r](r)’ and aE: 517: = FTE(Qg,E)[T](T)

A.3.1. The case where S is a point. — Suppose S is a point (i.e., the spectrum of a
field). We will produce canonical a z; the dual argument produces ag. This analysis will
be used later to prove involutivity in general, and may be illuminating in any case.

Since S is a point, & is quasi-isomorphic to a formal complex &, &[], with
vanishing differentials. By the compatibility of FT with exterior tensor products (namely,
that Fourier transform on a product of bundles takes an exterior tensor product of
complexes to the exterior tensor product of the Fourier transforms of each factor), it
suflices to treat the case where & = E'[—i], so we assume this to be the case.

If i = 0, then aj is the classical one of Laumon implicit in the proof of [20,
Théoreme 1.2.2.1]. We will therefore focus on the case i # 0.

e If i > 0, then E has classical truncation §. Therefore, 73, induces an equivalence
D(S) — D(E), whose inverse is its right adjoint 7z,. We then have =
ﬂ%: D(S) = D(E) and ng, = ng: D(E) = D(S). Since nig o zg = Idg, we
deduce zp. = 1}, 2j, = M., 2p1 = 2E«, and z!E = 2},

o If i <0, then E is the —i-fold iterated classifying stack of a product of copies of
G,. Since G, is a connected unipotent group scheme, 3, induces an equivalence

D(S) = D(E), whose inverse is therefore nz,.. Since 7z is smooth of rank r, we
have ”i? = my(ry and 7y = 7w (-r). Since g o zg = Idg, we deduce that zg. = 77,
Zy = Mg, 22 = 25(-n), and 21 = ZE (7).
Below we will always use 73, to identify D(S) = D(E) and 71% to identify D(S) = D(E).
We will therefore view FT as an endofunctor of D(S).

e If i > 0, then under the above identifications FTp is simply the endofunctor
[r] of D(S), so FTE(Qy ) identifies with Qg ¢[r] € D(S). On the other hand,
07 = 25 Qy,s identifies with Qg s(ry € D(S). Thus we obtain a .

e If i <0, then under the above identifications FTg is the endofunctor [-r] (=)
of D(S), so FTr(Qy g) identifies with Q, s[-r](-7) € D(S). On the other hand,
65 = 23 Qs identifies with Q, 5. We take a5 to be (=1)" times the obvious
isomorphism.

A.3.2. Bootstrapping from vector bundles. — Suppose & € Perf(S) admits a global
presentation by a finite complex of vector bundles on §, say of the form

Y-S SN NS BN

We will use the following device to bootstrap from the theory for classical vector
bundles, where the theory was established by Laumon [20]. Consider the “stupid
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truncations”

202 (8" — &l — )
and

£V (e 80

and let E29, E<0 be the associated derived vector bundles. Then we have a pullback
(and pushout) square in Perf(S)

820 80

|

& —— &0

which induces a derived Cartesian square of total spaces
E20 P gO
(A.30) l ” lp
E —*  g=<0

Note that E? — S is a classical vector bundle, while £5° — § is smooth (and represented
by classical stacks), and E= — § is separated (and representable in derived schemes).
Here i is a closed embedding, so i = i,: D(E) — D(E=Y) is fully faithful and similarly
for i’. Also, p is smooth with acyclic geometric fibers, so p*: D(E<") < D(E?) is fully
faithful and similarly for p’. Hence we have a fully faithful embedding

(A.81) p*i: D(E) —> D(E").

A.3.3. Global presentations. — We now establish involutivity for derived vector
bundles E that admit a global presentation. Note that, by the definition of a perfect
complex, any derived vector bundle admits a global presentation locally on the base §.

Lemma A.12. — Suppose E is a derived vector bundle.

(1) Any global presentation E® of E induces an involutivity datum on E.
(2) If S is a point, then the involutivity datum from (1) is naturally isomorphic to that from
Section A.8.1.

Proof.

(1). — Asin (A.31) we have a fully faithful embedding p*ii: D(E) < D(E").
We produce a natural isomorphism

P FlzoF Ty = p™is[-1]"(-r).

By construction the maps p, i are smooth and the maps i, 5 are closed embeddings. Set
r< := rank(£=") and r; := rank(£"). We may apply the functorialities in Section A.2
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to produce a sequence of natural isomorphisms:
P FTFTg = p FTEZO T FTg[reg—rl(reo — 1)
= FTE pit FTg[2ro0— 71 —10](r<0 — 1)
= FT 5 p FTp=0 illr<o = 10l (r<0 = 1)
= FT@ FT go piy(rg — 7).
Applying the classical involutivity datum » g : FT—5 FT g — [-1]*(-7p) and using the
equivariance of p*i with respect to multiplication by —1 gives
P FTzFTg = p i [-1]"(-r).

By the full faithfulness of p*i, this reflects to an isomorphismng: FTzFTg S [=11(-1).
The natural isomorphism 7z is obtained by the same argument on the dual bundle.

(2). — By construction, the compatibility reduces to Lemma A.13 below. O

Lemma A13. — Let f: E' — E be a map of derived vector bundles equipped with
compatible global presentations, and let ng,ng be the corresponding involutivity data from
Lemma A.12.

(1) Suppose f is a closed embedding. Then the diagram

FFT5 Ty — 2 f117% ()
(A.82) FTEf* FTgl[r—121(r—1")
FTzFTg fi(r = 1) —— Al-11"(-7)

commutes.

(2) Suppose f is smooth. Then the diagram

e

[ FT,FT, PN
(A.33) FTg AFTg[r -]
FTE, FTE’ f*(r/ _ T) n_;> f*[_l]*(—r)

commutes.

Proof. — The two situations are similar so we just prove (1). The two paths are
each given by an isomorphism of the respective kernel sheaves with the constant sheaf
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on the graph of f in E’ xg E. Hence they differ by a scalar in H°(S,Qy.s). We can
compute this scalar locally, thus reducing to § = pt by base change. Then E and E’
factor as a product of derived vector bundles placed in degree i, so we may reduce to
the case where they are each in degree i. If i # 0, then the Lemma follows from tracing
through the explicit descriptions in Section A.3.1. We henceforth focus on the case
where i = 0, so E and E’ are classical vector bundles. Observe that we can compute the
scalar in question on any non-zero object; we will take the object 6. This reduces to
the case where E’ = 0.

The isomorphism g: FI;FTg = [-1]*(=7) is the map induced by the butterfly

ExXE

/ \
(A.34) ~

EXEXE E

ExA! //<\ E

using the Artin—Schreier sheaf on Al. According to Section A.1.3, the bottom row
of (A.32) is then given by the butterfly obtained by pulling back along f: 0 — E:

OxE

/ \
(A.85) =

OXEXE 0

0xAl M‘E

Tracing through Section A.2.2, we find that the isomorphism FTz FTg f; = fi[=11"(=7)
given by going around the left and top of (A.32) is also given by a butterfly:

Ex0
(4.36) EXE 0x0
" /« i
By inspection, this agrees with the butterfly (A.35). i

A.3.4. Base change. — Consider the setup of Section 6.2.2 where we perform a

base change 4 : S — S. We will prove the isomorphisms (6.1), (6.3), (6.4) and (6.2)
without any assumptions. (At an intermediate stage the proof invokes Lemma A.12, and
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the proof is used subsequently to construct the canonical involutivity datum for general
derived vector bundles, which explains why it appears here.)
The isomorphisms (6.1) and (6.3) follow directly from proper base change.
Now consider (6.4). Consider the commutative diagram

EXsE
(A.87) - - =
E Exg E E
hEl V PrL |4
E E

We have a natural transformation

(A.38) FTgohf — hE o FT;

as the composition (for any K € D(E))
priy(pry AEK ® ev* L)

(1) T o~ % T~ ~ %
— pry(hproK ®ev' Ly) = pryy b (pryK @ ev' Ly)
@) E~ o~ —~ &

— izfpr“(pr(ﬂ(éé ev' Ly).

Here (1) is the natural transformation prj, hE — Lﬁ?g coming from the left parallel-

ogram in (A.37), and (2) is the natural transformation pry, h. — hEpr;, obtained by
adjunction from the proper base change isomorphism attached to the right parallel-
ogram in (A.37). To check (A.38) is an isomorphism, one can work Zariski locally
over §, hence reducing to the case where E admits a global presentation. In this case,
using Lemma A.10, we may replace FT with "FT in (A.38) (up to a twist), which then
is visibly an isomorphism by proper base change.

Now consider (6.2). We have a natural transformation

(A.39) FT5o0(h5) — (k) o F T
as the composition (for any K € D(E))

pri(pry (A K © & L)

(1) —~ £ ~ % —~ k *
— pr“(;ﬂ proKeev L) = pr“;zj‘(pro‘K@) ev:' Ly)
p) 7 .
@, (hEY! pri(pro K ®ev' Ly).
Here (1) is the natural transformation prg(A£)' — A pr;, obtained by adjunction from
the proper base change isomorphism attached to the left parallelogram in (A.37), and

(2) is the natural transformation pr; !;;’ — (/LE)! pry; coming from the right parallelogram
in (A.37). The proof that (A.39) is an isomorphism is similar to that of (A.38).
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A.3.5. Involutivity in general. — Finally we can produce the promised canonical
involutivity datum for a general derived vector bundle.

Let E — S be a derived vector bundle of virtual rank r. Since 6z := 21Q/,
producing a map

(A.40) ag:6p — FIE(Q, plr](r)
is equivalent to producing the adjoint map

(A41) oy 1 Qus — 2 FT(Q, p)Irl(r),

Lemma A4, —  If the map (A.40) is an isomorphism, then the adjoint map (A.41)

is an isomorphism.
, . ..
Proof. — The map o’ is the composition

Qs — 224Qus —> 2 FT(Q, p)[r](1).

Since @ is an isomorphism by assumption, it suffices to see that the unit map Id — z'z
is an isomorphism. Equipping E with the natural G,,-action (by scaling), we will apply
the “stacky contraction principle” Theorem B.5. For n: E — §, it says that on the
subcategory of monodromic sheaves, 7 is right adjoint to z. This applies here because
2K is monodromic for every K € D(S): its support is the fixed locus and the scaling
action is trivial there. Thus, for every K € D(S), the unit map K — z'% is identified

with the unit map K — m2%K = K, hence is an isomorphism. o
Lemma A.15. — Let E be a derived vector bundle over S of virtual rank r. Then there

is a canonical (i.e., independent of auxiliary choices) isomorphism

(A.42) af 0 & FTE(Q[,E)[r](r).

Proof. — We will first construct a canonical isomorphism

(A.43) o Qus = 2 FTH(Q, p)[r] ().

Let K € D(S) denote the right side. We claim that K is a sheaf concentrated in
degree 0, and Zariski-locally isomorphic to the constant sheaf Q5. The claim can be
checked Zariski-locally, so to prove it we may assume that E has a global presentation.
Then Lemma A.12 equips E with an involutivity datum (which a priori depends on
the choice of presentation), so Section A.2.6 applies and then Example 6.8 gives an
isomorphism

ap: 6 —> FT17(Q, p)[rl(r).

Then by Lemma A.14, the adjoint map Qg — 2' FT7Q, g [rl(r) is an isomorphism.
This establishes the claim.

We now return to the case of general E. In the proof of the claim, we saw that
Zariski-locally on § we have global presentations of E, which induce local trivializations
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of K. By Lemma A.12(2), these local trivializations of K agree on the stalk at any
point of S. Since the claim implies in particular that K is a local system on §, the local
trivializations therefore glue to give an isomorphism Q¢ = K. (Note that we are gluing
in the abelian category of local systems on §; it was crucial to first establish that K lies
in this subcategory in order to be able to glue.) Furthermore, Lemma A.12(2) shows
that the resulting @’ is independent of any and all choices of local trivializations.

The canonical isomorphism &/, then induces by adjunction a canonical map

(A44) ag (SE — FTE‘(Q&E)[T](T)

We claim that ag is an isomorphism. This claim can be checked after base changing to a
point of S. Hence we may assume that £ admits a global presentation, and then by its con-
struction, the map ag agrees with the map induced by the map 6z — FTz(Q, 7 [r](r)

produced by the involutivity datum of Lemma A.12 and Example 6.8, which is an
isomorphism. This finishes the proof. i

The canonical isomorphisms az and a5 give the two involutivity isomorphisms
by Lemma A.7. The sign condition in Definition A.8 is local on § and can be checked
after base change to geometric points using the base-change compatibilities of Sec-
tion A.3.4. After choosing local global presentations, the canonical maps agree with the
presentation-dependent maps above by Lemma A.12(2). Thus all derived vector bun-
dles have canonical involutivity data, independent of global presentations. Henceforth
we implicitly equip all derived vector bundles with these canonical involutivity data.

A.4. Fourier transform and proper base change. — In this subsection we prove
Proposition 6.11. The notational conventions of the subsection are now reset. We
maintain the notation and setup of Section 6.3.2.

Lemma A16. — Let f: E' — E be a globally presented map of derived vector bundles.
Then f admits a factorization

ESELE
such that i is a closed embedding and p is smooth.

Proof. — Let K := Totg(K) be the derived kernel of f. By the hypothesis, K
admits a global presentation

7(.:_)7(_1_)7(0_)(](1_)

(for example, we can take for K* the usual cone construction of f shifted by 1). Then
we have an exact triangle for naive truncations

K= — K — K=
We take & := cone(K=! — &), which then has a factorization

(A.45) & — & — cone(K — &) = &.
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Note that the last isomorphism is in Perf(S) and we do not claim that it is represented
by a map of the given presentations. Regardless, (A.45) induces a diagram of total

spaces

whose composition is f, whose first map has derived kernel Totg(%=!) hence is a closed
embedding, and whose second map has derived kernel Tots(%=") hence is smooth. O

A.4.1. Formulation of the main statement. — We expand the formulation of the
compatibility (6.8). Consider a Cartesian square of derived vector bundles:

AyBXD
oA

where all maps are linear. For a linear map of derived vector bundles, d(-) denotes
the virtual rank of its relative tangent complex; in particular set d := d(f) = rank(4) —
rank(C) and ¢ := d(g) = rank(D) — rank(C). Using Section 6.2.4 and proper base

change, we have a hexagon of functors D(4) — D(D):

(A.46)

FTp g"fild +6](6) «— FTp f;'(g")"[d +5](6) — (f) FTgo(g)[6](6)
(A.47) N[ {

GFTc fild] e——— g/ FTy ————— (f)’g FT4

Lemma A17. —  Assume that each of f, g is either smooth or a closed embedding. Then
diagram (A.47) commutes.

Proposition A.18. —  Assume that f and g are globally presented. Then diagram (A.47)
commutes.

Remark A.19. — We emphasize that Lemma A.17 has a weaker hypothesis than
Proposition A.18; in particular, it does not require maps f, g to be globally presented.
This is important because when reducing Proposition A.18 to Lemma A.17, we may
not be able to guarantee that intermediate diagrams are globally presented compatibly
with the original global presentation of (A.46). Fortunately, because of the weaker
hypothesis, there is no need to arrange such compatibility.

Proof of Proposition A.18, assuming Lemma A.17. — We first prove an intermediate
reduction: the desired hexagon commutes whenever at least one of f and g is smooth
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or a closed embedding. Suppose without loss of generality that g is smooth or a closed
embedding.

By Lemma A.16, we may factor f as 4 4 42, ¢ where i is a closed embedding
and p is smooth. This induces a factorization of the diagram (A.46) into a sequence of
two Cartesian squares

(A.48)

Now both inner Cartesian squares have the property that their sides are all smooth
or closed embeddings, so we may now apply Lemma A.17 to them. Lemma A.17 is
compatible with compositions of Cartesian squares, so the commutativity of the analo-
gous hexagons to (A.47) for the two inner squares of (A.48) implies the commutativity
of (A.47).

It remains to remove the auxiliary assumption that one of f and g is already

smooth or a closed embedding. As above, we may factor f as 4— AL ¢ whereiisa
closed embedding and p is smooth. This produces a commutative diagram (A.48) both
of whose inner Cartesian squares have a set of parallel sides which are smooth or closed
embeddings, and we may repeat the argument of the previous paragraph. i

It remains to prove Lemma A.17. We make some initial reductions. We claim

that the result is immediate if f is a closed embedding, or if g is smooth. Indeed:

o If £ is a closed embedding then f is smooth and we may replace f by f,
everywhere in (A.47). Since f” is also a closed embedding, the relevant Fourier
functoriality isomorphisms may be written in the normalized form

FT¢ f.ld] = fFT, and FTp £/[d] = (f) FT5.
After applying the adjunctions (g)* + g/ and g - g", the commutativity
of (A.47) is therefore equivalent to the commutativity of

unit(g’) ’ 7%
FT¢ £i[d] ™55 FT¢ figl(g') [d]

= unit(g’) Tl ~
[FTy — flg FTy
This last square is precisely the compatibility of the functoriality isomorphism

FT¢ fi[d] = f* FT4 with the unit of adjunction, which is incorporated into its
construction in Section 6.2.4.
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e If g is smooth then g is a closed embedding and we may replace g by g.
everywhere in (A.47), and a similar argument applies.

We may and do henceforth assume that f is smooth and g is a closed embedding.

A.4.2. More general statement. — In fact, we can formulate a more general

statement. The transform FT is defined with respect to £, on A! via pull-push in the
diagram

Ax Al <—AXSZ—>2

More generally, define the functor Conv: D(4 x Al) — D(A) as pry(prg, ev)*
(see Section A.1.1) for the diagram

AxAlgﬁﬂApoJﬂei

Composing Conv with the functor D(4) — D(4 x A) given by external product with
the Artin—Schreier sheaf £, recovers FTY, up to shift.
We will construct a hexagon

Conv g* fi(s) «—— Conv f(g")*0) —— (f")* Conv(g’)*5)
(A.49) T T
g Conv fi «—— ;ﬂf* Cony ———— (f’)*g!’ Conv

that recovers (A.47) in the above manner; note however that in general the vertical
arrows are not isomorphisms. The top-left and bottom-right horizontal arrows are the
natural isomorphisms induced by proper base change. The other arrows are explained
in Section A.4.3 and Section A.4.4 below.

We are still assuming that g, g’ are closed embeddings (so g, g’ are smooth) and

£, f are smooth (so f, f” are closed embeddings).

A.4.3. Forany f: A4 — C, we will define a natural isomorphism f* Conv =

Conv f; of functors D(4x Al) — D(C). (We do not need the smoothness of f here.)
This supplies the bottom left and top right horizontal arrows of (A.49).

e The functor f * Conv is given by the correspondence

A Xg

-~

AXSI‘T

c
c
(prO:CV/ & f \
7

Ax Al

Q)
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e The functor Conv f is given by the correspondence

AXSE

(pro,CVO(fXTd))/ \

AXAI CXSE

\de (Pr()y pri

Ax Al Cx Al

\

Q)

These correspondences between 4 x Al and C visibly agree.

A.4.4. For any closed embedding g’: B — A, we will define a natural transfor-
mation g/ Conv — Conv(g’)*(-d(z")) of functors D(4 x Al) 5 D(B). (We will use the
smoothness of g’ here.) This supplies the vertical arrows of (A.49).

e The functor Conv(g’)* is given by the correspondence

B Xy E
(prOV \
BxAl Bxg B
g’de/ \ (proy pry
AxAl BxAl B
e The functor g Conv is given by the diagram
A XS z‘i\
/ pr]
A Xs zzf zzl\
)~ o / 7
AxAl A B
To compare these, we consider the diagram
B Xg zzf
gfy \Id><§/
A Xg z‘T B Xy E
AxAl B
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where the maps are as above. This is a butterfly thanks to the assumption that g’ is a
closed embedding (so g’ is smooth), and therefore gives a natural transformation

g/ Conv *, Conv(g')*(-4@)) = Conv(g’)"(s).

A.4.5. Returning to the hexagon (A.49), the top row of natural isomorphisms
all come from the correspondence

B XS
(g, LVO(IdXV \

Ax Al

via Section A.1.1, as seen in the diagrams below:

. (f')* Conv(g’)* is induced via Section A.1.1 by the fibered product of corre-

spondences
BXSB
Bxs B BxgD
o BxAl BxgB D
s \ i \A/f \A
AxAl Bx Al B D

e Conv f(g’)* is induced via Section A.1.1 by the fibered product of correspon-
dences

BxA! DxgD

Ax Al DxA! D
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e Conv g*f; is induced via Section A.1.1 by the fibered product of correspondences

BXSB
/// \\\
; BxA! ; DxgD
g’X/ \X -
/AxA1 et o D x Al
/// \\\ ///
Ax Al C x Al D

On the other hand, the bottom row of natural isomorphisms in the hexagon all
come from the correspondence

A X 6
(Id,evo(Id X‘]?))/ R
D

Ax Al

via Section A.1.1, as seen in the diagrams below:

. (f’)*(@’); Conv is induced via Section A.1.1 by the fibered product of corre-

spondences
SN
4 2/ \A/ \
AXAI/ \Z/ \ 7 \5

. g‘!(f)* Conv is induced via Section A.1.1 by the fibered product of correspon-
dences

\,

/N

o)

AXSE

\
/\
N/

Q)
Q)

AXS/T

N\ /
S

o)

Ax Al A C
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e g Conv f isinduced via Section A.1.1 by the fibered product of correspondences

SN
N N
AxAl CxsC c
0 o N
Ax Al CxA! C D

Proposition A.20. — Hexagon (A.49) commutes.
Proof. — By the preceding discussion, the natural transformation
21 Conv fi — Conv g* fi(s)

. . L * . .
is the pre-composition of the natural transformation g Conv — Conv g*(d(¢)) coming
from the butterfly

DXSE

PN

CXSE DXSE

—~

CxAl D
with fi. Computing the pullback of this butterfly along f gives the diagram

BXSé

PN

Ax35 DxSE Bxsﬁ
/X56 DXSE
Ax Al

fxldl
C xA! D
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and Lemma A.2 identifies the resulting natural transformation with the one from the
upper butterfly

—~

BXSC

PN

(A50) AXSG BXSB

Ax Al D
On the other hand, the natural transformation
(f))*g"1 Conv —> (f7)* Conv(g)" ()

is the composition of (f’)* with the natural transformation g’! Conv > Conv(g’)*(s)
coming from the butterfly

BXSAA

gry \Id>‘<gA’

Axg A Bxs B

&)

Ax Al

Computing the pullback of this butterfly along f 7 gives the diagram

BXSC

PN

Axgé BXSII BXSB
AXSZ BXS&

Ax Al

?U)

&)
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and Lemma A.3 identifies the resulting natural transformation with the one from the
upper butterfly

BXSE

PN

AxsC BxsD

o)

Ax Al

which is visibly the same butterfly as (A.50). i

Appendix B. The stacky contraction principle

At the behest of the referee, we will reprove the “stacky contraction principle” of
Drinfeld-Gaitsgory from [4, Appendix C] in our current context.

Throughout this subsection, let M/ be a locally finite type derived Artin stack over
a field £, with an action of A! viewed as a multiplicative monoid. (The derived structure
will play no role in this discussion.)

B.1. The contracting stack. — We may view {0, 1} as a monoid under multiplica-
tion. By restriction along {0, 1} c Al, ¥ acquires an action of {0, 1}.

Let M be a finite module for the monoid {0, 1}. We denote by Y¥ the stack
of {0, 1}-equivariant maps M — Y. Concretely, for a k-algebra R, Y (R) carries an
action of the monoid {0, 1} and Y (R) is the groupoid of {0, 1}-equivariant functors
M — Y(R).

Example B.1. — Viewing {0, 1} as a module over itself in the natural way, the
natural forgetful map Y%} — ¥ is an isomorphism.

Definition B.2. — Viewing {0} as a module for the monoid {0, 1} under multiplication,
the contracting stack of Y is Y°. Restricting along the {0, 1}-equivariant maps {0,1} —
{0} — {0, 1}, and invoking Example B. 1, we obtain maps

y Lyl y
such that 7t o i = 1d 0.

If Y is represented by a derived scheme, then i is the closed embedding of the
“contracting locus”. In general, however, i need not be a closed embedding, so we refer
to YV as the “contracting stack”.
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Example B.3. — Let Y = E be a derived vector bundle over a base §. Then
Al acts on E by scaling, and Y identifies with the zero-section of E, which is a closed
embedding if and only if & comes from a perfect complex & € Perf(S§) with tor-
amplitude in [0, o).

B.2. Formulation of the contraction principle. — By restriction along G,, c A, we
have a G,,-action on Y. For ¢: Y — Y /G, define the monodromic derived category
DY -~ Gy) c DY)

to be the full subcategory of D(Y) generated by objects pulled back from D(Y/G,,) via
¢*. Note that since the map g is smooth, the definition is equivalent if we use ¢' instead
of ¢*.

Example B.4. — 1f G,, acts trivially on Y, then D(Y -“ G,) = D(Y). In particu-
lar, the induced action of Al on a contracting stack Y9 is always trivial, so we always

have D(Y° . G,,) = D(Y").

We have natural transformations in K € D(Y), K; € D(Y?),

(B.1) Hom y0 (i"Kp, K1) = Hom y (Kp, i.K1) — Hom o (7. Ky, 7.i.5K7)
= Hom yo (7. Ko, K1).

From the composite, we obtain a natural transformation 7, — i*.

Theorem B.5. —  With the assumptions and definitions above, the natural transforma-
tions are isomorphisms:

m = i*: DY . Gp) — DY)
and
i'=m: DY Gp) — DY)

In the D-module setting, this is a result of Drinfeld—-Gaitsgory [4, Theorem C.5.3].
The proof is essentially a close copy of Drinfeld-Gaitsgory, but for completeness we spell
it out (after prodding from the referee). We will focus on proving the first statement;
the argument for the second is of a dual nature.

B.3. A special case. — We will reduce Theorem B.5 to the special case where
the A monoid action factors through an action of the monoidal stack A /G,,.

Let Y be a derived Artin stack equipped with an action of the monoidal stack
A!/G,,. Thanks to the monoid homomorphism A! — A!/G,,, this equips Y with a

_0
natural action of Al, so that the contracting stack Y is defined and we have natural
maps

v iy iy
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such that o = 1d 7 As in Section B.2, we obtain natural transformations x, — i* and

i' = m. Then Theorem B.5 specializes to the following assertion.

Theorem B.6. — Let Y be a derived Artin stack equipped with an action of the monoidal
stack A1/ G,,. Then the natural transformations above are isomorphisms

1 = i*: DY) — D)
and

i = m: DY) — D)

Example B.7. — We verify Theorem B.6 for Y = A!/G,, with the tautological
A!/G,,-action, which will be used later as a “base case” for the proof in general. In this

—0
case, Y = 0/G,, and we want to show that the natural transformation r, — i* is an
isomorphism. Let j: G,/G,, — A!/G,, be the open embedding of the complement of

—0 —
Y . Writing any K € D(Y) as an extension
JijK — K — i i"K

we reduce to showing the statement for K of the form i.X” or K = jiK’. In the first
case, the assertion is clear from the fact that 7 o i = Id. In the second case, i* K’ =0
so it suffices to show that 7,y K’ = 0. To prove this vanishing for an arbitrary K’ €
D(G,,/G,,) = D(pt), pull back along the smooth atlas pt = 0/G,,. The base change is
RT(A, jiQ,) ® K’, by the projection formula. Thus it suffices to show RT'(A!, Q) = 0,
which follows from the localization triangle and the fact that restriction to the origin
induces an isomorphism RI'(A!, Q,) — R (pt, Qy).

B.4. Reductions of Theorem B.5 to Theorem B.6. — We will prove Theorem B.5
assuming Theorem B.6. Examining (B.1), it suffices to show that the natural transfor-
mation

(B.2) Hom y (Kp, i.K1) — Hom o (7.Kp, 7.i.K7) = Hom o (7.Kj, K1)

is an isomorphism for all Ky € D(Y -* G,,) and K} € D(Y° .* G,,) = D(Y?). Consider
the Cartesian square

T

/_l.\
yo—t Sy
(B.3) lqo . lq
TN

Let Y := Y /G; note that its contracting stack is i” = Y0/G,,.
We will recast (B.2) in terms of the lower row of (B.3). Since D(Y -“ G,,) is

generated by the ¢'-pullbacks and both sides of (B.2) are exact in K, it suffices to check
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the claim on such generators. Thus we may assume K = ¢'% with K € D(Y). Since
— — —0
the action on Y is trivial, we may also write K; = (¢")'%; for some K| € D(Y ). Then
we have
Homy (%y, i.%1) = Homy (¢'Ko, i.(¢°) K1)

= Homy (¢'Ko, ¢'i-K1)

= Homy (¢"Ko(D), ¢'1.K1)

~ Homy(%o,q*q!i_*‘]?ﬂ—n)
where we used that ¢' = ¢*(1) because ¢ is smooth (of relative dimension 1). Let
p: pt = pt/G,, be the universal G,,-torsor and put & = p.p'Qu(-1). If s: ¥ — pt/G,,

0

and s9: Y — pt/Gy, are the structural maps, set Ay := 5™« and Ay := s;.«/. The maps
i and 7 are over pt/Gy, so Ay = 1" Ay and fkﬂy = Ay. By the projection formula,
g.¢'(=)¢-1) is tensoring with A - Thus we may rewrite

(B.4) Homy (Kp, 1K) = Hom (Ko, T* Ay ® i.%K1)
and similarly

(B.5) Hom yo (.%o, K1) = Homyw (T Ko, Ay ® K1).

Theorem B.6 asserts that 7, = i". In particular, the map 7. (7*(4) ® K) — A®1,K is an

. —0 . —0
isomorphism for any 4 € D(Y ). Hence for any 4 € D(Y ), we have a priori a natural
transformation

Hom (Ko, 74 ® i.%K) — Hom o (7. Ko, T (T A® 1.K1))
(B.6) = Homyo(m?o,,q K1),

which for 4 = A agrees with the map (B.2) under our identifications (B.4) and (B.5).
Therefore, it suffices to show that (B.6) is an isomorphism for 4 = A,. Theorem B.6
tells us that it is an isomorphism for 4 = Q,, but A has a two-step filtration whose graded
pieces are shifts and twists of Q,, because & computes the Borel-Moore homology of
G,,. Since both sides of (B.6) are exact in 4, the isomorphism for 4 = Q, implies the
isomorphism for 4 = A,. i

B.5. Generalities on idempotent functors. — Thanks to Section B.4, it now suflices
to prove Theorem B.6. This will essentially follow from abstract nonsense. We recall
some relevant definitions from [4, Section C.1].

Given a monoidal category (C, ®), there is a notion of algebra A € C. We say that
A is idempotent if the multiplication map 4 ® 4 — A is an isomorphism. An idempotent
algebra can be thought of equivalently as a monoidal functor F: {0,1} — C: A= F(0)
is an idempotent algebra in the above sense, while F(1) = 1¢ by definition.

Definition B.8. —  Given any category C, we can form a monoidal category of endo-
Sfunctors End(C). An idempotent endofunctor of C is an idempotent algebra in End(C).
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Example B.9. — Let D and C be categories and
pHeLop

a sequence of functors equipped with an isomorphism €: 7,04, — Idp. Then 0, := i,on,
is an idempotent endofunctor of C: € supplies an isomorphism

€
0,00, = (i) (iemry) = i (i) me — i =0,

In fact, every idempotent endofunctor arises from the construction of Exam-
ple B.9. To see this, let C be a category equipped with an idempotent endofunctor
0, € End(C). As discussed above, the data of 0, is equivalent to that of a monoidal func-

tor {0,1} — End(C), i.e., an action of the monoid {0, 1} on C. Let C” be the category
of {0, 1}-equivariant functors {0} — C. Then restriction along the {0, 1}-equivariant
maps {0} — {0, 1} — {0} induces a diagram

et X P c?

whose composition is Id 0.

Lemma B.10. — Let C be a category and 0, be an idempotent endofunctor of C.

Factorize 0, = i.x, with €: n.i. — Id oo as above. Regarding 0, as an algebra in End(C),
promoting O to a unital algebra is equivalent to promoting (n., i.) to an adjunction with counit €.

Proof. — To promote (n., i) to an adjunction with counit € is to give a unit
n: Id¢ — i and commutative triangles

Ty ﬂ) ﬂ-*(i*ﬂ'*) = (ﬂ*i*)ﬂ* l* L) (l*ﬂ-*)l* = l*(ﬂ-*l*)
(B7) lfﬂ* and \ li*f
Id 1d
Ty iy

The unit of the adjunction is taken to be the unit of 0,. To check that it satisfies the
axioms of a unit, we must produce commutative triangles

0.7 10,
0, — 0.0, 0, — (0,)0,
1d
(B.8) k l,l and \ lﬂ
0, 0,

For the first triangle, we compose the first triangle of (B.7) with i, to obtain

i, —1 G (1) = G (i) T

(B.9) ~ l
1Ty
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as desired. The second triangle is handled similarly, using the second triangle of (B.7).

To go in the other direction, we start with commutative triangles (B.8). Com-
posing (B.9) with n, and applying the counit € (and using that it is an isomorphism)
gives the left triangle of (B.7), and a similar procedure works for the other commutative
triangle. i

In the setting of Theorem B.6, let 0: Y/ — Y be the composition

— —0 i J—
y—Y — Y.
This induces the setup of Example B.9, so 0, is an idempotent endofunctor of D(Y).

Since i* is left adjoint to i., we can interpret Theorem B.6 as saying that ., is left adjoint
to i,. By Lemma B.10, this assertion can in turn be reformulated as saying that 0, can be

promoted to a unital algebra in End(D(Y)). This proves the isomorphism 7, = i*; the
isomorphism i' = 7, follows by Verdier duality, since Verdier duality interchanges *- and
I-functors and dualizes the natural transformation ., — i*. In these terms, Example B.7
gives such a promotion for the special case Y = A!/G,,. We shall pass from the “base
case” of Example B.7 to the general case using a general mechanism.

B.6. Generalities on monoidal stacks. — Recall that a monoidal stack is a monoid in
the category of stacks. In particular, a monoidal stack  is equipped with a multiplication

m:Yxy —-JYy.

Ezxample B.11. — A monoid scheme (such as a group scheme) is a monoidal
stack. Also A!/G,, is a monoidal stack; it parametrizes line bundles equipped with a
cosection, and the monoid operation is tensor product.

Given a monoidal derived Artin stack Y, the unbounded derived category D(Y)
acquires a monoidal structure x under convolution:

Ko * K1 := m. (Ko ®K7).

In this paragraph D(Y) denotes the unbounded category; the bounded constructible
subcategory is not generally preserved by convolution. We denote by 1y the unit
of (DY), ). If f: Y — Y’ is a monoidal homomorphism of such monoidal stacks,
then f.: D(Y) — D(Y’) promotes to a monoidal functor for x. In particular, we have
f(ly) = 1y. If f is only a semigroup homomorphism (i.e., compatible with the
multiplication but not the unit), then f£(1y) is an idempotent algebra in (D(Y’), %).
Given y € Y (k), let 6, be the direct image of Q,; € D(pt) under the map y — Y.

Example B.12. — For y = 1 the monoidal unit, the map 1 — Y is a monoidal
homomorphism, so §; = 1y is the monoidal unit of (D(Y), ).

Example B.13. — If Y is a monoidal stack and the map denoted 0 — Y is a
semigroup homomorphism from an idempotent one-object monoidal stack, equivalently



MODULARITY OF HIGHER THETA SERIES I 159

if the multiplication composite 0 x 0 = Y x Y - Y agrees with 0 — Y, then its direct
image 6 is an idempotent algebra in (D(Y), ).

B.7. Proof of Theorem B.6. — We can now complete the proof of Theorem B.6.
With Y as in the setup of Theorem B.6, we have a monoidal action of A!/G,, on Y.

This induces an action of D(A!/G,,) on D(Y): letting
(B.10) a: A')GuxY — Y
denote the action map, the action functor
D(A'/G,) x D(Y) — D(Y)
is given by
Ko, K1 — a. (Ko & K7).

The above action of D(A!/G,,) on D(Y) can be formulated equivalently as a
monoidal functor

(B.11) D(AY/G,,) — End(D(Y)).

Recall that using Lemma B.10, we reformulated Theorem B.6 as saying that the idem-
potent algebra 0, € End(D(Y)) can be promoted to a unital algebra.

Lemma B.14. —  The idempotent algebra 0, € End(D(Y)) is the image of 6o un-
der (B.11).

Proof. — By definition, the image 6o under (B.11) is the endomorphism of DY)
induced by pushforward along endomorphism of ¥, which is in turn obtained by pulling
back the action map (B.10) along {0} — A!/G,,. The resulting map

0yxY — Y
— —0 i —
is precisely the endomorphism 0: Y —» Y — Y, as desired. i
In the base case Y = A!/G,, we saw at the end of Section B.5 that Exam-
ple B.7 could be interpreted as promoting 0, € End(D(A!/G,,)) to a unital algebra. By
Lemma B.14, we can interpret this as a unital algebra structure on ¢\ regarded as an
idempotent algebra in (D(A!/G,,), %) via Example B.13. This is then_ carried by the
monoidal functor (B.11) to a unital algebra structure on 0, € End(D(Y)), completing
the proof. i
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