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GENERIC REGULARITY FOR MINIMIZING HYPERSURFACES
IN DIMENSIONS 9 AND 10

by Otis CHODOSH, Christos MANTOULIDIS, and Felix SCHULZE

ABSTRACT

We prove that singularities of area minimizing hypersurfaces can be perturbed away in ambient dimensions 9 and 10.

1. Introduction

Let Γ be a smooth, closed (compact and boundaryless), oriented, (n − 1)-dimen-
sional submanifold of ℝn+1. Among all smooth, compact, oriented hypersurfaces M ⊂
ℝn+1 with 𝜕M = Γ, does there exist one with least area?

Foundational results in geometric measure theory (see [20, 29, 39, 40]) can be
used to produce an integral n-current T with least mass among all those with boundary
equal to the multiplicity-one current represented by Γ. When n + 1 ≤ 7, it is known
that T is supported on a smooth area-minimizing hypersurface that solves the original
differential geometric problem (see [2, 13, 28, 32, 51]). When n + 1 ≥ 8, smooth
minimizers can fail to exist (see [3]) but it is nevertheless known that away from a closed
set singT ⊂ ℝn+1 \ Γ of Hausdorff dimension ≤ n − 7, the support ofT will be a smooth
hypersurface with boundary Γ (see [21, 32]).

A fundamental result of Hardt–Simon [33] shows that the singularities (necessarily
isolated points) of 7-dimensional minimizing currents in ℝ8 can be eliminated by a slight
perturbation of the boundary, Γ, thus yielding solutions to the original differential
geometric problem. It has been a longstanding conjecture that similar results hold in
higher dimensions (see [58, Problem 108], [5, Problem 5.16], [30, Conjecture 16]),
where the singular set can have positive Hausdorff dimension and can be a priori quite
complicated.1 In this paper we use a perturbative approach motivated from our work
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1See [50] for complicated singular sets of stable (rather than minimizing) hypersurfaces.
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on generic regularity in mean curvature flow2 to obtain a generic regularity result for
minimizers in ambient dimensions 9 and 10.

Our main theorem is:

Theorem 1.1 (Generic regularity for the Plateau problem). — Let n + 1 ∈ {8, 9, 10}.
Consider a smooth, closed, oriented, (n − 1)-dimensional submanifold Γ ⊂ ℝn+1. There exist
C∞-small perturbations Γ′ of Γ (as graphs in the normal bundle of Γ) with the property that there
exists a least-area smooth, compact, oriented hypersurface M ′ ⊂ ℝn+1 with 𝜕M ′ = Γ′.

See Theorem 4.1 for our result in the language of integral n-currents that implies
the geometric theorem above. The case n + 1 = 8 in the special setting of minimizing
boundaries is due to Hardt–Simon [33, Section 5].3 These results can be extended in a
straightforward manner (which we omit) to cover area minimization in smooth, closed,
oriented (n + 1)-dimensional Riemannian manifolds (in place of ℝn+1) provided Γ is
homologically trivial.

The work of Hardt–Simon on 7-dimensional minimizing currents in ℝ8 was
then used by Smale [52] to show that given an 8-dimensional smooth closed oriented
Riemannian manifold (N , g ) and a nonzero homology class [𝛼] ∈ H7(N 8,ℤ), the
area-minimizer in [𝛼] can be taken to be smooth as long as we perturb the metric
appropriately.4 We extend this result to ambient 9 and 10 dimensional manifolds, too.

Theorem 1.2 (Generic regularity for homology minimizers). — Let n + 1 ∈ {8, 9, 10}.
Consider a closed, oriented, (n + 1)-dimensional Riemannian manifold (N , g ). There exist
C∞-small perturbations g ′ of g with the property that for every nonzero [𝛼] ∈ Hn (N ,ℤ) there
exist disjoint, smooth, closed, oriented hypersurfaces M1, . . . ,MQ ⊂ N and k1, . . . , kQ ∈ ℤ so
that

∑Q
i=1 ki⟦Mi⟧ is of least area, with respect to g ′, in [𝛼].

See Theorem 5.1 for the result in the language of integral currents that implies
the geometric theorem above.

Remark 1.3. — For 2 dimensional integral currents or flat chains mod 2 that
minimize area in their homology class (in any codimension), generic regularity has been
established by White [57]. In recent work, Li–Wang [36] have proven generic regularity
for locally stable (as opposed to minimizing) minimal hypersurfaces in 8-dimensional
manifolds (cf. [9, 14, 54]).

2In our joint work with Choi [8] (which was a follow-up to [7]) we discovered a strong analogy between
mean curvature flow of generic initial data and the generic regularity and uniqueness for area-minimizers.
See also the earlier foundational work of Colding–Minicozzi on generic mean curvature flow [10].
3The setting of boundaries applies, e.g., when Γ is connected; see [32, Corollary 11.2].
4See [41] for some related work.
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Remark 1.4. — Theorem 1.2 allows one to extend Schoen–Yau’s stable minimal
hypersurface obstruction to positive scalar curvature to 9 and 10 ambient dimensions
(positivity of scalar curvature is an open condition). For example, by combining Theo-
rem 1.2 with the Schoen–Yau inductive descent method [44], we may conclude that the
connected sum5 T n+1#M n+1 with M closed does not admit positive scalar curvature for
n+1 ≤ 10 (a well-known reduction of Lohkamp shows that this implies the positive mass
theorem in these dimensions). See also the work of Schoen–Yau and Lohkamp [38, 45].

Here are the main points of our strategy to prove Theorem 1.1.
(i) Generic regularity via foliations. Let T be any minimizer with prescribed bound-

ary Γ. We construct a 1-parameter family {Tt } of pairwise disjoint minimizers
which form a local foliation on either side of T0 = T .6 We will show that there exist
t arbitrarily close to 0 for which Tt is smooth.

(ii) Top density as improving quantity. One point in common with [7] is that our
generic regularity theorem relies on an iterative improvement under perturbations.
Specifically, we show the existence of a dimensional constant 𝜂 > 0 (in 8, 9, or 10
ambient dimensions), such that for anyTt0 there exists a nearbyTt (with t arbitrarily
close to t0) satisfying7

(1.1) sup
x∈singTt

ΘTt (x) ≤ sup
x∈singTt0

ΘTt0
(x) − 𝜂,

where ΘT denotes the n-dimensional area density of T ; see Section 2. On the
other hand, we know from Allard’s regularity theorem [1] that there exists another
dimensional constant Θ∗

n > 1 with the property that

(1.2) ΘT (x) ≥ Θ∗
n

at any x ∈ singT . In particular, (1.2) will guarantee that finitely many iterations
of (1.1) will suffice to arrive at a smooth minimizer.

The proof of (1.1) is technically very different here than in our previous work [7]
and relies on two new ingredients, (iii) and (iv) below.

(iii) Nearly top-density points align along spines. In Proposition 3.3 we prove the
infinitesimal analog of (1.1) with a strict inequality and 𝜂 = 0 whenever Tt0 is a
nonflat minimizing cone.8 We then use this to prove in Lemma 3.5 that in any
nearly conical scale of Tt0 , all nearly top-density singular points of Tt0 as well as
all those of nearby Tt must be near the approximate spine of Tt0 . Since we know
from [51] that singular codimension-one minimizing cones have at most (n − 7)-
dimensional spines, it follows that the set of nearly top-density singular points across
all Tt ’s is, coarsely, at most (n − 7)-dimensional.

(iv) Regular part separation. We then exploit Simon’s [48] partial Harnack theory for
positive Jacobi fields on minimizing cones, with recent modifications by Wang [55],

5More generally, an SYS manifold of dimension ≤ 10 does not admit positive scalar curvature. See [31,
Section 2.7] for the definition and further discussion.
6For technical reasons (non-uniqueness of minimizers) our foliations may have gaps.
7Recall that sup ∅ = −∞.
8These are the blowup models of singular minimizers.
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to deduce quantitative separation estimates in Lemma 3.12 for theTt along (suitable
subsets of) their regular part. This translates into a superlinear Hölder continuity
estimate for the “time t” parameter corresponding to top-density singular points
x ∈ singTt (see Claim 3.17, and substitute 𝜆0 > 2 + 𝜀).

Combined, (iii) and (iv) imply a packing estimate on the set{
t : Tt contains a nearly top-density singular point

}
⊂ ℝ,

roughly proving that it can be at most n−7
2+𝜀 -dimensional with 𝜀 ∈ (0, 1) a dimensional

constant that comes from the analysis of positive Jacobi fields on nonflat minimizing
cones. In our setting, we have a 1-parameter family of perturbations Tt to work with,
so we can guarantee (1.1) for t arbitrarily close to t0 as long as our ambient dimension
n + 1 is such that

n − 7
2 + 𝜀

< 1 ⇐⇒ n < 9 + 𝜀,

i.e., n + 1 = 8, 9, 10.
For the homology problem adaptation required to prove Theorem 1.2, we need to

perturb the ambient metric (rather than a prescribed boundary) in a way that guarantees
we get a 1-parameter family {Tt } of pairwise disjoint minimizers which form a local
foliation on either side of T0 = T , our initial minimizer. Unlike in the sample strategy
described above, for the Plateau problem, here we could not produce 1-parameter
families of a continuous parameter t , but rather arbitrarily fine discrete families, where
the “fineness” must depend on the central leaf T0. This means two things for the proof.
First, we need to recalibrate our family {Tt } at each iteration in step (ii), rather than
keep using the same family {Tt } throughout as one could in ℝn+1. Second, in order to
avoid presenting two parallel proofs, we also adopted this “discrete” approach for the
original Plateau problem in ℝn+1, too.

Remark 1.5 (Foliations). — The use of foliations to derive generic regularity-
type theorems for variational problems goes back at least thirty years. Foliations were
used by Hardt–Simon [33] to show the generic regularity of minimizers in ℝ8. The
groundbreaking work of Evans–Spruck on level set flows [16, 17, 19, 18] that generic
mean curvature flows are “nonfattening” also used foliations; see also [34]. It would
be interesting to better understand bigger picture implications of the ability to use
monotone foliations across geometric PDE problems.

Remark 1.6 (Obstacle problem). — It is worth highlighting an interesting connec-
tion to the recent generic regularity results for free boundaries in the obstacle prob-
lem [26] (cf. [11, 27, 42]) and shortly after the Signorini problem [24, 25]. That work,
too, relies on a subtle derivation of superlinear Hölder-continuity estimate on a “time t”
function for a foliation to prove the smallness of a spacetime singular set across all time
parameters t . While the obstacle problem is technically very different from the area
minimization problem and thus our techniques are altogether quite different, we find
this connection very interesting and worth exploring.
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1.1. Organization. — In Section 2 we recall some preliminaries and necessary
notation from geometric measure theory regarding minimizing integral currents. In
Section 3 we prove our main technical tools regarding the behavior of monotone families
(foliations possibly with gaps) consisting of minimizers. We then prove Theorem 1.1
in Section 4 and Theorem 1.2 in Section 5. Finally, in Appendices A and B we collect
some background technical facts regarding the Hardt–Simon boundary regularity of
minimizing integral currents and results from Simon’s and Wang’s analysis of positive
Jacobi fields on nonflat minimizing cones.

2. Preliminaries and notation

2.1. Integral currents, regular, singular parts, 𝕀n , 𝕀1n . — Let (N̆ , g ) be an (n + 1)-
dimensional Riemannian manifold without boundary.

We adopt the standard notation from geometric measure theory that 𝕀k (N̆ ) is
the space of integral k-currents in N̆ , with k ∈ {0, 1, . . . , n, n + 1}. This is a weak class
of objects pioneered by Federer and Fleming [23] that is well-suited to homological
area-minimization and the Plateau problem in high dimensions. We refer the reader to
the standard references [20, 46]. We will be interested in elements of 𝕀n (N̆ ) that are
homologically mass-minimizing in the sense of [20, 5.1.6], and we’ll just say minimizing for
brevity.

Recall that for every T ∈ 𝕀k (N̆ ) with k ∈ {1, . . . , n, n + 1} we have 𝜕T ∈ 𝕀k−1(N̆ )
and there is a well-defined partition of the support of T away from that of 𝜕T , i.e.,

sptT \ spt 𝜕T = regT ∪ singT ,

where

regT =

x ∈ sptT \ spt 𝜕T

�������
sptT ∩ Br (x) is a smooth

k-dimensional submanifold

for sufficiently small r > 0


denotes the set of “interior regular points” and

singT = sptT \ (spt 𝜕T ∪ regT )
denotes the set of all remaining “interior singular points.” When T ∈ 𝕀n (N̆ ) is minimiz-
ing, it is a celebrated result of Simons [51] and Federer [21] that singT has Hausdorff
dimension ≤ n − 7.

The regularity at the boundary is more delicate and, for this and other reasons, it
will be convenient in our proof to introduce the following notation.

Definition 2.1. — Let 𝕀1k (N ) ⊂ 𝕀k (N ) denote the space of multiplicity-one integral
k-currents; that is, those with density function equal to 1 Hk-a.e. on their support.

It is a fundamental result of Hardt–Simon [32] that when T ∈ 𝕀1n (N̆ ) is mini-
mizing and 𝜕T = ⟦Γ⟧ ∈ 𝕀1n−1(N̆ ) for a smooth, closed, oriented, (n − 1)-dimensional
submanifold Γ, then for every x ∈ spt 𝜕T and sufficiently small r > 0, sptT ∩Br (x) is an
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n-dimensional submanifold with boundary equal to Γ ∩Br (x). When T ∈ 𝕀n (N̆ ) \ 𝕀1n (N̆ )
the situation is still addressed by [32] but becomes more complicated; consider, e.g.,
the sum of two concentric disks in ℝ2 with the same orientation but different radii. We
recall the relevant results we’ll use for (N̆ , g ) � ℝn+1 in Appendix A. Finally, see [56] for
the even more general case where 𝜕T ∈ 𝕀n−1(N̆ ) \ 𝕀1n−1(N̆ ) (but still smooth) is allowed.

2.2. Interior regularity scale. — In order to carry out sharper analysis on mini-
mizers, we will sometimes need to work on parts of the regular set with some control
on the regularity scale. Let us introduce the relevant terminology.

Definition 2.2. — Let T ∈ 𝕀n (N̆ ). For x ∈ sptT we define the interior regularity
scale rT (x) to be9 rT (x) = 0 for every x ∈ singT ∪ spt 𝜕T , and otherwise rT (x) ∈ (0,∞] is
the supremum of r ∈

(
0, injN̆ ,g (x)

)
(where injN̆ ,g (x) is the injectivity radius at x ∈ (N̆ , g )) so

that 𝜕T ⌊Br (x) = 0, and T ⌊Br (x) is an integral current supported on a smooth hypersurface
having second fundamental form |A | ≤ r −1.

It is easy to check that x ↦→ rT (x) is continuous (see Lemma 2.4 below) with
respect to the standard extended topology on the target space [0,∞]. Therefore:

Definition 2.3. — ForT ∈ 𝕀n (N̆ ) minimizing and for 𝛿 > 0, we denote

R≥𝛿 (T ) B
{
x ∈ sptT : rT (x) ≥ 𝛿

}
,

Note that R≥𝛿 (T ) ⊂ regT is relatively closed.

More generally we have the following continuity property for the interior regu-
larity scale.

Lemma 2.4. — Let T ,T1,T2, . . . ∈ 𝕀n (N̆ ) be minimizing, T j ⇀ T , and spt 𝜕T j →
spt 𝜕T in the local Hausdorff sense. If x ∈ sptT , x j ∈ sptT j , and x j → x, then rT j (x j ) →
rT (x).

Proof. — First we prove rT (x) ≤ lim inf j→∞ rT j (x j ). Without loss of generality,
assume that rT (x) > 0; otherwise there is nothing to prove. Fix r ∈

(
0, rT (x)

)
. We have

that 𝜕T ⌊Br (x) = 0 and T ⌊Br (x) is a union of smooth minimal hypersurfaces satisfying
|A | ≤ r −1. Note that 𝜕T j ⌊Br (x) = 0 for j sufficiently large. By locally decomposing
T j ⌊Br (x) into boundaries [46, Corollary 27.8] and invoking De Giorgi’s regularity for
minimizing boundaries [12] on compact subsets of Br (x), we find that T j ⌊Br (x) consists
of a union of smooth minimal hypersurfaces converging smoothly (with multiplicity)
to T . This shows that r ≤ lim inf j→∞ rT j (x j ). Since r < rT (x) was arbitrary, this yields
the desired result.

Now we prove the opposite inequality, rT (x) ≥ lim sup j→∞ rT j (x j ). Without loss
of generality, assume that lim sup j→∞ rT j (x j ) > 0; otherwise there is nothing to prove.

9For notational convenience, we suppress the dependence on N̆ .



GENERIC REGULARITY FOR MIN. HYP. IN DIMENSIONS 9 AND 10 149

Fix r ∈
(
0, lim sup j→∞ rT j (x j )

)
and pass to a subsequence so that rT j (x j ) > r for all j .

By passing this information to the limit we get rT (x) ≥ r . Since r < lim sup j→∞ rT j (x j )
was arbitrary, this completes the proof. □

2.3. Soft separation of minimizers.

Lemma 2.5. — Suppose thatT ∈ 𝕀n (N̆ ) is minimizing with 𝜕T = 0, and that sptT is
connected. Then, regT is also connected.

Proof. — This follows from [35, Theorem A(ii)], though the argument essentially
goes back to [47]. □

Our presentation will be further simplified with the following definition.

Definition 2.6. — Suppose thatT ,T ′ ∈ 𝕀n (N̆ ). We say thatT , T ′ cross smoothly at
p ∈ regT ∩ regT ′ if, for all sufficiently small r > 0, there are points of regT ′ on both sides of
regT within Br (p) and vice versa.

The power of this definition comes from the strong maximum principle for
minimizing currents and their unique continuation. Indeed we have the following
lemma.

Lemma 2.7. — Let T ,T ′ ∈ 𝕀1n (N̆ ) \ {0} be minimizing with 𝜕T = 𝜕T ′ = 0 and with
sptT , sptT ′ connected. Then, exactly one of the following holds:

(i) T = ±T ′;
(ii) sptT and sptT ′ are disjoint;

(iii) T andT ′ cross smoothly at some point.

Proof. — Clearly the three alternatives are mutually exclusive for nontrivial
currents, so it suffices to show that at least one of them always holds.

Suppose (ii) above fails. Then regT ∩regT ′ ≠ ∅ by [47, Theorem 1]. If (iii) failed
too, there would exist some r > 0 and p ∈ regT ∩regT ′ so that (singT ∪singT ′)∩Br (p) =
∅, regT ∩ Br (p) and regT ′ ∩ Br (p) are connected and thus T , T ′ are boundaries in
Br (p) and, finally, if Br (p) \ regT = E+ ∪ E−, then regT ′ ∩ Br (p) ⊂ E+, up to perhaps
swapping E±. Then,T = ±T ′ by the strong maximum principle and unique continuation,
so (i) holds. □

In many cases of interest, we can guarantee conclusion (ii) above by keeping track
of, e.g., boundaries in a slightly bigger domain.10

Lemma 2.8. — Fix a smooth, compact, oriented subdomain Ω ⊂ N̆ and smooth, disjoint
(possibly empty) hypersurfaces Γ, Γ′ ⊂ 𝜕Ω that homologically bound a compact Σ ⊂ 𝜕Ω in the sense
that 𝜕⟦Σ⟧ = ⟦Γ⟧−⟦Γ′⟧. LetT ,T ′ ∈ 𝕀1n (N̆ ) \ {0} be minimizing with 𝜕T = ⟦Γ⟧, 𝜕T ′ = ⟦Γ′⟧,

10Some regularity assumptions of Lemma 2.8 can be relaxed, but this is not necessary for us.
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with sptT \spt 𝜕T and sptT ′ \spt 𝜕T ′ connected, sptT \𝜕T ⊂ Ω\𝜕Ω, sptT ′ \𝜕T ′ ⊂ Ω\𝜕Ω,
and withT andT ′ + ⟦Σ⟧ homologous in Ω. Then, either

(i) T = T ′ (in which case Γ = Γ′ = ∅); or
(ii) sptT and sptT ′ are disjoint.

Proof. — Assume that (ii) fails; otherwise, there is nothing to show.
Let’s suppose that T , T ′ do not cross smoothly at any point of sptT ∩ sptT ′. It

follows from Lemma 2.7 thatT = ±T ′. IfT = T ′, we are done. Otherwise,T = −T ′ and
𝜕T = 𝜕T ′ = 0, soT ,T ′ are homologous in Ω. It then follows that 2T is null-homologous
in Ω. Using the long exact sequence in relative cohomology, this contradicts that
Hn (Ω,ℤ) � H 1(Ω, 𝜕Ω,ℤ) (Lefschetz duality) � Hom

(
H1(Ω, 𝜕Ω,ℤ),ℤ

)
is torsion-free.

Thus, we are left to study the situation in which

(2.1) T ,T ′ cross smoothly at some x ∈ Ω \ 𝜕Ω.

We will derive a contradiction by combining the cut-and-paste decomposition of [56]
with a modification taken after the proof of [43, Theorem 2.2]. Specifically, we will
follow the construction of [56] with p = 2 in the inductive step, and with T +T ′ + ⟦Σ⟧
playing the role of the mod-2 boundary.

By assumption, we have

(2.2) sptT ∩ (Σ \ 𝜕T ) = sptT ′ ∩ (Σ \ 𝜕T ′) = ∅.
We also have

(2.3) 𝜕T = 𝜕
(
T ′ + ⟦Σ⟧

)
= ⟦Γ⟧.

Since T and T ′ + ⟦Σ⟧ are homologous in Ω,

(2.4) T ′ + ⟦Σ⟧ −T = 𝜕Δ

for some Δ ∈ 𝕀n+1(N̆ ) with sptΔ ⊂ Ω. Let U denote the Caccioppoli set corresponding
to the odd multiplicity portion of Δ. It follows from parity considerations that

(2.5) Δ − ⟦U ⟧ = 2E

where E ∈ 𝕀n+1(N̆ ) has sptE ⊂ Ω. We have

(2.6) sptE ∩ (Σ \ 𝜕Σ) = ∅
from the constancy theorem, (2.2) and the fact that, by construction (see (2.4) ), Δ has
multiplicity one near Σ. Let us define:

T̃ B T + 𝜕E,(2.7)

T̂ B T̃ + 𝜕⟦U ⟧.(2.8)

By construction, T̃ , T̂ are homologous to T in Ω. By (2.7) , (2.8) , and (2.3) ,

T̃ + T̂ = T +T ′ + ⟦Σ⟧,(2.9)

𝜕T̃ = 𝜕T̂ = ⟦Γ⟧.(2.10)

In the “𝜈 = 2” inductive step of [56, Decomposition Theorem] White proves:

(2.11)


T +T ′ + ⟦Σ⟧



 = ∥T̃ ∥ + ∥T̂ ∥.
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We briefly recall how. One proves this at the level of densities at points y where
the underlying rectifiable sets have a planar approximate tangent plane with an integer
multiplicity (this holds forHn-a.e. y). Since T̂ , T̃ differ by the boundary of a Caccioppoli
set by (2.8) , it follows at all such y that the integer multiplicity of T̂ equals 0 or 1 plus that
of T̃ . In particular, their integer multiplicities cannot have opposite signs. Then (2.9)
implies

ΘT̃ (y) + ΘT̂ (y) = ΘT +T ′+⟦Σ⟧(y),
at all such y, which in turn implies (2.11) .

It also follows from (2.2) and (2.6) that


⟦Σ⟧

 ≤ ∥T̂ ∥. Set

(2.12) T̃ ′ B T̂ − ⟦Σ⟧.
Then, (2.2) , (2.11) , (2.12) , and the unit multiplicity along Σ yield

(2.13) ∥T +T ′∥ = ∥T̃ ∥ + ∥T̃ ′∥,
while (2.10) and (2.12) give

(2.14) 𝜕T̃ = ⟦Γ⟧ and 𝜕T̃ ′ = ⟦Γ′⟧.
It follows from the minimizing nature of T and T ′ and from (2.13) that

𝕄(T ) +𝕄(T ′) ≤ 𝕄(T̃ ) +𝕄(T̃ ′) = 𝕄(T +T ′) ≤ 𝕄(T ) +𝕄(T ′),
so, by (2.14) and the equality in homology of T , T̃ and of T ′, T̃ ′, it follows that

(2.15) T̃ , T̃ ′ are minimizing.

We now derive a contradiction locally near x, the crossing point from (2.1) .
Choose r > 0 small enough that Br (x) ⊆ Ω \ 𝜕Ω and

T ⌊Br (x) = 𝜕⟦A⟧⌊Br (x),(2.16)

T ′⌊Br (x) = 𝜕⟦A′⟧⌊Br (x),(2.17)

for two open sets A, A′ ⊆ Br (x). It follows from (2.4) and the constancy theorem that
there is k ∈ ℤ such that

Δ⌊Br (x) = k⟦Br (x)⟧ + ⟦A′ \ A⟧ − ⟦A \ A′⟧,

which in case k is even implies that

U ∩ Br (x) = A′ \ A ∪ A \ A′ .

From (2.5) we see that

2E ⌊Br (x) = k⟦Br (x)⟧ − 2⟦A \ A′⟧ .
Thus

T̃ ⌊Br (x) = T ⌊Br (x) + 𝜕E ⌊Br (x) = 𝜕⟦A′ ∩ A⟧
and

T̃ ′⌊Br (x) = 𝜕⟦A′ ∪ A⟧ .
In case k is odd a similar reasoning yields that

T̃ ⌊Br (x) = 𝜕⟦A′ ∪ A⟧
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and

T̃ ′⌊Br (x) = 𝜕⟦A′ ∩ A⟧ .
By (2.15) both T̃ , T̃ ′ are minimizing, but x ∈ spt T̃ ∩ spt T̃ ′. Thus by Lemma 2.7 we
have T̃ ⌊Br (x) = T̃ ′⌊Br (x) which contradicts that T and T ′ are smoothly crossing at x.
This completes the proof. □

2.4. Minimizing cones. — To engage in the refined study of the local structure of
a minimizing T ∈ 𝕀n (N̆ ) at x ∈ singT one often supposes without loss of generality that
T ∈ 𝕀1n (N̆ ) and that in fact T is a minimizing boundary. This can be arranged by the
local decomposition of T into minimizing boundaries [46, Corollary 27.8]. Then one
takes a sequence of dilations (Dilx,𝜆 i )#(N̆ , g ) of (N̆ , g ) centered11 at x with 𝜆 i → 0, and
after passing to a subsequence (not labeled) obtains [46, Theorem 35.1]

(2.18) C = lim
i→∞

(Dilx,𝜆 i )#T ∈ 𝕀1n (ℝn+1)

which is also a minimizing boundary and invariant under dilations centered at 0 ∈ ℝn+1,
i.e., it is a cone. This C is called a tangent cone of T at x. We often identify C with its
support in ℝn+1 and simply refer to C ⊆ ℝn+1 as a tangent cone of T at x.

The main tool in the proof of (2.18) is the compactness theorem for minimizing
boundaries and the approximate monotonicity formula for the density function

(2.19) ΘT (x, r ) =
𝕄

(
T ⌊Br (x)

)
𝜔nr n

, 0 < r < r0,

where 𝕄 denotes the mass of a current, 𝜔n is the volume of a unit n-ball in ℝn , and
r0 = min

{
inj(N̆ ,g ) (x), distg (x, spt 𝜕T )

}
. The approximate monotonicity formula implies

that

(2.20) r ↦−→ eΛrΘT (x, r ) is non-decreasing,

where Λ = Λ(N̆ , g ) is a constant converging to 0 as (N̆ , g ) → ℝn+1 (or a fixed open ball
in it) in C 2. Note that (2.20) guarantees that

(2.21) ΘT (x) = lim
r→0

ΘT (x, r )

exists. Allard’s regularity theorem guarantees that ΘT (x) > 1 (since x ∈ singT ) and, in
fact, that ΘT (x) ≥ 1 + 𝛼 for some 𝛼 = 𝛼(n) > 0. For n ≥ 7 denote

(2.22) Θ∗
n B minimal density ΘC (0) of a nonflat minimizing cone Cn ⊂ ℝn+1;

it is not hard to show the minimum is attained. Note that this is only well-defined for
n ≥ 7, since by [51] there are no nonflat minimizing cones when n ≤ 6.

There is also a rigidity statement associated with (2.20) when we’re in ℝn+1

(where Λ = 0). It implies that ifT ∈ 𝕀1n (ℝn+1) is a minimizing boundary and ΘT (0,R2) =
ΘT (0,R1) for some R2 > R1 > 0, then T is a minimizing cone C ⊆ ℝn+1. This follows

11To be precise, by (Dilx,𝜆 i )# (N̆ , g ) we mean the pointed Riemannian manifold (N̆ ,𝜆−2
i g , x), which will

converge to flat Euclidean space (ℝn+1, gℝn+1 ,0) in the pointed Cheeger–Gromov sense. We’ll also use the
same notation Dilx,𝜆 i for the linear map ℝn+1 → ℝn+1, y ↦→ 𝜆−1

i (y − x). The distinction will be clear from
context.
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from the rigidity case of (2.20) , the connectedness of regT (see Lemma 2.5), and
unique continuation.

A key insight in the regularity theory, particularly in the implementation of
Federer’s dimension reduction scheme to study the regularity of minimizing cones
Cn ⊆ ℝn+1, is to consider

(2.23) spineC B
{
x ∈ C : ΘC (x) = ΘC (0)

}
.

It follows from a standard argument (“cone-splitting”) that spineC ⊂ ℝn+1 is a linear
subspace and that C = C + x for x ∈ spineC so C splits with respect to the orthogonal
decomposition of ℝn+1 as (C ∩ (spineC)⊥) ⊕ spineC. It also follows from [51] that
dim spineC ≤ n − 7 whenever C is a nonflat minimizing cone.

3. Minimizing foliations

3.1. Density-drop and cone-splitting. — The key innovation used by Hardt–Simon
to prove Theorem 1.1 in ℝ8 is the following result. Note that the assumption singC =

{0} below is always true for nonflat minimizing cones in ℝ8, but not in ℝn+1 for n+1 ≥ 9.

Theorem 3.1 ( [33, Theorem 2.1] ). — Suppose that Cn ⊂ ℝn+1 is a minimizing
cone with singC = {0}. Then, there exist two minimizing T± ∈ 𝕀1n (ℝn+1) with 𝜕T± = 0 and
with sptT± being smooth, connected, and so that sptT+ and sptT− lie in distinct components of
ℝn+1 \ sptC. These T± have the additional property that for all minimizing T ∈ 𝕀1n (ℝn+1) with
𝜕T = 0 and with connected sptT , it holds that

T does not cross C smoothly

if and only if

T = ±C or (Dil0,𝜆 )#T± for some 𝜆 ≠ 0.

Our key observation in [8, Appendix D] was that a weaker version of Hardt–
Simon’s Theorem 3.1 suffices to prove Theorems 1.1 and 1.2 in 8 ambient dimensions.
Specifically, one just needs to prove the following density-drop result on either side of a
minimizing cone with an isolated singularity.

Proposition 3.2 ( [8, Proposition D.2] ). — Suppose that Cn ⊂ ℝn+1 is a minimizing
cone with singC = {0}. If T ∈ 𝕀1n (ℝn+1) is minimizing with 𝜕T = 0, sptT is connected, and
T does not cross C smoothly, then

ΘT (x) < ΘC (0) for every x ∈ sptT \ {0}.

Theorem 3.1 immediately implies Proposition 3.2 using Allard’s regularity theo-
rem, but Proposition 3.2 extends to cover minimizers on one side of arbitrary nonflat
minimizing cones (i.e., arbitrarily singular ones) provided it is recast as a density-drop /
cone-splitting dichotomy.
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Proposition 3.3. — Suppose that Cn ⊂ ℝn+1 is a nonflat minimizing cone. If T ∈
𝕀1n (ℝn+1) is minimizing with 𝜕T = 0, sptT is connected, andT does not cross C smoothly, then

ΘT (x) ≤ ΘC (0) for every x ∈ sptT .

Equality holds if and only if T = ±C and x ∈ spineC.

This is a key tool for our paper.

Remark 3.4. — The existence part of Theorem 3.1 was recently proven without
the assumption singC = {0} by Wang [55]. Additional uniqueness results have been
proven by Simon [49] and Edelen–Székelyhidi [15]. If the uniqueness in the Hardt–
Simon result (Theorem 3.1) was known to hold for all minimizing cones, then combined
with the strong maximum principle [47], Proposition 3.3 above would immediately
follow, but the proofs of Theorems 1.1 and 1.2 would not simplify significantly.12

Proof of Proposition 3.3. — First note that T decomposes a priori by [46, The-
orem 27.6] into a sum of a priori several nested minimizing boundaries in ℝn+1. It
follows from Lemma 2.7 and the unit multiplicity of T that the nested boundaries have
disjoint supports. But sptT is assumed to be connected, so T is itself a minimizing
boundary.

For any 𝜆 j → ∞, the blowdown (Dil0,𝜆 j )#T will subsequentially converge to a
tangent cone at infinity C′.13 Note that C′ is a minimizing boundary (since T was) and
does not cross C smoothly (or else T would, too). Since 0 ∈ sptC ∩ sptC′, we have
C′ = C by Lemma 2.7 up to swapping orientations. For x ∈ sptT , we have by the
monotonicity formula that

ΘT (x) ≤ lim
r→∞

ΘT (x, r ) = ΘC′ (0) = ΘC (0),

as claimed.
Now, assume that ΘT (x) = ΘC (0) for some x ∈ sptT . By the same computation,

we see that r ↦→ ΘT (x, r ) is constant, so T is a cone centered at x by the rigidity case of
the monotonicity formula. The blow-down of a cone centered at x is the same cone
centered at 0, so (Dilx,1)#T = C.

The proof will be completed once we show that x ∈ spineC. We begin by
assuming that sptT ∩ sptC ≠ ∅. By Lemma 2.7 we find that T = ±C. We then have

ΘC (0) = Θ(Dilx,1 )#T (0) = ΘT (x) = ΘC (x)

which implies that x ∈ spineC.

12Lohkamp has claimed to extend the uniqueness statement in Theorem 3.1 to cover all minimizing
cones [37] using his theory of “hyperbolic unfoldings.” Even assuming such a uniqueness statement, it
remained unclear prior to our paper how it could be used to prove Theorems 1.1 and 1.2 in any dimension
n + 1 ≥ 9; cf. the remark in [37, p. 3].
13Tangent cones at infinity exist when the density ratios ΘT (x, r ) are uniformly bounded as r → ∞; here,
T is a boundary, which allows for comparison with parts of spheres (cf. [46, Theorem 37.2]).
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Now suppose that sptT ∩sptC = ∅. We will show that this leads to a contradiction.
Write C = ±𝜕⟦EC⟧ where EC is a dilation-invariant and connected open set (cf. [4,
Theorem 1]). Up to replacing EC with the interior of its complement, we see that

EC + x ⊂ EC .

Indeed, EC is connected with connected boundaries that do not intersect. Since EC is
dilation-invariant, we have

EC + 𝜆x = (Dil0,𝜆−1)#(EC + x) ⊂ EC

for any 𝜆 > 0. Sending 𝜆 → 0 we see that

x · 𝜈C ≥ 0 along regC
for the unit normal 𝜈C to regC pointing into EC. Note that x · 𝜈C is a Jacobi field along
regC since the minimal surface equation is dilation invariant. If x · 𝜈C ≡ 0, then C splits
in the x direction, so x ∈ spineC. Thus, it suffices to show that x · 𝜈C . 0 leads to a
contradiction. In this case, it must hold that x · 𝜈C > 0 by the strict maximum principle
and connectedness of regC. Now, we can apply [48] (see also [55, Theorem 1.4]) to see
that x · 𝜈C has to blow up towards singC . However, |x · 𝜈C | ≤ r on C ∩ Br . This proves
that singC is empty so C is flat. This is a contradiction. □

Proposition 3.3 has a crucial high-codimension-clustering consequence for high-
density points of all disjoint minimizers near our central one.

Lemma 3.5. — Let 𝛾 > 0. There exists 𝜂0 = 𝜂0(n, 𝛾) ∈
(
0, 1

3

)
with the following

property.
Take 𝜂 ∈ (0, 𝜂0) andT ∈ 𝕀1n

(
B𝜂−1 (0)

)
to be minimizing with 𝜕T = 0 in B𝜂−1 (0), sptT

connected, and with 0 ∈ sptT satisfying

ΘT (0) ≥ max
{
Θ∗
n ,ΘT (0, 1)

}
− 3𝜂.

Then, there exists a fixed subspace Π ⊂ ℝn+1, with dimΠ ≤ n − 7, such that whenever
T ′ ∈ 𝕀1n

(
B𝜂−1 (0)

)
is also minimizing with 𝜕T ′ = 0 in B𝜂−1 (0), has connected sptT ′, does not

cross T smoothly in B𝜂−1 (0), and x′ ∈ sptT ′ ∩ B1(0) satisfies

ΘT ′ (x′) ≥ max
{
Θ∗
n ,ΘT (0, 1)

}
− 3𝜂,

it must be that x′ ∈ U𝛾 (Π) where U𝛾 (Π) is the distance < 𝛾 neighborhood of Π.

Proof. — Assume, for the sake of contradiction, that for all sufficiently large j
there exists T j satisfying the conditions above with 𝜂 = j −1, so in particular

(3.1) 0 ∈ sptT j and ΘT j (0) ≥ max
{
Θ∗
n ,ΘT j (0, 1)

}
− j −1

and so that for every subspace Π ⊂ ℝn+1 with dimΠ ≤ n −7 there is aT ′
Π, j as above with

(3.2)
x′Π, j ∈ sptT ′

Π, j ∩ B1(0) \U𝛾 (Π),

ΘT ′
Π, j

(x′Π, j ) ≥ max
{
Θ∗
n ,ΘT j (0, 1)

}
− j −1.
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Arguing as in the start of the proof of Proposition 3.3,T j ,T ′
j are minimizing boundaries

in B j (0). Passing to a subsequence (not relabeled), T j ⇀ T is a minimizing boundary in
ℝn+1 whose support is necessarily connected (see [4, Theorem 1]). Moreover, by (3.1)
and the upper-semicontinuity of density,

(3.3) ΘT (0) ≥ max
{
Θ∗
n ,ΘT (0, 1)

}
.

By the monotonicity formula and its rigidity case, together with unique continuation, T
is a nonflat minimizing cone, sayT = C.

We now fix Π B spineC, which we know is ≤ (n − 7)-dimensional since C is
a nonflat minimizing cone. Passing to a further subsequence (not relabeled) we have
T ′
Π, j ⇀ T ′ for a minimizing boundary in ℝn+1. Note that, by the monotonicity formula,

sptT ′ is connected since each sptT ′
Π, j was connected. Also, T ′ cannot cross T smoothly

since T j and T ′
j are assumed not to cross smoothly for any j . Finally, note that

x′Π, j −→ x′ ∈ sptT ′ ∩ B1(0) \U𝛾 (Π),

with

(3.4) ΘT ′ (x′) ≥ max
{
Θ∗
n ,ΘT (0, 1)

}
= ΘC (0)

by (3.2) , the upper-semicontinuity of densities, the definition of Θ∗
n , and T = C being

nonflat. By Proposition 3.3, T ′ = ±C and x′ ∈ spineC ∩ B1(0) \U𝛾 (Π), contradicting
spineC = Π. □

Remark 3.6. — Using straightforward modifications to the proof of Lemma 3.5,
we may assume B𝜂−1 (0) is endowed with a background metric g that is 𝜂-close in C 2 to
being Euclidean. Indeed, in our sequence of counterexamples we can also keep track of
metrics g j on B j (0) that are j −1-close to Euclidean in C 2. In the limit, the g j converge
in C 2 to a Euclidean metric on ℝn+1. The approximate monotonicity formula has a
correction factor that vanishes as j → ∞ and guarantees the upper-semicontinuity of
densities in the limit as j → ∞. Thus, (3.3) , (3.4) still hold in the ℝn+1 blow-up limit,
leading to the same contradiction.

3.2. Local-to-global separation estimates. — The partial Harnack theory for posi-
tive Jacobi fields developed in [48], with suitable modifications from [55, Appendix A],
will let us prove local-to-global implications of the clustering of high-density singular
points of non-intersecting minimizers. We point the reader to Appendix B for the
necessary partial Harnack theory background material.

Definition 3.7. — If Cn ⊂ ℝn+1 is a minimizing cone, we say that u is a Jacobi field
on regC if u : regC → ℝ is a classical solution of the Jacobi field equation

ΔCu + |AC |2u = 0 on regC,

where ΔC is the induced Laplace–Beltrami operator and AC is the second fundamental form of
regC in ℝn+1.
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Note, in particular, that we place no growth assumptions on u near singC. Positive
Jacobi fields will play a particularly important role in our paper, because they arise in
situations where we have two disjoint minimizers converging to the minimizing cone C.
In that case, the size of the positive Jacobi field informs the vertical separation of our
minimizers from each other.

Lemma 3.8. — There exists 𝜌0 = 𝜌0(n) > 0 such that for any nonflat minimizing
cone Cn in ℝn+1 and any positive Jacobi field u on regC,

inf
R≥r 𝜌 (C)∩𝜕Br (0)

u ≤ r −𝜅∗n sup
R≥𝜌 (C)∩𝜕B1 (0)

u

for all r ≥ 1 and 𝜌 ∈ (0, 𝜌0). Here, for n ≥ 7, 𝜅∗n is explicitly given by

(3.5) 𝜅∗n B
n − 2

2
−

√︂
(n − 2)2

4
− (n − 1).

Remark 3.9. — It is crucial for our argument that 𝜅∗n > 1 for all n. Most
importantly,

𝜅∗8 ≈ 1.58,
𝜅∗9 ≈ 1.44,
𝜅∗10 ≈ 1.35.

Proof of Lemma 3.8. — We take 𝜌0 to be as in Lemma B.1 and will also use the
notation R≥𝛿 (Σ) from (B.1) . Invoke Lemma B.2 with a smooth compact domain Ω

satisfying R≥𝜌0 (Σ) ⊂ Ω ⊂ R≥𝜌 (Σ) to deduce(
inf

𝜔∈R≥𝜌 (Σ)
u (r𝜔)

) ∫
Ω

𝜑Ω d𝜇Σ (𝜔) ≤ V (r )

≤ r −𝜅∗nV (1)

≤ r −𝜅∗n
(

sup
𝜔∈R≥𝜌 (Σ)

u (𝜔)
) ∫

Ω

𝜑Ω d𝜇Σ .

The result follows by observing that r
(
R≥𝜌 (C) ∩ 𝜕B1(0)

)
= R≥r 𝜌 (C) ∩ 𝜕Br (0). □

We will show that the growth estimate above together with the Harnack inequality
implies a growth estimate for the infimum of a positive Jacobi field u on regC .

Proposition 3.10. — There exist 𝜌1 = 𝜌1(n) ∈
(
0, 𝜌0(n)

)
and H = H (n) > 0 such

that if Cn is a nonflat minimizing cone in ℝn+1 and u is a positive Jacobi field on regC, then,
for every r > 0,

R≥r 𝜌1 (C) ∩ 𝜕Br (0) ≠ ∅
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and

sup
R≥r 𝜌1/2 (C)∩𝜕Br (0)

u ≤ H inf
R≥r 𝜌1/2 (C)∩𝜕Br (0)

u .

Proof. — By scaling invariance it suffices to set r = 1.
We first show there exists 𝜌1 ∈ (0, 𝜌0) so that R≥𝜌1 (C) ∩ 𝜕B1(0) ≠ ∅ for all

minimizing cones Cn ⊂ ℝn+1. Otherwise, for all j > 𝜌−1
0 there would exist Cj with

(3.6) R≥ j −1 (Cj ) ∩ 𝜕B1(0) = ∅.

After passing to a subsequence (not relabeled), we have Cj ⇀ C for a minimizing cone C.
This contradicts (3.6) together with Lemma 2.4 and

⋃
𝜌>0 R≥𝜌 (C) = regC ≠ ∅.

We now claim that this choice of 𝜌1 satisfies the assertion for H sufficiently large.
If not, there are cones Cj and positive Jacobi fields u j on regCj such that (after rescaling)

sup
R≥𝜌1/2 (Cj )∩𝜕B1 (0)

u j = 1,(3.7)

inf
R≥𝜌1/2 (Cj )∩𝜕B1 (0)

u j −→ 0.(3.8)

By Allard’s regularity theorem, the standard Harnack inequality, and standard Schauder
estimates, we know that after passing to a subsequence (not relabeled), Cj ⇀ C and
u j → u locally smoothly in regC, where C is a minimizing cone and u is a nonnegative
Jacobi field on regC, u = 1 at one point on regC (by (3.7) ), and u = 0 at another point of
regC (by (3.8) ). This contradicts the strict maximum principle since regC is connected
(by Lemma 2.5). □

Combining Lemma 3.8 and (twice) Proposition 3.10 yields the following.

Corollary 3.11. — There exist 𝜌1 = 𝜌1(n) ∈
(
0, 𝜌0(n)

)
and H = H (n) > 0 such that

for any nonflat minimizing cone Cn in ℝn+1 and any positive Jacobi field u on regC,

sup
R≥r 𝜌1/2 (C)∩𝜕Br (0)

u ≤ H 2r −𝜅
∗
n inf
R≥𝜌1/2 (C)∩𝜕B1 (0)

u

for 𝜅∗n as in (3.5) and all r ≥ 1.

The decay estimate for positive Jacobi fields on cones can be “delinearized” to
yield the following distance decay estimate for non-intersecting minimizers, when one
of them is close to a cone.

Fix 𝜌2 = 𝜌2(n) B 1
2 𝜌1(n) (< 𝜌1(n) < 𝜌0(n)).

Lemma 3.12. — Let 𝜆 ∈ (0, 𝜅∗n + 1). There exist 𝜂1 = 𝜂1(n,𝜆 ) ∈
(
0, 1

3

)
, A0 =

A0(n,𝜆 ) > 1 with the following property:
If 𝜂 ∈ (0, 𝜂1), T ,T ′ ∈ 𝕀1n

(
B𝜂−1 (0)

)
are minimizing with 𝜕T = 𝜕T ′ = 0 in B𝜂−1 (0),

sptT and sptT ′ are connected, T andT ′ do not cross smoothly in B𝜂−1 (0), and

min
{
ΘT (0),ΘT ′ (x′)

}
≥ max

{
Θ∗
n ,ΘT (0, 1)

}
− 3𝜂,
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with x′ ∈ B1(0), then

R≥𝜌2 (T ) ∩ 𝜕B1(0) ≠ ∅, R≥A0𝜌2 (T ) ∩ 𝜕BA0 (0) ≠ ∅,

and

d
(
R≥A0𝜌2 (T ) ∩ 𝜕BA0 (0), sptT ′)/A0 ≤ A−𝜆

0 · d
(
R≥𝜌2 (T ) ∩ 𝜕B1(0), sptT ′) .

Above, d denotes the infimum of pairwise distances.

Proof. — Choose A0 = A0(n,𝜆 ) sufficiently large so that

(3.9) H 2A−𝜅∗n
0 ≤ 1

2A
1−𝜆
0 ,

with H , 𝜅∗n as in Corollary 3.11.
We argue by contradiction. Assume thatT j andT ′

j are as above with 𝜂 = j −1, and

min
{
ΘT j (0),ΘT ′

j
(x′j )

}
≥ max

{
Θ∗
n ,ΘT j (0, 1)

}
− j −1(3.10)

with x′j ∈ B1(0), but either

(i) R≥𝜌2 (T j ) ∩ 𝜕B1(0) = ∅ or R≥A0𝜌2 (T j ) ∩ 𝜕BA0 (0) = ∅; or
(ii) the desired distance estimate fails, i.e.

(3.11) A−𝜆
0 · d

(
R≥𝜌2 (T j ) ∩ 𝜕B1(0), sptT ′

j
)
< d

(
R≥A0𝜌2 (T j ) ∩ 𝜕BA0 (0), sptT ′

j
)
/A0.

Arguing as in the start of the proof of Proposition 3.3, we know T j , T ′
j are

minimizing boundaries in B j (0). Then assumption (3.10) and Proposition 3.3 taken
together imply that after passing to a subsequence (not relabeled), T j andT ′

j converge to
the same minimizing cone C with multiplicity one (after perhaps swapping orientations).
By Lemma 2.4, Proposition 3.10, and 𝜌2 = 1

2 𝜌1 < 𝜌1, we find that (i) cannot hold for
infinitely many j .

So let’s assume only (ii) holds. Because T j , T ′
j converge locally smoothly to C

away from singC, and do not cross smoothly, we can take the difference of the corre-
sponding graphical functions over C and use the standard Harnack inequality and the
connectedness of regC (see Lemma 2.5) to define a positive Jacobi field u on regC.
Then (ii) rescales to give, in the limit as j → ∞,

(3.12) A1−𝜆
0 inf

R≥𝜌2 (C)∩𝜕B1 (0)
u ≤ sup

R≥A0𝜌2
(C)∩𝜕BA0

(0)
u .

This contradicts Corollary 3.11 (applied with r = A0) in view of (3.9) . □

Remark 3.13. — Using straightforward modifications to the proof of Lem-
ma 3.12, we may assume B𝜂−1 (0) is endowed with a background metric g that is 𝜂-close
in C 2 to being Euclidean. Indeed, in our sequence of counterexamples we can also keep
track of metrics g j on B j (0) that are j −1-close to Euclidean in C 2. In the limit, the g j
converge in C 2 to a Euclidean metric on ℝn+1. As before, the approximate monotonicity
formula guarantees that we still have upper-semicontinuity of densities in the limit
as j → ∞, so (3.10) passes to the limit. Likewise, locally in the regular part we have
control of the coefficients of the Jacobi field equation under the C 2 convergence of g j to
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a Euclidean metric, so we can still obtain (3.12) in the ℝn+1 blow-up limit, leading to
the same contradiction.

3.3. High-density packing estimate. — We arrive at our main technical result.
Below, it will be convenient to denote for integral currents T

(3.13) D(T ) B sup
{
ΘT (x) : x ∈ singT

}
,

with the convention that sup ∅ = −∞.

Theorem 3.14 (Discrete high-density packing estimate). — Let n + 1 ∈ {8, 9, 10}.
There exists 𝜂 = 𝜂 (n) ∈ (0, 1) with the following property.

Suppose (N̆ , g ) is an (n + 1)-dimensional Riemannian manifold without boundary. Let
Ω be a compact subdomain of N̆ with smooth boundary 𝜕Ω ≠ ∅, and let T ⊂ 𝕀1n (N̆ ) be a set of
minimizers that are homologous in (Ω, 𝜕Ω) and where every T ∈ T has the following properties:

(a) 𝜕T = ⟦Γ(T )⟧ for a nonempty, smooth, two-sided Γ(T ) ⊂ 𝜕Ω;
(b) sptT ⊂ Ω is connected, and sptT ∩ 𝜕Ω = Γ(T ) smoothly and transversely.

Let m ∈ ℕ, m ≥ 2, 𝜃 ∈ (0, 1), T ∈ T . Take D > 0 smaller than the normal injectivity
radius of Γ(T ) ⊂ 𝜕Ω. There is 𝜎 = 𝜎(m, 𝜃,D ,T ) > 0 and for any 𝜈 > 0 there is K0 =

K0(m, 𝜃,D ,T , 𝜈) > 0 so that the following holds. Consider any list

T C T0,T1, . . . ,TK ∈ T
with K ≥ K0, satisfying:

(c) Γ(Tk ) = graphΓ (T ) hk for a smooth hk : Γ(T ) → ℝ satisfying ∥hk ∥Cm,𝜃 (Γ) ≤ D , where
we’re identifying the normal line bundle of Γ(T ) with Γ×ℝ and giving Γ(Tk ) the graph
orientation;

(d) maxk=1,...,K distF,Ω(T ,Tk ) ≤ 𝜎;14

(e) mink=1,...,K infΓ (T ) (hk − hk−1) ≥ 𝜈K −1;
we must have

min
k=1,...,K

D(Tk ) ≤ D(T ) − 𝜂.

Proof. — Given Remark 3.9 and n + 1 ≤ 10, we can fix15

(3.14) 𝜆0 ∈ (2, 𝜅∗n + 1) so that 7 − n + 𝜆0 > 0.

With 𝜆0 fixed, let 𝜂1 = 𝜂1(n), A0 = A0(n) be as in Lemma 3.12. Then let C0 = C0(n) be
such that the following property holds for any ball B1(0) endowed with a metric that is
𝜂1-close in C 2 to being Euclidean: if Π is any subspace of ℝn+1 with dimΠ ≤ n − 7, and{
B𝛾 (y j )

}Q
j=1 is a radius 𝛾 ∈

(
0, 1

2

)
Vitali cover of the 𝛾-neighborhood U𝛾 (Π) ∩ B1(0),

i.e., a cover with pairwise disjoint B𝛾/5(y j )’s, then:

(3.15) Q ≤ C0𝛾
7−n .

14Here, distF,Ω is the flat distance in Ω, which is denoted FΩ in [20, 4.1.24].
15This is the source of the dimensional restriction in our theorems.
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This follows from elementary packing estimates. Now set

(3.16) 𝛾 B A−q
0

where q = q (n) is large enough that

(3.17) 2C0𝛾
7−n+𝜆0 < 1.

With these choices, let 𝜂0 be as in Lemma 3.5 and let 𝜂 ∈
(
0, min{𝜂0, 𝜂1}

)
be arbitrary.

Subject to these choices, fixT ∈ T . Note that by Allard’s regularity theorem there
is nothing to prove if singT = ∅, so let us assume singT ≠ ∅. We define

𝛿0 B
1
2 inf

{
d (x, 𝜕Ω) : x ∈ singT

}
.

The Hardt–Simon boundary regularity theorem (Theorem A.1) implies 𝛿0 > 0. We now
claim that it’s possible to choose 𝜎 > 0 so that if T ′ ∈ 𝕀n (N̆ ) is a minimizer homologous
to T in (Ω, 𝜕Ω) with distF,Ω(T ,T ′) ≤ 𝜎 and 𝜕T ′ = ⟦Γ(T ′)⟧ where Γ(T ′) ⊂ 𝜕Ω is the
normal graph of h ∈ Cm,𝜃 (Γ(T )

)
with ∥h∥Cm,𝜃 (Γ) ≤ D then

(3.18) T ′ ∈ 𝕀1n (N̆ )

and sptT ′ ⊂ Ω is connected and intersects 𝜕Ω transversely,

inf
{
d (x, 𝜕Ω) : x ∈ singT ′} ≥ 𝛿0,(3.19)

D(T ′) < D(T ) + 𝜂.(3.20)

The existence of 𝜎 > 0 follows immediately. As 𝜎 → 0 any such T ′ converges weakly
to T and the boundary curves converge in Cm,𝜃′ . Thus, we can apply the Hardt–Simon
boundary regularity theorem (Theorem A.1), the Allard boundary regularity theorem,
and upper semicontinuity of density under flat convergence to conclude.

We now fix 𝜈 > 0 and show it’s possible to find K0 = K0(m, 𝜃,D ,T , 𝜈) with the
given properties. If this were to fail, then there would exist a sequence Kℓ ∈ ℕ with
Kℓ → ∞ and for each ℓ = 1, 2, . . . and a family

T C Tℓ ,0,Tℓ ,1, . . . ,Tℓ ,Kℓ ∈ T

of Kℓ + 1 elements, so that Γ(Tℓ ,k ) = graphΓ (T ) hℓ ,k with

max
k=1,...,Kℓ

distF,Ω(T ,Tℓ ,k ) ≤ 𝜎,(3.21)

max
k=1,...,Kℓ

∥hℓ ,k ∥Cm,𝜃 (Γ) ≤ D ,(3.22)

min
k=1,...,Kℓ

inf
Γ (T )

(hℓ ,k − hℓ ,k−1) ≥ 𝜈K −1
ℓ ,(3.23)

min
k=1,...,Kℓ

D(Tℓ ,k ) > D(T ) − 𝜂.(3.24)

Note that we automatically have:

(3.25) Tℓ ,0,Tℓ ,1, . . . ,Tℓ ,Kℓ have pairwise disjoint supports

by virtue of Lemma 2.8 applied with T B Tℓ ,k , T ′ B Tℓ ,k ′ , Γ B Γ(Tℓ ,k ), Γ′ B Γ(Tℓ ,k ′),
for 0 ≤ k < k ′ ≤ Kℓ , and with Σ being the lateral region bounded by Γ(Tℓ ,k ), Γ(Tℓ ,k ′).
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Claim 3.15. — There exists r0 ∈
(
0, 1

2𝛿0
)

such that

(3.26) ΘTℓ ,k (x, r ) < D(T ) + 2𝜂

for all r ∈ (0, r0), ℓ ∈ ℕ, k = 1, . . . ,Kℓ , and x ∈ Ω with d (x, 𝜕Ω) ≥ 1
2𝛿0.

Proof of claim. — Suppose (3.26) failed with ri → 0. Then we would have

ΘTℓi ,ki (xi , ri ) ≥ D(T ) + 2𝜂.

for xi ∈ Ω with d (xi , 𝜕Ω) ≥ 1
2𝛿0, and ℓi ∈ ℕ, ki ∈ {1, . . . ,Kℓi }.

By choice of 𝜎 > 0 above, we can pass to a subsequence (not relabeled) along
which xℓi → x with d (x, 𝜕Ω) ≥ 1

2𝛿0 and Tℓi ,ki ⇀ T ′ with T ′ satisfying (3.18) , (3.19) ,
(3.20) . It follows from the weak convergence and the approximate monotonicity
formula on manifolds that

ΘT ′ (x, r ) ≥ D(T ) + 3
2𝜂

for all small r > 0. But ΘT ′ (x, r ) → ΘT ′ (x) as r → 0, contradicting (3.20) . □

Define, for each ℓ ∈ ℕ,

Sℓ B
Kℓ⋃
k=0

{
x ∈ singTℓ ,k : ΘTℓ ,k (x) ≥ D(T ) − 𝜂

}
.

Claim 3.16. — Fixℓ ∈ ℕ. We can inductively define, for eachm = 0, 1, . . . , a covering

Sℓ ⊂
Qℓ ,m⋃
j=1

B𝛾m (yℓ ,m, j )(3.27)

such that yℓ ,m, j ∈ Sℓ and Qℓ ,m ≤ QCm0 𝛾m (7−n ) , where Q does not depend onℓ or m.

Proof of claim. — Let inj(N̆ ,g ) (x) denote the injectivity radius at x ∈ (N̆ , g ). Fix
m0 large enough that

(3.28) 𝛾m0 < 1
2 min

{
r0, 𝛿0𝜂, min

Ω
inj(N̆ ,g ) ( · )

}
,

and that for every x ∈ Ω, m ≥ m0,

(3.29) (Dilx,𝛾m )#
(
B𝛾m𝜂−1 (x), g

)
is 𝜂-close in C 2 to a Euclidean ball.

For m = 0, 1, . . . ,m0, take the covering to be any Vitali covering of Sℓ with balls
of radius 𝛾m. The bound on Qℓ ,m is a trivial packing estimate.

Now for the inductive step, assuming we have (3.27) for some m ≥ m0 + 1, it
suffices to show for every ball B𝛾m (yℓ ,m, j ) as in (3.27) that Sℓ ∩B𝛾m (yℓ ,m, j ) can be covered
by ≤ C0𝛾

7−n balls of radius 𝛾m+1 and centered on points in Sℓ .
So fix any one such B𝛾m (y), where the indices have been suppressed. By definition,

y is a center of a ball in the covering =⇒ y ∈ singTℓ ,k
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for some k ∈ {0, 1, . . . ,Kℓ }. Rescale N̆ ′ B (Dily,𝛾m )#N̆ so that

(Dily,𝛾m )#B𝛾m (y) = B1(0).
It follows from (3.28) that, in this rescaled setting,

T̃ B (Dily,𝛾m )#Tℓ ,k

has spt 𝜕T̃ ∩ B𝜂−1 (0) = ∅ as well as, by Claim 3.15 and (3.24) ,

ΘT̃ (0) = ΘTℓ ,k (y)
≥ D(T ) − 𝜂

≥ ΘTℓ ,k (y, 𝛾m) − 3𝜂
= ΘT̃ (0, 1) − 3𝜂.

Let T̃ c denote the restriction of T̃ ⌊B𝜂−1 (0) to the connected component of its support
containing 0. Then:

ΘT̃ c
(0) = ΘT̃ (0) ≥ ΘT̃ (0, 1) − 3𝜂 ≥ ΘT̃ c

(0, 1) − 3𝜂.

Now suppose y′ ∈ Sℓ ∩ B𝛾m (y). Then

y′ ∈ Sℓ =⇒ y′ ∈ singTℓ ,k ′

for some k ′ ∈ {0, 1, . . . ,Kℓ }. Setting

T̃ ′ B (Dily,𝛾m )#Tℓ ,k ′

we still have spt 𝜕T̃ ′ ∩ B𝜂−1 (0) = ∅ and, at x′ B Dily,𝛾m (y′) ∈ B1(0):
ΘT̃ ′ (x′) = ΘTℓ ,k ′ (y

′)
≥ D(T ) − 𝜂

≥ ΘT̃ (0, 1) − 3𝜂.

Again, let T̃ ′
c denote the restriction of T̃ ′⌊B𝜂−1 (0) to the connected component of its

support containing x′, so that

ΘT̃ ′
c
(x′) = ΘT̃ ′ (x′) ≥ ΘT̃ (0, 1) − 3𝜂 ≥ ΘT̃ c

(0, 1) − 3𝜂.

Now (3.25) , (3.15) , (3.28) , (3.29) , and Lemma 3.5 applied to T̃ c , T̃ ′
c , guarantee that

x′ is contained in the distance < 𝛾 neighborhood of a fixed ≤ n−7 dimensional subspace.
Thus, after unrescaling, Sℓ ∩ B𝛾m (y) can be covered by ≤ C0𝛾

7−n balls of radius 𝛾m+1

centered at points of Sℓ . □

Claim 3.17. — For sufficiently large m and ℓ , if B𝛾m (y) is a ball in the m-th level
covering of Sℓ defined in Claim 3.16, y′ ∈ Sℓ ∩ B𝛾m (y), y ∈ singTℓ ,k , y′ ∈ singTℓ ,k ′ , then

(3.30) |k − k ′ | < 2m𝛾m𝜆0Kℓ .

Proof of claim. — Assume, for contradiction, that (3.30) fails as mi → ∞, ℓi → ∞.
Let

yi ∈ Sℓi , yi ∈ singTℓi ,ki , y′i ∈ Sℓ ∩ B𝛾mi (yi ), y′i ∈ singTℓi ,k ′i ,
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be points violating (3.30) , i.e., with

(3.31) |ki − k ′i | ≥ 2mi 𝛾mi𝜆0Kℓi .

Note that dg (yi , y′i ) → 0. After passing to a subsequence (not relabeled) we have Tℓi ,ki ,
Tℓi ,k ′i ⇀ T ′ with T ′ satisfying (3.18) , (3.19) , (3.20) . By Lemma 2.4 and Allard’s
boundary regularity theorem sptTℓi ,ki \ singTℓi ,ki and sptTℓi ,k ′i \ singTℓi ,ki become graph-
ical over sptT ′ \ singT ′ locally in compact sets as i → ∞.16 Let h′ℓi ,ki , h

′
ℓi ,k ′i

be the
corresponding height functions defined on subsets of sptT ′ \ singT ′ that exhaust this
set as i → ∞. By (3.25) , we can arrange h′ℓi ,ki < h

′
ℓi ,k ′i

on their common domain after
perhaps swapping sheets. By (3.23) , (3.18) , (3.31) , we have for a uniform c > 0 that

(3.32) min
Γ (T ′ )

(h′ℓi ,k ′i − h
′
ℓi ,ki ) ≥ c𝜈(k

′
i − ki )K −1

ℓi
≥ c𝜈2mi 𝛾mi𝜆0 .

Let m0 again be chosen to satisfy both (3.28) , (3.29) . By (3.25) , (3.28) , (3.29) , we
can apply Lemma 3.12 iteratively until scale B𝛾m0 (yi ) (again, restricting to connected
components in each scale as in the proof of Claim 3.16, and noting that the distance
decrease by the appearance of a new connected component when going to a bigger scale
gives a distance inequality in our favor), obtaining

(3.33) d
(
R≥𝜌2𝛾

m0 (Tℓi ,ki ) ∩ 𝜕B𝛾m0 (yi ), sptTℓi ,k ′i
)
≤ 2𝛾 (mi−m0 )𝜆0 .

It follows from 2mi → ∞, Lemma 2.4, (3.21) , (3.32) , (3.33) , the Harnack inequality
and Schauder theory (the regular kind) up to Γ(T ′) (where our parametrization is regular
by (3.18) ) that a renormalization of h′ℓi ,k ′i − h

′
ℓi ,ki

yields a nonnegative Jacobi field on
sptT ′ \ singT ′ that is positive on part of Γ(T ′), and thus on part of regT ′, but also
has an interior vanishing point in regT ′. This violates the strict maximum principle
since regT ′ is connected (by Lemma 2.5 applied away Γ(T ′)). Thus, (3.31) is false,
so (3.30) holds whenever m and ℓ are sufficiently large. This completes the proof of
Claim 3.17. □

To complete the proof of Theorem 3.14, pass to a subsequence {ℓm} of {ℓi } which
diverges quickly enough as m → ∞ so that

(3.34) 1
2Kℓm + 1 > Q (C0𝛾

7−n)m ,

where C0 is as in (3.15) and Q is as in Claim 3.16.
For each ball B𝛾m (yℓm ,m, j ), j ∈ {1, . . . ,Qℓm ,m}, in the cover of Claim 3.16, let

Km, j B
{
k ∈ {0, 1, . . . ,Kℓm } : singTℓm ,k ∩ Sℓm ∩ B𝛾m (yℓm ,m, j ) ≠ ∅

}
.

It follows from (3.24) that

(3.35)
Qℓm ,m⋃
j=1

Km, j = {0, 1, . . . ,Kℓm }.

It also follows from Claim 3.17 that, for all sufficiently large m,

(3.36) #Km, j ≤ 1 + 2⌊2m𝛾m𝜆0Kℓm ⌋ ≤ 1 + 2m+1𝛾m𝜆0Kℓm ,

16Technically, we need to bend our Fermi coordinates near 𝜕Ω, but this doesn’t affect the argument so we
omit the standard details.
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where # above denotes the cardinality of the set. Together, (3.35) and (3.36) imply

Kℓm + 1 ≤ (1 + 2m+1𝛾m𝜆0Kℓm )Qℓm ,m .

From Claim 3.16 we deduce

Kℓm + 1 ≤
(
(C0𝛾

7−n)m + 2(2C0𝛾
7−n+𝜆0)mKℓm

)
Q .

Recalling (3.17) , we can take m large so that 2(2C0𝛾
7−n+𝜆0)mQ < 1

2 , and thus
1
2Kℓm + 1 ≤ (C0𝛾

7−n)mQ .

This violates (3.34) and completes our proof of Theorem 3.14. □

4. Theorem 1.1: Generic smoothness of Plateau solutions

We will prove the following result that implies Theorem 1.1.

Theorem 4.1. — Let Γ◦ be a smooth, closed, oriented, (n − 1)-dimensional submanifold
of ℝn+1 with n + 1 ∈ {8, 9, 10}. Denote by G◦ a small enough neighborhood of the trivial section
of the normal bundle of Γ◦ whose elements can be identified with submanifolds near Γ◦. Then,
there exists an open and dense subset G◦

∗ ⊂ G◦ with the property that for every Γ ∈ G◦
∗ there

exists a minimizing T ∈ 𝕀1n (ℝn+1) with 𝜕T = ⟦Γ⟧ that in fact has the form T = ⟦M ⟧ for a
smooth, compact, oriented hypersurface M with 𝜕M = Γ.

The theorem will follow from the combination of two technical lemmas, which
we state below but whose proofs we briefly postpone.

Lemma 4.2. — Fix Γ as in Theorem 4.1 and assume thatT ∈ 𝕀n (ℝn+1) is minimizing
with 𝜕T = ⟦Γ⟧ and sptT is connected. Then, for every neighborhood G of Γ, there exists
a Γ′ ∈ G and a uniquely17 minimizing T ′ ∈ 𝕀n (ℝn+1) with 𝜕T ′ = ⟦Γ′⟧ and which can be
guaranteed to have sptT ′ ⊊ sptT connected.

Our construction is such that T ′ ∈ 𝕀1n (ℝn+1) if and only if T ∈ 𝕀1n (ℝn+1). Likewise, if
sptT is a smooth hypersurface with compact boundary, then our construction is such that sptT ′

is smooth and strictly stable under Dirichlet boundary conditions.18

(See also the recent work of [6].)

Lemma 4.3. — Fix Γ as in Theorem 4.1 and assume that T ∈ 𝕀1n (ℝn+1) is uniquely
minimizing with 𝜕T = ⟦Γ⟧ and sptT is connected. Then, for every neighborhood G of Γ, there
exists a Γ′ ∈ G and a minimizing T ′ ∈ 𝕀1n (ℝn+1) with 𝜕T ′ = ⟦Γ′⟧ so that, in fact, sptT ′ is a
smooth, compact, connected, oriented hypersurface with boundary Γ′ and sptT ′ ∩ sptT = ∅.

17Recall thatT ′ is uniquely minimizing if T̃ ′ ∈ 𝕀n (ℝn+1) has 𝜕T̃ ′ = ⟦Γ′⟧ then 𝕄(T ′) ≤ 𝕄(T̃ ′) with equality
if and only if T̃ ′ = T ′.
18We mean this in the sense of the second variation being positive definite for normal variations that
vanish along the boundary.
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Let us see how these two lemmas imply Theorem 4.1.

Proof of Theorem 4.1 assuming Lemmas 4.2 and 4.3. — Suppose that Γ◦ has con-
nected components Γ◦

1, . . . , Γ◦
q . We’ll retain this enumeration of the components going

forward. It’ll also be convenient to agree that we’ll write Γ = (Γ1, . . . , Γq ) for any Γ ∈ G◦.
For P ⊂ {1, . . . , q } denote by

G◦
∗,P ⊂ G◦

the set of all Γ = (Γ1, . . . , Γq ) ∈ G◦ with the following defining property: if there exists
T ∈ 𝕀n (ℝn+1) minimizing with 𝜕T =

∑
i ∈P⟦Γi⟧ and satisfying

(C0) sptT is connected;
then T also satisfies:

(C1) T ∈ 𝕀1n (ℝn+1);
(C2) sptT is smooth hypersurface with boundary;
(C3) sptT is strictly stable under Dirichlet boundary conditions;
(C4) T is uniquely minimizing.

Note that:
• by Corollary A.2, if T satisfies (C1) and (C2) then it is of the form we need for

our theorem;
• if a single minimizing T with 𝜕T =

∑
i ∈P⟦Γi⟧ satisfies (C0)–(C4), then Γ ∈ G◦

∗,P
due to (C4).

Claim 4.4. — For all P ⊂ {1, . . . , q }, G◦
∗,P is open in G◦.

Proof of claim. — We argue by contradiction. Suppose that Γ ∈ G◦
∗,P and that there

exists a sequence (where the index is suppressed) Γ′ → Γ in the smooth topology with
Γ′ ∈ G◦\G◦

∗,P . For each Γ′, there exists a minimizingT ′ ∈ 𝕀n (ℝn+1) with 𝜕T ′ =
∑
i ∈P⟦Γ′

i⟧
and T ′ satisfying (C0) but failing (C1) or (C2) or (C3) or (C4) above.

By passing to subsequences we can assume that T ′ ⇀ T ∈ 𝕀n (ℝn+1) that is
minimizing with 𝜕T =

∑
i ∈P⟦Γi⟧. Note that since each T ′ satisfies (C0), T does too by

the upper semicontinuity of density, and since Γ ∈ G◦
∗,P , T then also satisfies (C1)–(C4).

It also follows from the upper semicontinuity of density and T satisfying (C1)
that, up to discarding finitely many terms in the sequence, the T ′ all satisfy (C1) as well.
Since T also satisfies (C2), it then follows from Allard’s interior and boundary regularity
theorem together with the upper semicontinuity of densities that the convergence
sptT ′ → sptT is smooth up to the boundary; in particular, up to discarding finitely
many terms in the sequence, the T ′ also all satisfy (C2) as well. We now conclude by
showing that neither (C3) nor (C4) can fail for infinitely manyT ′.

First suppose that infinitely manyT ′ fail (C3). Pass to such a subsequence. Then
each sptT ′ is degenerate and carries nontrivial Jacobi fields that vanish on the boundary.
Because of the smooth convergence sptT ′ → sptT , these yield (after the standard
normalization procedure) nontrivial Jacobi fields on sptT that vanish on the boundary.
Thus, sptT is degenerate, a contradiction to T satisfying (C3).
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It must therefore be that infinitely manyT ′ fail (C4). Pass to such a subsequence.
Let T̃ ′ be any competing minimizer with respect to g ′ that is distinct from T ′. We
have T̃ ′ ⇀ T after passing to a further subsequence because T satisfies (C4). By the
argument above (it only relies on the limit T satisfying (C1) and (C2)) the convergence
of the supports is again smooth and graphical with multiplicity one. Using the standard
construction in the setting of a graphical convergence sptT ′, spt T̃ ′ → sptT , we produce
(after the standard normalization procedure) a nontrivial Jacobi field on sptT that
vanishes on the boundary. Thus, sptT is degenerate, again a contradiction to T satisfy-
ing (C3).

Since all cases lead to a contradiction, G◦
∗,P is indeed open. □

Claim 4.5. — For all P ⊂ {1, . . . , q }, G◦
∗,P is dense in G◦.

Proof of claim. — We prove this claim by induction on the number of elements
of P. The base case (P = ∅) is trivial, so we proceed to the inductive step.

We fix ∅ ≠ P ⊂ {1, . . . , q } and assume that G◦
∗,P′ is dense in G◦ for all P′ ⊂

{1, . . . , q } with #P′ < #P. Let Γ ∈ G◦. We show there exist elements of G◦
∗,P arbitrarily

close to Γ. Note that we know, by our inductive hypothesis, that

(4.1)
⋂
P′⊊P

G◦
∗,P′ is open and dense in G◦

since each G◦
∗,P′ with P′ ⊊ P is already open and dense. Perturb Γ (without relabeling)

so that

(4.2) Γ ∈
⋂
P′⊊P

G◦
∗,P′

Now if Γ ∈ G◦
∗,P , then we’re done perturbing. So assume Γ ∉ G◦

∗,P going forward.
Let T ∈ 𝕀n (ℝn+1) be a minimizer with 𝜕T =

∑
i ∈P⟦Γi⟧, satisfying (C0), but failing

(C1) or (C2) or (C3) or (C4).

Iterative improvement. — We repeat the following process finitely many times to
ensure T eventually satisfies (C1). In particular, if T already satisfies (C1), proceed to
“Final perturbation” below. Let

T =

m∑︁
i=1

⟦M (i )⟧

be the nested decomposition given by Corollary A.2. Note that M (1) is connected too
since M (1) = sptT is connected and Lemma 2.5 applies to ⟦M (1)⟧ away from 𝜕M (1) .

Note that m ≥ 2 since T doesn’t satisfy (C1), i.e., T ∉ 𝕀1n (ℝn+1). We claim that in
fact m = 2. Write

T1 = ⟦M (1)⟧, T2 = ⟦M (2)⟧.
Note that T1, T2, and T1 +T2 are individually minimizing since, by the nested nature of
the decomposition, ∥T1∥, ∥T2∥, ∥T1 +T2∥ ≤ ∥T ∥ so [46, Lemma 33.4] applies (given
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the minimizing nature of T ). Also, T1 and T1 +T2 satisfy (C0) since T does and, again
by the nestedness of the decomposition, sptT = sptT1 = spt(T1 +T2). Let

∅ ≠ P1,P2 ⊂ P
denote the set of indices of Γi ∈ P occurring as boundaries of T1, T2, respectively. Note
that P1 ∪ P2 indexes the boundary components of T1 + T2 (by the nestedness of the
decomposition) and P1 ∩ P2 = ∅ (because our boundaries are assigned multiplicity one).
Now since T1 +T2 manifestly does not satisfy (C1), it follows from (4.2) that

P1 ∪ P2 = P =⇒ T = T1 +T2 and m = 2.

From this we deduce that P1 ⊊ P. In view of (4.2) andT1 satisfying (C0), it follows from
our setup that T1 satisfies (C1)–(C4) too. Even though sptT2 might be disconnected, T2
also satisfies (C1)–(C4) given the nested nature of the decomposition.

Apply Lemma 4.3 to perturb (⋃i ∈P1
Γi ,T1) ↦→ (⋃i ∈P1

Γ′
i ,T

′
1) with

(4.3) sptT ′
1 ∩ sptT = ∅,

and still within the open set in (4.1) ; in particular, T ′
1 still satisfies (C0)–(C4). Define:

Γ′ B

(
Γ \

⋃
i ∈P1

Γi

)
∪

( ⋃
i ∈P1

Γ′
i

)
,

and enumerate its components again as (Γ′
1, . . . , Γ′

q ) (note that Γ′
i remains unambiguously

defined if i ∈ P1).
Let T̃ ′ ∈ 𝕀n (ℝn+1) be a minimizer with 𝜕T̃ ′ =

∑
i ∈P⟦Γ′

i⟧ and which satisfies (C0).
If T̃ ′ satisfies (C1), we proceed to “Final perturbation” below with Γ′ ↦→ Γ and T̃ ′ ↦→ T .

Otherwise, T̃ ′ does not satisfy (C1), i.e., T̃ ′ ∉ 𝕀1n (ℝn+1), and arguing as we did
forT , we have the nested decomposition

T̃ ′ = T̃ ′
1 + T̃ ′

2

with T̃ ′
1, T̃ ′

2 ∈ 𝕀1n (ℝn+1) and T̃ ′
1 satisfying (C0)–(C4) and T̃ ′

2 satisfying (C1)–(C4). From
this we will obtain a contradiction as long as our perturbationT1 ↦→ T ′

1 is sufficiently small.
We also write P̃′

1, P̃′
2 ⊂ P to contain the indices of components of spt 𝜕T̃ ′

1, spt 𝜕T̃ ′
2. Note

that by the upper semicontinuity of density together with the density considerations in
Corollary A.2 we have P̃′

2 ⊂ P2 for sufficiently small perturbationsT1 ↦→ T ′
1 . We cannot

have P̃′
2 = P2 because then it’d follow that P̃′

1 = P1 and since T ′
1 satisfies (C4) we’d have

T̃ ′
1 = T ′

1 and since T2 satisfies (C4) too we’d also have T̃ ′
2 = T2, a contradiction to (4.3) .

Thus, P̃′
2 ⊊ P2. We can therefore restart our iterative improvement process with

T̃ ′ in place of T and Γ′ in place of Γ. This terminates after finitely many steps because
P2 is finite.

Final perturbation. — We may assume, now, that T satisfies (C0) as well as (C1).
We then apply the following steps,19 skipping steps (i) and (ii) and proceeding to (iii)
with (Γ′′,T ′′) B (Γ,T ) if T satisfies (C2):

19This part of the perturbation argument is identical to the one for manifolds in the next section.
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(i) apply Lemma 4.2 to perturb (⋃i ∈P Γi ,T ) ↦→ (⋃i ∈P Γ′
i ,T

′) so thatT ′ ∈ 𝕀1n (ℝn+1)
satisfies (C0), (C1) and (C4);

(ii) apply Lemma 4.3 to perturb (⋃i ∈P Γ′
i ,T

′) ↦→ (⋃i ∈P Γ′′
i ,T ′′) so that T ′′ ∈

𝕀1n (ℝn+1) satisfies (C0), (C1) and (C2);
(iii) finally, re-apply Lemma 4.2 to perturb (⋃i ∈P Γ′′

i ,T ′′) ↦→ (⋃i ∈P Γ′′′
i ,T ′′′) so

that T ′′′ ∈ 𝕀1n (ℝn+1) satisfies (C0), (C1), (C2), (C3), (C4).
Thus, T ′′′ satisfies (C0)–(C4). As we’ve discussed this implies Γ′′′ ∈ G◦

∗,P . □

It follows from the finiteness of P and Claims 4.4 and 4.5 that

G◦
∗ B

⋂
P⊂{1,...,q }

G◦
∗,P

is also open and dense in G◦.
It remains to prove that G◦

∗ has the desired smooth minimization property. To
that end, let Γ ∈ G◦

∗ and suppose that T ∈ 𝕀n (ℝn+1) is minimizing with 𝜕T = ⟦Γ⟧. Let
C denote any component of sptT . Note that [46, Lemma 33.4] TP B T ⌊C ∈ 𝕀n (ℝn+1)
is minimizing with 𝜕TP = ⟦ΓP⟧ for some nonempty P ⊂ {1, . . . , q } and ΓP =

⋃
i ∈P Γi .

By construction, sptTP is connected. It follows from Γ ∈ G◦
∗ ⊂ G◦

∗,P and the definition
of G◦

∗,P that sptTP = C is smooth of the desired form. Since the component C of sptT
was arbitrary, it follows that T has the desired form. □

We now return to give proofs for the main lemmas. Below, Us ( · ) will always
denote a distance < s tubular neighborhood in ℝn+1.

Proof of Lemma 4.2. — This is a consequence of Lemma A.3 with (adapting
notation from the lemma) s > 0 small enough that

⋃m
i=1 Γ

′(i ) ∈ G and so that M ′(1) =

M (1) \Us (Γ (1) ) is still connected. In case m = 1 and M (1) is smooth, the strict stability
of M ′(1) is an easy consequence of the domain monotonicity of Dirichlet eigenvalues
for Schrödinger operators. □

Proof of Lemma 4.3. — We will apply an iterative improvement argument with G
fixed (as given).

Iterative improvement. — It follows from the Hardt–Simon boundary regularity
theorem (particularly the decomposition in Corollary A.2, writing M = M (1) below)
that

sptT = M ∪ E

for a smooth, connected, orientedM with boundary 𝜕M = Γ, and with E = M \M ⊂ ℝn+1

compact with Hausdorff dimension ≤ n − 7, and since T ∈ 𝕀1n (ℝn+1), we also have
T = ⟦M ⟧, i.e., T is the multiplicity-one current defined byM .

From the compactness of Γ, there exists 𝛾 > 0 such that U 𝛾 (Γ) ∩ E = ∅. From
the argument in the proof of Lemma 4.2 we know that, if s ∈ (0, 𝛾) is sufficiently small
and we set

(4.4) U B Us (Γ), Σ B 𝜕Us (Γ),
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then

T ′ B T ⌊(ℝn+1 \U ) ∈ 𝕀1n (ℝn+1)

is uniquely minimizing with 𝜕T ′ = ⟦Γ′⟧, where Γ′ B M ∩ Σ ∈ G. Now set Γ′
0 B Γ′ and

take a unit speed foliation

(Γ′
t )t ∈[0,𝛿] ⊂ Σ,

where 𝛿 > 0 is small enough that Γ′
t ∈ G for t ∈ [0, 𝛿]. For t ∈ [0, 𝛿], let T ′

t ∈ 𝕀n (ℝn+1)
be minimizing with 𝜕T ′

t = 𝜕⟦Γ′
t⟧. In what follows, it is important that the unit speed

foliation be taken with consistently pointing unit normal vectors to M , which we can do
because M is connected and oriented. We also take care to choose consistently oriented
unit normals (near the boundary, which is only C∞-perturbed in each step) for all steps
in the iterative improvement to ensure our families are consistently monotone.

Since T ′ ∈ 𝕀1n (ℝn+1) and is uniquely minimizing, we must have T ′
0 = T ′, as well

as

(4.5) T ′
t ∈ 𝕀1n (ℝn+1) and T ′

t −⇀ T ′
0 as t → 0,

the former holding true by upper semicontinuity of densities. As before, sptT ′
t =

M ′
t ∪ E ′

t , where M ′
t is a (not yet known to be connected) smooth, oriented, minimizing

hypersurface with boundary Γ′
t , E

′
t = M

′
t \M ′

t ⊂ ℝn+1 is a compact set with Hausdorff
dimension ≤ n − 7, and T ′

t = ⟦M ′
t ⟧. By Allard’s boundary regularity theorem, M ′

t → M ′
0

smoothly near Γ′
0, so we may further restrict 𝛿 > 0 so that sptT ′

t ∩Us (Γ) = ∅ and all M ′
t

meet Σ transversely, and the intersection is a graph over Γ′
0 in Σ.

We may apply Theorem 3.14 with the infinite family T = {T ′
t }t ∈[0,𝛿]; see

Lemma 4.6 below to see why all hypotheses are met. It follows that there exists t > 0
such that

D(T ′
t ) ≤ D(T ′) − 𝜂,

where D( · ) is as in (3.13) and 𝜂 = 𝜂 (n) > 0. By construction, T ′
t is disjoint from T .

If D(T ′
t ) < Θ∗

n , then we are done by Allard’s regularity theorem. Otherwise, if
D(T ′

t ) ≥ Θ∗, we apply Lemma 4.2 to obtain a nearbyT ∗ with sptT ∗ ⊂ sptT ′
t and restart

the iterative argument with T ∗ in place of T . We will only iterate finitely many times
before eventually reaching D(T ∗) < Θ∗

n , since 𝜂 is fixed. □

Lemma 4.6. — Suppose that (T ′
t )t ∈[0,𝛿] are as in the iterative step in the proof of

Theorem 4.1 above. Then for 𝛿′ > 0 small and K ∈ ℕ large, the list

T ′
0 ,T ′

𝛿′/K ,T ′
2𝛿′/K , . . . ,T ′

𝛿′

satisfies the hypotheses of Theorem 3.14 with N̆ = ℝn+1 and Ω = BR (0) \U for large R and
withU as in (4.4) .

Proof. — Take R large enough so that the convex hull ofU has closure in BR−1(0).
Conditions (a), (c), (e) of Theorem 3.14 are automatic from our construction.

Condition (d) follows from (4.5) .
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It remains to prove (b). The smooth transverse intersection near the boundary
follows from the Hardt–Simon boundary regularity theorem (Theorem A.1), Allard’s
boundary regularity, and (4.5) . For connectedness, we argue by contradiction. Suppose
that there were ti → 0 and Ti B T ′

ti ⇀ T ′ with sptT ′
i containing ≥ 2 components.

Without loss of generality, we restrict all our currents to Ω \ 𝜕Ω where they have no
boundary. We can then write Ti = T a

i +T b
i , for T a

i ,T b
i ∈ 𝕀n (Ω \ 𝜕Ω) \ {0} with 𝜕T a

i =

𝜕T b
i = 0 and sptT a

i ∩ sptT b
i = ∅ in Ω \ 𝜕Ω. Note that the latter disjointness guarantees

𝕄(T a
i ) +𝕄(T b

i ) = 𝕄(Ti ), so both T a
i and T b

i are minimizing [46, Lemma 33.4]. Thus,
they individually satisfyT a

i ⇀ T a ≠ 0, T b
i ⇀ T b ≠ 0, with T a and T b both minimizing

in Ω\𝜕Ω with 𝜕T a = 𝜕T b = 0. (We haveTa ,Tb ≠ 0 because of the graphical convergence
of Γ′

ti → Γ′
0 and uniform lower density bounds at a fixed scale by the monotonicity

formula.) Moreover,

T a +T b = T ′,

and thus

ΘT a ( · ) + ΘT b ( · ) = ΘT ′ ( · ).

In particular, the multiplicity-one nature ofT ′ forcesT a andT b to also have multiplicity
one, and regT a and regT b to be disjoint. Thus, sptT a and sptT b are also disjoint
by Lemma 2.7. Thus, regT a and regT b are relatively open and relatively closed in
regT . But regT is connected (Lemma 2.5), so regT a or regT b has to be trivial, a
contradiction. □

5. Theorem 1.2: Generic smoothness of homologicalminimizers inmanifolds

We show how to generalize Smale’s 8-dimensional generic smoothness result [52]
to dimensions 9 and 10. We prove the following, which in turn implies Theorem 1.2
in view of the Baire Category Theorem.

Theorem 5.1. — Let N be a closed, oriented, (n + 1)-dimensional manifold with
n + 1 ∈ {8, 9, 10}. Then, there exists a comeager Met∗(N ) ⊂ Met(N ) such that for every
g ∈ Met∗(N ) and nonzero [𝛼] ∈ Hn (N ,ℤ) there is a minimizing integral n-current in (N , g )
that represents [𝛼] and is supported on a smooth hypersurface.

We will need two technical lemmas corresponding to [52, Lemmas 1.3, 1.4].
The former has no dimensional restrictions in [52], but its hypotheses and proof appear
incomplete. The latter is the key technical lemma in [52] and had the dimensional
restriction n + 1 = 8, which we improve to n + 1 ∈ {8, 9, 10}.

Lemma 5.2. — Fix N as in Theorem 5.1, g ∈ Met(N ), and assume that T ∈ 𝕀1n (N )
is minimizing in [𝛼] ∈ Hn (N ,ℤ) with respect to g and sptT is connected. Then, for every
neighborhood G ⊂ Met(N ) of g , there exists g ′ ∈ G such thatT is uniquely minimizing in [𝛼]
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with respect to g ′. If sptT is smooth, then we can also arrange for sptT to be strictly stable with
respect to g ′.20

Lemma 5.3. — Fix N as in Theorem 5.1, g ∈ Met(N ), and assume that T ∈ 𝕀1n (N )
is uniquely minimizing in [𝛼] ∈ Hn (N ,ℤ) with respect to g and sptT is connected. For every
neighborhood G ⊂ Met(N ) of g , there exists g ′ ∈ G and aT ′ ∈ 𝕀1n (N , g ′) which is minimizing
in [𝛼] with respect to g ′ and with sptT smooth and connected.

Let us first show how these lemmas imply the theorem.

Proof of Theorem 5.1 assuming Lemmas 5.2 and 5.3. — For [𝛼] ∈ Hn (N ,ℤ) let

Met∗[𝛼 ] (N ) ⊂ Met(N )

consist of all g ∈ Met(N ) with the following defining property: if (with respect to this g )
there exists a minimizing T ∈ 𝕀n (N ) in [𝛼] with respect to g satisfying:

(C0) sptT is connected;
then T also satisfies (with respect to the same g ):

(C1) sptT is a smooth hypersurface;
(C2) sptT is strictly stable;
(C3) T is uniquely minimizing in [𝛼].

Note that if a single minimizing T ∈ 𝕀n (N ) in [𝛼] satisfies (C0)–(C3) with respect to g ,
then g ∈ Met∗[𝛼 ] (N ) due to (C3).

Claim 5.4. — Met∗[𝛼 ] (N ) is open in Met(N ).

Proof of claim. — We argue by contradiction. Suppose that g ∈ Met∗[𝛼 ] (N )
and that there exists a sequence (where the index is suppressed) g ′ → g with g ′ ∈
Met(N ) \ Met∗[𝛼 ] (N ).

Then, for each g ′ there exists an associated minimizing T ′ ∈ 𝕀n (N ) in [𝛼] satisfy-
ing (C0) but failing (C1) or (C2) or (C3), with respect to g ′. By passing to subsequences,
we can assume that T ′ ⇀ T ∈ 𝕀n (N ) minimizing in [𝛼], with respect to g . Note that
since each T ′ satisfies (C0), T does too by the upper semicontinuity of density, and
thus T also satisfies (C1)–(C3), with respect to g , since g ∈ Met∗[𝛼 ] (N ).

It follows from (C1) onT together with standard regularity results for minimizers
that, up to discarding finitely many terms in the sequence, (C1) must hold for all T ′

and that sptT ′ → sptT locally graphically possibly with multiplicity. (One can locally
decomposeT ′ into boundaries [46, Corollary 27.8] and invoke De Giorgi’s regularity for
minimizing boundaries [12].) But since the normal bundle of sptT is trivial, sptT ′ →
sptT smoothly and with multiplicity one. We conclude by showing neither (C2) nor (C3)
can fail for infinitely manyT ′, with respect to their g ′.

20We mean this in the sense of the second variation of sptT (a smooth hypersurface) being positive definite
for normal directions.
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First assume that infinitely manyT ′ fail (C2), with respect to their g ′. Pass to such
a subsequence. Each sptT ′ carries nontrivial Jacobi fields, with respect to its g ′. These
nontrivial Jacobi fields converge (after the standard normalization procedure) smoothly
to nontrivial Jacobi fields on sptT , with respect to g , given the smooth convergence
sptT ′ → sptT and g ′ → g . Thus sptT is degenerate with respect to g , a contradiction
to T satisfying (C2).

So it must be that infinitely many T ′ fail (C3), with respect to their g ′. Pass to
this subsequence. Let T̃ ′ be any competing minimizer with respect to g ′ that is distinct
from T . We must have T̃ ′ ⇀ T after passing to a further subsequence because T
satisfies (C3). By the argument above (it only relies on the limit T satisfying (C1))
the convergence of the supports is again smooth and graphical with multiplicity one.
Using the standard construction from the setting of the graphical convergence sptT ′,
spt T̃ ′ → sptT , and g ′ → g , we produce a nontrivial Jacobi field on sptT with respect
to g . Thus sptT is degenerate, again a contradiction to T satisfying (C2).

Since all cases lead to a contradiction, Met∗[𝛼 ] (N ) is open. □

Claim 5.5. — Met∗[𝛼 ] (N ) is dense in Met(N ).

Proof of claim. — Let g ∈ Met(N ). We show there exist g ′ ∈ Met∗[𝛼 ] (N ) arbitrarily
close to g . We assume g ∉ Met∗[𝛼 ] (N ), otherwise there is nothing to show.

Let T be a minimizer in [𝛼] satisfying (C0) but failing (C1) or (C2) or (C3), with
respect to g . The multiplicity ℓ of T is a constant by Lemma 2.5 and the constancy
theorem. Then T̂ B ℓ −1T ∈ 𝕀1n (N ) is minimizing [46, Lemma 33.4] in [𝛼̂] B ℓ −1 [𝛼]
(∈ Hn (N ,ℤ) due to the multiplicity of T being ℓ ) with respect to g and satisfies (C0)
since spt T̂ = sptT . We’ll perturb (g , T̂ ) ↦→ (g ′, T̂ ′) so that T̂ ′ satisfies (C0)–(C3) with
respect to g ′. Without loss of generality we’ll take T to fail (C1), otherwise we skip
steps (i) and (ii) below and start with step (iii) and with (g ′, T̂ ′) = (g , T̂ ):

(i) apply Lemma 5.2 to perturb g (not relabeled) so that T̂ satisfies (C0) and (C3)
with respect to g ;

(ii) apply Lemma 5.3 to perturb (g , T̂ ) ↦→ (g ′, T̂ ′) so that T̂ ′ ∈ 𝕀1n (N ) satisfies (C0)
and (C1) with respect to g ′;

(iii) re-apply Lemma 5.2 to perturb g ′ (not relabeled) so that T̂ ′ ∈ 𝕀1n (N ) satisfies
(C0), (C1), (C2), (C3) with respect to g ′.

It remains to show that ℓT̂ ′ is minimizing in [𝛼] and satisfies (C0)–(C3) with
respect to g ′, too. As we’ve discussed, this shows that g ′ ∈ Met∗[𝛼 ] (N ).

The fact that ℓT̂ ′ is minimizing follows from [22, Theorem 5.10] (see also [56,
Corollary 3]). Next, ℓT̂ ′ clearly inherits (C0)–(C2) from T̂ ′. Applying White’s decom-
position theorem [56] and using the validity of (C3) for T̂ ′, we obtain that (C3) holds
for ℓT̂ ′, too. Thus, ℓT̂ ′ satisfies (C0)–(C3). □

It follows from the countable nature of Hn (N ,ℤ) and Claims 5.4 and 5.5 that

Met∗(N ) B
⋂

[𝛼 ]∈Hn (N ,ℤ)
Met∗[𝛼 ] (N )

is comeager in Met(N ).
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It remains to prove that Met∗(N ) has the desired smooth minimization property.
Let g ∈ Met∗(N ) and suppose that T ∈ 𝕀n (N ) is minimizing with respect to g in some
homology class. Let C denote any component of sptT . Note thatT ⌊C ∈ 𝕀n (N ), and that
its multiplicityℓ is constant due to Lemma 2.5 and the constancy theorem. Therefore,
T ′ B ℓ −1T ⌊C ∈ 𝕀1n (N ) and it is also minimizing [46, Lemma 33.4]. By construction, T ′

satisfies (C0). Let its homology class be [𝛼]. It follows from g ∈ Met∗(N ) ⊂ Met∗[𝛼 ] (N )
and (C1) in the definition of Met∗[𝛼 ] (N ) that sptT ′ = C is smooth. Iterating over all
components, we get that sptT is smooth. □

The proofs of Lemmas 5.2 and 5.3 are found at the end of the section. On a
first pass through the paper, the reader can safely skip the statement and proof of the
technical proposition below and go directly to the proof of the lemmas.

Proposition 5.6. — Let N , g be as in Lemma 5.3. Assume thatT ∈ 𝕀1n (N ) has 𝜕T = 0,
is uniquely minimizing with respect to g , has sptT connected, and that G ⊂ Met(N ) is a
neighborhood of g . Below, geometric quantities are with respect to g unless otherwise noted.

Fix p ∈ regT . If Dr denotes the radius-r geodesic ball in regT centered at p , take 𝜌 > 0
to be such that D3𝜌 does not intersect the cut locus of p or singT , and D2𝜌 has orientation-
preserving Fermi coordinates

Φ : D2𝜌 × (−𝜎,𝜎) −→≈ C2𝜌 ⊂ N

for some 𝜎 > 0. More generally, we set:

Cr B Φ
(
Dr × (−𝜎,𝜎)

)
for r ∈ (0, 2𝜌] .

Then, for all sufficiently small 𝜏 > 0 and all K ∈ ℕ, there exist metrics

g C gK ,0, gK ,1, . . . , gK ,K ∈ G,

and integral n-currents

T C TK ,0,TK ,1, . . . ,TK ,K ∈ 𝕀n (N ),

that are all homologous to T and minimizing with respect to the corresponding metrics, such that,
with the convention hK ,0 B 0, the following hold for all k = 1, . . . ,K :

(a) gK ,k ≡ g on N \C𝜌;
(b) ∥gK ,k − gK ,k−1∥Cm,𝜃 (N ) ≤ C1,m,𝜃𝜏K −1 for all m ∈ ℕ∗, 𝜃 ∈ (0, 1);
(c) lim𝜏→0 distF (TK ,k ,T ) = 0;21

(d) Φ−1(sptTK ,k ∩C2𝜌) = graphD2𝜌
hK ,k with lim𝜏→0∥hK ,k ∥Cm,𝛼 (D2𝜌 ) = 0;

(e) TK ,k ∈ 𝕀1n (N ) and sptTK ,k is connected;
(f) infD3𝜌/2 (hK ,k − hK ,k−1) ≥ 𝜇1𝜏K −1.

We emphasize that C1,m,𝜃 , 𝜇1 > 0 are independent of K , k , 𝜏. Above, we suppressed the depen-
dence on 𝜏 from the notation of gK ,k , TK ,k , hK ,k for simplicity.

21Here, distF is the flat distance in N , which is denoted FN in [20, 4.1.24].
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Proof. — Fix once and for all smooth and compactly supported

𝜒 : D𝜌 −→ ℝ,
𝜁 : ℝ −→ ℝ,

such that

𝜒 ≥ 0 on D𝜌, 𝜒 ≥ 1 on D2𝜌/3,(5.1)

s 𝜁 (s ) ≥ 0 for all s ∈ ℝ, 𝜁 ′(0) > 0,(5.2)

spt((x , s ) ↦−→ 𝜒 (x)𝜁 (s + s0)) ⊂ D𝜌 × (−𝜎,𝜎) for all s0 ∈
[
−1

2𝜎, 1
2𝜎

]
.(5.3)

We need three lemmas whose proofs we postpone.

Lemma 5.7. — Let N , g be as in Lemma 5.3 and assume that T ∈ 𝕀1n (N ) has 𝜕T = 0
and is minimizing with respect to g . Then, there exists a smooth open neighborhood N̆ of sptT
such that T = 𝜕⟦E⟧⌊N̆ , i.e., T is a minimizing boundary in N̆ .

Lemma 5.8. — Let N and g be as in Lemma 5.3. Assume thatT ∈ 𝕀1n (N ) has 𝜕T = 0,
is uniquely minimizing with respect to g , and sptT is connected. For every m ≥ 2, 𝜃 ∈ (0, 1),
and 𝜀 > 0, there is 𝛿 > 0 so that if g ′ ∈ Met(N ), ∥g ′ − g ∥Cm,𝜃 (N ) ≤ 𝛿, and T ′ ∈ 𝕀n (N ) is
minimizing with respect to g ′ in the homology class of T , then:

(a) distF (T ′,T ) ≤ 𝜀;
(b) Φ−1(sptT ′ ∩C2𝜌) = graphD2𝜌

h′ with ∥h′∥Cm,𝜃 (D2𝜌 ) ≤ 𝜀;
(c) T ′ ∈ 𝕀1n (N ) and sptT ′ is connected.

In the following lemma we state the result for a general manifold D with a
Riemannian metric. We will later apply this with the obvious choice of 𝜒 , 𝜁 , and D = D𝜌

above with its induced metric.

Lemma 5.9. — Let 𝜏 ∈ ℝ and 𝜁 : ℝ → ℝ and 𝜒 ,h1, . . . ,hk : D → ℝ be smooth.
Then, the smooth functionw : D ×ℝ → ℝ defined by

w (x , s ) B
k∏
j=1

(
1 − 𝜏𝜒 (x)𝜁

(
s − h j (x)

) )
,

satisfies, for all m ∈ ℕ, 𝜃 ∈ (0, 1),

∥w − 1∥Cm,𝜃 (D×ℝ)

≤ C0,m

k∑︁
j=1

k !
(k − j )!𝜏

j ∥𝜒 ∥ j
Cm,𝜃 (D ) ∥𝜁 ∥

j
Cm,𝜃 (ℝ)

(
1 + max

j=1,...,k



h j 

Cm,𝜃 (D )

)m j
.

Here C0,m only depends on m.
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We return to the proof of Proposition 5.6. First, let N̆ be as in Lemma 5.7 so
that

T = 𝜕⟦E⟧⌊N̆ .

After possibly swapping orientations and thus replacing E with its complementary
Caccioppoli set in N̆ , we may assume that, in our Fermi coordinates,

(5.4)
{
(x , s ) : 𝜒 (x)𝜁 (s ) > 0

}
⊂ E .

Then let m ∈ ℕ, m ≥ 2, 𝛿 > 0 be chosen so that

(5.5) ∥ g̃ − g ∥Cm,𝜃 (N ) ≤ 𝛿 =⇒ g̃ ∈ G.

Shrink 𝛿 > 0 enough so that Lemma 5.8 applies with 𝜀 no larger than min
{
1, 1

2𝜎
}

or so
that the flat distance bound in (a) of the lemma, together with the implied Hausdorff
distance (by the monotonicity formula), forces sptT ′ ⊂ N̆ . Next choose 𝛾 ∈ (0, 1)
sufficiently small, depending on 𝜀, 𝜃, so that we have for w : N → ℝ

(5.6) ∥w − 1∥Cm,𝜃 (N ) ≤ 𝛾 =⇒ ∥wg − g ∥Cm,𝜃 (N ) ≤ 𝛿.

With C0,m as in Lemma 5.9, choose 𝜏1 > 0 small enough that

C0,m

∞∑︁
j=1

𝜏
j
1 ∥𝜒 ∥

j
Cm,𝜃 (D ) ∥𝜁 ∥

j
Cm,𝜃 (ℝ)2

m j ≤ 𝛾.

For all k ,K ∈ ℕ, k ≤ K ,

(5.7) C0,m

k∑︁
j=1

k !
(k − j )! (𝜏1K

−1) j ∥𝜒 ∥ j
Cm,𝜃 (D ) ∥𝜁 ∥

j
Cm,𝜃 (ℝ)2

m j

= C0,m

k∑︁
j=1

k (k − 1) · · ·
(
k − ( j − 1)

)
K j 𝜏

j
1 ∥𝜒 ∥

j
Cm,𝜃 (D ) ∥𝜁 ∥

j
Cm,𝜃 (ℝ)2

m j

≤ C0,m

k∑︁
j=1

𝜏
j
1 ∥𝜒 ∥

j
Cm,𝜃 (D ) ∥𝜁 ∥

j
Cm,𝜃 (ℝ)2

m j ≤ 𝛾.

Without loss of generality, we can further shrink 𝜏1 so that

(5.8) 𝜏1 sup
M

𝜒 sup
ℝ

𝜁 < 1

and always suppose 𝜏 ∈ (0, 𝜏1] going forward.
Now let K ∈ ℕ be arbitrary and denote

gK ,0 B g , TK ,0 B T , EK ,0 B E, hK ,0 B 0.

We will perform an iterative construction that guarantees (a)–(e) and, at first, a weaker
version of (f): a weak monotonicity that we call (f ’).

Perturbation 1. — Define a metric gK ,1 on imgΦ = C2𝜌 via

(Φ∗gK ,1) (x , s ) B
(
1 − 𝜏K −1𝜒 (x)𝜁

(
s − hK ,0(x)

) )
(Φ∗gK ,0) (x , s ).
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Using (5.3) , (5.5) : (5.6) , (5.7) (with k = 1), and (5.8) ,

(a) gK ,1 extends to a metric on N that coincides with g off C𝜌;
(b) ∥gK ,1 − gK ,0∥Cm,𝜃 (N ) ≤ C1,m,𝜃𝜏K −1.

Take TK ,1 ∈ 𝕀n (N ) to be any (for now) candidate minimizer with respect to gK ,1 ho-
mologous to T . By Lemma 5.8 and our choices of parameters, we immediately obtain
sptTK ,1 ⊂ N̆ and all the following properties:

(c) lim𝜏→0 distF (sptTK ,1, sptT ) = 0;
(d) Φ−1(sptTK ,1 ∩C2𝜌) = graphD2𝜌

hK ,1 with lim𝜏→0∥hK ,1∥Cm,𝜃 (D2𝜌 ) = 0;
(e) TK ,1 ∈ 𝕀1n (N ) and sptTK ,1 is connected.

We wish to choose a particular minimizer, namely, the topmost one. Indeed,
the standard codimension-1 decomposition theorem [46, Theorem 27.6], we obtain
from (e) that the decomposition of TK ,1 into boundaries of Caccioppoli sets must have
a single summand, i.e., TK ,1 = 𝜕⟦EK ,1⟧ for a Caccioppoli set EK ,1 ⊂ N̆ . In particular,
all candidate minimizers TK ,1 are described as consistently oriented boundaries of
Caccioppoli sets. Those minimizing boundaries cannot intersect by cut and paste and
the strong maximum principle (Lemma 2.8), so they can be ordered by inclusion. In
particular, there is a unique (up to measure zero) topmost one. Fix

TK ,1 = 𝜕⟦EK ,1⟧⌊N̆

to be this topmost minimizer going forward.
We claim that a standard cut-and-paste argument implies:

(f ’) EK ,1 ⊂ EK ,0 and sptTK ,1 ∩ sptTK ,0 = ∅.

Again, set inclusions are up to measure zero. To see this, take

E ′
K ,1 B EK ,0 ∩ EK ,1 ⊂ EK ,1 and T ′

K ,1 B 𝜕⟦E ′
K ,1⟧⌊N̆ .

This is a competitor forTK ,1 in the same homology class. Cut and paste gives:

Claim 5.10. — 𝕄gK ,1 (T ′
K ,1) ≤ 𝕄gK ,1 (TK ,1).

We briefly postpone the proof to see how Claim 5.10 implies (f ’). First, it implies
the inclusion assertion in (f ’): otherwise, E ′

K ,1 ⊊ EK ,1, contradicting our choice of TK ,1

as the topmost minimizer. The disjointness assertion of (f ’) follows from the maximum
principle: 𝜁 ′(0) > 0 and (5.4) force TK ,0 to be a strict barrier for mass minimization
with respect to gK ,1. This completes the proof of (f ’).

Proof of Claim 5.10. — It is convenient to also consider

E ′
K ,0 B EK ,0 ∪ EK ,1 and T ′

K ,0 B 𝜕⟦E ′
K ,0⟧⌊N̆ .

Proceeding as in the proof of Lemma 2.8, we note that

(5.9) TK ,0 +TK ,1 = T ′
K ,0 +T ′

K ,1
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and, since T ′
K ,0, T ′

K ,1 differ by the boundary of a Caccioppoli set (EK ,0ΔEK ,1) we have
the equality of measures (taken with respect to any fixed metric)

(5.10) ∥T ′
K ,0∥ + ∥T ′

K ,1∥ = ∥T ′
K ,0 +T ′

K ,1∥.

By (5.10) with gK ,1, (5.9) , and the triangle inequality:

𝕄gK ,1 (T
′
K ,0) +𝕄gK ,1 (T

′
K ,1) = 𝕄gK ,1 (T

′
K ,0 +T ′

K ,1)
= 𝕄gK ,1 (TK ,0 +TK ,1)
≤ 𝕄gK ,1 (TK ,0) +𝕄gK ,1 (TK ,1).

The claim follows since gK ,1 ≥ gK ,0 along sptT ′
K ,0 and gK ,1 = gK ,0 along sptTK ,0, together

with 𝕄gK ,0 (TK ,0) ≤ 𝕄gK ,0 (T ′
K ,0) due to the minimizing nature of TK ,0 with respect to

gK ,0. □

Perturbation 2. — Assuming K ≥ 2 we perturb again. Define gK ,2 on C2𝜌 via

(Φ∗gK ,2) (x , s ) B
(
1 − 𝜏K −1𝜒 (x)𝜁

(
s − hK ,1(x)

) )
(Φ∗gK ,1) (x , s ).

As before, except with k = 2 in (5.7) :
(a) gK ,1 extends to a metric on N that coincides with g off C𝜌;
(b) ∥gK ,2 − gK ,1∥Cm,𝜃 (N ) ≤ C1,m,𝜃𝜏K −1.

Take TK ,2 ∈ 𝕀n (N ) to be the topmost minimizer homologous to T with respect to gK ,2.
As before, sptTK ,2 ⊂ N̆ , TK ,2 = 𝜕⟦EK ,2⟧⌊N̆ for EK ,2 ⊂ N̆ , and

(c) lim𝜏→0 distF (sptTK ,2, sptT ) = 0;
(d) Φ−1(sptTK ,2 ∩C2𝜌) = graphD2𝜌

hK ,2 with lim𝜏→0∥hK ,2∥Cm,𝜃 (D2𝜌 ) = 0;
(e) TK ,2 ∈ 𝕀1n (N ) and sptTK ,2 is connected;
(f ’) EK ,2 ⊂ EK ,1 and sptTK ,2 ∩ sptTK ,1 = ∅.

Subsequent perturbations. — We repeat this construction to end up with

gK ,0, gK ,1, gK ,2, . . . , gK ,K ,
TK ,0,TK ,1,TK ,2, . . . ,TK ,K ,
EK ,0,EK ,1,EK ,2, . . . ,EK ,K .

These satisfy (a)–(e), (f ’) by construction and also Lemma 5.9 and (5.7) .
It remains to prove that they all satisfy (f) too. We prove this by contradiction.

If (f) failed, then for some Kn → ∞, kn ∈ {1, . . . ,Kn}, and 𝜏n → 0, one would have had

(5.11) inf
D3𝜌/2

(hKn ,kn − hKn ,kn−1) = 𝜀n𝜏nK −1
n ,

with 𝜀n → 0.
Fix gKn ,kn as a background metric. With respect to it,TKn ,kn is minimizing globally,

so its mean curvature vanishes on C2𝜌. On the other hand, TKn ,kn−1 is only minimizing
in N \ C 𝜌 where gKn ,kn−1 ≡ g ≡ gKn ,kn . To compute its mean curvature on C2𝜌 with
respect to gKn ,kn , we recall that

(Φ∗gKn ,kn ) (x , s ) B
(
1 − 𝜏nK −1

n 𝜒 (x)𝜁
(
s − hKn ,kn−1(x)

) )
(Φ∗gKn ,kn−1) (x , s ).
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Since TKn ,kn−1 is minimizing globally with respect to gKn ,kn−1, its mean curvature with
respect to gKn ,kn−1 vanishes on C2𝜌. It follows from the conformal change formula for
mean curvature, and the uniform graphicality of sptTKn ,kn−1 ∩C2𝜌 from (d), and (5.2)
that the mean curvature vector along sptTKn ,kn−1 ∩C2𝜌 (which exists classically by (d))
points weakly toward sptTKn ,kn and the mean curvature scalar (again, both with respect
to gKn ,kn ) satisfies

(5.12) 𝜇′′1𝜏nK
−1
n 𝜒 ≥ H ≥ 𝜇′1𝜏nK

−1
n 𝜒 on sptTKn ,kn−1 ∩C2𝜌 .

with 0 < 𝜇′1 < 𝜇′′1 independent of n. It follows from (5.1) , (f ’), and a straightforward
barrier argument using the definite sign of 𝜁 ′(0) > 0 that

(5.13) hKn ,kn − hKn ,kn−1 ≥ 𝜇′1𝜏nK
−1
n on D𝜌/2

where 𝜇′1 > 0 is also independent of n. Indeed, fix a smooth function 𝜒 on D2𝜌 with
𝜒 ≥ 1 on D𝜌/2 and 𝜒 < 0 on D2𝜌 \D2𝜌/3. Consider the graph of hKn ,kn − t 𝜒 . By Taylor
expanding around t = 0, there exists 𝜇′1 > 0 (depending on 𝜒 but not n) such that,
for t ∈ (0, 𝜇′1𝜏nK

−1
n ], the graph of hKn ,kn − t 𝜒 has mean curvature H̃ (t ; n) ≤ 1

2𝜇
′
1𝜏nK

−1
n

over D2𝜌 with respect to gKn ,kn , with 𝜇′1 as in (5.12) . In particular, if (5.13) failed, then
there would exist t ∈ (0, 𝜇′1𝜏nK

−1
n ] so that the graph of hKn ,kn − t 𝜒 makes one-sided

contact with the graph of hKn ,kn−1. This contradicts H̃ (t ; n) ≤ 1
2𝜇

′
1𝜏nK

−1
n , (5.12) , and

the maximum principle. This proves (5.13) .
Now set

Qn B inf
D𝜌/2

(hKn ,kn − hKn ,kn−1),

hn B
hKn ,kn − hKn ,kn−1

Qn
.

Note that hn > 0 by (f ’). Using the bounds from (b), (d), (5.12) , (5.13) , 𝜏n → 0, and
the uniquely minimizing nature of T , we get Qn → 0, and from the standard Harnack
inequality and standard Schauder theory on D2𝜌 to let us send n → ∞ and, after passing
to a subsequence, obtain h : D2𝜌 → ℝ which is nonnegative, C 1,𝜃 , and weakly satisfies

−Δh −V h ≥ 0 on D2𝜌,

where −Δ −V is the Jacobi operator on the regular part of limnTKn ,kn (not labeled) with
respect to the metric limn gKn ,kn (also not labeled), as well as

inf
D3𝜌/2

h = 0

by (5.11) , and

inf
D𝜌/2

h = 1

by construction. This is a contradiction to the strong maximum principle for nonnegative
supersolutions of the Jacobi equation on D2𝜌. Thus, (5.11) fails, so (f) holds. □

Proof of Lemma 5.7. — Fix r > 0 smaller than the injectivity radius of (N , g ). Let
x ∈ sptT be arbitrary. Note that, by the contractibility ofBr (x),T ⌊Br (x) is decomposable
as the sum of boundaries of nested, minimizing Caccioppoli sets [46, Theorem 27.6].
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It follows from the nested property of the Caccioppoli sets and Lemma 2.7 that any
two are either disjoint or overlap in Br (x), which of course means any two have to be
disjoint in Br (x) because T has multiplicity one. In particular, there exists 𝛿x ∈ (0, r )
such that B𝛿x (x) intersects exactly one component of sptT ∩ Br (x) (else we’d get an
interior intersection point of two components by sending 𝛿 → 0) and thus

T ⌊B𝛿x (x) = 𝜕⟦Ex⟧⌊B𝛿x (x)

for a Caccioppoli subset Ex ⊂ Br (x).

Claim 5.11. — If B ⊂ B𝛿x (x) is an open ball intersecting sptT andT ⌊B = 𝜕⟦E⟧⌊B ,
then Ex ∩ B = E ∩ B up to a measure zero subset of B .

Proof of claim. — Note that we also have T ⌊B = 𝜕⟦Ex⟧⌊B , so in particular

0 = 𝜕
(
⟦Ex⟧ − ⟦E⟧

)
⌊B .

It follows from the proof of [46, Theorem 27.6] that the density of ⟦Ex⟧ − ⟦E⟧
must vanish a.e. in B , or 𝜕

(
⟦Ex⟧ − ⟦E⟧

)
⌊B would have had positive measure in B ,

a contradiction. □

Consider the open covering
{
B𝛿x/3(x)

}
x∈sptT of sptT . Since sptT is compact,

there exists a finite open subcover
{
B𝛿i /3(xi )

}N
i=1 of sptT , x1, . . . ,xN ∈ sptT , 𝛿i B 𝛿xi .

Set

N̂ B
N⋃
i=1

B𝛿i /3(xi ),

which is an open neighborhood of sptT , and

E B
N⋃
i=1

(
Exi ∩ B𝛿i /3(xi )

)
.

Claim 5.12. — For every j ∈ {1, . . . ,N }, E ∩ B𝛿 j /3(x j ) = Ex j ∩ B𝛿 j /3(x j ).

Proof of claim. — Suppose i ∈ {1, . . . ,N }, i ≠ j , is such that B𝛿i /3(xi )∩B𝛿 j /3(x j ) ≠
∅. Then B𝛿 j /3(x j ) ⊂ B𝛿i (xi ). By Claim 5.11, applied with x = xi and B = B𝛿 j /3(x j ),

Ex j ∩ B𝛿 j /3(x j ) = Exi ∩ B𝛿 j /3(x j ).

It then follows that

E ∩ B𝛿 j /3(x j ) =
(
N⋃
i=1

Exi ∩ B𝛿i /3(xi )
)
∩ B𝛿 j /3(x j )

=

N⋃
i=1

(
Exi ∩ B𝛿i /3(xi ) ∩ B𝛿 j /3(x j )

)
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=

N⋃
i=1

(
Ex j ∩ B𝛿i /3(xi ) ∩ B𝛿 j /3(x j )

)
= Ex j ∩ B𝛿 j /3(x j ) ∩

(
N⋃
i=1

B𝛿i /3(xi )
)

= Ex j ∩ B𝛿 j /3(x j ) ∩ N̂
= Ex j ∩ B𝛿 j /3(x j ),

as claimed. □

As a result of Claim 5.12, E is a Caccioppoli subset of N̂ and T = 𝜕⟦E⟧⌊N̂ . The
result follows by taking an inward smoothing N̆ of N̂ and restricting E accordingly. □

Proof of Lemma 5.8. — The only somewhat non-standard conclusion is the
connectedness ofT ′ in (c), which is similar to the connectedness proof in Lemma 4.6. □

Proof of Lemma 5.9. — We expand w using the degree j = 1, . . . , k elementary
symmetric polynomials

{
𝔰 j (t1, . . . , tk )

}
j=1,...,k of k real variables:

w (x , s ) = 1 +
k∑︁
j=1

(−1) j 𝜏 j 𝜒 (x) j 𝔰 j
(
𝜁
(
s − h1(x)

)
, . . . , 𝜁

(
s − hk (x)

) )
.

We will estimate w − 1 using the coarse inequalities

∥ f1 · · · fℓ ∥Cm,𝜃 ≤ ℓ m+1∥ f1∥Cm,𝜃 · · · ∥ fℓ ∥Cm,𝜃 ,

ℓ m+1 ≤ C0,mℓ !,

𝜁 (s − v j )

Cm,𝜃 ≤ C0,m ∥𝜁 ∥Cm,𝜃
(
1 + ∥v j ∥Cm,𝜃

)m
.

We have:

∥w − 1∥Cm,𝜃

=





 k∑︁
j=1

(−1) j 𝜏 j 𝜒 (x) j 𝔰 j
(
𝜁
(
s − h1(x)

)
, . . . , 𝜁

(
s − hk (x)

) )




Cm,𝜃

≤
k∑︁
j=1

𝜏 j



𝜒 (x) j 𝔰 j (𝜁 (s − h1(x)

)
, . . . , 𝜁

(
s − hk (x)

) )



Cm,𝜃

≤ C0,m

k∑︁
j=1

(
k
j

)
(2 j )m+1𝜏 j ∥𝜒 ∥ j

Cm,𝜃 ∥𝜁 ∥
j
Cm,𝜃

(
1 + max

j=1,...,k



h j 

Cm,𝜃

)m j
≤ 2m+1C 2

0,m

k∑︁
j=1

k !
(k − j )!𝜏

j ∥𝜒 ∥ j
Cm,𝜃 ∥𝜁 ∥

j
Cm,𝜃

(
1 + max

j=1,...,k



h j 

Cm,𝜃

)m j
,

as desired, with 2m+1C 2
0,m in place of C0,m. □

Finally we return to the proof of Lemmas 5.2 and 5.3.
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Proof of Lemma 5.2. — Define g ′ B (1 + 𝜀u)g where 𝜀 > 0 and u : N → ℝ

is a smooth positive function with sptT = {u = 0}. This is doable via a partition of
unity because sptT is closed. If sptT is smooth, then we can additionally require that
∇2u (𝜈, 𝜈) > 0 along sptT , where 𝜈 is the unit normal, so that sptT is strictly stable with
respect to g ′.

It follows from the minimizing nature of T , and from g ′ > g on N \ sptT ,
and a direct area comparison argument that T is minimizing in [𝛼] with respect to g ′.
Conversely, let T̃ ∈ 𝕀n (N ) be any minimizer in [𝛼] with respect to g ′. It follows (again)
from the minimizing nature of T and from g ′ > g on N \ sptT that spt T̃ ⊂ sptT . It
also follows from the connectedness of sptT and unique continuation that spt T̃ = sptT ,
so T̃ = T , so T is uniquely minimizing with respect to g ′. This completes the proof by
sending 𝜀 → 0 to ensure g ′ ∈ G. □

Proof of Lemma 5.3. — Note that we may assume singT ≠ ∅, otherwise there is
nothing to do. This lemma is modeled after [52, Lemma 1.4]. The strategy in [52]
is to approximate g by g ′ in such a way that minimizing T ′ ∈ 𝕀n (N ) with respect to g ′

representing [𝛼] get pushed to “one side” of T . If singT ′ ≠ ∅, by Allard’s regularity
theorem and a blow-up argument, one obtains a singular minimizing boundary in ℝ8

lying on one side of a nonflat minimizing tangent cone C of T . This contradicts the
classification aspect of Theorem 3.1, according to which the minimizing boundary is
unique up to dilations and smooth. Due to the extra complexity of minimizing cones in
ℝ9, ℝ10 versus ℝ8 (the dimension of their spines can vary, and Theorem 3.1 no longer
applies), we need to deviate from [52] and rely on our new results in Section 3.

Iterative improvement. — Apply Proposition 5.6 with G, our metric g , and our
unique minimizerT with multiplicity one. The proposition yields

g C gK ,0, gK ,1, . . . , gK ,K ∈ G,

T C TK ,0,TK ,1, . . . ,TK ,K ∈ 𝕀1n (N ),

the latter of which enjoy a quantitative separation estimate. Borrowing notation from
the proposition, note that gK ,k ≡ g on N \ C 𝜌, and that for small 𝜏 the restrictions
TK ,k ⌊(N \ C 3𝜌/2) satisfy all hypotheses of Theorem 3.14 with N \ C 𝜌 in place of N̆
and a slightly inward smoothing of N \C 3𝜌/2 in place of Ω. If K is large enough, then
Theorem 3.14 guarantees the existence of k ∗ ∈ {1, . . . ,K } such that

D(TK ,k∗) ≤ D(T ) − 𝜂,

where D( · ) is as in (3.13) and 𝜂 = 𝜂 (n) > 0. Using Lemma 5.2, perturb gK ,k∗ to g ′ ∈ G
so that T ′ = TK ,k∗ becomes uniquely minimizing in [𝛼] with respect to g ′. Note that

D(T ′) = D(TK ,k∗) ≤ D(T ) − 𝜂.

If D(T ′) < Θ∗
n , we are done: by Allard’s regularity theorem, there are no more singular

points. Otherwise, we restart the iterative argument with g ′ and T ′ in place of g and T .
We will only iterate finitely many times before eventually reaching D(T ′) < Θ∗

n , since 𝜂

is fixed. □
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Appendix A. Hardt–Simon decomposition of minimizing currents

Recall the Hardt–Simon regularity theorem (see [53] for manifold adaptation).

Theorem A.1. — Let Γ be a smooth, closed, oriented, (n − 1)-dimensional submanifold
of ℝn+1, andT ∈ 𝕀n (ℝn+1) be minimizing with 𝜕T = ⟦Γ⟧. Then,

sptT = M ∪ E

where M is a smooth, oriented, minimizing hypersurface containing Γ, with boundary 𝜕M
consisting of at least one component of Γ, and with E = M \M ⊂ ℝn+1 compact with Hausdorff
dimension ≤ n − 7. Note that M is connected if sptT is.

Moreover, for all x ∈ Γ there exists a neighborhoodU of x such thatU ∩ E = ∅ and:
(i) either x ∈ 𝜕M (this is automatic if x is on a component of Γ intersecting the convex hull

of Γ), in which case M ∩U is a manifold-with-boundary, 𝜕(M ∩U ) = Γ ∩U , and
T ⌊U = ⟦M ⟧⌊U ;

(ii) or x ∉ 𝜕M , in which case M ∩U is a manifold (without boundary) that contains Γ ∩U ,
and if (M \ Γ) ∩U = M ′ ∪M ′′ and M ′,M ′′ inherit their orientation from M , then
T ⌊U = k⟦M ′⟧ + (k + 1)⟦M ′′⟧ for some natural number k ≥ 1.

Proof. — The first part of the statement follows from [32, Corollary 11.2]. The
second part, starting with “Moreover,” also follows from [32], but the statement is taken
from [56, Corollary 2] if applied with multiplicity 1. □

Now if Γ, T are as in the setting of Theorem A.1, and we write

sptT = M ∪ E

then we can uniquely partition the points x ∈ M into three sets depending on their
density with respect to T , which is necessarily an element of 1

2ℕ
∗:

(i) if ΘT (x) ∈ ℕ∗, then x ∈ M \ Γ and T ⌊U = ΘT (x)⟦M ⟧⌊U for a neighborhood U
of x;

(ii) if ΘT (x) = 1
2 , then x ∈ Γ and T ⌊U = ⟦M ⟧⌊U for a neighborhood U of x;

(iii) if ΘT (x) = ℕ∗ + 1
2 , then (M \ Γ) ∩U has two components M ′,M ′′ for a neigh-

borhood U of x, and T ⌊U =
(
ΘT (x) − 1

2

)
⟦M ′⟧ +

(
ΘT (x) + 1

2

)
⟦M ′′⟧ if M ′,M ′′

inherit their orientation from M .
Note that T and M have the same orientation, so in particular

∥T ∥ =


⟦M ⟧



 + 

T − ⟦M ⟧


.

By [46, Lemma 33.4], ⟦M ⟧ and T − ⟦M ⟧ are both minimizing and a similar decompo-
sition applies to both. For ⟦M ⟧, which has multiplicity one, this decomposition only
contains points in (i) with density 1 and points in (ii). For T − ⟦M ⟧, the densities all
drop by 1 (and points with density 1

2 and 1 get discarded fromM ), and a straightforward
induction gives:
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Corollary A.2. — Let Γ be a smooth, closed, oriented, (n−1)-dimensional submanifold
of ℝn+1, andT ∈ 𝕀n (ℝn+1) be minimizing with 𝜕T = ⟦Γ⟧. For all i ∈ ℕ∗, set

M (i ) B
{
x ∈ M : ΘT (x) ≥ i − 1

2

}
,(A.1)

Γ (i ) B
{
x ∈ Γ : ΘT (x) = i − 1/2

}
.(A.2)

Then, for every i = 1, . . . ,m, M (i ) is a smooth, oriented hypersurface with boundary 𝜕M (i ) =
Γ (i ) , with dim(M (i ) \ M (i ) ) ≤ n − 7, and whose associated current ⟦M (i )⟧ is minimizing.
Moreover,

(A.3) M ( j ) ⊆ M (i ) \ Γ (i )

for all i < j , and

(A.4) ∥T ∥ =
m∑︁
i=1



⟦M (i )⟧


.

Here, m denotes the maximum multiplicity of T on regT .

Lemma A.3. — Let Γ and T be as in Theorem A.1, and m, Γ (i ) , M (i ) be as in
Corollary A.2. Let 𝜎 > 0 be small enough thatU𝜎 (Γ (1) ) ≈ Γ (1)×𝔻2, andU 𝜎 (Γ (1) )∩M (2) = ∅,
and 𝜕U𝜎 (Γ (1) ) intersects M (1) transversely. Set

M ′(1) B M (1) \U𝜎 (Γ (1) ), Γ′(1) B M (1) ∩ 𝜕U𝜎 (Γ (1) ),
M ′(i ) B M (i ) , Γ′(i ) B Γ (i ) , i = 2, . . . ,m.

Then, T ′ B
∑m
i=1⟦M

′(i )⟧ is uniquely minimizing with 𝜕T ′ =
∑m
i=1⟦Γ

′(i )⟧.

Proof. — Note, first, that T ′ is indeed minimizing [46, Lemma 33.4]. Now let
T̃ ′ ∈ 𝕀n (ℝn+1) be any minimizer with 𝜕T̃ ′ = 𝜕T ′. By [56, Corollary 3], T ′ + T̃ ′ is mini-
mizing. It follows from the Hardt–Simon boundary regularity theorem (Theorem A.1)
that T̃ ′ is smooth with multiplicity one near an extremal component Γ′

e ⊂
⋃
i Γ

′(i ) of
the boundary. Then, [56, Corollary 2] ensures that the only possible relative config-
uration of T ′ and T̃ ′ near Γ′

e is that they coincide or they meet transversely. Note that
𝕄(T −T ′ + T̃ ′) ≤ 𝕄(T ), so T −T ′ + T̃ ′ is minimizing for the original Γ. However, if
T ′ and T̃ ′ meet transversely along Γ′

e , then T −T ′ + T̃ ′ has a codimension-1 singular
set along Γ′

e . It is not hard to see that Γ′
e ⊄

⋃m
j=2 Γ

(2) , so in particularT −T ′ + T̃ ′ has an
interior codimension-1 singular set along Γ′

e , which contradicts that the interior singular
set of T −T ′ + T̃ ′ has Hausdorff dimension ≤ n − 7. Thus, T ′ and T̃ ′ coincide near Γ′

e .
By unique continuation T ′⌊C = T̃ ′⌊C along the component C ⊂ sptT ′ containing Γ′

e .
We then repeat the argument with T − (T ′⌊C ) in place of T and T ′ − (T ′⌊C ) in place
of T ′ (both minimizing by [46, Lemma 33.4]) until we have no more components left.
This process terminates after finitely many steps because the number of components of
spt 𝜕T decreases at each iteration. □
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Appendix B. Positive Jacobi fields on nonflat minimizing cones

We collect some useful results from [48] and [55, Appendix A] on minimizing
cones Cn ⊂ ℝn+1 with possibly singular links Σn−1(C) = C ∩ 𝜕B1(0).

For C, Σ = Σ(C) fixed, and compact smooth domains Ω ⊂ regΣ, define

𝜆1(Ω) B inf
{∫

D
|∇Σ𝜑|2 − |AΣ |2𝜑2 : 𝜑 ∈ C 1

c (Ω), ∥𝜑∥L2 (Ω) = 1
}
,

where AΣ is the second fundamental form of regΣ in 𝜕B1(0). We denote with 𝜑Ω the
unique positive first eigenfunction with ∥𝜑Ω∥L2 (Ω) = 1. Recall that this means that 𝜑Ω
solves {

−
(
ΔΣ + |AΣ |

)
𝜑Ω = 𝜆1(Ω)𝜑Ω on Ω,

𝜑Ω = 0 on 𝜕Ω.

Finally, we denote for 𝛿 > 0

(B.1) R≥𝛿 (Σ) B R≥𝛿 (C) ∩ 𝜕B1(0).

The following is a consequence of the eigenvalue estimate of [51] and [59].

Lemma B.1 ( [55, Lemma A.1] ). — There is 𝜌0 = 𝜌0(n) > 0 so that

𝜆1
(
R≥2𝜌0

(Σ)
)
≤ −(n − 1)

for all nonflat minimizing cones Cn ⊂ ℝn+1 and Σ = Σ(C).

Lemma B.2 ( [55, Lemma A.2] ). — Suppose 𝜌0 is as in Lemma B.1, Cn ⊂ ℝn+1

is a nonflat minimizing cone, Σ = Σ(C), and Ω is a smooth compact domain with R≥𝜌0 (Σ) ⊂
Ω ⊂ regΣ and with principal Dirichlet eigenfunction 𝜑Ω > 0. If u is any positive Jacobi field on
regC (as in Definition 3.7), then the function

V (r ) B
∫
Ω

𝜑Ω(𝜔)u (r𝜔) d𝜇Σ (𝜔)

satisfies (
V (r )r 𝜅∗n

) ′ ≤ 0

where

𝜅∗n B
n − 2

2
−

√︂
(n − 2)2

4
− (n − 1).

In particular,V (r ) ≤ r −𝜅∗nV (1) for r ≥ 1.

Proof. — This is a direct consequence of [55, (A.3)–(A.4)]. □
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