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ABSTRACT

We solve a well-known open problem in Ricci flow: Strong rigidity of cylinders. Strong rigidity is an illustration of a
shrinker principle that uniqueness radiates out from a compact set. It implies that if one tangent flow at a future singular point
is a cylinder, then all tangent flows are. At the heart of this problem in Ricci flow is comparing and recognizing metrics.
This can be rather complicated because of the group of diffeomorphisms. Two metrics, that could even be the same, could
look completely different in different coordinates. This is the gauge problem. Often it can be avoided if one uses some
additional structure of the particular situation. The gauge problem is subtle for non-compact spaces without additional
structure. We solve this gauge problem by solving a nonlinear system of PDEs. The PDE produces a diffeomorphism
that fixes an appropriate gauge in the spirit of the slice theorem for group actions. We then show optimal bounds for
the displacement function of the diffeomorphism. Strong rigidity relies on gauge fixing and several other new ideas. One
of these is “propagation of almost splitting”, another is quadratic rigidity in the right gauge, and a third is an optimal
polynomial growth bound for PDEs that holds in great generality.

1. Introduction

To prove strong rigidity of cylinders, we need to be able to recognize a metric from
rough information on a compact set without any canonical coordinate system. Recogniz-
ing a metric without canonical coordinates is a common problem in many questions.

Suppose we have two weighted manifolds (M, g;, f;) for : = 1, 2 satisfying some
PDE. Assume that on a large, but compact set, the manifolds M;, metrics g; and weights
e/ almost agree after identification by a diffeomorphism.

e Is there a diffeomorphism so that the metrics and weights are the same every-
where?

A major obstacle for understanding this is the infinite dimensional gauge group ' of dif-
feomorphisms:

e 'T'wo metrics, that could even be the same, could look very different in different
coordinates.

In some situations the gauge problem can be avoided if there is some additional
structure. A classical example is the Killing-Hopf theorem that classifies constant cur-
vature metrics. This classification uses that the curvature tensor is constant to construct
a “canonical” isometry between the two spaces. In general, the gauge problem can be
solved when there is strong asymptotic decay and circumvented when the space is char-
acterized in a coordinate-free way, such as a large symmetry group, the vanishing of a
special tensor, or a strong curvature condition.

The authors were partially supported by NSF DMS Grants 2405393 and 2304684.

! “By fixing a gauge (thus breaking or spending the gauge symmetry), the model becomes something easier to
analyse mathematically.... Deciding exactly how to fix a gauge (or whether one should spend the gauge symmetry at all) is
a key question in the analysis of gauge theories, and one that often requires the input of geometric ideas and intuition into
that analysis.”, [Tt].
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In the problems we will be interested in, the manifold will be non-compact and we
will not have any special structure. Thus, we will be forced to deal with the gauge problem
head on. We do this by solving a nonlinear PDE to get a diffeomorphism that fixes the
gauge in the spirit of the slice theorem for group actions. Since the manifold is non-
compact, we need strong bounds for the displacement function of the diffeomorphism.

1.1. Where do questions like these arise’. — Problems about identifying spaces occur in
many different situations. The one we are interested in is from Ricci flow. A one parame-
ter family (M, g(¢)) of manifolds flows by the Ricci flow if g, = —2 Ric,, , where Ric, is

the Ricci curvature of the evolving metric g(¢) and g, is the time derivative of the metric,”

[H].

The key to understand Ricci flow is the singularities that form. The simplest singu-
larity is a homothetically shrinking sphere that becomes extinct at a point. The product
of a sphere with R gives a shrinking cylinder. This singularity is called a neck pinch. It is
more complicated than the spherical extinction. In dimension three, spherical extinctions
and neck pinches are essentially the only singularities. Adding another R factor gives a
cylinder with a two-dimensional Euclidean factor; this singularity is the so-called bub-
ble sheet that is only recently partially understood. With each additional R factor, the
singularities become more complicated and the sets where they occur are larger.

A triple (M, g, /) of a manifold M, metric g and function f is a gradient shrinking
Ricci soliton (or shrinker) if

1
(1.1) Ric + Hess; = §g.

Shrinkers give special solutions of the Ricci flow that evolve by rescaling up to diffeomor-
phism and are singularity models. They arise as time-slices of limits of rescalings (magnifi-
cations) of the flow around a fixed future singular point in space-time. Such limits are said
to be tangent flows at the singularity. Even when the evolving manifold is compact, the
shrinker is typically non-compact and the convergence is on compact subsets. Shrinkers
also arise in other important ways, such as blowdowns from —oo for ancient flows. An-
cient flows are flows that have existed for all prior times. All blowups are ancient flows,
but not every blow up gives a shrinker. Shrinkers are key singularities in Ricci flow and
will be our focus.

Among shrinkers, cylinders are particularly important. Indeed, the Almgren-
Federer-White dimension reduction, cf. [W, KL2, BaK1, BaK?2], divides the singular
set into strata whose dimension is the dimension of translation-invariance of the blowup.
Thus, the top strata is the largest part of the singular set. For Ricci flow, this suggests:

2 The gauge group is known to cause difficulties in Ricci flow. The invariance under the group makes the equation
degenerate so standard parabolic techniques do not apply. The Ricci-DeTurck flow deals with this by fixing an arbitrary
initial gauge and then solving coupled equations for evolving metrics and gauges to get a parabolic PDE. The arbitrary
initial choice of gauge makes this unsuitable for the problems we are interested in since the gauge has to be right to compare
two solutions.
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e Top strata of the singular set corresponds to points where the blowup is R"2 x
NQ
e The next strata consists of points where the blowup is R"™® x N°.

The N’s are themselves shrinkers and have been classified in low dimensions by Cao-
Chen-Zhu, Hamilton, Ivey, Naber, Ni-Wallach, Perelman, [CaCZ, CaC]. In dimensions
two and three, they are N = 82 or RP? and N° = 8% or 87 x R (plus quotients). The
classification in dimension three relies on an equation for the 2-tensor % that fails in
higher dimensions where there is no similar classification. In fact, there are large families
of shrinkers in higher dimensions. Combining dimension reduction with the classification
in low dimensions suggests that the most prevalent singularities are:
S* x R followed by 8* x R (and quotients).

As one approaches a singularity in the flow and magnifies, one would like to know
which singularity it is. Since most singularities are non-compact yet the evolving man-
ifolds are closed, one only sees a compact piece of the singularity at each time as one
approaches it. The next theorem recognizes singularities from just a compact piece (see
Theorem 10.2 for the precise statement).

Theorem 1.1. — Cylindrical shrinkers S* x R"™* are strongly rigid for any £.

Strong rigidity means that if another shrinker is close enough on a large compact set,
then it must agree. The theorem holds for products of R"™* with quotients of S* and
a large class of other positive Einstein manifolds; see Section 6 for details. An impor-
tant difficulty 1s that there are nontrivial infinitesimal variations, 1.e., in the kernel of the
linearized operator (and not generated by diffeomorphisms). One consequence of Theo-
rem 1.1 is that the infinitesimal variations are not integrable.

Uniqueness is important in many areas of geometry, PDE, and general relativity.
Unlike here, one typically makes global assumptions - e.g., symmetries, curvature condi-
tions, or asymptotics at infinity.’ In most problems in geometric PDEs, it would be impos-
sible to control an entire solution from just knowing roughly how it looks on a compact
set. If one knew exactly how it looked like on a compact set, it would be much less surpris-
ing and essentially follow from unique continuation. The surprising thing here is that we
only assume closeness and only on a compact set and this is enough to characterize the
shrinker. This is an illustration of a shrinker principle which roughly says that “uniqueness
radiates outwards”. Nothing like this is true for Einstein manifolds (or steady solitons),
where gravitational instantons contain arbitrarily large arbitrarily Euclidean regions. The

% In GR uniqueness and stability of solutions to Einstein’s equations are fundamental problems and the gauge group
causes well-known difficulties. Unlike here, in GR space-time is assumed to have strong asymptotic decay. The two central
difficulties in stability of black holes are determining the final state (uniqueness) and proving convergence. Convergence
can only be established relative to a coordinate system which cannot be a priori fixed but has instead to be constructed
dynamically. This is often referred to as “the famous problem of gauge determination”. For the uniqueness of the final
state, the gauge group can be circumvented when the space can be characterized by the vanishing of a special tensor like
the Mars-Simon tensor.
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shrinker principle was originally discovered in mean curvature flow [CIM, CM2]. It has
been conjectured since that something similar holds for Ricci flow; but the gauge group
has been one of the major obstacles. In mean curvature flow, the gauge is circumvented
using extrinsic coordinates.

Tangent flows are limits of a subsequence of rescalings at the singularity. A priori
different subsequences might give different limits. Using Theorem 1.1, we get the follow-
Ing uniqueness:

Theorem 1.2, — For a Ricci flow, if one tangent flow at a point in space-time is a cylinder, then
all other tangent flows at that point are also cylinders.

Unlike most results in Ricci flow, these results hold for every n and £. Increasing
the dimension of the Euclidean factor is a subtle problem (e.g. surgery, cylindrical esti-
mates, and £-convexity estimates only allow small Euclidean factors). For general n and
¢, cylinders do not have a coordinate-free characterization. This is a major part of the
difficulty.

At singularities where the tangent flows are compact shrinkers, the singularities
are isolated in space-time. For compact shrinkers, rigidity was proven in dimension three
by Hamilton and by Huisken for higher dimensional spheres. Even in the compact case,
rigidity fails in general; see [Bs, Bo, BGK, Ca] and [Kr, SZ].

Rigidity for necks 8"~! x R was proven independently by Li-Wang [LW2]. They
are able to circumvent the gauge problem using that their Euclidean factor is a line.
They do that, in part, using tensors with special properties on the product of a sphere
with a line to prove asymptotic structure and approximate symmetry. Once they have
this, they are able to use again that their Euclidean factor is a line to adapt Brendle’s
symmetry improvement [Brl, Br2, Br3] to get O(n) symmetry and, finally, Kotschwar’s
classification of rotationally symmetric shrinkers [K].

1.2. What is needed for ngidity?. — We need to show that if two shrinkers are close
on a large but compact set, then there is a global difftomorphism between them that
preserves the metric and weight. The two shrinkers are not assumed to be globally dif-
feomorphic, so we must build the global map starting from the map between compact
pieces. This is done in stages, first building the initial map out to a larger scale so that it
still roughly preserves the metric and weight (Theorem 7.1). This comes at the cost of a
loss in the estimates: the metrics and weights will not be as close on the larger set as they
were initially. This loss means that this process cannot be repeated indefinitely. To over-
come this, we make a change of gauge to recover the loss and get even better estimates
on the larger scale (Theorem 10.1). Together, Theorems 7.1 and 10.1 can be iterated to
get better and better estimates on larger and larger scales, eventually giving the strong
rigidity. Estimates proving polynomial losses will be played off against exponential gains.

There are four key ingredients in the proof of strong rigidity. All of them are new.
The first two hold on any non-compact shrinker.
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(1) Gauge fixing.

(2)

(3) Propagation of almost splitting.

(4) Quadratic rigidity in the right gauge.

New polynomial growth estimates for PDEs.

We will use the new polynomial growth estimates as ingredients in both (1) and (3).

1.3. Gauge fixing. — Fix (M, g,f). We are given a diffeomorphism from a large
compact set in M to a second weighted space.

e The pull-back metric and weight are g + 4 and e ~*.
e /and £ are small on the compact set.

Composing with a diffeomorphism on M gives a different # and £. We want to mod out
by this group action, by choosing a diffeomorphism so that the new / is orthogonal to the
group action. This is gauge fixing.

One of the most interesting results of transformation groups is the existence of
slices. A slice for the action of a group on a manifold is a submanifold which is transverse
to the orbits.! Ebin and Palais proved the existence of a slice for the diffeomorphism
group of a compact manifold acting on the space of all Riemannian metrics. The slice can
be thought of as the gauge fixing on the compact manifold.

In our setting, M 1s noncompact and gauge fixing is choosing a diffeomorphism &
onMsoh=®* (g+h) —gis orthogonal to the group action. Orthogonality corresponds
to

(1.2) div; k=0,

where divy () = div () — A(Vf, ). The equation (1.2) is a nonlinear PDE for ®. Terms
involving divy come up again and again, so many quantities simplify in this gauge and
having them drop out as they do when div, /= 0 makes things possible to analyze.

We construct the diffeomorphism @ that solves (1.2) using an iteration scheme for
the linearized operator P on vector fields Y. Using optimal polynomial bounds on P, we
show sharp polynomial bounds for the displacement function of ®

x— distg(x, CD(x)) .

For applications, it is crucial that we only assume closeness on a compact set and, in
particular, a priori the two shrinkers do not need to be diffeomorphic. This means that we
cannot fix the gauge at the outset. Instead we need to apply our gauge fixing procedure
iteratively to fix the gauge on larger and larger scales as we move outward and show

* If the group is compact and Lie and the space is completely regular, Mostow proved, as a generalization of works
of Gleason, Koszul, Montgomery, Yang and others, that there is a slice through every point. If the group is not compact
but Lie and if the space is a Cartan space, then Palais proves the same result.
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closeness on larger and larger scales. To pull this off requires very strong estimates for
the displacement. Our optimal estimates show that the displacement of the gauge fixing
diffeomorphism grows at a sharp polynomial rate. These results are very general and
apply to all shrinkers.

On a shrinker (M, g,f), the natural gaussian 1> = L*(e”/) norm is given by
||u||%2 o = fM u’ e/ . Diffeomorphisms near the identity are infinitesimally generated
by integrating a vector field X. The infinitesimal change of the metric is given by the Lie
derivative of the metric with respect to X. This is equal to —% divyX, where divy is the
operator adjoint of div, with respect the to gaussian inner product. Thus, if we define the
operator P by

(1.3) PX=div odivy X,
then the linearization of (1.2) is to find a vector field Y with

1
(1.4) PY = 5 divh.

A detailed analysis of P and its properties plays an important role in the gauge fixing,

Solutions of (1.4) are unique once we require that Y is orthogonal to the kernel
of P. The kernel is the Killing fields. We will solve (1.4) on any shrinker (Theorem 5.5)
and show via L? methods that || Y [ly1.2—r) < |divy 4|1 2(. Given the non-compactness,
L? estimates are not sufficient to implement the iteration scheme and we need stronger
polynomial estimates.” The problems are magnified by that initial closeness is only on a
given compact set. As one builds out to get closeness on larger sets, one needs at each
step to adjust the entire diffeomorphism so the normalization is zero on larger and larger
sets.

The operator P is related to the generalized Ornstein-Uhlenbeck operator £ =
A — Vy;. Given a vector field X on a shrinker, the operators £ and P commute and are
related by

1
(1.5) —2PX = Vdiy X+ LX + 5 X

(Proposition 3.2 and Lemma 3.1). The unweighted version of P was used implicitly by
Bochner to show that closed manifolds with negative Ricci curvature have no Killing
fields and later by Bochner and Yano to show that the isometry group is finite. The

5 The 1.2 theory for P shares formal similarities with Hérmander’s influential L2 § method in several complex
variables. In the L.> 8 method, one solves the Poisson equation du = F, with estimates, where dF = 0. To do so, one
introduces the adjoint of d with respect to a weight. Hormander’s idea for the weight came from Carleman’s method for

proving unique continuation of a PDE. Here we solve PY =F, where I = %divf}z is orthogonal to the kernel of divy.

Hormander’s method gives weighted L2 bounds for 8 similar to our weighted bounds for P. To introduce a second weight
to capture the growth a la Carleman and Hérmander is less natural here. Instead, we go a different route to prove stronger
bounds.
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unweighted operator also arises in general relativity and fluid dynamics. The weighted
operator P appears to have been largely overlooked. The relationship between P and the
unweighted version mirrors the relationship between the Ornstein-Uhlenbeck operator
and the Laplacian.

1.4. Optimal growth bounds. — Laplace discovered that on the line eigenfunctions
of Lu=1"— 5 in the gaussian L” space are polynomials whose degree is exactly twice
the eigenvalue. These polynomials were later rediscovered twice. First by Chebyshev and
a few years later by Hermite. They are known as the Hermite polynomials and the eigen-

value equation as the Hermite equation. They play an important role in diverse fields.
On the line, the space L*(e™7) allows extremely rapid growth, so it is surprising

that the L2 (e_%) eigenfunctions grow just polynomially. The standard proofs of this use
the special structure of Euclidean space that do not extend to manifolds without making
very strong assumptions. However, we will prove that this polynomial growth holds for a
wide class of manifolds, metrics and weights. In many settings one has an n-dimensional
Riemannian manifold (M, g) with two nonnegative functions / and S that satisfy

(1.6) Af+8=73,

(1.7) VP +S=/.

and where f 1s proper and C”. Two important examples are shrinkers in both Ricci flow

|x(?

and mean curvature flow (MCF). In Ricci flow, S is scalar curvature, while /=
S = |H|? in MCF, where H is the mean curvature (see, e.g., [Hu], [CM1], [CM9]).

and

Theorem 1.3. — If (1.6) and (1.7) hold and a tensor u € 1.*(¢™) satisfies Lu= —X\ u, then
u grows polynomually of degree at most 2 A.

This and a corresponding Poisson version give powerful new tools with many ap-
plications, including in the proofs of propagation of almost splitting and gauge fixing.

Combining Theorem 1.3 with the following gives optimal growth bound for eigen-
vector fields of P on any Ricci shrinker (note that P and £ have opposite signs):

Theorem 1.4. — On any shrinker, any eigenvector field Y for P with eigenvalue —A can be
written as the L*(¢™)-orthogonal sum of two eigenvector fields for L. One is divy-fiee with eigenvalue

21 + % and the other 1s 2%“ Vdivy Y and has eigenvalue .

These growth estimates hold in remarkable generality and without any assump-
tions on asymptotic decay. This is surprising and in contrast to most other situations,
like unique continuation, that require very strong geometric assumptions on the space. A
typical starting point for growth estimates is a Pohozaev identity or commutator estimate
that comes from a dilation, or approximate dilation, structure. We have none of these
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here in this general setting. In contrast, we rely on a miraculous cancellation for just the
right quantity.

1.5. Propagation of almost splitting. — One of the important new ingredients is that
a Ricci shrinker close to a product N x R"™¢ on a large scale remains close on a fixed
larger scale. The idea is that the initial closeness will imply that £ has eigenvalues that
are exponentially close to % The drift Bochner formula on a shrinker implies that every
eigenvalue is at least % with equality only when it splits. We show that being close to %
gives that the hessian is almost zero in L?(e ™), which is very strong when the weight e is
close to one but says almost nothing further out. The crucial point is that our polynomial
growth estimates imply that the hessian can grow only polynomially, so the very small
initial bound gives bounds much further out. Thus, the gradients of these eigenfunctions
give the desired almost parallel vector fields and almost splitting. This is very much a
Ricci flow fact that does not have an analog in MCF where there is no corresponding
description of the bottom of the spectrum.

Once we have this metric almost splitting, we show that it also almost splits as
shrinker on the larger scale. Namely, the cross-sections are close to N and the potential
S 1s well-approximated by %
cylindrical on the larger scale - that makes this impossible to iterate on its own.

. However, there is a loss in the estimates - it may look less

1.6. Quadratic ngidity. — The propagation of almost splitting and gauge fixing give
that the shrinker is close to a cylinder on a large set via a diffeomorphism that fixes the
gauge. The last of the four key ingredients is an estimate for the difference in metrics that
1s small enough to be iterated. For this, it is essential that the gauge be right, or else it just
isn’t true. The closeness cannot be seen via linear analysis. However, we show that there
is a second order rigidity that gives the estimate; we call this quadratic rigidity.

To explain the estimate, let (M, g, /) be the cylinder and (M, g + A,/ + k) the
shrinker that is close on a large compact set. We need bounds on /£ and £ that can be
iterated. The linearization of the shrinker equation 1s

1
(1 .8) 5 L}l + Hess%Tr(h)—k + le}k lef}l .

This linearization was derived by Cao-Hamilton-Ilmanen in their calculation of the
second variation operator for Perelman’s entropy. The operator L acts on 2-tensors by
Li= Lh+ 2R(#) and R(%) is the natural action of the Riemann tensor, cf. [CM1] for
mean curvature flow.

Since (M, g + &, f + k) 1s also a shrinker, (1.8) must be at least quadratic in (%, ).
The last two terms in (1.8) are gauge terms - i.e., in the image of div; and there is no
reason for these - or / - to be small if not in right gauge. In the rght gauge, h satisfies the
Jacobi equation L4 = 0 up to higher order terms. This does not force /4 to be small since
cylinders have non-trivial Jacobi fields that could potentially integrate to give nearby
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shrinkers. However, it will give that % is a Jacobi field to first order. The Jacobi field is
described by a quadratic Hermite polynomial «, so |4| is |4| up to higher order. The
second variation of the shrinker equation in the direction of the Jacobi field is given
by the tensor

(1.9) —2|Vu|?Ric — 2SuHess, — SVu® Vu,

where S is scalar curvature. The second order Taylor expansion will imply that (1.9)
vanishes to at least third order in £, so the quadratic expression (1.9) is at least cubic in «.
When u is small, this implies that » and 4 vanish; we will have extra error terms so will
get that £ 1s exponentially small, giving the improvement that we needed to iterate.

1.7. Connections with other work. — Rigidity and uniqueness of blowups are fun-
damental questions in regularity theory with many applications. In mean curvature
flow, they play a major role in understanding the singular set, proving optimal regular-
ity, understanding solitons, classifying ancient solutions, and understanding low entropy
flows. In MCE, cylinders are rigid by [CIM, CM10] and cylindrical blowups unique by
[CM2, CM9]. These results have important applications, [CM4, CM5, CM6].

One of the central problems in many areas of dynamical systems, ergodic theory,
PDEs and geometry is to understand the dynamics of a flow near singularities. Such as
classifying nearby singularities, determining whether flows have unique limits or oscillate,
and identifying dynamically stable solutions that attract nearby flows. These questions
are more complicated in the presence of a gauge group. The techniques introduced here
open a door for understanding dynamical properties for Ricci flows nearby. By further
developing these techniques, we show uniqueness of blowups for Ricci flow. See also the
survey [CM13].

We would like to thank the referee for carefully reading through the manuscript
and helpful comments. We would also like to thank Y1 Lai, Yu Li and Bing Wang for

their interest and comments.

2. Elliptic systems on tensor bundles and their commutators

In this Section, the triple (M, g, /) is a manifold with Riemannian metric g and a
function f. Given a constant «, define the symmetric 2-tensor

(2.1) ¢ =k g— Ric — Hess; .

The triple (M, g, f) is a gradient Ricci soliton when ¢ = 0; it is shrinking for k = é,

steady for k = 0, and expanding for x = —%; see [H, Cn, Ca, ChL, ChLN, CN, CRF,
KLI, P, T]. Later, we will take x = % and focus on shrinking solitons. For now, we leave
k as a variable as the results here apply to all three cases.



84 TOBIAS HOLCK COLDING, WILLIAM P. MINICOZZI 11

We recall some basic properties of £. First, £ is self-adjoint for the weighted L.? =
L?(e™) norm fM(~) e and £ = —V*V where V* is the adjoint of V with respect to the
weighted L?> norm. When V is a vector field and u is a function with compact support,
then integration by parts gives

(2.2) /(Vu, Vye? = —/udiv (Ve™) :—/u(divV— (V,Vf)e™.

Motivated by this, define divs on vector fields by div, V= —-V*V =divV — (V, Vf).
Let Rjie be the full Riemann curvature tensor in an orthornomal frame, so

(2.3) Riwe = (R, ¢) e, &) = (V, Voo — Vo Ve + Vige ) -

The sign convention is that Ric; = Ryy;, where, by convention, we sum over the repeated
index 4. Define the operator L on a 2-tensor B in an orthonormal frame by

<2.4> LB;']' = £By‘ + 2 R@Z'/g' ng .

Since L£g = 0 (as the metric is parallel), we see that Lg; = 2 Ric;.
The next result gives Simons-type differential equations for the Ricci and scalar
curvature, Ric and S, in terms of the drift operators L. and £ and the tensor ¢.

Theorem 2.1. — We have

(2.5) (LRiwc); = 2k Ricy + 2 Ryyy G — @i — Prji + Pirii + it »
(2.6) LS =2kS—2|Ric|* = 2 Ricy, ¢ — 2 A by + 2 ity -

When ¢ = 0, Theorem 2.1 recovers well-known identities for gradient Ricci soli-
tons (cf. [CaZ], [H], [T]). However, the theorem applies to any metric g and weight ¢ ™.
Allowing ¢ # 0 is important in analyzing Ricci flow near a singularity. Furthermore, even
for solitons, it is useful to allow ¢ # 0 when “cutting oft” a non-compact solution.

2.1. Bochner formulas and commutators. — 'To keep notation short, let f;, ; denote the
(k — 1)-st covariant derivative of V/ evaluated on (¢, ..., ¢,), where ¢, goes into the slot
for the last derivative. In the calculations below, we work at a point p in an orthonormal
frame ¢; with V,¢; = 0 at p. We will use subscripts on a bracket to denote the ordinary
directional derivative. For example, f; = (V, Hess/)(e;, ¢) and

(2.7 e =V, (Hessf(ei, ej)) = fix + Hess;(V,,¢e;, ¢) + Hessf(¢;, V,.¢) ,

where the last equality is the Leibniz rule. Thus, at p we have fj; = (f;);. We use corre-
sponding notation for tensors, with a comma to separate the derivatives from the original
indices. Thus, if Y is a vector field, then Y; = (Y, ¢;) and (Y;); = Y;; + (Y, V,&). The next
lemma computes the commutator of V and L, i.e., the drift Bochner formula, [BE, L]:
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Lemma 2.2. — If'Y is a vector field, then Y, j — Y, ; = Ryon Y. In particular, uy, — uy; =
Ryjiu, and we get the drift Bochner formulas

(2.8) LNVu=V Lu+ (Ric+ Hessp)(Vu,) =V Lu+« Vu—¢(Vu,-),
(2.9) L divy Y = divy LY — k divy Y + divy (d)(Y, ))

Proof. — The first claim is essentially the definition of R. The second claim follows
immediately with Y = Vu. Next, using the second claim, we have

(2.10) (LVw); = wj — uy f; = wyi + R wp — wy f; = wy + Ricy up — (uy fr)i + wi fir
= (VLuw;+ Ricy +fi) uy = (VL) + K w; — iy ..

Finally, (2.9) follows by taking the adjoint of (2.8) since (£ V)* = —div; £ and we have
(V(LA+kK))" =—(L+«)divy. O

We compute the gradient and Hessian of S (cf. [ChLN], [PW] for solitons):

Lemma 2.3. — The gradient and Hessian of S are given by

1 .
<2.11) 5 Sl' = VJRZCy = Ricl-/,/ﬁc — ¢kk,i + ¢ik,k ,
1 . .
(2-12) § Sy‘ = —¢ik,/g‘ —ﬁci/g' = leikdﬁc + Rwi/gﬁcj - ¢kk,y’ + ¢ik,kj .

Proof. — The first equality in (2.11) is known as the Schur lemma and 1s a standard
consequence of the contracted second Bianchi identity

<2.13) Riclm,i + Rk;']'nzj - Riciﬂ,k =0.

Use the first equality, take the divergence of (2.1) and use Lemma 2.2 to get

(2.14) —Ricj; = ¢y +fjj = bij +Jji + Ricyf = @y + Ricyfj + (e n — ¢ — S)i.
This gives the second equality in (2.11). The first equality in (2.12) follows from taking
the derivative of (2.14). Taking the derivative of (2.11) gives the last claim. U

Corollary 2.4. — We have % S+ VP = 2kf)i=—Pufi — b + Pus and
1 1
(2.15) 2 (Lf+2kf)i=ufi + B Giri — Pir -
Proof. — Substituting the definition of ¢ in the first claim in Lemma 2.3 gives

1 )
<2-16) 5 S, = RlCz‘kﬁc - ¢kk,i + ¢ik,k = Kﬁ _ﬁkﬁ - ¢z'/cﬁf - ¢kk,i + ¢z’k,k .
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This gives the first claim. The second claim follows from the first and Af =n«x — S —
Tre. 0

We next compute the Laplacian of Hess;.
Lemma 2.5. — We have the following formula
(2.17) Jipe = —Ricii 1 fi + 2 Rigin ot + i — Bjesi — P -

Proof. — Working at p, Lemma 2.2 gives that

(2.18) Jine = Uidr = (g + RSk =Sk + Reiintfo + RoinSfur -
The Ricci identity gives

(2.19) Jiie =Sy + Rygiufoi + R fin = Sy + Ricifui + R fon -
Using this in (2.18) gives

(2.20) Siwk = Jur + Ricj, fu + Ry fin + Riginifo + Rein Sk -

Using the last two claims in Lemma 2.3 (and symmetry of S;) gives

(2.21) Ricy i fr + Ricyfii — Guyi + Gjei = —Pirty — S -
Applying this to the first two terms on the right in (2.20), we get
(2.22) Jire = —RiCj ife + Oueji — Biri — Pirj + Roginifo + 2 R fu

= (—Ricj; + Rojit.) fr + Greji — Pir.ti — Giriy + 2 Ry fok -

The lemma follows from this and using the trace (2.13) of the second Bianchi identity to
rewrite the first term on the right as —Ricj; + R, = —Ric; . ]

Proof of Theorem 2.1. — Use the definition of ¢ to write LRic = —A ¢ — A Hess; —
Vy/Ric. Using Lemma 2.5, we get

(2.23) LRic=—¢;u — fin — Ricy 1 /i

= =2 Ryifuk — Gyt — Guji + i + Pirss -
The definition of ¢ gives f,r = =@, + k g — Ric,,. Thus, we have
(2.24) Ryinfur = —Ryjin @ — Ryjoy Ric,r — k¢ Ricy; .
Substituting this gives

(2.25) (E RIC)y =2k RICy + 2 RkjinRian + 2 R}gm ¢nk
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— Gijik — Griji + Gji + Dii »

and (2.5) follows from substituting the definition of L. The second claim follows from
taking the trace over ¢ = in (2.5). O

2.2. The f-diwergence and its adjoint. — As in [CaZ], define the f-divergence of a
symmetric 2-tensor % to be the vector field (div,/)(e;) = e (e”/ hi); = hjj — fihy. The
second equality in Lemma 2.3 gives (divy Ric)(¢) = Ricy ; — Ricyfy = =i + @i i, 50O
that div, Ric = 0 on a soliton. The adjoint div; of divy is given on a vector field Y by

1
(2.26) (diviY) (e, ) = -3 (VY + V)Y)).

Namely, if [([Y]*+|VY[* + 4>+ |VA*) e < 0o, then [(k, diviY)e™ = [(Y, div A) x
e/ . Note that div; applied to a gradient gives div; Vv = —Hess,. Thus, if divy 4 =0, then
h 1s orthogonal to any Hessian and, more generally, to variations coming from diffeomor-
phisms since —2div; Y is the Lie derivative of the metric in the direction of Y.

The next theorem computes the commutator of £ with div; and div;. As a conse-
quence, L preserves the image of divy when (M, g, /) is a gradient Ricci soliton.

Theorem 2.6. — If'V s a vector field and h is a symmelric two-tensor, then
1
L dll/; (V) = dZU;(,CV +« V) + 5 (¢jﬂvi,n + ¢in\/j,n)

V.,
- ?(2 (p_ji,n - (p_jn,i - ¢in1j) )

divy Lh = (L + ) divy h — hyj (divy ); — hin; by

(2.27)

- 5(2 (pji,n - (pjn,i - ¢in,j) .
Corollary 2.7. — If (M, g, f) is a gradient Ricct soliton, then L Hess, = Hesso i ut£)-

Progf: — Theorem 2.6 with V = Vu and ¢ = 0 gives that —L Hess, = div} (LVu+
k Vu). This and the drift Bochner formula £ Vu = VL u+k Vu, see (2.8), gives the claim.
O

The next lemma will be used in the proof of Theorem 2.6.

Lemma 2.8. — If'V s vector field, then

(2.28) Vi = Viwi + Ricy, Vi + Rujife Vi + 2 R Vi + Vol @iy — i) -
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Proof. — The trace of the second Bianchi identity gives that Ry, » = RICJ,, i — Ricj; ..
Using that Ric =k g — ¢ — Hessy, g is parallel, and then using Lemma 2.2 gives

<2-29) R/gjin,/: = RiCjn,i - RlC]z,n == d)ji,n - ¢jﬂ,i +‘]jz',n _\]jn,i = ¢ji,7l - (p_/'n,z' + Rm//iﬁf .

Lemma 2.2 gives V,; =V, + Ry;,V,. Working at a point where V;e(p) = 0 for the
orthonormal frame ¢;, differentiating gives

(2.30) Vi = (Vi + Ry V)i = Vige + Ry Vi + Ry Vo -
The Ricci identity gives
(2.31) Viwt = Viw + Ry Vin + R Vir = Vi + Ric, Vi, + Rpin Vii -

Using this gives \/vz"jk/f = Vi,k/cj + RiCjnVi,,z + R@‘m’kvn + 2 RWVM. The claim follows from
this and (2.29). 0J

Corollary 2.9. — If'V 1s a vector field, then
<2'32) (EVV)” - (VEV)Z] +KV1] +2Rk;m nk ¢]nvzn+vn(¢)}zn ¢)]7L,l)

Proof. — We will work at a point where V,¢(p) = 0 and g; = §;. Lemma 2.8 gives
that

(AVV); =V =(VAV);; + Ric;, V;, + Rk V
+ 2R Vi + V(@i — @jni) -
On the other hand, (V, Vy,V); =f, Vi, +/, Vi, so we get
(AVV); =(VLV)j + [ Vin+ £ Vi, +Ric, Vi, + Ryfi V
+ 2Ry Vi + V(@i — @) -
Using that Ric + Hess; =k g — ¢ and, by Lemma 2.2, that V, ;, =V, ,;, + RV}, we get

(2.33) (LVV);j=(VLV);;j+&Vij— ¢ Vi, + 2R Vi + V(@i — @), O
Proof of Theorem 2.6. — Set Wy = div; V. Since —2W; = V;; + V;;, Lemma 2.8

gives

(2.34) —2 AWy = —2 Wy ke — VZ‘ Ky + V]k/a + RiCjnVZ',,, + I{ny/:ﬁC V,l + 2 RWV”,;C

+ RICZHV] n + Rryz/tﬁf Vn + 2 Rkﬁnvn,k + VH(Q ¢ji,n - ¢jn,i - ¢mJ)
Relabeling indices, using the symmetries of R, and using the definition of W gives

RyinVir + R Vi = Ry Vi + Ry Vi
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= R/gjinvn,k + R/gjinvk,n =-2 R/gjinwkn .
Using this and Vj iy + V yu = —2 divjf AV, we can rewrite (2.34) as

(2.35) 2divi AV =2AW+Ric;,V;, — 4R;;, Wy,

+ /i (R + Ryi) V, + Ric;, V; ,

+ V.2 i — Djni — Piny) -
Using that V; ; =V, ; + R;;,V, by Lemma 2.2, the first derivative term is
(2.36) —2divy (Vs V) = (Vigh); + (Vih)i = Vil + Viafi + Viwhe + Vi

= (Vi — R V)i + Vil + (Via — Ry Vi + Vi«

Adding the last two equations, we get
(2.37) 2div; LV =2LW + (Ric;, + ) Vi, + (Rici, + /i) V).,

+ /e Ry + Ryir — Ryin — Rpi) Vi,

+ V(200 — Djni — Ginj) -

The first term on the last line vanishes because of the symmetries of the curvature tensor.
Using this and Ric + Hessy =« g — ¢, we get

(2.38) 2divi LV =2LW +k (Vi + V;.) = ¢ Vi — ¢V,

+ Vn(2 d)ji,n - d)jn,i - d)md)
=2 (L - K) dlv}k N ¢jllvi,71 - d’irz\/j,n

+ Vn(Q ¢ji,n - ¢jn,i - ¢m,_]) .

This gives the first claim. The second claim follows from taking the adjoint of the first
claim and using that (L di\{;)* = divy L and (di\{;ﬁ (LK) = (L+«)divy. O

2.3. Solitons. — Yor a soliton, (S+ |[Vf|? — 2k f) is constant (cf. [ChL.N] or Corol-
lary 2.4) and it is customary (when k 7 0) to subtract a constant from / so that

(2.39) S+I|VfP=2kf.

Combining this with the trace of the soliton equation gives that £f =nk — 2« f. If k = %
(i.e., a shrinker), then S > 0 by [Cn] and we have that

(2.40) f=S=IVfIP=f.
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By Cao-Zhou, [CaZd]: There exist ¢, ¢, depending only on B, (xg) C M so that

1 1
(2.41) () - a) <f(x) < T+ ),

where 7(x) 1s the distance to a fixed point xg.

Jaf?
UL )
S’ x R"~ with the product metric where the sphere has Ricci curvature é and f = l% + %
There are also shrinkers asymptotic to cones; see, e.g., [FIK, KW].

The next lemma gives a concentration for vector fields on any shrinker; cf. lemma

1.5 of [CM9]. We think of this as a concentration because of the asymptotics (2.41) of /.

The simplest shrinker is the Gaussian soliton (R”, § ), followed by cylinders

Lemma 2.10. — If M is a shrinker and Y is any vector field or function in W', then
(2.42) /|Y|2 (IVfIP=n)e/ < / Y2 (f —n)e’ <4 / IVY|>e™ .

Progf. — Since f is normalized so that £/ + / = £, we have that

/ |Y|2 (f - g) eif = 2/<ijY, Y) €7f
. 1 X
52/|VY|Qe_f+§/|Y|2|Vf|2e‘f.
We get (2.42) since /> |V/|? by (2.40). O

We will use the following elementary interpolation inequality:

Lemma 2.11. — Guven any shrinker, iff Y, LY € L?, then Y € W'2, din, Y € L?, and
||VY||i2 < 2Yle2 LY lr2. If in addition divy LY € L2, then divyY € W', Finally, if the

sectional curvature is bounded, then

(2.43) | V2Y|L, < 1L Y12 + CIVYZ, .

Proof. — Let n be a cutoff function with |n| < 1. The Cauchy-Schwarz inequality,

integration by parts and an absorbing inequality give (with || - || = || - ||12)
N\ 2 2 , VIYP -
ILYIIYI == [ (LY, n*Y)e? = [ (n*IVY*+(Vn 5 ])¢
In VY| 2
> ———— =2 IvnlY|".

N 2
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Taking a sequence of 1’s converging to one and applying the dominated convergence
theorem gives that Y € W' and

(2.44) IVYIE < 20Y ez 1LY e -

By this and Lemma 2.10, div, Y € L2
Since Lemma 2.2 gives that Ldiv,Y = divy £Y — div, Y, it follows that
Ldiv,Y € L? if div, LY € L% The first part of the lemma now gives that div, Y € W'2,

Finally, integrating Corollary 2.9 gives a W*? bound when the sectional curvature is
bounded. U

We will need a W'? localization result for eigenfunctions:

Lemma 2.12. — If v € W*? satisfies Lv = —p v and ||v||2 = 1, then

(2.45) g /f ]

Progf: — Integrating %E v? = |Vv|> — uv? and the drift Bochner formula éﬁ X
Vo[> = |Hess,|* 4+ (3 — ) [Vv|? gives

AV IV <4+ ek 2 A,

T

1
(2.46) IVvll}, = n and [Hess, ||}, = (u _ §> .

Applying Lemma 2.10 to v and to Vv and adding these inequalities gives the claim. [J

3. Diffeomorphisms and the P operator

A key tool in this paper for dealing with the infinite dimensional gauge group is a
natural second order system operator P that seems to have been largely overlooked. This
operator is defined on vector fields and given by composing divy with its adjoint divy so
P = divy o div;. In one dimension, P = —L, but in higher dimensions P and £ are very
different.

Avector field Y is a Killing field if the Lie derivative of the metric with respect to Y
is zero, i.e., div; Y = 0. Since a Killing field is determined by its value and first derivative
at a point, the space of Killing fields is finite dimensional. Integration by parts shows that
if Y e W2 and PY € L2, then

(3.1) f (Y, PY)e = [divi(V)];..

Thus, the L* kernel of P is the space Kp of L? Killing fields.
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3.1. Basic properties of P. — In this subsection, we prove the basic properties of P.
Many of the results are valid on any manifold and for any function /. The results are
strongest for gradient Ricci solitons - shrinking, steady or expanding. The next lemma
relates P and L.

Lemma 3.1. — Guven a vector field Y, we have
3.2) —2PY =VdiyY + LY + Hessp (-, Y) + Rie(-,Y) .

Thus, for a Ricci soliton, —2PY =V diy Y + LY + kY.

Progf. — Fix a point p and let ¢; be an orthonormal frame with V,.¢(p) = 0. Set
h= div}k Y, so that =2 /(e;, ¢) = (V..Y, ¢) + (V,)Y, ;). Working at p, we have

3.3) =2(divy ) () =V, (V,.Y, ) + V. (V. Y, ;) = (V,Y, Vf) = (Vy,Y, &)
=(V, V.Y, ¢) + (LY, e;) —e{Y, V/) + (Y, V,Vf).
Commuting the covariant derivatives introduces a curvature term, giving
—2(divs 2) (&) = (V,; V)Y, ¢) + Ric(e;, Y)
+ (LY, ¢) — e(Y, V[) + Hess/ (¢, Y). O
We will next show that on any gradient Ricci soliton £ and P commute.

Proposition 3.2. — For a gradient Ricci soliton and any vector field V, LPV =P LV and
PV divy (V) = V divy (P V).

Proof. — By Theorem 2.6, div, L di\(}k (V) =divy diyff (LV+kV)=P(LV+«kV).
Moreover, Theorem 2.6 with £ = div; V gives

(3.4) div Ldivi(V) = (£ +x) divy div; V= (L + ) P V.

Combining these two equations and cancelling terms gives the first claim. The second
follows from the first together with Lemma 3.1. U

The next result characterizes P locally on all vector fields.
Proposition 3.3. — The operators L and P are self-adjoint. Moreover,

LN =V Lu+ Hess;(-, Vu) + Ric(-, Vu)  if V="Vu;

“PV= {%[5V+Hefv(-,v)+Ric(-,V)] if divy (V) = 0.

For a Ricei soliton, L and P preserve this orthogonal decomposition.
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Progf. — We have already seen that both £ and P are self-adjoint and that there
is an orthogonal decomposition of vector fields into gradient of functions and those with
divy = 0. To compute P Vu, use Lemma 3.1 and Lemma 2.2 to get

—2PVu=Vdivy Vu+ L Vu+ Hess;(-, Vu) + Ric(-, Vu)
=2LVu=2V Lu+ 2 [Hess;(, Vi) + Ric(-, V)] .

In particular, for a Ricci soliton £ and P preserve the subspace of vector fields that are
gradients of functions. Next, if div; (V) = 0, then Lemma 3.1 gives that =2PV =LV +
Hess/(-, V) + Ric(:, V), implying that —P V is as claimed. Finally, for a Ricci soliton, if
divy (V) = 0, then it follows from (2.9) that div, (£ V) = 0, and thus div; (P V) = 0. This
shows that for a Ricci soliton both £ and P preserve the orthogonal splitting, O

Lemma 3.4. — On any gradient Ricct soliton for any vector field Y
) (L4 «)diyY = —diyy (PY),
) LV divy (Y) ==V divy (PY),
) (L—x) Heﬁdz‘yf Y) = —Heﬁdivf (PY) »
) Ldzvf* (Y) = HeSSdin Y) — 2 dw; (P Y) .
Proof. — Lemma 2.2 together with Lemma 3.1 gives that
3.9 Ldiv,Y =divy (L = k)Y =—=2div, (PY) — Ldiv, (Y) — 2k divy (Y).

Thus, (3.5). By Lemma 2.2, LVu =V Lu+ k Vu, so (3.5) gives (3.6). Combining (3.5)
with Corollary 2.7 gives (3.7). Applying div} to Lemma 3.1 gives

(3.10) —2div (PY) = div] (LY) — Hessay, vy + € div (Y).
Theorem 2.6 gives that Ldivy Y = div; (£ 4 «) Y and, thus, (3.8). O

This lemma is used in [CM12] to show that if Y is an L? Killing field on a gradient
shrinking Ricci soliton, then either Y preserves f or the soliton splits off a line.

Lemma 3.5. — For any gradient Ricci soliton if Y, PY € L2, then divy (Y), VY € L? and
(3.11) IVYI. + dioe YT < 201Y Nz [ QP+ )Y, -

Progf — Since Y, PY € L?,;s0is P +«)Y=—LY — Vdiv, Y (by Lemma 3.1).
If 0 < n < I has compact support, then the Cauchy-Schwarz inequality and integration
by parts give

|QP+0) Y|, Y]
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> — / (LY, Y)e” — f n*(Vdivy (Y), Y)e”
. 2 . _
= VY|, + |ndiv, (V) |, + 2/ ndivy (Y) (Vn,Y)e”

—|—2/n(Vv,,Y,Y)e‘f.

Using an absorbing inequality on the last two terms, then taking n — 1 and applying the
monotone convergence theorem gives the lemma. UJ

Lemma 3.6. — For any gradient Ricct soliton if Y is a weak solution of (P — A)Y = V,
where Vo 15 smooth and Y , divy (Y) € L2 | then' Y is smooth.

loc>

Proof. — Given any smooth X with compact support, we have [(X,Vy)e? =
f((P —MX,Y)e?. If X = Vu where u € C®, then PVu= V(L + k) u by Proposi-
tion 3.3 so

(3.12) —/udi\([ (Vo) e—f:/<vu, V0>e—f:f((7>—x) Vu,Y)e™
:/(V(ﬁ—l—/{ —A)u,Y)e_f

:—f(£+K—k)udiV/(Y)e_f.

The last equality used that div, (Y) € L7, . It follows that div, (Y) is an L, weak solution to

loc loc
(L+x — 1) divy (Y) = divy (Vy). Since V is smooth, elliptic regularity gives that divy (Y)
is also smooth. Since —2P = (£ + «) + V div; by Lemma 3.1, we have

(3.13) 2 /(X, Voye™ = —/{((£+K +20)X,Y)+ (X, Vdiv, Y) e ™.

It follows that Y is an L,QM weak solution to (£ 4+« +2A)Y = =V div, (Y) — 2V,. Since
the right-hand side is smooth, elliptic regularity gives that so is Y. UJ

4. Optimal growth bounds

In this Section, we will prove the optimal growth bound Theorem 1.3. Throughout
this Section (M, g, /) will be assumed to satisfy (1.6) and (1.7). This applies to all shrinkers
in both Ricci flow and MCE but is much more general than that.

Since |V\/]7| < % by (1.7), the function b = 2\/j7 satisfies [Vb] < 1 asin [CaZd], cf.

[CxZhl]. Throughout, A > 0 is a constant and « is a tensor. We will often assume that

(4.1) (Lu,u) > —\lu);
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this includes eigentensors with £u = —A u. To understand the growth of u, we will study
a weighted average of |u|? on level sets of b

4.2) () =" f ul? Vb .
b=r

This is defined at regular values of 4, but extends continuously to all values to be dif-
ferentiable a.e. and absolutely continuous. The weight |V4| will play a crucial role (cf.

[CM7, CM12, CM3, C, AFM, BS, GiV]). The growth of I will be bounded above in
terms of the solid integral

4.3) D() =2 " f (IVul® + (L ) e .
b<r

The frequency U = % is defined when I is positive and will measure the growth of logI.

The next theorem is the precise version of Theorem 1.3. It shows that an L? tensor
satistying (4.1) has frequency bounded by 2 A and, accordingly, it grows at most polyno-
mially at this rate. This may seem surprising since the weight e decays rapidly, so the
L? condition a priori allows extremely rapid growth. The theorem holds very generally
and does not assume any cone or dilation structure.

Theorem 4.1. — Suppose u, Lu € 1.2, (1.6), (1.7), (4.1) hold, and u does not vanish identi-
cally outside a compact set. Given € > 0, there exists R = R(n, A, €) so if r > R, then

4.4) U(r)52x<1+’1t6),
r

where L = 2 n+ 4 max{A — 1, 0}. Moreover, for all ry > r, > R

41
(4.5) 1(ry) <1(r) (7—2) (qRHO T

n

This is sharp for the Ornstein-Uhlenbeck operator on R" where the 1.2 eigenfunc-
tions are Hermite polynomials with degree twice the eigenvalue. The upper bound (4.4)
is sharp not just in the 2A in front, but in all the other constants as well as can be seen
from the Hermite polynomials. The R in Theorem 4.1 does not depend on f, M or S.
The theorem still holds if (1.6), (1.7), and (4.1) hold outside of a compact set. Moreover,
it holds with obvious changes when the constant z in (1.6) is replaced by any other con-
stant. Finally, note that ¥ cannot vanish on an open set if « has unique continuation, e.g.
ifLu=—Au.

There is a long history of studying the growth of solutions to differential equations,
inequalities, and systems. At a very rough level, there are two main techniques. The
first, exemplified in the work of Carleman and Hormander, is to consider weighted 1.2
norms with growing weights. The second, seen for instance in the work of Hadamard and
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Almgren, is to study the growth of spherical maxima or averages. Almgren’s frequency
has been used to show unique continuation and structure of the nodal sets; prior to this,
the main tool in unique continuation was Carleman estimates that still is the primary
technique. Almgren’s frequency bounds relied on scaling for R”; cf. [CM12, CM3].

As an application, polynomially growing “special functions” are dense in L2, This
gives manifold versions of some very classical problems in analysis. Whereas Weierstrass’s
approximation theorem shows that polynomials are dense among continuous functions
on any compact interval, the classical Bernstein problem, [Lu], dating back to 1924,
asks if polynomials are dense on R in the weighted 1/(e™ dx) space if f is assumed
to grow sufficiently fast at infinity. On the line, the Hermite polynomials are dense in

L’ (e_¥ dx) and Carleson (and implicitly Izumi-Kawata) showed that polynomials are
dense in I/(e™"" dx) if and only if & > 1. A similar problem in several complex variables
is the completeness problem, going back to Carleman in 1923, about density of polynomials
in weighted L* spaces of holomorphic functions; [BFW].

For the applications to P, we will need a more general Poisson version where u
satisfies

(4.6) (Lou,u) > —=|ul* =,

where ¥ is a nonnegative function. Define the quantity J by

(4.7) Jon = / By
b<r
The next theorem gives polynomial growth in terms of A and J.

Theorem 4.2, — If u, Lu € L%, (1.6), (1.7), (4.6) hold, § € (0,2) and r, > r, >
R(A, n,8), then

4048
7o 20 sup]J
<4'8> I(ry) < (Z) {I(ﬁ) + m} .

One application will be to gradient shrinking Ricci solitons. The standard drift
Bochner formula gives that if £Lv = —(3 + A) v, then £ Vv = —1 Vv and (4.1) applies to
u=Vu:

Corollary 4.3. — If (M, g, f) 15 a gradient shrinking soliton, then (4.4) and (4.5) hold if
u= Vv where v is an eigenfunction with eigenvalue A + %

The papers [Be, CM11] developed frequencies for conical and cylindrical MCF
shrinkers (cf. [Wa]). These results were perturbative in that they assumed the existence
of an exhaustion function 7 that behaves like Euclidean distance up to higher order. For
instance, in [Be], it was assumed that ||Vr| — 1| = O(r~*) and |Hess,» — 24| = O(r72).
Theorems 4.1, 4.2, in contrast, hold very generally, including for all shrinkers in both
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Ricci flow and MCF and make no use of any approximate conical structure. A much
weaker version of Theorem 4.1, that was not relative, was proven in [CMJ9] in the special
case of MCE.

4.1. The level sets of b and the properties of 1 and D. — We will define D(7) and I(r) as
solid integrals over sub-level sets {# < r} of a proper C" function 4. For these functions to
be continuous, we must show that level sets of 4 have measure zero. This is (2) in the next
lemma; (1) will be used to prove absolute continuity, while (3) will be used to show that
I> 0. Since b 1s C", Sard’s theorem gives that almost every level set is regular.

Lemma 4.4. — Suppose f - M — R is a proper function with Lf = 5 — f. Let C denote the
set of critical points of | and H, the boundary of {f > é} We get for r > ~/2 n that:

(1) The critical set C in {f > %} is locally contained in a smooth (n — 1)-manifold.
(2) Each level set {f = c} for ¢ > § has H"({f = ¢}) =0
(8) The regular set R, = H, \ C is dense in H,.

The nodal sets of eigenfunctions have a great deal of structure, but the value zero
is special and many properties do not hold for non-zero values. In fact, it is possible
to have a level set that is entirely critical, as occurs at the local extrema for the radial
eigenfunction Jo(|x|) on R? where J; is the Bessel function of the first kind. However, by
(3), this does not occur for the subset H, of {f = r} that is the boundary of {f > r}.

Proof of Lemma 4.4. — Note first that £f < 0 on {f > §} and, thus, Af <0 on
C N{f > 3}. Working in a neighborhood of a critical point we can therefore choose a
coordinate system {x;} so that 92 f<-1lL1Ifxe C, then 9,,/(x) = 0 and thus by the
implicit function theorem we can choose a new coordinate system in a neighborhood of x
so that in those coordinates {0,,/ = 0} C {y; = 0} and so that 9,, is transverse to {y, = 0}.
We therefore have that (nearby) C C {d,,/ = 0} C {y; = 0}. This gives (1).

For ¢ > 3, claim (2) follows from (1) since {f = ¢} \ C is a countable union of (n — 1)-
manifolds. The borderline case ¢ = 5 in (2) follows from [HHL].

We turn next to (3). Note ﬁrst that at x = (xy,...,%,) € C if we let i(s) =
S (s, x9, ..., x,), then /'(x;) =0 and /A"(x;) < 0 so & has a strict local maximum at x;.
In particular, any neighborhood of any x € C N {f > 7} intersects {/ < f(x)}. Suppose
now that the conclusion (3) fails; so suppose that there exists x € H, and a neighborhood
Osothat ONH, CC. It follows that O N 7-[ C {»1 = 0}. Since O N H, separates the
two non-empty sets O N {f > Z Ttand ON {’ > f} and O NH, 1s contained in {y; = 0}
it follows that ONH, =0 N {yl =0} and after possibly changing the orientation of y;
we may assume that ON{y; >0} C {f > - TtandON{y; <0} C{f < } This, however,
contradicts that at x we have that 9> L/ <0 and d,, 1s transverse to the level set {y; =0} so

both O N {y; > 0} and O N {y; < 0} contains points where f* < f(x) = U
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The functions I(r), D(r) and U(r) may not be differentiable everywhere, but they
will be absolutely continuous and differentiable a.e. A function Q(7) is absolutely continuous
on an interval Z if for every € > 0, there exists § > 0 so thatif U, (., R,) is a finite disjoint
union of intervals in Z with Y (R, — r,) < &, then we have ) |Q(R,) — Q(r,)| < €.
Absolutely continuous functions are precisely the ones where the fundamental theorem
of calculus holds ([F], page 165): Q) is absolutely continuous if and only if it is continuous,
differentiable a.e., the derivative is in !, and for every r, < r

4.9 Q) — Q) = f Q.

7

We will use the following standard fact: If Q; and QQy are absolutely continuous and W :
R? — R is Lipschitz on the range of (Q;, Qy), then W(Q;, Q,) is absolutely continuous.

Lemma 4.5. — Suppose that b is a proper C" function and H"(|Vb| = 0) =0 in {b > n}
Jor some fixed 1. If g is a bounded function and Q(r) = [ then Q) 1s absolutely continuous and

m<b<rg’
QM =/,_ Iébl a.e.

Proof. — By separately considering the positive and negative parts of g, it suffices
to assume that g > 0 is bounded. Define a sequence of functions Q); by

Vb
(4.10) Qm:/ _slvel
ro<b<r |Vb| + Zﬁ]
The functions Iv‘gbll_vﬁ,l are bounded above by g everywhere and converge to the bounded

function g a.e. (since H"(|Vbh| =0) = 0), so lim;,», Q;(r) = Q(r) by the dominated con-
vergence theorem. Define functions ¢;(¢) and ¢(¢) at regular values ¢ of 4 by

g g
4.11 (1) = ——= and ¢g(¢) = _—
4.11) () fb=[|vza|+zl and (1) beZM

Since b 1s G", Sard’s theorem (3.4.3 in [I]) gives that a.e. ¢ is a regular value of b and,
thus, these functions are defined a.e. The co-area formula ([F], page 243) gives that

4.12) Q0= soa.

0
The sequence ¢; is monotonically increasing with ¢; < g;4; < -+ < ¢. Moreover, ¢; con-
verges to ¢ a.e. The monotone convergence theorem gives that

r

(4.13) lim Mﬁﬁ:/}mw.

0 0

Combining this with (4.12) and lim,_, o, Q;(r) = Q(7) gives the lemma. 0
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4.1.1. Absolute continuity of I and D. — In the remainder of this Section, we special-
ize to M non-compact and f satisfying (1.6) and (1.7) and b = 2 \/f . It follows that

) 48
(4.14) Vo =1-—7 =1,
(4.15) bAb=n—|Vb?*—28S.

Since f is nonnegative and proper, then so is 4 and, thus, the level sets of b are compact.
Furthermore, Lemma 4.4 applies and, thus, so does Lemma 4.5.

The definition (4.2) of I(r) at regular values of 4 will be extended continuously to
all values next. To do this, choose a regular value 7, < 2 /21 of b and set

2
(4.16) 1(r) =f bl‘”{(V|u|2,Vb>+ %28(271—62)}
1’()<b<1‘

—i—ré*" / lu* V5.
b=ry

The reason for stopping the integral at b = r, is that 4' ™" and S 4~2~" might not be inte-
grable in the interior if min b = 0.

Lemma 4.6. — At regular values r of b, the definitions (4.2) and (4.16) of I(r) agree and

4.17) Doy = <V| 2 W’>
. r) = ul”, —).
> J A\

Proof. — To see that (4.2) and (4.16) agree at regular values, observe that the unit
normal to the level set b = 7 is given, at regular points, by n = ~~ so we can rewrite (4.2)

b
Wa
4.18 i lu|?| Vo] — " lu|? |V b
0
b=r b:?‘[)
:/ div (|ul?* '™ Vb)
ro<b<r
‘ —1)|Vb]?
:/ bl—"{(vmﬁ,wﬂmﬁ@h%)}‘
7’()<b<7’

By (4.14) and (4.15), we have that A b=n— |Vh|* —2S and |Vb]* =1 — t—f and, thus,

_ 2
(4.19) b(Ab—%):n(l—lVb|2)—QS:2b—§(2n—b2).
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Substituting this into (4.18) gives (4.16). The divergence theorem gives

Vb ?" r
(4.20) /<V|u|2,—>:e_2f diV(V|u|2e—f):eT2 Llu*e™ .
b=r |Vb| b<r

b<r
Multiplying this by =" gives (4.17). O

Lemma 4.7. — Both 1(r) and D(r) are absolutely continuous with derivatives given a.e. by

/ 1—n 2 Vb -2 1—n 28 [uf?
(4.21) I'(n=r /b:r<V|u| , |W|>+(2m 1)r /b:,, TR
(4.22) D=2""D+ D+ 7Hf el
r 2 2 Jm VD
Where 1 1s positive log 1 is absolutely continuous and the derivative is given a.e. by
(4.23) r(ogD)'() =2U+ (2012 — 1) 2r / Slul”
I Ji— |V

Furthermore, (logl)’ <2U/r a.e. when r > «/2n.

Progf — Lemma 4.5 applies to both I and D and, thus, both are absolutely con-
tinuous and I is given a.e. by (4.21) and D’ is given a.e. by (4.22). Equation (4.23) follows
from (4.17) and (4.21). Since S > 0, we see that (logl)’ = IT < g for r > /2n. 0J

4.2. Positivity of 1(r). — We show next that I(r) > 0 when 7 is sufficiently large:

Proposition 4.8. — If u, Lu € L? and (4.1) holds, then either
(A) 1(r) > 0 for every r > 2/n+4 A, or

(B) u vanishes identically outside of a compact set.

An immediate consequence of (A) in Proposition 4.8 is that U(r) is well-defined
and absolutely continuous for r > 2+4/n+ 4 A, and U’ is given a.e. by
4.24) vm=2 D1
. N=7 o
The next elementary lemma shows that || € W'? and |u| |Vf| € I? if u, Lu € 1.2
(cf. [CxZh2, CMY]).

Lemma 4.9. — Ifu, Lu€ L2, then |V|ul|, |Vul, |u| \/j‘, and |u| |Vf) are all in 1.2.

Proof. — By the Kato inequality and (1.7), |V|u|| < |Vu| and |Vf|*> <f. Thus, it
suffices to prove that |Vul, || f € 1”. We show first that |Vu| € L. Let n be a compactly
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supported function with |n|, |[Vn| < 1. Since L |u|* = 2|Vu|* + 2 (u, L u), applying the
divergence theorem to n° V|u|? e gives

(4.25) /772|Vu|2€f§ el 2 II£UIIL2+2/InIIVn||u||V|ul|ef-

Using |V]u|| < |Vu| and the absorbing inequality 2 |n||u| |[Vu| < 2 |u|* + %r}Q [Vu|?, we
can absorb the |V|u|| term and then apply the monotone convergence theorem for a
sequence of n’s going to one everywhere gives that |Vu| € 12, To see that |u| \/f e L2
apply the divergence theorem to n* |u|* Vfe™ and use that Lf = 5 —J to get

(4.26) /772|u|2 <f— g) ¢” <2 /{nQIUI VI [ 19/ 1+ 0l [Vl lad® V1] e

Using the bound |Vf|? < f, we can use absorbing inequalities on both terms on the right
and then use that |u|, |V|u|| are in L? to conclude that |«| \/]7 el? [

We will need a few preliminaries, including the following consequence of Lem-
ma 4.4:

Corollary 4.10. — If 1(r) = 0 and (4.1) holds, then u =0 on H,,.

Proof. — Suppose x € H, with |u[(x) > 0. Since u is continuous it follows from
Lemma 4.4 that there exists another point y € H, \ C where |«|(y) > 0. Since y is a regular
point, then in a neighborhood of y we have that |u| > @ >0, |V = \V%bl > 0. It follows
that there exists an v > 0 such that if s be any regular value sufficiently close to 7, then

the level set b = s 1s a smooth hyper-surface and I(s) > v > 0. The claim follows. [

Proof of Proposition 4.8. — Suppose that (A) fails and, thus, I(r) = 0 for some r >
2+/n+ 4. By Corollary 4.10, we know that |u| =0 on H, = 9{b > r}. Assume (B) also
fails and choose a connected component €2 of {|u| > 0} with € C {4 > r}. This will lead
to a contradiction.

By Lemma 4.9, |ul, |u| |Vf], |Vu| and |V|u|| are all in L. For each j, let nj:R—
[0, 00) be a smooth function with 0 < 77]’- <4 and

4.27) ) X forjl.fx,
. (x) =
g 0 forx< QL .
)
Let x be the characteristic function of €2, 1.e, x is one on £2 and zero otherwise, and
define v; = n;(Ju|) xo. Note that each v; is smooth on all of M and v; € W2 since v is
and 7; is Lipschitz. Moreover, v; has support in {6 > r} since 2 C {5 > r}.
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Let V be a vector field with V € 1% and v (divV — (V, Vf)) € L!'. Given n with
compact support and ||, |Vn| < 1, applying the divergence theorem to nv; Ve™ gives

(4.28) f” ((Vv;, V) + v (divV = (V, Vf))) e = —/ v (V,Vn)e™ .
Taking a sequence of ’s converging to one, the dominated convergence theorem gives
(4.29) /((Vv]-, V) + v (divV — (V, Vf))) e =0.

By the Lipschitz bound on 7n; and the Kato mequality, [v;| < 4 |u| and [Vv;| < 4[Vul.

Furthermore, v; — |u| x and Vv; — x V]u| a.e. (since V|u| =0 a.e. on {|u| = 0}). Thus,
applying the dominated convergence theorem to (4.29) gives

(4.30) /Q«Vlul, V) + [ul (divV = (V, Vf)))e” =0.

First, we apply this with V = V|u| and then use (4.1) and |V |u|| < |Vu| to get

(4.31) 0=/(|vu|2+<u,£u>)e—fzf(|V|u||2—x|u|2) eV .
Q Q

For the second application of (4.30), take V = |u| Vf and use L/ = 7 — f to get

0= / {2(lul VIul, Vi) + [u* Lf} e
Q

=/Q{2(IuIVIuI,Vf)+ Juf? (g —f)}e—f.

Since |Vf|* < f, the absorbing inequality 2 |{|u| V|u|, Vf)| < 2 |V|u||2—i—% lul* [Vf]? gives
(4.32) /|u|2(f—n)e_f§4/|V|u||2€_f§4kf|u|26_f,
Q Q Q

where the last inequality is (4.31). Since || > 0 and f = % > é on €2, we get that (é —
n—4 L) <0. This is the desired contradiction since r > 2/n+ 4 A. O

4.3. Growth estimates. — Assume now that u satisfies (4.1). We will use that, by
Lemma 4.7, logl, logD, and log U are absolutely continuous as long as I, D > 0. One
challenge for controlling the growth of D and I is that D" and I" have terms involving S,
with the wrong sign in one case and a variable sign in the other. The terms will be played
off each other and we will be able to control the right combination; this miraculous
cancelation makes it work.
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Proposition 4.11. — If r 15 a regular value of b and D(r), 1(r) > 0, then

(4.33) r(logD)’>2_n+ﬁ+U_)\_72_4_)‘71—71‘/ S|u|2,
B 2 U Ul s V]
2 )\‘ 2
(4.34) r(ogU) () =2 —n+ % —U- Fr

9L 2n 271—"/ S Ju)?
+(1-22 -2 .
U 2) 1 J_ IV

Progf. — Lemma 4.7 and (4.1) give

9 — 2—n E 2 9 _
D) = ”D+1D+L/ ™ 2=y,
b

r 2 2 Jie VOl T 7
r _ (IVul* = & |ul®)
+_D+ 2 n
2 LT vl
Since 4 S = b* — b* |Vb|?, we get that
(4.35) (logD) (1) > 2 +72 k72+r3_”/ |Vu|? 4171_”/‘ S |ul?
. r (lo 7 —_nt+ = - — — .
BE= 2" U "D Jo vl T D)1V

Note that by the Cauchy-Schwarz inequality

o (T , Vb \Y 3_n/ |Vu|?
(4.36) D (r)—( 5 /[:=7<V|u| , |Vb|>) <I()r Vi

Dividing this by I(r) gives UD <" [, "va'f. Using this in (4.35) gives (4.33). Combin-

ing (4.33) and (4.23) gives (4.34). 0J

An immediate consequence of the proposition is the following:

Corollary 4.12. — If r is a regular value with U(r) > 2 A and r > /IE—Z_A, then
u
(4.37) (logUy = 22— Y (L_*
. oglU)" > . "\3—1o)

We use this to show that if U goes strictly above 2 A, then it grows quadratically;
this does not assume that « € L* and, indeed, it is impossible when u, L u € L2,

Theorem 4.13. — Given § > 0, there exists R > ~/2n so that if U(ry) > (24 &) A_for some
70 > R, then U(r) > % > — 1 for every r sufficiently large.
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Proof. — If U(r) > (2 4 8) A for a regular value » > \/(4n(2 4 8)/6), then Corol-
lary 4.12 gives

2—n—U Sr

4.38 logU)' (1) > .

(4.38) (logU)'(r) = a9

It follows that if (2 + 8) & < U < 522 and r > /(31 (2 + 6)/), then
, Sr n dr

(4.39) 1logU) (1) > = — ~ —

22448 r 5@2+9)

Sr <1 | 1) Sr
>—|—-— - —— =

2486\2 4 5 20(2+96)

This implies U is increasing on this interval and that there exists an R > 0 and ¢ > 0 such
that U(r) > ¢7* for r > R. Thus, by Corollary 4.12, if% —r> Uforr> R, then

,_2—n A
(4.40) (logl) =z —+1——.
r

cr

This forces U to grow exponentially to the top of this range, eventually giving the claim.

O

Proof of Theorem 4.1. — Since (logl)’ < 2U/r for r > +/2n by Lemma 4.7, the
growth bound (4.5) will follow from the bound (4.4) on U. We first show for any § > 0
that

(4.41) UG) <2148

for all » sufficiently large. We will argue by contradiction, so suppose that (4.41) fails for
some 7 sufficiently large. Theorem 4.13 gives that U > g — r for all sufficiently large r. It
follows that K(r) = D(r) — 4 A I(r) is positive for all large r. At a regular value r > 2 \/n,
Proposition 4.11 and Lemma 4.7 give

2
(4.42) rK/Z(Q—n+%+U—8)»>D—)»rQI

2n - S |ul?
+|8(1—— ) —4[Arr™"
72 b=r |Vb|

Z(Q—n—l—rQ—r—SA)D—)\rQI

9 37
>(2—n+r"—r—8A)K+4x 2—nt———r=81)L
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Thus, for 7 large, we have (logK)" > 2 r. Integrating this gives for > s > R

3(12=s2)

(4.43) D() > K(1) > K(s)e ®

This implies that

YQ )(2
2 / (|Vu|2 + (Lu, u)) ef% :/ L |u|267%
b<t b=t

2
—=2¢ T 2D() > 00 asl— 00.

This is a contradiction since Lu € I? and u € W!? by Lemma 4.9, so (4.41) holds.
We turn to the sharper bound (4.4); we can assume that A > 0 since otherwise « is
parallel since u, £ u € L*. The proof is by contradiction, so suppose that » > R satisfies

(4.44) 2A+5ztxn32x<y+%),
-

where 1 € R will be chosen below. At any r satisfying (4.44), we have

2 a2 P AN\ A A
(4.45) moAT (AR A
2 U 2 U)=U “2x+5

Together with (4.34), this gives at regular values that

A
2A+38

Al 47_1_”/ S |ul?
+ —n .
21+6 | ver |V

Assuming that © > (2 + %) n so the last term is nonnegative, we have

(4.46) r(logU)(r) =2 —n+ —2A—3

Ap—@CA+8)2—(n—2)(21+9)
21 +4 '
If w>4A+ 2n— 4, then this is strictly positive for § > 0 sufficiently small, forcing U

to grow out of the range (4.44), giving the desired contradiction if © = 1 4+ € (note that
A > 0 1s fixed and § > 0 can be taken arbitrarily small). U

(4.47) r(logU)'(r) >

4.3.1. Examples. — We will next consider examples which show that Theorem 4.1
is surprisingly sharp. Not only is the threshold 2A sharp, but even the next order term is
sharp. If u = b* — 2n, then Lu= —u, so that A = 1, and (4.17) gives

. P2n 9 o Vb
(4.48) DO =" ﬂﬂbdb—zﬂ,ﬁﬁﬂ




106 TOBIAS HOLCK COLDING, WILLIAM P. MINICOZZI 11

2721(r)
=277 — Vb| = .
2r (r Qn) f [V b o,

b=r

Therefore, we see that the frequency U = % satisfies

72— 2n 72

:2/\(1+7M+2n_4+0(r4)).

r2

2
(4.49) U = 272 =2(1+2"+o(r4)>

2

Next, let M =R, /= %, and £ be the Ornstein-Uhlenbeck operator. The degree m
Hermite polynomial has A = % and is given by " — m (m — 1) x> 4 O(x" "), so that

(4.50) 1) =2 (" = 2m(m— 1) 2" + O(>"?)).

It follows that

71/ 72m_2(m_ I)QrQ(m—l) +O(72(m_2))
4.51 2U(r) = — =2 .
( ) (r) I m P2m — 9m(m— 1) 2= 4 O(y2n-2)

Thus, we have U(r) =m(1+2(m—1Dr24+00™)) =211+ @1 -2 r 24+ 00™).

4.4. Poisson equation. — Suppose that u satisfies (L u, u) > —A |u]* — ¥, where L > 0
is a constant and ¥ > 0 is a function. By Lemma 4.5, J from (4.7) is absolutely continuous
and ]’ 1s given a.e. by

/__,2—n i
(4.52) J=r ./17:7 Vol

We will use the following immediate analog of Proposition 4.11 (with the additional term
in D' (cf. (4.35)), resulting in J' terms in (4.53), (4.54)).

Lemma 4.14. — If r s a regular value of b and D(r), I(r) > 0, then

(4.53) r(logD)/>2—n+ﬁ+U—A—rz—ﬂrl_”/ M—i ’,
= ) U Ul J_7ve D
(4.54) FogUy > 2 —nt = U= 2
- 2 U

e 21 2n 2r1_”/ S |ul? rJ/
U r2 I J,_ |Vb D
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Lemma 4.15. — Guwen § € (0,2), set K =D — (21 +8/2) L. There exists ro(A, 8, n), so
that if r > 1y s a regular value with K(r) > 0, then

2 2

2 (41 +8)

(4.55) rK >

K+1|U -
Z 1 s —i—[ +2—-n+

—(4k+8):|D—7j’.

Proof. — By (4.53) and (4.23), we have

o r —n - 7 -7,
B 2 b= |V
, 2n I S |ul?
(4.57) rQA+S/DI = W+ D+ (=1 ) ater |
r b=r

Since S> 0 and [(4 A+ 8)(1 —2nr=2) — 4] > 0 for r > (A, 8, n), it follows that
2
(4.58) rK’Z|:<2—n+%+U)—(4A+8):|D—k721—rj'.

Since [D —2A1]= 22 K 4+ 22—

T “M D, this gives the claim. U

Proof of Theorem 4.2. — Set Jo = sup J. We will show that
(4.59) K@) <10]Jy forallr>R(X,38,n).
Once we have (4.59), we use (4.23) to get that
(4.60) ' <2D < (4Ar+68)14+20],.

Equivalently, (/=" 1)’ < 20,~**+9=1 ] Integrating this gives (4.8).

We will prove (4.59) by contradiction, so suppose instead that K(r)) > 10], for
some large 7. At any regular value » with K(r) > 0, we have D(») > 0, thus, also I(r) > 0
by Lemma 4.6 and U(r) > 2A 4+ §/2 > 0. Lemma 4.15 then implies that if r is large
enough and K > 0, then K’ > —J'. Integrating this from 7, gives that K(r) > 9] for all
r > 19 and, thus, also that D,I> 0 and U > (24 4 §/2) > 0. In particular, (4.54) gives

2—n=U » Ar J _2=n-=U r ir J

4.61 locUy>"—— — 4+ < >—- ~ —~ 4 _ __ _
(4.61) logU) 2 ————+ - -p5=2——*53- 7 o,
Suppose first U(7) < 1575 4 5 lor every larger 7, then (4.61) would give

2—n dr r 2Ar J
4.62 logU)’ > -
(4.62) Qg ===~ t@ss T2 1ass 0,

2—n J 8r

r 9], +4(4A+5)'
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Integrating this contradicts the upper bound on U, so we conclude that there is a large

r where U > m Next, at any large r where 8(4x7+a) U(r) < ﬁ — 7, then (4.61)
gives
2 — BL(4A+6 '
(4.63) (logUy = 14 2" _ B2( )
Sr 9Jo
forcing U to grow exponentially and, thus, eventually overtake the quadratic upper
bound. Thus, we get R, large so that for all » > R, we have U > ﬁ —r— é (the
last term comes from integrating 3 ) Using this lower bound for U in Lemma 4.15
gives
(4.64) K4y > =2
' T 446

L D po g 00 4t |8
9 "9 SRR YRS p

:<7_1+2—n—1/9—(4k+8)>K 8r

> Yk
pu— 9 —_ 5 9

r

where the last inequality used K+ ] <K + ]y < % K. Integrating gives that K + J grows

?'2 . . .
at least like ¢’ . This contradicts that « € W2, Lu € L2 as in the proof of Theorem 4.1.
O

We will also prove an effective growth bound similar in spirit to Hadamard’s three
circles theorem, [Li, N]. Roughly, this shows that if % is very small on a scale »; and
bounded at larger scale R, then u stays small out to scale R — 1.

Proposition 4.16. — Guven .. > 0 and § € (0, 2 1), there exsts 1y so that if o < <R, u
satisfies (4.1) on {r, < b <R} and D(R) < e I(r), then for all r € [r;, R — 1]

r 40426 1
(4.65) IU)§(Z> [1+E§x:35]xﬁy

Proof. — By Lemma 4.15 with ] = 0, if r > 7y = 7y(A, 8, n) and K(7) > 0, then K’ >

3 Kand, thus, e” 5 K(7) is monotone non-decreasing. If € [, R — 1] with K(r) > I(n}),
then D(r) > K(r) > 0 and, thus, also I(r) > 0 by Lemma 4.6. Moreover,

(4.66) DR) > KR) > "7 K@) = 7 1() > 5" 1(r)) .
This contradicts D(R) < M I(rl), so K(r) <I(n) for all » € (r;, R — 1) and, thus,
(4.67) D) =K+ QA+8)I0) <I(rn)+ 21+ I10).
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Combining this with the bound on I’ from Lemma 4.7 gives
(s ’ _ _ _ _
(7’ (41420) I(?’)) < _(4_)\‘ + 28) . (4A4296) II+ 27 (42426) ID
< 9y +28)-1 I(r).

Integrating from 7, to r <R — 1 gives the claim. U

5. Growth of eigenvector fields for P

We use the relationship between P and L to solve the Poisson equation PY =
%divf}z in Theorem 5.5 and to get strong bounds for Y in Theorem 5.4 using also the
previous Section. The next theorem proves similar growth bounds for eigenvector fields
for /P which are generalizations of Killing fields.

Theorem 5.1. — For any shrinker M, g, f), f Y € 12, PY =AY and Z. =Y +
LVdivf (Y), then divy (Z) = 0 and for any § > 0 and ry > r, > R =R(A, n, §)

20+1

o\ HH
!
(5.1) Iy gy (v) (12) < <r_1> Ly gy vy (11)

ry | B2
5.2 L= () L.
1
Each of these growth bounds is sharp and so is the requirement that Y € L2, Com-
bining them bounds Y. As a corollary, I? Killing fields on a shrinker grow at most linearly.

Corollary 5.2. — On any shrinker; for any 1L? Killing field Y, V divy (Y) is parallel and if
2.=Y ~+ 2V divy (Y), then divy (Z) =0 and for any 6 > 0 and ro > r, > R = R(n, §)

ry\ 2
5.3 b = (2) 1.
1
It is easy to see that this is sharp; on the two dimensional Gaussian soliton Y =
X e; — ¥y e9 18 a Killing field with div, (Y) = 0 that grows linearly.

5.1. Growth bounds for P. — We will need bounds for vector fields given in terms
of P, but the results of the previous Section are for £. The next two results use the
relation between P and L to bridge this gap. The next proposition immediately implies
Theorem 1.4.

Proposition 5.3. — On any gradient Ricct soliton if 'Y s vector field with PY —AY =V
(where A #= —k ) and Z. =Y + ﬁ V divy (Y), then

(5.4) (L +2)V divy (Y) = =V digy (V),
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1

5.5 L+224Kk)Z=—2V — ——Vdi (V).

(9.9) ( ) e Y V)

Moreover, if Y, V, divy (V) € L2, then V diwg (Y), Z € L2
IfV =0, then divg (Z) =0 and 1f also Y € L2 then |Y))> = 1Z))> + (X + k)2 x
IV divy (Y) I

Proof. — We will show the proposition when V = 0; the general case follows simi-
larly. By (3.5)

(5.6) div, (V div, (Y)) = Ldivy (Y)
= —div; (PY) — k div; (Y) = — (A + &) divy (Y).

From this, div; (Z) = 0 follows. Equation (5.4) follows from (3.6). To see (5.5) let ¢ = +—

Ak

so (3.6) and Lemma 3.1 give

(5.7) L7 =LY —cAVdiv, (Y)=—2PY — kY — Vdivy (Y) — ¢4 Vdivy (Y)

——(2)»4- ) Y-i—C)L :
= K
21+«

V div, (Y)) = —©Q2A+K)Z.

By Lemma 3.5, div, Y € L?, so (3.5) gives that Ldiv,Y =« div, Y — div/(PY) € L2
Lemma 2.11 now gives that Vdiv,Y € L2 and, thus, also Z € L2. Since divy (Z) =0
and Z € L%, Z is automatically orthogonal to gradients of all W? functions and thus, in
particular, to V divy (Y). Therefore, Pythagoras gives the last claim. 0J

Proof of Theorem 5.1. — Since Y € L?, Proposition 5.3 gives that V div, (Y), Z € L2.
Equations (5.1), (5.2) now follow from (5.4), (5.5), respectively, and Theorem 4.2. OJ

Proof of Corollary 5.2. — Since Y € Kp, PY =0, Y € L? and, thus, divy (Y) € Wl2
by Lemma 3.5 and Proposition 5.3. Since £ V div, (Y) = 0 by (5.4), V div, (Y) is parallel.
By Proposition 5.3, divy (Z) = 0. The bound (5.3) follows from Theorem 5.1 (with A =
0). O

Theorem 5.4. — For any shrinker, if Y € 1>, (P — MY =V and we set 7. =Y +
2 V divg (Y), then for any B, 6 > 0 and r, > 1 > R =R(A, n, §)

22+1

5.8 . _( 40Ap)+8 . 5be_”|Vdivf(V)|2
(.8) WWMY)(r?) = (;) < dev/(Y)(ﬁ) + BEG+B) 1 9) ),

|V divy (V)2

8 (A+B)+2+5 f;,2*'2(|\/|2 + )
n (20+1)
(9.9) Iz(r) < (ﬁ> (IZ(“)+ BOBA+2+8B+9) )
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Proof. — By Proposition 5.3, (£ + 1) V divy (Y) = =V div, (V), so we get
: : . s |Vdiv, (V)]?
(5.10) (£ v div, (Y), Vdiv, (Y)) = —(A + B) |V div, (V)| — BT

Thus, Theorem 4.2 applies with ¢ = w to give (5.8). Similarly, Proposition 5.3

gives (L + 21 + %) 7Z=-2V— H% V divs (V), so we have
2

VP IVdiv (WP
B B L+ 1) O

1 ‘
(5.11) (EZ,Z)z—(2A+§+2ﬁ) |Z]?

5.2. Fredholm properties for P. — Throughout this subsection, we assume that
(M, g,f) is a shrinker and Kp is the space of L? Killing fields, i.e., the L* kernel of
P.

Theorem 5.3. — There exists Cy so that if h is a smooth compactly supported symmetric 2-
tensor, then there is a smooth vector field Y € W'* with divf(% h— dz'v; Y) = 0 that is L*-orthogonal
to KCp and satisfies

(5.12) IY[lwi2 + lldigy Yliwe + 1LYz < Gy |ldivy Az -
Lemma 5.6. — If'Y s a vector field, then ||,C,Y||i2 < (2n+8) ||Y||3\,M. IfY,LY €12,
then
1
(5.13) " 1Y V7 < IY e < HLY iz + 21 Y e -

The 12 kernel of L is equal to the space K of parallel vector fields and L has discrete eigenvalues
0 <o <[y < o, - —> 00 with finite dimensional eigenspaces E,,, C W2,

Proof. — The first claim follows from the squared triangle inequality and Lem-
ma 2.10

1LY < 20AY I +2 | 1V/119 Y,
<22 |V2Y|L, + 22 IIVYIE + 8 VIVY]|,.
Suppose now that Y, LY € L?. Lemma 2.11 gives that Y € W'? and
(5.14) IVYIE: < 20Y 1 1LY e < (Y1 + 1L YIS -

The first inequality gives that the L? kernel of £ is equal to the space K of parallel vector
fields. Combining (5.14) and Lemma 2.10 gives (5.13). The estimate (5.13) implies that
the inverse of L is a compact symmetric operator, so the eigenvalues of £ go to infinity
and the eigenspaces are finite dimensional (cf. the appendix in [CxZh2] for functions,
plus Rellich compactness for vector fields). UJ
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Below let u be an eigenvalue of £ and E, = {V € L*| LV + uV = 0} the cor-
responding eigenspace. Recall that the convention is that the operators £ and P have
opposite sign.

Lemma 5.7. — We have

(1) For each p, the map P maps E,, to E,,, s self-adjoint, and has a basis of eigenvectors.
2) IfVeE, and PV =LAV, then p —2A < % with equality 1f and only divy V = 0.
(3) P has discrete eigenvalues L; — 00 and each eigenspace is finite dimensional.

Proof. — Suppose that V € E,,. Lemma 2.11 gives that V, div, V .€ W2 and, thus,
PV € L? by Lemma 3.1. By Proposition 3.2, LPV =P LV = —uPV. It follows that
P maps E,, to itself. The first claim follows from this together with that P is self-adjoint.

IfPV=AVand LV=—uV,then QA —pu)V=LV+2PV =-Vdiv,V —
é V by Lemma 3.1. Since V, div; V € W2, taking the inner product with V and integrat-
ing gives

1
(5.15) (5 -+ 2?») f V2e™ = — /(V div, V, V) e™
= / |div, V|?e™ > 0.
This gives (2). The third claim follows by combining (1), (2) and Lemma 5.6. 0J

Proof of Theorem 5.5. — If V € Kp, then [(div, 4, V)e™ = [(4, div; V) e’ =0.
Therefore, by Lemma 5.7, there exist ¢; € R and L*-orthonormal vector fields V; so
that PVZ = )\,Z'Vl', 0< )\,1 < )\.Q <..., )"i — 00, LVZ = —[/LZ‘VZ‘, and lej}l = 221 al-VZ-.
Note that
(5.16) IdivAll?, =) a < oo.

SetY = % YX 4V, s0 PY = % div, & weakly and

=1 );

I S divyAll?,
5.17 Y|?, = - <t
(5.17) Y112, 4;x;— e

Lemma 3.5 then also gives L? bounds on div; Y and VY. To get the L? bounds on LY
(and, thus, also Vdiv,Y), observe that (2) in Lemma 5.7 gives 0 < u; < % + 21, so that

2 1 2 1 2
. Lyoa)? L48al
(MZ) < (2+ ) < 2+ ! < !

5.18 : ( - +8.
(318 X)o7 A T T2
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: _ 1 a4 [k 2 1 : 2 . .
Since LY = —35 )~ “A—Z_V,-, we see that LY}, < (W + 2) ||divy A||{,. Finally, since

PY = % divy 2 weakly and Y, divy (Y) € [?, Lemma 3.6 gives that Y is smooth. [

5.3. Inverting the mapping P. — Let K+ be the L* orthogonal complement of the
space of Killing fields KC. Given R > 1, let C}* denote C*“ on the set 4 < R and C§ C
C%“ be the subset with support in b < R.

We have already constructed an inverse P~ on K+ that maps L? to W*2. These
estimates are in the weighted spaces, so they are strong in the central region (where the
weight is large), but give almost nothing far out. The next proposition shows that P~! has
polynomially growing estimates. The proof will be use the L? estimates on a fixed scale
together with polynomial growth bounds.

Proposition 5.8. — Given q > 2, there exist C, m and a linear map P~ : K+ N Cf{’% —
K+ N G2 with

(5.19) 1P~ (V) ||Cg2,a <CR"[[Y]lgre s
12
(5.20) f P (V)| e < CR"[[Ylgrae 7
b>R—1

Proof — Since Y € K+, Lemma 5.7 gives a; € R and L?-orthonormal vector fields
V,;sothat PV, = AVLO< A <A <..., A, — 00, ,CVZ =—u;V,,and Y = 221 a; V;
with

(5.21) 1Y, =) a <oo.

Set V=3 " %V, so PV =Y weakly and

i=1 2

1 ZOO a Yl
2 _ - s L

=1

Lemma 3.5 then also gives L? bounds on div; V and VV. To get the L? bounds on LV
(and, thus, also Vdivy V), observe that (2) in Lemma 5.7 gives 0 < p; < % + 2 X;, so that

(5.23) +8

2 1 2 1 2

; s+ 2A; -+ 8A

K) — G : ) <2 P! .
A T T 2M

Ai

Since LV = —§ 3%, “4V,, we see that |[L V], < (5= + D Y[}

=1 S_)L%
Given a point x, let B* be the ball centered at x of radius r = r, = (1 + b(x))~". De-
fine scale-invariant norms by ||V||c g = Zf:o r SUPps |ViV| and similarly for ||V||cte pe.
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The operator P is elliptic with uniform estimates on the scale 7, so linear elliptic theory
on B* gives that

1
2
<5.24> ”V”C‘H’Q'O‘,%BX S C {”Y”C‘/’O‘,BX + <7'_7l / |V|2) } .
Bx

Note that the 1> norm above is the unweighted one. In combination with the L* esti-
mates, this gives the desired bound on unit scale (where the exponential weight has a
lower bound). The polynomial growth bounds from Theorem 5.4 then give the desired
unweighted L? bounds on the larger scale (where the weight might be very small).® This
gives a polynomial bound for the second term on the right in (5.24) and the first claim
follows. The second claim follows since we have polynomial growth for the 1.? norm on
level sets. 0J

6. Jacobi fields and a spectral gap

We need to understand Jacobi fields on a gradient shrinking soliton . A sym-
metric 2-tensor £ gives a variation of the metric. Given £ with divy 4 = 0 and a function
k, ¢ = %L/z + Hess%rm_k by [CaHI]. We will say that % is a Jacobi field if LA =0 and
divy 2= 0. We omit Hess Uik since this will be L?-orthogonal to Lz when div, 2 = 0.

In this Section, we will assume that X splits as a product

(6.1) z=(N%g") xR,

where N is Einstein with Ricy = L¢' and / = I 4 £ with x e R,

We need to understand the spectrum of £ on . The L? eigenfunctions of £ on
R are polynomials with eigenvalues at {0, %, 1,...}. Let K be the L? kernel of £ + 1
on R"*. Each v € K can be written v = g;x;x; — 2 Tra for a matrix g; (see, e.g., lemma
3.26 in [CM2]). The Lichnerowicz theorem says that A, (IN) > ﬁ > é It follows that

o If Lw=—wand w € 1? on X, then w = ¢ + v where v € K is a quadratic
polynomial and ¢ is a 1-eigenfunction on N.

There is a natural orthogonal decomposition of symmetric 2-tensors
<6.2) }l:ugl+}lo+}lg

Here u is a function on X, 4 is the trace-free part of the projection of # to N, and the
remainder £y satisfies 9(V, W) = 0 when V and W are both tangent to N. We will see

% Tt is here where we use that ¢ > 2, so that we have bounds on Vdiv,Y (see the right-hand side in (5.9)).
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that L preserves this decomposition. Since g' is parallel and R(g') = Ricy = % g', we have
L(ug") = (u+ Lu) g'. Since R is zero if any of the indices is Euclidean, we see that

(6.3) Liy=Lh and (LAy)(V,W)=0 if V, W are both tangent to N.
Using that Lg' =0 and (R(k), g") = (hy, R(g")) = 0 gives

(6.4) (Lhg,g')=0and (L) (V,) =0 if Vis Euclidean.

Thus, using that L preserves this orthogonal decomposition of /, we get

(6.5) ILA? = |Lh|* + £ (u+ Lu)® + |Lhy)*.

The strong rigidity will hold when X satisfies the condition:
(x) There exists Cy., so that if /4, L/ € L?(Z), then

(6.6) 120 l13y12 < Cxn I Lol -

If v € K, then vg' is a Jacobi field. Conversely, if N satisfies (x), &= ug' + ko + hy
with LA=0, div,A=0and % € L%, then Theorem 6.3 gives that iy = hy = 0 and « is in
K.

We will see next that (x) holds for the sphere; it also holds for the families of sym-
metric spaces in [CaH] that are linearly, but not neutrally, stable for Perelman’s v-entropy.

Lemma 6.1. — If N = Sf/ﬂ, or is any quotient of Sf/ﬂ, then N satisfies (%) with Cn,, =

(£ — 12 Infact, if N has positive sectional curvature and both A + 2 R and A +2 R — é are injective
on the space of trace-free symmetric 2-tensors on N, then (6.6) holds.

Progf. — We have Rg;n = 2(5171) (gég,in — gilngzj) and, thus, R(%); = —ﬁ (ho) .
Since L=L+ 2R and 2R (%)) = —ﬁ ho, we get that

( 1
(6.7) IVholl}, :—/(ho,ﬁho)e_fZ—(g_ D / |ho|? ™

Sl -l

2 -1 2
Zolly> + 5 LAl s

1
< —
-2 —-1)

where the last inequality used the absorbing inequality ab < ; (22—1)
(6.6).

We turn to the second claim. Since L preserves the decomposition and R is
bounded, it has a spectral decomposition and it suffices to show that if L/, = 0 and

+ % b*. This gives



116 TOBIAS HOLCK COLDING, WILLIAM P. MINICOZZI 11

lAolli2 < 00, then Ay vanishes. Since Ky > 0, proposition 4.9 in [BK] gives that the largest
eigenvalue of R acting on /4 (at each point) is at most é — ¢ minKy < % Thus, 2R — 1 is
a negative operator on the trace-free symmetric 2-tensors and, thus, L — 1 has trivial L.?
kernel. Let 9; and 9, be R~ derivatives. Since L/, = 0, we have

1
(6.8) 0=V, (Lhy) =L (Vah) — 3 (Vo hy) and (L — 1) (Vy, Vi i) = 0.

Consequently, Vi Vahg = 0 and, thus, 7y = hg + > ax /lf), where hg and the hf)’s are
symmetric 2-tensors on N. It follows that (A 4+ 2R) (/18) =0and (A + 2R — é)(hf)) =
0 ]

We will use the next Poincaré inequality for vector fields tangent to N:

Lemma 6.2. — There is a constant C. = C(N) so that if 'V is tangent to N and ||V||lwr2 <
00, then V(1 +|VfDlliz = CIVV]i..

Progf. — Let A be the smallest eigenvalue of A acting on vector fields on N. Since
Ricy > 0, N has no nontrivial harmonic one forms and thus no parallel vector fields, we
have therefore A > 0. Given x € R"¢, let V, be the restriction of V to N, = N x {x}. We
get that

: ( 1 [
(6.9) f|V|2e— :/ / |Vx|ze_f§—/ / |Vn V|2 e
Rt N, )\‘ R N,

1
< - / IVV|?e™ .
A

The lemma follows from this and Lemma 2.10. O

We see that 4 is well-approximated by a Jacobi field when L/ and divy £ are small.

Theorem 6.3. — There exists C so that if h, divy h € W** and v g" is the L* projection of h
to KCg', then

(6.10) 1= ve'||\o < C{IL Al + Nl divy Allr2} -

Proof. — The tensor 4 has a (pointwise) orthogonal decomposition 4 = ug' + hy +
hy. We will bound £y, ks and (u— v) in W"? to control |4 — v g"|lyi.2 in terms of || LAl +
l|divy A|y2. Since £ (h—v g") can be bounded by these and the curvature of the cylinder
and Hess, are bounded, we then also get the desired bound on ||z — vg'[|w2.2 (cf. (3.19) in
[CM2]).

Using (6.5), we have that

2
(6.11) LA D], + ILAllT, + 1L Ao lF2 = NLAI, -
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The bound || ||w:.2 follows immediately from this and (x). To control 4y, start by noting
that there is a further orthogonal decomposition Ay = AY + /y that is also preserved by L,
where 45 is the purely Euclidean part. In a block decomposition for a frame, £ consists of
two off-diagonal parts that are transposes of each other. Applying the part of 45 that maps
the Euclidean factor to N to each Euclidean derivative 0, to get a vector field tangent to
N and applying Lemma 6.2 gives

6.12) |1 <V, =c / (i, L) e < G, NL ol

where the last inequality used the Cauchy-Schwarz inequality and the fact that £ pre-
serves the decomposition of 4. It follows from this and (6.11) that ”}ll;”wrli < C||LA2.

It remains to bound /12L and (u — v); this is where we will also need the bound
on div, A. Let a; be a symmetric constant (z — £) matrix so that f (a — hj) e’ =0. The
Poincaré inequality on X gives that |ja — }lé‘”w‘l,? <C ||£/12L|| < C||LA||. Next, let ¢ be
the projection of « onto the I-eigenspace of N (if this is empty, set £ = 0). The spectral
gap on X gives that ||[u — v — ¢ [|wr2 < C||[(L + 1) ul|r2. The desired bounds on }12L and
(u—v) will follow once we bound |a| and ¢. The triangle inequality and the bounds thus
far give

| div(a+¢g")| . < Ndivy Al + | divy(h—a—¢ &),
< |idivy Al + C LAl

Since a is purely Euclidean and div,(a + ¢g") =V —a(Vf), we have

(6.13) IVEI2 + [aVA) | = |[divy(a+ ¢ g")||;s < 2 lidivy 412, + CILAIE, .

Since ¢ has eigenvalue one, this gives the desired bound W'? bound on ¢. It also gives
the bound on |«| since fjﬁ e/ = %‘ fe_f, so that

2
1
=> i/awme—f?w /f
12 ik 2 |:|
1,

Lemma 6.4. — There exists C,,, C. > 0 depending on n so if v € K on R, then

(6.14) laVo |z, = ZHZ%

(6.15) vl + (1 + 1x*) [Hess,| < G, (14 12) [0z and | Vo] < C, |4 [ ]l12 -

Furthermore, 2 ||H(355U||i2 = ||Vv||i2 = ||v||i2 and u=|Vv|> — A |Vv|? is in K with

(6.16) fUIVUIfo = |lullf, = Clvlg, .
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Proof. — By lemma 3.26 in [CM2], v = g;x;x; — 2 a;; for a constant matrix a;. This

gives (6.15) and also that |Vv|? is a homogeneous quadratic polynomial. Since Lv = —v,
(2.46) (using the drift Bochner formula) gives ||Hessv||i2 = % ||Vv||i2 = % ||v||iz.

Let Q be the space of homogeneous quadratic polynomials and define the linear
map W(w) = w — Aw. We will show that ¥ maps to K. For each w € Q, there is a
constant ¢ so that w — ¢ € K; since K is orthogonal to constants, [(w —¢)e™ = 0. Using
homogeneity again, we have 79, w = 2w so that Lw = Aw — 53, w = Aw —w. It
follows that ¢ = A w and, thus, ¥(w) € K. Since A w is a constant while w is second
order, ¥ is one to one. Thus, since Q is finite dimensional, there is a constant C, such
that for any w € Q

(6.17) lwllu < Co [ @), = Collw — Awly.

The equality in (6.16) uses that I is orthogonal to constants. Applying (6.17) with
w = |Vv|? and ¥ (w) = u gives ||v||i2 = IVv|*|l; < Co|lullr;. The Cauchy-Schwarz
inequality then gives the inequality in (6.16). U

Finally, we will need a simpler estimate for metrics on N:

Lemma 6.5. — Suppose that (x) holds. There exists Cx so that if b is a symmetric 2-tensor on
N and dio h =0, then

(6.18) I Allwz2 < Cx L Allr2 -

Progf — Since Ly 1s elliptic and N 1s compact, it suffices to show that Lx 4 = 0 and
divy 2 = 0 implies that # = 0. The trace-free part of / vanishes by (x), so we can assume
that /= wg'. Then being in the kernel of Ly forces w to be a 1-eigenfunction on N, but
being divergence-free forces w to be constant —so w = 0. UJ

Corollary 6.6. — Suppose that (x) holds. There exists g > O so that if f is a_function and h
is a symmetric 2-tensor on N with diox h =0 and || k||c2 + (|Vf 1 < 8o, then

(6.19) il + 19/ e < C @G ]2+

where ¢ (h, f) is the shrinker quantity for (N, g' + h, f).

Progf. — The linearization of the ¢ (4, f) is given by %LNh + Hess) g +
divy; divy . The last term vanishes here since divy 2 = 0. It follows that

1
(6.20) 5 Lt Hessy gl < [@ (0] +C (A1 + (A1 [9/ 1)
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where [£]5 1s the pointwise C? norm of 4. Since divy 2 = 0 and N is Einstein, Theorem 2.6
gives that Ly % is L?-orthogonal to any Hessian. Combining this with (6.20) gives that

1
(6.21) 7 I~ hIE, + I Hess i/ I172

<22+ C8 (1h12z + 1Y)

Combining this with Lemma 6.5 gives the desired bound on /4 when 8, > 0 1s small. [J

7. Eigenfunctions and almost parallel vector fields

The main result of this Section is an extension theorem which shows that if a
shrinker is close to a model shrinker on some large scale, then it remains close on a larger
scale with a loss in the estimates. To explain this, let & = (N* x R, g, /) be the model
gradient shrinking soliton, where N is closed and Einstein, x; are Euclidean coordinates,
and f = % + %

Let 8y, ap > 0 be constants that are sufficiently small (to be chosen) and fix o €
(0, 1). We consider two notions of closeness for a gradient shrinking (M, g, f):

(*g) There is a diffeomorphism ®y from a subset of £ to M onto {# < R} so that ||g —

- 2 _ -
D gllyyee + IS =/ 0 Prllfes < e and g — @ gllare + If —f 0 Prllcre < 8.
(tr) There is a diffeomorphism Wy from a subset of ¥ to M that is onto {# < R} so that

Ig — Wi gllcra + If —f 0 Wrllore < e @R,

Note that (xg) gives stronger bounds on the region where / is small.

Theorem 7.1. — There exist ag, Ro, B > 0 so that if (xg ) holds and R > Ry, then (T14+p)r)
holds.

The next proposition, which relies on the growth bounds, uses (xg) to get almost
linear functions on the larger scale (1 4+ B) R. This is the key ingredient in Theorem 7.1.

Proposition 7.2. — There exist C,m, Ry, B1 > 0 so that if (g ) holds and R > R, then we
get n — £ _functions u; so that f ue/ =0andon {b< (1+ B)R}

2
(7.1) <CR"¢ .

8 — (Vui, V)| + | Hess, llcr + |2 (Vui, V) —

Furthermore, for each m, there exists c,, so that ||u;||cn < ¢, R™ on {b < (1 4+ B;) R}.

Roughly, this proposition shows the propagation (outward in space) of almost split-
ting for a shrinker. For flows, this corresponds to the propagation forward in time for an
almost splitting; see [CM 13, CM14].
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7.1. Pseudo-locality. — Applying pseudo-locality to the flow generated by (M, g, f)
gives estimates forward in time for the flow and, thus, estimates on the shrinker on a larger
scale. Let ¢, be the Euclidean isoperimetric constant and define (M, g, f) to be (3, 7y)-
Euclidean to scale R if [02|" > (1 — §) ¢, |2|"~! for every  C {6 < R} with diam < r,.

Proposition 7.3. — There exist 5y > 0, Ry and Cy so that for any ry € (0, 1), we get oy =
oo (10, ) > 0 so that if (M, g, f) s (8, 70)-Euclidean out to scale R > Ry, then

(7.2) sup R <Cyry”.
{b=(1+ao) R}

Once we have the R bound, then the Shi estimates, [S], give corresponding bounds
on VR, etc. There are also versions of this estimate for expanding solitons, where the
estimate forward in time for the flow corresponds to estimates for the expander on smaller
scales.

We will use Li-Wang’s version for shrinkers (theorem 25 in [LW1]) of Perelman’s
pseudo-locality (cf. 10.1 in [P] or 30.1 on page 2658 of [KL1]): There exist §, € > 0 with
the following property. Suppose that (M, (xp, —1)), g(¢)) is a smooth pointed Ricci flow
forte[—1,erd —1]. IS > —762 on B, (xg) x {t = —1} and B, (xy) 1s (8, ry)-Euclidean
at time —1, then

(7.3) IR|(x, ) < (t+ D)7+ (e79) 72

0 0

whenever —1 < ¢ < (e p)> — 1 and dist,(x, xy) < € 7.

Proof of Proposition 7.3. — For each x € M, let y, be the integral curve given by
vi(=1) =xand y/() = —% Vf o y.(?). Here, the gradient is computed with respect to
the fixed metric g. Define ®(x, t) = y,(¢) so that ®(x, —1) = x and 9, P = _Lt Vf o ®.
Working in the background metric g, we have

(7.4) af (P(x, 1) = <Vf(<l>(x, n), _it V(P (x, t))> = _it IVF|? o ®(x, ).

We will show that there exists C depending on B; C M so that if « > 0 and y is a point
with S <Cgon {f < (1 +«a)f(»)}, then for t € (—1,0)

(CECH]

7.5) 7(@0.0) = min {1 + a0 7

By (7.4) and (2.40), 9,/ (®(y, ) = _it (f —S) o ®(y, ¢). Rewriting this as 9, (—¢f) = =S
and integrating from —1 to ¢ gives —(supS) (1 +¢) < —¢f(P(y, ¢)) — f(») < 0, where
the supremum of S is taken over the curve ®(y, s) for —1 < s < ¢. Combining this and
monotonicity of / along the flow line gives (7.5).

It is well-known that g(x, 1) = —t ®* g(x) is a Ricci flow. By assumption, the set
{6 <R} is (8, n)-Euclidean at time —1 and has S > 0 by [Cn]. Thus, if x € M is any point
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with By, (x) C {6 < R}, then pseudo-locality (7.3) gives [R,(, _ ;| < Cry 2. Tt follows
from (7.5) that this curvature bound for the evolving metric is equivalent to a curvature
bound for R, some fixed factor further out. Here there is an additive loss because of the
last term that can be absorbed as long as R is large enough. UJ

7.2. Spectral estimates. — We show that if (xg) holds, then M has (n — £) L?
eigenfunctions with eigenvalues exponentially close to % By [HN] and [CxZh2] (cf.
[AN, BE, FLL]), £ has discrete spectrum gy =0 < % <wm; <---— o0 on M and the
eigenfunctions are in W',

Lemma 7.4. — There exists C. so that if (xg) holds, then there are (n — €) 1-orthonormal
functions v; on M with Lv; + p;v; =0, u; > %, and

1 .
(7.6) || Hess,, |17, + (Mz‘ — 5) <CR? 5

We will use the low eigenfunctions on X as test functions to get an upper bounds for

the low eigenvalues on M. The next lemma recalls the properties of the low eigenvalues
on X.

Lemma 7.5. — There exisi ¢, C so that uy = ¢ and u; = f x;, for 1 <1 <n— £ satisfy

2

5;‘;'_/ le‘ﬁﬁ_f‘ <Crte T foralliyg,
b<r

2

1 -
7.8 “8i— | (Vi Vel | <Cr et frd > 1.
2 y _ J ]
b<r

Progf. — Choose ¢ depending on £, n, Vol(N) so that f): 2e” =1.Since £ (% %) =
28; — x; x5, it follows that uy = ¢ and u; = ﬁ x;, for 1 <i<n— £ are L?-orthonormal. To
estimate the “tails” of these integrals, observe that

o

/ 77[—13—1(1 +72) e_]T.D

Vs2-2¢

Nles

(7.9) / (14 [x1%) e < Vol(N) Vol (8"~ !) ¢~
b>s

Proof of Lemma 7.4. — Define a cutoff function on M to be zero for {6 > R}, one
for { < R — 1}, and with n = R — 4 in between. Note that |Vn| < 1. Let #; be as in
Lemma 7.5 and set 4; = n#; 0 @5 '. Define symmetric matrices a; and b; by

(7.10) ag:/u,‘ujef and by:/wui, Vu)e™ .
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Lemma 7.5 and the change of variable formula give

dv, -
e _ o

g

- dv-

c 7

_92
(7.11) 18; — a5l < CR7 e~ +/ i 4
{b<R—1}

where we use the shorthand f = f o ®3' and similarly for 4 v,. The triangle inequality
gives

(7.12) esz‘f’ —e| < |1 = Jdet(z ' g)| e 4|/ — 1|

Therefore, since |f — f] is small by (xz), we can Taylor expand to get that

(7.13) e/

i S U IR O

Combining this with (7.11) and using the 1.? bound from (g) gives

(7.14) 18; — ajl < CR?e™ T

Thus, a; is invertible, the inverse @’ has the same estimate, and we get ¢;j so that the

Zj ¢ju;’s are L?(M) orthonormal. It follows that 8 = it @y ¢ and, thus, Fe=al'. A

.. : R? .. ..
similar argument shows that | f u;e”| < CRe™ #. The variational characterization of
eigenvalues gives

(7.15) ZM1<Z||W||LZ(M) > g Aclk_Zb "o Zbaf

iysk
Set byy = 0 and b; = 8] for 1 <i+j. Note that } ;. ,§; by =" E. Arguing as above
- 2
gives |by; — b;| < Ce” R . Using this and |§; — &/| < CR%e - in (7.15) gives

n—~¢

i n—4 R2
7.16 ni < aybl--g +CR267?,
(7.16) > Z <"
Now let vy, ..., Vv,—¢ be the first n — £ + 1 eigenfunctions, i.e., an L*-orthonormal

set corresponding to gy = 0 up to u,—,. By (2.46), the drift Bochner formula gives
||Hessv||iz =(u— %) ||Vv||iz. It follows that ug =0 and u; > % for : > 1. Combining
this with (7.16) gives (7.6). O

Proof of Proposition 7.2. — Let vy, ..., v, from Lemma 7.4 and set I; = r'™" x
fb:r vf |Vb|. Since u; < 1, Theorem 4.1 gives 7 = ry(n) so that

4
(7.17) L) <2 (r_2> L(n) ifrn<nrn<n.
n
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The bound (7.17) used the complete shrinker M. The rest of the argument focuses on the
region where we have a priori bounds. Proposition 7.3 gives oy > 0 and G so that |R| 4
IVR| < Cy on {6 < (I 4+ ap) R}. This bound Ric and S and, thus, gives a positive lower
bound for |Vb|. Therefore, (7.17) gives polynomial bounds for the ordinary 1? norm (i.e.,
without |V4| or e™) on {h < (1 + ap) R}. This and elliptic estimates for the eigenvalue
equation bound Hess,, and VHess,, on {6 < (1 + &) R — R™'}. Thus,

IHessUl. (7) =" f |H€SSvi|2 |Vb| and
b=r

r2n s Vb
DHessuv (7) = V|Hessvi| [ —
’ 2 Ji= IV

are polynomially bounded for r < (1 4+ ) R — R™!. Furthermore, Corollary 2.7 and the
|R| bound on this region give that

(7.18)

(7.19) (L Hess,,, Hess,.) = (LHess,,, Hess,,) — 2 (R(Hessvi), Hessvz)
>—-C |Hessv[|2.

Moreover, local elliptic estimates and the I.> Hessian bound in (7.6) give that for each
2

fixed r K R we have Iy, (1) < C, e 7. Therefore, we can apply Proposition 4.16 to

2
get m and C so that IHessvi (r) < GR" e~ forr < (I + o)) R —R™' — 1. Using elliptic
estimates on scale R™! again, we conclude that on {# < (1 + &) R — 2}

. . . 2
(7.20) |Hess, |> + R~?|V Hess, | < CR"™e™ ¥ .

Since u; < 1, Lemma 2.12 gives for each s that

2
(7.21) Sz / {vl2 + IVvi|2}e_f 54/1? +m+2Du;+n<2n+6.
b>s

It follows from (7.21) that there is a fixed s and constant ¢, > 0 (independent of R) so
that the matrix Q; = f{ b<3}(Vvl~, Vv;) e is invertible with |Q] + |Q™!| < ¢o. Note that
(7.20) and the fundamental theorem of calculus imply that (Vv;, Vv;) is exponentially
close to being constant on {b<(1+ 9{0) R — 2}. Therefore, we can choose a bounded
linear transformation Q) so that u; = Q) v; satisty f u,e” =0 and

, 2
(7.22) sup |85 — (Vuy, Vi) < CR” e
{b<(1+ap) R—2}

This gives the first bound in (7.1) and the next two bounds follow from (7.20) since Q is
bounded. The last bound in (7.1) follows similarly, using also that the p; close to %
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Finally, the uniform (but not exponentially small) higher derivative bounds on the
u;’s follow from the uniform higher order bounds on the curvature from pseudo-locality
and the Shi estimates together with elliptic estimates on the scale of R™! (each « solves a
drift eigenvalue equation). O

Proof of Theorem 7.1. — We will use freely below that |R| + |[VR| < Cj on {6 <

(1 + op) R} by Proposition 7.3. Proposition 7.2 gives n — £ “almost linear” functions
satisfying (7.1). Using the bounds on V?u; and V?«; in (7.1), the definition of R gives

(7.23) R(Vis, - )| < CR7e 7 |

Tracing this gives |Ric(Vy, -)| < CR” e_l?_é. Since M is fixed close to the model ¥ on a
fixed central ball, Ric has a block decomposition with an £ x £ block close to % g' and
a complementary block that almost vanishes. Thus, by (7.23), the span of the Vu’s is
almost orthogonal to ®x(N). It follows that the projection of V/ perpendicular to the
span of the Vu;’s is also fixed small. Thus, if we set [ = g + i > u?, then (7.1) gives that

|- é — |Vf1? is bounded. Therefore, since |V/|* + S =/ (by (2.39)) and S is bounded,
we see that I]?—f| <C.

Let Ng = {u; = - - - = u,_, = 0} be the intersection of the zero sets and f; the restric-
tion of f to Ny. Since []7 —f1=<ChH =< f + C and, thus,f < (' on Ny. It follows that N
is a smooth £-dimensional submanifold, the Vs span its normal space, and |VL/] is ex-
ponentially small on Ny by (7.1). Moreover, the level sets of the map (uy, ..., u,_¢) foliate
b < R, so Ny is connected and diffeomorphic to N. Moreover, Nj is locally a graph with
small gradient over ®g (N). Using the slice theorem, fix a diffeomorphism W, : N — Nj
with divy (W g0 — g') = 0 and with (¥ g — g') fixed C** small (cf. theorem 3.6 in [V],
3.1 in [ChT]). Let§ = Wk gy — ¢' denote the metric perturbation on N.

Let ¢; be an orthonormal tangent frame for Ny. Using (7.1), we see that the second
fundamental form A of N, satisfies

(7.24) (A &), Va)| = |(er, V, Vi) < CR7 e |

Combining this, the Gauss equation, and (7.23), we see that the Ricci curvature Ric” of
Ny and the Hessian Hessj% satisfy

2
(7.25) |Ric0(ej, e) — Ric(g;, ek)| + ‘Hessj%(ej, ¢) — Hess; (¢, ek)‘ <CR" e

Since Ric vanishes exponentially in the normal directions by (7.23), we get the same
bound for the difference |S® — S| of the scalar curvatures. It follows that the shrinker
quantity ¢, on N satisfies

R2

(7.26) lgol + [IVAI*+S" —f| <CR"e™ 77,
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with similar estimates for the C** norm of ¢. Corollary 6.6 now gives that 16]|w22 and
IVollwr2 are exponentially small. Furthermore, since divy @ = 0, the equation for Ricy;,
is elliptic’ in 0; elliptic estimates give exponentially small bounds for the C** norms.

. ~ R2
We must now extend the estimates off of N and Nj. Note that |/ —f| < CR"e™ 6
on Nj. Differentiating gives

] 11
(7.27) Vouf =)= (Vu, Vf) = 5+ 5w (Vi V) = ).

This is exponentially small by (7.1) and, by integrating up, so is f — /.
Define the map H : N, x R~*—> M by letting H(g, x1, ..., x,—¢) be the time one
flow starting at ¢ along the vector field ) x; Vu;. Now, set

(7.28) W(p, a1, ) = H(Wo(p), 21y .o x0e) -

Write x = ry where y € "' and observe that H, = (y, Vu o H) and this is exponentially
parallel. It follows that H is exponentially close to a local isometry and, thus, also a local
diffeomorphism. Similarly, ; o H — «; is exponentially small and, thus, H is proper. Since
H is a proper local diffeomorphism between complete connected spaces and has pull-
back metric bounded from below, [GW] implies that H has the path-lifting property.
Using that the image and target are topologically N times a Euclidean space, we see that
H is a diffeomorphism from a subset of N x R onto {6 < (1 + ) R}.

Since pseudo-locality gives uniform curvature bounds, the drift eigenfunction
equation has uniform bounds on scale —-. Elliptic estimates on this scale give higher

46"
derivative bounds on the eigenfunctions and, thus, on W. O

8. Variations of geometric quantities

The main result of this Section is the formula (8.2) for ¢” in the direction of a
Jacobi field. Let g(¢1) =g+ th and f () =f + tk be families of metrics and functions. We
will work in a frame {¢;} of coordinate vector fields independent of ¢.

Cao-Hamilton-Ilmanen, [CaHI] (cf. [CaZ]), computed the first variation of ¢

1
8.1) ¢'(0) = 2 LA+ HCSS(% Trty—h + di"f* divy /.

Thus, the Jacobi fields on ¥ =N x R"™* consist of /= ug' and £ = g u with u € IC.

7 By, e.g,, 1.174 in [Bs], given x € TN the principal symbol maps a symmetric matrix B to % [x|?B+ % (IrB) x ® x.
Suppose that x # 0 and B is in the kernel of this map. Taking the inner product with the identity gives |x|> Tr B, so TrB =0
and, thus, B = 0 since |x|* B + (Tr B) x ® x = 0. This gives ellipticity.
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Proposition 8.1. — If h=ug" and k = g uon X where u depends only on R"™, then
(8.2) 2¢;7(0)=—2|Vu|2g1—QEuuy-—Zuiuj.

Formally, Proposition 8.1 and Lemma 6.4 say that the Jacobi fields are not inte-
grable since

(8.3) f(¢>”, (IVul* = A|Vul*) g')e” = —¢ /(|vu|2 — A|Vu?) [Vul*e™
< —Cllulif
is strictly negative, but ¢, and thus ¢”, vanish on a one-parameter family of shrinkers.

8.1. First variations. — In this subsection, we collect well-known first variation for-
mulas (see, e.g., [1] or [CaZ]) for reference; these results do not use the product structure
on X.

Proposition 8.2. — The variations of S, Ric and R are given by

(8.4) S' = —(h, Ric) + div* h — A Trh,
(8.5) 2 Ridy = — A h+ hy Ric; + Ric, hy — 2 R(h) — Hessg + Vdioh 4 (Vdioh) ",
(8.6) 2 R;jk,, = Ry hﬁ — R ﬁﬁ + hin i — Hin ki P ni — i -

Here divh is the divergence® of h given by (divh); = hijj and (V div W)Y is the transpose.

By definition, V, ¢ = F]{;T ¢r, where

o
8.7) L= 54" (@) + 6w —alg))

1s the Christoffel symbol. Since these are coordinate vector fields, we have Fﬁ = F; Even
though V.(-) is not a tensor (it is not tensorial in the upper slot), the derivative is a tensor.

Lemma 8.3. — At a point where g,; = 8, and e,(g4) = 0 at t =0, we have

1
(8.8) (Vig) = Chey  where Ci= 5 G i = B
k

1
8.9) (Ve,,vg,-ei)/ = B {g,in + Ptiju — Hji i} 1 -

Lemma 8.4. — If u 1s a one-parameler famuly of functions, then at t =0 at a pownt where
gj = 6; and e.(gy) = 0 we have (Hess,)" = Hess, — CZ//C u.

% Note the different sign convention from [T].
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Lemma 8.5. — At t =0 at a pownt where gy = 8; and ¢,(g,) = 0, we have

(8.10) en(85) = [bjn) + b,Cpoi + 6:iCy;
<8.11) en[em([by]/)] = (by',mn)/ + (Vb) (C{z’ieﬁ’ ej" €m)
+ (Vd) (el-, ije/), em) + (Vb) (ei, ¢, Cfmep)

+ (Vb) (Cfm'e/)s ?;" en) + b([venvemei]/’ €/) + b/(ve,,vemei, 57)
+ (V0)(e:,Chop 0) + b(ei, [V, V., 61) + (e, V., V06 -

mj

Lemma 8.6. — The derivative of ¢ = k g — Ric — Hessy 1s

(8.12) =k by + é (LA); + (% T (h) — k)

§
2 & Mni & Mty i1k g ik 2 “n, ing)8 Jm-

Lemma 8.7. — If (M, g, f) ts a gradient shrinking soliton, then

kn
(div; divy h) (6, ) = K by — %{}%ni — Jalug,i  Pigj — Suhtirj

+ RZ.CM'}l/g' + Ricﬂ/hik} .
Combining Lemma 8.6 and Lemma 8.7 recovers the first variation (8.1) for ¢.
8.2. Computing ¢" (0): proof of Proposition 8.1.
Lemma 8.8. — At a point where g; = 8; and e.(g4) =0 att =0,

(8'13) 2 [(ve,, Venei)/]k = ;lki,mz + h/m,iﬁ - }lin,k.ﬁz + (dll)f h)k,i - (dZZ)f }l)z',k .

Progf. — Taking the trace in the second claim in Lemma 8.3 at ¢ = 0 gives
(8°14) 2 [(ven Venei)/]k = h/m,in + lzki,rm - /Zni,kn .
The Ricci identity and (divy 2) . ; = Ap i — fi livn,i — fri i g1VeESs

(8‘ 15) hkn, in — hkn,m' + Rnikm kmn + Rninm hmk = hkn, nm [R(}l)]/ﬂ + Ricim hmk
= (divy D)pi + i fo A+ b fri — [RID ], + Rici A

Using the shrinker equation, this becomes /4y, ;, = (divy £) ;i + i fu — [R(R) ] + é hy.. The
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last two terms are symmetric in z and £, so we get
(8-16) hkﬂ,in - /lm',/m = (di\{f h)k,i - (di\{f /l)z‘,k + /l/m,z'ﬁ - /lin,k ne

Substituting this into (8.14) gives the lemma. 0J

In the remainder of this Section, all results will be stated at a point where g; = §;
so that there is no difference between upper and lower indices.

Corollary 8.9. — If i =0 at t = 0, then we have at t = 0 that

1
—LL ) = by hgn + 2 gy Coi A+ 2 b o+ iy (k -5 (Trh))
b4

1 1

1

If, in addition, h = ug" and k = é u where u depends only on R"™, then
(8.17) [Lh =—[2|Vul*+uLlu]g" .
Proof. — We will work at a point where g; = §; and ¢,(g) = 0 at £ = 0. By defini-
tion, we have [A%](e;, ¢) = g™ hj , and, thus, that at £ = 0 at this point
8.18) (AR ], = o g+ G
Since /' = 0, Lemma 8.5 gives that

(8.19) —(hjom) =l C A+ hip cf,y. + ki Cl A Cl ol + by ([V

+ hip,m erbn] + hiﬂ ([Vem v”mef]/)n
= 2 }ljy',m Cﬁ + 2 /liﬁ,m Cp + }l!fsji Cp + /ZM' ([Vemvfmei]/)n

mi mj mm

v?m 61'] /) n

em

+ hin ([Vemvemej]/)n .
Lemma 8.8 gives that
<8°20) 2 hnj[(vem Vemez')/]n = h?y {llnm,if?‘n + km',mm - hiﬂl,ll m + (dlvf }Z)n,i - (lef }l)z',n} .

Using this and C?, = (div/h), + hyfro — é (Tr k), (by (8.8)) in (8.19) gives

mm

| , 1
(8.21) ) = 2y Cly A 2yl i, ((dwf/z),, + = (Tr/z),,)
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+ é P i & P — RS+ (divy B),,: — (divy A);., )
+ éhm'{}lnm,j o jm — Rjn S + (divy B, ; — (divy h)j,,,} .
For the drift term, we have
(8.22) (Vorhi) = (" fohijn) = —hunfobijn ~+ Fon i + 15 (B
Since /' = 0, Lemma 8.5 gives that (%;,) = —h,;Cl: — hy; C;']’-, so we get

(8.23) (V) = —hunfo hjon =+ ki B = fo (g i 4+ i C)

Combining, canceling terms and using that 4, ; — A, = 2C — h,; , gives the first claim.

To get the second claim, we plugin 4 = ug' and k£ = g

With these choices, divy 42 = 0 so the last term on the second line and the entire third line

U= % Tr / into the first claim.

drop out immediately. Using (8.8), V g' = 0, and the fact that g' is nonzero only on the
first factor N, while u depends only on R"7¢, the second claim follows. U

Corollary 8.10. — If ' =0 at t = 0, then we have at t = 0 that
(8'24) _[glm hj/c,m']/ = h/m hj/c,ni + hpm,m Cg + hj m Czl:n + m,p Czl:n + h])m,icﬁg‘
1
+ hy; ((a’ivf}z)p + i fn — 3 (Trh)p>
hypm
+ ? {hpm,ji + hpj,mi - hrry,pi}
) 1
+ {(dwf h)jl,i + hpm,iﬁrz + hjm m 5 ({Z;h)pi} kjp .
If, in addition, h = u gl where u depends only on R, then [gk” hj-k’m-]’ = —% (u; uj + wuy).

Proof. — Working at a point as before, we have [g" il = —h B i + hig 11’5 s0
we must compute [A ;] Since /' = 0, Lemma 8.5 gives that
(8‘25) _(ﬁjm,mi)/ = (V}l) (Cf]) €5 s em) + (Vh) (ej’ Cf:n € em) + (V}Z) (57, Cm> C{;n ep)
+ (V}Z) (Cﬁl] 6),17’ Cms ei) + h([veiveﬂl‘?j]/’ em)
+ (Vh) (67, Cﬁtm € ei) + h(ep [Veivemem]/) .
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. 1
Lemma 8.3 gives that (V,, V@.el-)’ =3 {hyj.in + Ppiju — hji yu} €y, sO We have

_ om

}l([veivemej]/’ em) - 9 {}lpmﬁ + }l[j,mi - hrry',pi} )

(8.26) 1
h(g. [V, V.,e]) = { (divy 1)pi & pmifow + g foni — 2 (Tr }l)pz‘} hp -

Using these and the formula for C? gives the first claim. If = ug', then most terms drop

mm

out immediately and the definition (8.8) for Cl/; gives

2 [ hitsi] = =2 Uipun + hinp)Cloy = 2 by Co: = iy

= —Lu;u; — Luuy. [

Proof of Proposition 8.1. — We will work at a point using coordinates where g; = §;
at = 0. Using that #' = 0 and differentiating Lemma 8.6 at t = 0 gives

(8.27) 2¢;(0) = [(Lh);] +2[RM] +[(Tr (b — 2£),]
= (& i " i) = ([Rici] e+ [Ric]] 1)
+ (i + i) Jo = i+ Pin) o fon + i+ i) K

We will compute each term next. The third claim in Proposition 8.2 gives at ¢ = 0 that

(8.28) 2[R(D)] =2 [Risug” ¢ ) = 2R}y, bty — 2 R iy by — 2R
= {Riyje hen — Ripue bj + i ji — i ji + i ni — hi e}
- 4‘ Rl/gnhk]) /lpn .

Since £ = ug' where u depends only on R""* and Ry, = 2(%1) (gyl-g,;Z - g},bg,:j), we have
2[R(h)] = {2uRy;, — g, uj}ugh, — 44 Ry g), = —i’ g — Luuy.
The second claim in Proposition 8.2 gives at ¢ = 0 that
(8.29) 2 (Ricf)' =2 (Ricyg”) =2 Ricy)' & — g, by,
1 o1
=—Ah+ hiﬂg/m +3

2 2
— Hessty + Vdivi4 (Vdivh) ' — g .

gi b — 2R (A)

Therefore, since &= ug', we get that

(8.30) 2 (Rict) by = —u(Auwyg' — u*g".
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Since [Tr (h)]' = [¢’ hil = —|A|* and ¥ = 0, Lemma 8.4 gives that

, 1
(8.31) (Hess(Tr (/z)—Qk)) = Hess_Wz — 5 (}l,gl + }lm'J‘ — }%n) (TI” (h) - Qk)n .
Since £ = ug' and k = gu, this becomes (Hess(ryy—2p) = Hess_jy2 = —€ Hess,2. The
first claim in Lemma 8.5 and the definition (8.8) of C;‘ give

S 1
(8.32) [finj] = 3 hiy Py + Tpnj — Hinp) — B Ry i+ i j = hig) -

Using that 4 = ug' gives [, A= —% hip by o = —% uu,f, gZ; We now use these calcula-
tions in (8.27), together with Corollary 8.9 for the [L£ /]" term and Corollary 8.10 for the

first terms in the middle line. This gives
(8.33) 2¢;(0) = —[21Vul* +uLu]g' — (¢ ¢' + Cuu;) — € Hess,
+ € (u; w; + wuy)
+ (uAu—l—uQ)gl —uufog' =—2|Vu|* g’
—28uuy; — Lu;uj. O

9. Second order stability of N x R*¢

In this Section ¥ = N’ x R"¢ and g' is an Einstein metric on N with Ric =
é g' and satisfying (*). Given a nearby metric g + 4 and potential f + £, let ug' be the
orthogonal projection of / onto K g' and write

A 14
9.1) h=ug1+/zandk=§u+1ﬂ.

Bars denote quantities relative to g; e.g., Ric is the Ricci tensor for g.

The main result of this Section shows that X has a local rigidity: If (4, £) is small,
then it can be bounded in terms of the failure ¢ to be a gradient shrinking soliton, with
two caveats. First, we need to bound div; to control the gauge. Second, even if =0, £
could be linear, corresponding to a translation along the axis of 2. To mod out for this,
we must bound the “center of mass” vector

9.2) Bi(h, k) = /xl— (k - %Tpg h) e’ = /<a 6(/f — %Trzlz)>e_f.

The next theorem uses a first order Taylor expansion to show that the Jacobi field ug'
dominates the error terms #, ¥ and then uses the second order expansion to estimate
[Jall 2.
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Theorem 9.1. — There exist C, § > 0 so that if ||h]|c2 + IVEllc <38, then for any € > 0

Vil + 19912000 < C {1012, + Ndioy Al + | B DI + lull,}
lullf < CLlulfs 4+ [|@ (14 12%) ||, )
+ Ce {1157 + [ BU, B + ity kil -
When @, div; & and B(#, k) vanish globally, we get:

Corollary 9.2. — There exists 8 > 0 so that if ¢ = 0, divy h =0, B(h, k) = 0 and || Al|c2 +
|VEllct <8, then h=0 and k = 0.

In a formal sense, the corollary says that (g, /) is “isolated” as a shrinker once we
mod out by the diffeomorphism group (to make div;4 = 0) and translations (to make
B = 0). If we had a similar statement for a compact shrinker, then one could carry this
out directly.

Proof of Corollary 9.2. — The second claim in Theorem 9.1 gives that ||u||i2 <

C ||u||iQ. Since ||ul|r2 < ||A]l12, u vanishes if ||A]|c2 is small. Once u = 0, then the first claim

in the theorem gives that h=0and @lﬂ_ = 0. It follows that Vk = 0. Combining this with
the normalizations S + |Vf|? =f and S + |Vf|*> = f, we conclude that £ = 0. 0]

9.1. Pomntwise Taylor expansion of ¢. — The estimates in this subsection Taylor ex-

pand near X and, as such, assume that %, £ and v are small at the point where we com-
pute.

Lem% 9.3.;771676 s a {mooth_map U so that Ric = Y (h, Vh, V). Furthermore,
Hessy, = Hessp + Hess;, — (Fg — Fg)en(f + k).

Progf: — The Christoffel symbols of g = g + £ are given by
1 _ _ _ -
<9'3) Fﬁ = § (g + }l)pm (ei(g + /Z)jm + 6;(% + h)mz - em(g + h)l]) .

Note that ¢y, = hy,; + f‘;}hnm + f;;nhp,l where £, ; 1s the covariant derivative of /4 (with

respect to g). Thus, I is a smooth function of 4 and V4. The curvature tensor R;/m ofg+h
is the sum of linear terms in the derivative of I' and quadratic terms in I', giving the first
claim. The last claim follows from Hess, (¢;, ¢)) = ¢;(¢;(v)) — F;l U,. ]

Define the one-parameter families of 2-tensors H(#) = Hess;_ (g + th) to be the
Hessian of f + ¢ k computed with respect to the metric g(£) = g + ¢ i; define ¢ (¢) similarly.
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Lemma 9.4. — There exists C so that

(9.4) [H(1) — H(0) — H'(0)| < C|VAI(|4] |Vf] + |VE]),

1 _ I
9-3) H(1) — H(0) — H'(0) — §H”(0) < CIA VAR VT + V).

Proof. — Let (F"‘)g be the Christoffel symbols for the metric g 4 £4. We will bound
the ¢ derivatives of I'* for ¢ € [0, 1]. Since the difference of Christo_ffel symbols is a tensor,
we can do this at a point using coordinates where ¢.(g,;) = 0 and I' = 0, so that

9.6) 2(I), = 1@+ D" (i) + i) — e (hy))
Differentiating this expression, we see that
9.7) 0,1 <C|Vhl, [07T!| <C|Al|Vh and |3 T'| < C|A|* |VA].

The last claim in Lemma 9.3 gives H;(#) — H;(0) = tHess; + (I' — I')(f, + ¢ k). Differ-
entiating gives that H; = Hess; + (I — F’)/;/- ky — (8;1"’)?(]_?, +tky),

/7 b b7
9.8) Hj = —2(a0") & — (97T").0h + thy)
" b b, 7
9.9) HY = =3 (87T} .k, — (9'T") . (f; + thy) .
Thus, we get |[H”| < C|VA|(|VE| + A IVf]) and [H”| < C 4| [VA(IVE + A IV]]). O

To keep notation short, set [4], = || + |VA| and [k, = |A] + |VA| + | V4]

Corollary 9.5. — We have |¢/(0) + 1 ¢”(0)] < |¢(1)| + C [4]3 + C |2 VA (k] IVf] +
|VE|).

Progf — Lemma 9.3 and the chain rule give |Ric(1) — Ric(0) — Ric'(0) —
éRiCN(O)l < C[4];. Combining this with the second bound in Lemma 9.4 gives the
claim. ]

The next proposition writes ¢”(0) as a term that is quadratic in « (and its deriva-
tives) and an error term that is higher order (4 and Vi will be shown to be smaller than

Proposition 9.6. — There exists C so that if h = ug' + hand k = % u-+ Y where u depends
only on R"™*, then

(9.10) 1297 (0) + 2| Vul* ¢! + 2 €y + Lu; ]
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< Clulo[hls + C TR + CIV/I (luli [, + (A7)
+CIVYI(1Val + V).
Proof. — We divide ¢ (¢) into two pieces, ¢y(t) = % (g + th) — Ricgy,; and the Hes-

sian part H(#). Similarly, let ¢,(¢) = ¢,.0(¢) — H,(¢) be the variation of ¢ in the direction
(ug', gu). Proposition 8.1 gives

(9.11) 2((]50;»(0)=—2|6u|2gl — 28wy — Luju;.
By Lemma 9.3 and the chain rule, ¢ (0) is quadratic in (%, VA, V24) and, thus,

9.12) |95(0) — ¢//,(0)] < Cluly [Aly + C 3.
On the other hand, (9.8) plus (9.7) imply that
[H"(0) — H/(0)| < C[Jul VA + 12(1Vul + VA ]IV
+ CIVYI(IVul + Vi) + C |Vl |V .

The proposition follows by combining this with (9.11) and (9.12). O

9.2. Integral estimates. — We turn now to integral estimates. Suppose that %, £ and
u are as in Theorem 9.1. Even though / and £ are small, u grows quadratically so the
Taylor expansion is not valid for x large. The next lemma gives an integral bound for
in terms of ¢ and “error terms” that are higher order.

Lemma 9.7. — We have |[ull?, < CI[{I¢ (D] + [A13 + [A1 + [V 21 + 1) [l +
Cllullf,

Progf — We can assume that ||£|;2 and ||u||;2 are fixed small; we will use this
freely below. Lemma 6.4 gives that [u]y < C (1 + |x|?) ||u||12, so  remains small as long

2 c
as [x]” = Tull, 2

that depends only on R".
Step 1: Setting it up. By (8.1), the first variation of ¢ in a direction (%, £) is given

C

and

. Let n > 0 be a cutoff function that is supported on the set |x|*> < TP
L

by
1 -

To simplify the equations, let £ denote the point-wise error function

9.14) & = [ulolhly + (A1} + |x| ([ul [A]) + [A1}) + 1V | (1Vul + | V).
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With this notation, Proposition 9.6 gives C so that on the support of n
(9.15) 126" (0) +2|Vul’ g + 2 uu; + Cu;u| <CE.
By Lemma 6.4, v = |Vu> — A [Vul* € K, [v| < C(1 + [x]*) lull?, and |Vv| < C(1 +
|x]) ||u||i2; we will use these freely below.
Note that nvg' is point-wise orthogonal to uu; and ;u;. Since div; (nvg') =0,

it is L*-orthogonal to Hess (1, (y_ and div; div; o. Thus, taking the L inner product of
7 T S
¢'(0) + %qﬁ”(O) with nvg! and using (9.13) and (9.15) gives

1 R . r
(9.16) ‘/<¢’(O)+§¢”(O),nvgl>e f+§/n|Vu|2ve 4

gc/5|u|e—f
1

-+§‘/XL¢nugwe4

Since L is symmetric, L(vg') =0 and LA = Liz, we see that

9.17) ‘/(Lh,nvgl)e_j‘ = V(/E,L(nvgl))e—f‘

= ‘/(h (Lpv+2(Vn, Vv))g'e”

scwﬁa/macmm+mm
+|Vn| (1 + le)) e

Using this in (9.16), we see that

2
< Cllully,

Y’ _ -
(9.18) 3 ‘/ n|Vul*>ve™

/

+Clull?, / E(1+1x%) e

1 . -
§ O+ 50" 1 (1+ 1))

+cwﬁ5/mmﬁm0+mﬂ

F 1Vl (1 +1x))) e .
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Step 2: An upper bound for ||u||i2. We will show first that there is a constant
¢1 > 0 so that

- o 3 1 . _ 2
(9.19) fnv|vu|2e fz§ /vz—cl llullf /|V77|(1—|—|x|)e 7

Set a = A|Vul? (this is constant since u i1s quadratic) and note that |a| < ¢ ||u||i2 by
Lemma 6.4. Using that |Vu|? = v + @, we have that

- . : - _ _‘
(9.20) /nleulQef=/nv2€f+a/nvef2§/UQef—Fa/nvef,

where the inequality used the concentration inequality from Lemma 2.10. Using the
bound for g, the equation £ v = —v, and integration by parts, we see that

a'/nve_«’; f(@n,?v)e_f

where the last inequality used that IVu| < ¢ (1 + |x]) ||u||i2 by Lemma 6.4. This gives
the claim (9.19). The last claim in Lemma 6.4 gives that ||v||IQJ2 > 3 ||u||i2 for ¢5 > 0.
Combining this with (9.19) gives that

9.21)

2
< ¢ ull:

<& llull; f|§n|(1+|x|)e_f.

_ 7 s _ 7
022 [yuareT = Sat — ol 9010+ e
As long as ||u||;2 1s sufficiently small, we can cut off n far enough out to arrange that

k]

(9.23) %3—01 /|6n|(1+|x|)e—fz

N

so we conclude that
— 7 C A
(9.24) /nv Ve > 23 lull?, .

Step 3: Completing the argument. Combining (9.18), (9.24) and Corol-
lary 9.5 gives
(9.25) lullfy < Cllall?s ||| 1] + [413 + (21 (1] 121 + VA (1 + 121%)]|,

+ Cllull, | € (L4 151%) | + Cllully 121 (1L 71 (1 + [x1%)

+ Vol (1+1x0)) | -

Dividing through by [[«|},, using that |[Vk| < |Vy/| 4 £|Vul, and dividing up the term

1.2»
on the first line gives

lull;. < C ||| + A + LTIV (1 + [x7) || + C|LAD 16
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+C A 1Vl (1+ 12%) |,
+C|E L+ 1), + A (LAl (L+ 1xl%)
+ 1Vl (1 + |x]))

I

To complete the proof, we will explain why each of the five terms on the right is bounded
by C||{l¢(1)|+ [h]g + [iz]g + |§1ﬁ|2}(1 + ) +C ||u||i2. This is clear for the first term
(use a Cauchy inequality on the |V term). The second term has a |x|? in it (and we
want at most |x|?), but we use the gaussian weighted Poincaré inequality (Lemma 2.10)
to reduce the power of |x| at the cost of an additional derivative to get it in the right
form. The third term follows by using an absorbing inequality (and Lemma 6.4). The
fourth term follows in the same way.” For the last term, we use a Cauchy inequality to get
an || |iz|2 |l term (which is of the first form) plus a weighted integral where the integrand
1

vanishes where 7 is constant. Since the support of V1 is on the scale of [|u|| | ,*, this integral
is bounded by a constant time ||u||i2 (in fact, we could have taken any power here since
exponentials dominate polynomials). This completes the proof. UJ

We will use the following Poincaré inequality:

Lemma 9.8. — There exists C so if V.€ W2 is a vector field on ', then |V(1 +
=7 = n—t 7
IV/DI: < CIVVIe +C 30 | [(8,, V) e

=1

Proof — Let'T =) 4;9,, be the constant R~ vector field with f (0, V=T) e/ =
0. Using Lemma 6.2 to control the projection to N and the Poincaré inequality on N x
R"* to control the Euclidean part of V, we get that |V — T2 < C ||VV]|;2. Combining
this with Lemma 2.10 gives the claim. U

Lemma 9.9. — Given m, € € (0, 1/2) and p, ¢ > 0, there exists ¢ = c(m, p, q, €) so that if
2
1 is any function on R™ with || < 1+ |x|7, then [ n* |x|’ ot <c¢ ||U||i;€-

Progf. — Yor € € (0, 1/2), we have n° < 1 + |x|? and, thus the Holder inequality
gives

(14 1x]7) |l

[ bty = = (U ) 1 = ]2

2 2
1.2—€ Le

9—
= Cm,]),q,e ||77||1‘2€ . |:|

Proof of Theorem 9.1. — By Lemma 9.3 and the chain rule, |Ric(l) — Ric(0) —
Ric'(0)| < C [4];. Combining this with the first bound in Lemma 9.4, we get

(9.26) (1) — ¢ (0) — ¢'(0)| < C([A13 + VAl A |Vf| + | VA |VE]) .

9 Many of the terms in £ are already of the right form; the term with an extra |x| is dealt with as above.
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Using that ¢ (0) = 0 and ¢'(0) is given by (8.1), we get that

1 -
(9.27) ‘EL}H_ Hess,,

<[ ()| + [div} divy 4]
+ G([A1; + VAL AV + VA | VE])

where w = %Tr}z — k. Subtract a linear function from w to get w with [ wed =

[xw e’ =0. Obviously, Hess,, = Hess;;. Self-adjointness of L. and Corollary 2.7 give

(9.28) / (LA, Hess,) eV = / (h, LHess;) e/ = / (h, Hesszina) e
=- /(div]/z, V(L+ D w)e”
- / divy (divy h) (L + D we™
Putting the last two equations together, we get that
1 2 TToace 112
(9.29) 1 ILAlT, + [ Hessy I}
2 = . < - . .
< 2D + 219 divy s+ £+ 1) i vy ]
+c/([h]g VR RPN+ VR VR e

The second term on the last line is bounded by the first by Lemma 2.10, while the third
term is bounded the first and |VA|* |[Vw|?. Lemma 9.8 gives

(9.30) [W[lwa,2 < C [Hessyllr2 and [[Vwllwie < C (I Hessy [z + | Bk, )]) -

We use (9.30) and the absorbing inequality to bound the |[(£ + 1) w]|12 [|divy (divy 72) ||
term by a small constant times ||Hess,, ||i2 plus a multiple of ||div; /z||‘2\,1,2. Thus, we get

LA, + Vw3, < C{le M), + Idivi Al + B, 0]}

+C [ (0 192 Tl e

As long as sup |§h|_§ 8o for some §y > 0 small enough (depending on ), (9.30) allows us
to absorb the sup |VA|? f [Vw|?e™ term on the left to get

( = 2 .
9.31) LA, + [Vwld. < CJ @D, + C lidivi Al
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2 4 —F
+ C|B(h, k)| +C/[h]2€ /.

Since N satisfies (x), Theorem 6.3 gives C so that

2

9.32) 1Al = | — ug | yyon < CILAIZ, + C lldivy A%, .

Combining this with (9.31) and using that ¢ = % Trh—w gives

(9.33) 171120 + 1V W 3 < C lidivy 3. + C o],
+C B b +C /[/z]Qe—f.

We still need to get better bounds on the [h]g term. Lemma 6.4 gives a constant G, so
that
(9.34) [ulo < C, llully2 (14 1x1%) < Gy Al (14 [217) .

The triangle inequality [4], < [21]2 + [ug'ls, the absorbing inequality, and (9.34) give
f [l e™ < C || [Als [ula )}, + C || [A1s [ho)

1 7 N e
=3 f[h]; ¢ + Cllull> + C (suplal) 1Al -

As long as [4], 1s small, we can use this in (9.33) and absorb the last term on the right to
replace f [/z]g e with || u||;‘12. This completes the proof of the first claim.
We turn now to the second claim. For this, we will use an elementary inequality

using that [4], < 1 and [A], < [A], + [ul,
(9.35) (213 < 2[R (11} + [ul3) < 2 (A1 + 200ls [wl? + [ul}
< 3[R} + [l + [ul}.
Using this in Lemma 9.7 gives
lullf. < ClloD) (1+ 1),
+ C [ 1ads + [} + 123+ 199 1P} (1 + 161%)

Lemma 6.4 gives that || ([u]; + [u]g) A+ xH <C (||u||iQ + ||u||i2). From this, the first
claim and Lemma 9.9, we get C and C,

4
|+ Cllullf -

9.36) lull, < C (lall? + llullt.) +Ce { Jo (D]
+ | B, B[ Idivy A% ) 0
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10. The action of the diffeomorphism group

The main result of this Section is the following “improvement” estimate, proving
that a shrinker which is close to a model on some large scale is even closer on smaller
scales:

Theorem 10.1. — Guven 6 < 1, there exists Ry so that if (Tr) and R > R, then (xgr)
holds.

Theorem 10.1 is the last ingredient needed to prove the strong rigidity Theo-
rem 1.1. Before doing so, we will state a more general result (note that S§¢ satisfies (%)
in Section 6):

Theorem 10.2. — Let N* satisfy (x) in Section 6 and let & =N x R"™ be a shrinker with
polential [z = % + g There exists an R = R(n) such that if (M", g, f) s another shrinker and
{/= <R}N X isclose to {f < R} C M in the smooth topology and f5 and f are close on this set, then
M, g, f) s identical to 2 after a diffeomorphism.

Proof of Theorems 1.1, 10.2. — Repeatedly applying Theorems 7.1 and 10.1 gives
maps W, satisfying (fg,) with R; — 0o0. The maps are uniformly Lipschitz on compact
subsets since the Wy ’s are almost isometries and, since f and f are proper, the Arzela-
Ascoli theorem gives a uniformly convergent subsequence and a limiting proper map W.
As R; — o0, the Lipschitz constants go to one and we conclude that W preserves both
the metric and the potential. 0J

The challenge for proving Theorem 10.1 is that Theorem 9.1 requires bounds
on div; 4 and B(k, k) that are stronger than what comes out of (fg). This is a gauge
problem: these quantities are only small in the right coordinates, and this is true even if
the shrinker is isometric to the model X. We will use P to find the right coordinates in
Proposition 10.3.

10.1. The gauge problem. — Given a vector field V with compact support, define a
diffeomorphism ® (x) = ®y(x) by

(10.1) D) =y(x V),

where y (x, {) = exp, ¢ is the exponential map for x € M and ¢ € T,M."" This is well-
defined as long as |V| < 8, where §; > 0 depends on the closed manifold N. We will often
use y = py as coordinates for ® (x). We assume that 4, £ satisfy on b < R

(10.2) Al + |Kllgre < e R,

where gy > 0 is given by Theorem 7.1.

10 The corresponding map on Euclidean space is just x — x + V().
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The map @ gives a new metric ®F,(g + £) and, thus, a new “metric perturbation”
h and “measure perturbation” &

(10.3) h=® (g+h —gandk=(f+kHod—f.
Define a mapping J = J(#, V) by

1 -
(10.4) Jv =3 divy(h+2diviV),

where we added 2 diVJZfV to cancel the linearization in V at 4= 0. We will also need to
track the “center of mass” B(V) = B(h, k, V) € R"~* given by

(10.5) Bi(V) = / x; (/2 - %Triz) e

The next proposition constructs a vector field V giving a diffeomorphism that
makes divy 4 and B small relative to the scale that we are working on.

Proposition 10.3. — There exists Ry > 0 so that if R > Ry and h, k have support in b < R
and satisfy (10.2), then there exists N with support in b < R so that | V]|cse < e 19R" | B(V)| <

®R-1?
2¢ 7 and so that:

1

° divfiz vanishes unless b € [R — 1, R] and satusfies || divy Bl cse < e 2 RY
o handk are supported in b < R and satisfy Al e + &l gre < Bk,

IfJ(V) =PV, then diVj_r}_Z = 0, so we would like to solve the nonlinear equations
(10.6) JV)=PVand B(V)=0.

We could do this if M was closed. To deal with the non-compactness, we will instead
solve this up to error terms from a cutoff function . We will reformulate this version of
(10.6) as finding a fixed point for a nonlinear mapping (¢ in (10.25)) that we will show is
a type of contraction mapping. There will be a two additional subtleties. The first is that
‘P has a kernel, so we have to work orthogonally to this. The second issue is that ¢ will be
contracting only in a weak sense explained below.

The starting point is to understand how % and & depend on 4, k and V.

Lemma 10.4. — We have that
<10‘7) %l](x) = (é._]mn ()/) Vim an - él/) + /Zmn(y) )/Z-m ){]_n + émn ()}) ()/j-n V,;Z V{) + yz'm ynnq V/q)
+ [g’ yTI’ VT)’ VV’ VV] + UZ’ yna )/m VV’ VV] + [}l’ an )/77’ VV] ’

where the terms involving h are evaluated at y and the terms on the last row are multi-linear combinations
of the listed quantities.
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Proof. — The chain rule gives that the differential of the map y is
(10.8) 2=y (x V@) +v, (£ V@) V',

where terms are evaluated at x unless specified otherwise. Thus, we see that

(10.9) D @+n]; =@+t
=@+ 0w (v + v V) (v + v V),
where y’s are always evaluated at (x, V(x)). Expanding this out gives the claim. ]

The next proposition shows that J is bounded from C>* to C** and is Lipschitz
from C** to C*%. This loss of a derivative in the Lipschitz property will result in ¢ (de-
fined in (10.25))) only being contracting on C**, which complicates the fixed point argu-
ment.

Proposition 10.5. — If V,W € C>* have |V co, [Wllco < 80, IVIIcs, [Wlles < 1,
and vanish on b > R, then

(10.10) )| s < CR Al + CR{IVIG . + s [VIlese}
(10.11) POV =JW) o < CR (Ihllcte + [ Viigte + IV = Wilcie)
X [V = W|ghe .

Proof. — The proof'is elementary, but involved. For simplicity, we will explain it in
the case where y (x, {) = x 4 ¢; the general case follows similarly with additional terms
from the differential of the exponential map and its derivatives. In this case, we have

(10.12) by = hi + V. + Vi+ [VV,h] + [VV, VV] + [VV, VV, ],

where the / terms on the right are evaluated at y = yy = x + V(x) and [V'V, /] denotes a
term that is linear in both VV and 4, etc. Using this, we get that

(10.13) JOV) = (divh) — by f + [VV, 2] +[VV, VA + [VV, h, V[]
+[VV,VV, Vi + [V*V,VV, k]
+[VV,VV,VV, Vi +[VV,VV,h Vf]
+[V*V,VV] +[VV,VV, V/].

The terms on the right appear in three groups. The blue terms are linear in /4 and have

no VV’s; the red terms are bilinear in / (or V) and VV (or V2V); the black terms are at
least quadratic in VV (or V2V) (the color version of the article is given online).
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Proving (10.10). The first blue term is bounded in C° by ||d_iv}z||co, while the
second one 1s bounded by R ||Z||co (the R comes from a bound for V/ on s < R). The
three red terms are bounded in C” by [|Vllc2 l2llco, [Vlier 4l and Rflzflco [Viier,
respectively. The black terms are all at least quadratic in V and depend on at most one
derivative of £ and two derivatives of V. Differentiating and arguing similarly gives the
C*“ bound for J.

Proving (10.11). Using the fundamental theorem of calculus, the difference in
the first blue terms for J(V) and J(W) is bounded by'!

(10.14) |(div) (v) — (divA) Ow) | < IVdivalleo v —owl = [ Vdiva]lco [V — W]
= Cliallc2 IV =Wlleo.

The second blue term is similar, but has a factor of R because of the V/ term. The three

red terms and the black terms on the second line all follow similarly using the triangle

inequality, with each also giving a bound with a factor of 4 in it. The two black terms on

the last line are slightly different since there is no 4 appearing. To handle the first term
on the last line, we use the triangle inequality to get

(10.15) [V?V, VV] = [V'W, VW]| < |[V*V, VV] = [V?V, VW]
+|[V3V, VW] = [V?*W, VW]|
<IVllez IV =Wllct + Wl IV = Wlle2
<Vl IV =Wllez + IV = WIig,. .

The other term is similar, but with an extra R factor. The C*“ estimates follow similarly.

O

We turn next to B. It is useful to let (V, W)z = f (V, W) e be the weighted 1.2
inner product for vector fields. The lemma shows that B is bounded and Lipschitz.

Lemma 10.6. — The map B satisfies
(10.16) |B'(V) = B'(0) — (8;, V)i2| < CR(llAllcr + Ikl + IVIIe) I VIer s
(10.17) |B'(V) = B (W) — (0;, (V=W)),,|
<CR(|IAllcr + l&llcr + IVIc) IV = Wl
+CRV =W, .

' We need one more derivative on / than in (10.10); this is why we use the C** norm of the difference.
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Proof. — As in the proof of Proposition 10.5, we will suppress the error terms in-
volving the differential of the exponential map, so that

(10.18) hj = hi+ Vi+ Vi+ [VV, 2]+ [VV, VV]+ [VV, VV, ],
(10.19) k=f0O) —f+k,

where / and £ are evaluated at y = yy = x + V(x). To simplify notation, set w =k — % Trh

and W =k — % Tr 4. In particular, we see that

b —w=(w() —w) + (f() —f) —divV
+[VV, K+ [VV, VV]+[VV, VV, A].

Since div; (x; V) = (9;, V) + x;divV — x; (V, V/), integration by parts gives that

(10.20) — / X div(Vye™ = (8, V)2 — / x(V, Vi)ye™ .
Thus, we see that

B'(V) — B'(0) — (3;, V)p2

= /x,- (F(x+ V) —F — (V,Vf)) e/

+ / % (w() —w)e™
+ / % IVV, B+ [VV, VV] 4+ [VV, YV, Al} e .

Since the hessian of f is bounded, the blue term is bounded by CR ||V||é0. The red
term 1s bounded by R [|w{|ci [[V|[co < CR (|4]lct 4+ |&llct) ||V co- Finally, the three black
terms are bounded R ||V]|at [|A]|co, R ||V||é, and R ||V||é1 |2l co, respectively. This gives
(10.16).

We turn next to (10.17). The red term contributes R (||A||c + [[£]lc) |V — W||co.
To bound the first black term, observe that

(10.21) [VV., h0v)] = [VW, hOw) ]|

[VV. )] = [VV. kOW) ]| + |[VV. how) | = [VW. Ow) ||
< ClIVIer e IV = Willeo + Cliklleo [V = Wiler -

=

The other black terms and the blue term are similar. ]
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We will construct V iteratively, using a type of contraction mapping argument. The
sequence of vector fields will stay bounded in C>*, but will converge in C**. The next
lemma will be used for boundedness.

Lemma 10.7. — Given C, there exists €y > 0 so that if € < €y and ¢; > 0 is a sequence with
0 <2Ce€ and ¢;y1 <C(e —i—cl-2 +€c;), then

(10.22) ¢ <2Ce foreveryt.

Progf. — We will prove this inductively. It is true for ¢ = 0 by assumption. Suppose
it is true now for ;. We get that

(10.23) 11 <C(e+c+eq) <Ce+C{Q2Ce)* +e(2Ce)}
=Ce+Ce{4C’e +2Ce}.

To ensure that this is at most 2 C €, we need that

(10.24) 4C%e+2Ce<1.

This holds for €, > 0 sufficiently small and the lemma follows. O

Proof of Proposition 10.3. — Define the constant @ > 0 to be the weighted volume
o = [e7. Fix a smooth cutoff function 7 that depends only on R"™*, has support in
b < R, 1s identically one on b < R — 1, and has |[n||¢s« < C where C is independent of

R. Given a vector field with support in b < R, define a new vector field ¢ (V) supported
in b <R by

(10.25) t(V) =1 (P‘I(J(V)) - é Y (B (3, (V),,) 81-) :

1

Note that the compact support of V and the definition of J (it has a div; in it) ensure that
J(V) is in K+ and, thus, P~'(J(V)) is defined by Proposition 5.8. Using the Leibniz rule
for Holder norms and the triangle inequality, we see that

(10.26) (148%)

S, -
CR

e C Y |BV) = (3, V2| + C| P (JW)) |

Using the first claim in Lemma 10.6 on the first term and Proposition 5.8 and the first
claim in Proposition 10.5 on the second term gives that

(10.27) IV

e < CR(IIAllo + [IFllco)

+CR (Iellcr + &l + Vi) VI
+ CR™! (1l cre + {IVIgse + Iallge VIicoa}) -
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We will need a Lipshitz property for ¢. Using again the Leibniz rule for Holder norms
and the triangle inequality, we get that

|6 (V) = ¢W) || <C D IBI(V) = BI(W) = (3, V — Wiz

+C P IO —JW) | e

Using the second claim in Lemma 10.6 on the first term and Proposition 5.8 and the
second claim in Proposition 10.5 on the second term gives that

(10.28) lcV) = W) | .
< CR(IAller + &l + 1VIe) IV =Wla +CRIV = WIE,
+ R (Al gre + I VIigte + 1V = Wilgte) [V = Wilge .
Define a sequence of vector fields by setting Vy = 0 and
(10.29) Vi =¢(V)).

Set ¢; = ||Villese and d; = ||V, — V,_i||¢te. The estimate (10.27) allows us to apply
Lemma 10.7 to get that

(10.30) ¢ < CR™ ||| cte + CR[|E]|cr -

Using this in (10.28), we see that the d;’s decay geometrically and, thus, are summable.
This gives that the sequence V; converges in C** to a limiting vector field V € C*¢. Tt
follows from this and the continuity of ¢ that (V) =V since

(10.31) l6(V) = V] piw < [6V) = 2OV

+ 2V = Vi e + IV = Viigte -

Cha

Since the sequence is uniformly bounded in C>%, the limit V satisfies the same C>*
bound. This gives the first claim.

We will use that (V) =V to show that V has the required bounds on div; and B.
Taking the inner product of V with 9; gives

(10.32) (V.02 = (¢ (V). 8;), = (0P~ (J(V)). i),
BZ(V) - (aiv \]>L2 f —]_"
— ne” .

w

To bound the first term on the right, use that 9; € K and P~! maps into K to get

(1P~ V), 8),.| = (1 = P (V). 8.,



SINGULARITIES OF RICCI FLOW AND DIFFEOMORPHISMS 147

where the last inequality used the second claim in Proposition 5.8. Using this and the fact
that [ne™ is exponentally close to @, we see that

R-1)?

(10.33) IB(V)| <2e¢ 7

This gives the second claim.

For the last claim, we consider three different regions depending on . When b > R,
then n=0and 2=0, so divjziz = 0. When 4 < R — 1, then n = 1, so that applying P to
V =1¢(V) gives that

1034 PV=)(V)= ;v + PV,

so we see again that div]-it = 0 here. Finally, we turn to the intermediate region where
R; < b < R. On this region, we simply use the C>* bound on V and the first claim in
Proposition 10.5 to get that

10.35) PV, se i

Since J(V) = % diV](/_z) + PV, combining this with the bound on ||V||¢s.« again gives that
(10.36) Idivy Allgse < e 2R

Finally, the bounds on % and  follow from the initial bounds on 4 and  together with the

bounds on the vector field V (notice that we need one more derivative on V because the
pull-back depends on its differential). UJ

10.2. The improvement.

Proof of Theorem 10.1. — Fix a smooth cutoff function  with support in b<Rand
thatis one on b <R — 1. Set hy = (W5 g — g) and ky = n(f o Wr —f), so that

(10.37) ol e + 1o 20 < Ce™ @R
and |/o|ce + |kolce < Cy RE. Proposition 10.3 gives a diffeomorphism ® so that |B(V)| <
R-1)?
e+ an

° divj;i_z vanishes unless 4 € [R — 1, R] and satisfies ”diVj_rl_lnci%,a < e~z R

e hand k are supported in 4 < R and satisfy Al e + ||E|l it < e 2R,
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Let ug' be the orthogonal projection of z onto K g' and write 7 = ug' +hand k = Sut.
Given € > 0, Theorem 9.1 gives constants C and C so that

A — E 2 . -
102 + 1V Y 120 < C S5 + divi 7l + 1B + llullts )

s < C{llull? + oD (1 +120%) ], )
+C Ao |12+ 1B + IIdivy %5 ) -

Since projection cannot increase the norm, we have |lug'||r2 < ||/_2||i2 and, thus, we can
absorb the ||u||iz term in the second equation into the left-hand side. Using the bounds

from Proposition 10.3, we see that the remaining terms on the right-hand side are all of
(R-1)2
7 (7¢/2) 50 we see that

the order e~

(10.38) )2, < Ce "7 0o/

. .. . ~ = . R-2)?2
Using this in the first equation, we see that ”}ZH\QW»? and |V ||€N,1.2 are of the ordere™ 1

To see that £ itself, and not just Vk, is small, we use the previous bounds and the nor-
malizations S + |V/|? = f and S + |Vf|> = f. Finally, choosing € > 0 small, this gives
the desired W bounds on the scale 6 R (where we also guaranteed that introducing the
cutoff has not changed the metric), completing the proof. UJ

We will next use the strong rigidity of Theorem 1.1 to prove that if one tangent
flow is a cylinder, then every tangent flow is. To make this precise, let g(¢)) a Ricci flow
on M x [T, 0) that has a singularity at £ = 0 where the conclusions of theorem 1.4 in
[MM] hold; this includes closed manifolds with type-I singularities.

Theorem 10.8. — If M, g s a Ricci flow as above and one tangent flow at a point is a cylinder,
then every tangent flow at that point is a cylinder (with the same £).

Progof: — As in [MM], by solving the conjugate heat equation, continuously rescal-
ing and reparameterizing the Ricci flow gives a solution (M, g(¢), f(¢)) of the rescaled
Ricci flow equation where a sequence of times converges to a cylinder 2. The curvature
bound assumed in [MM] (see (1.2) there) and the Shi estimates, [S], bound all derivatives
of the flow.

We will argue by contradiction. Suppose instead that 4, & are sequences going to
infinity with §f < # <441 <, ... and so that

(1) (M, g(#),f (%)) converges to X.
2) (M, g(z}f), ¥i (z;f )) converges to a different shrinker.

Theorem 10.2 gives an R so that if (fg) (relative to X) holds for a shrinker, then the
shrinker agrees identically with ¥ (up to a diffeomorphism).
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By (1), we have that (fog) holds for every # sufficiently large. On the other hand,
(2) implies that (Tor) must fail for ¢ sufficiently large. Since ¢ and f vary continuously in
t, there must be a first 5; € (4, &) where (Tor) fails. In particular, using also that we have
uniform higher derivative bounds, we see that (Tg) holds at 5;. Theorem 1.4 in [MM] gives
that a subsequence of the s;’s gives a limiting shrinker (M, g, /), where the convergence
1s smooth on compact subsets. On the one hand, this limit must be different from X
since (for) fails at every s;. On the other hand, (fr) holds for the limiting shrinker, so
Theorem 1.1 implies that it agrees with X giving the desired contradiction. O
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