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ABSTRACT

Let K be a finite extension of Q,, and p be an n-dimensional (non-critical generic) crystabelline representation of
the absolute Galois group of K of regular Hodge-Tate weights. We associate to p an explicit locally Q,-analytic representa-
tion 77, (p) of GL,(K), which encodes some p-adic Hodge parameters of p. When K = Q,, it encodes the full information
hence reciprocally determines p. When p is associated to p-adic automorphic representations, we show under mild hy-
potheses that 7T, (p) is a subrepresentation of the GL, (K)-representation globally associated to p.
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1. Introduction

The locally analytic p-adic Langlands program for GL,(Q,) aims at building a cor-
respondence between n-dimensional p-adic continuous representations of the abosulte
Galois group Galg, of Q, and certain locally analytic representations of GL,(Q,). In
particular, it is expected to match the parameters on both sides via the conjectural corre-
spondence.

On the Galois side, the p-adic Galg,-representations are central objects in the
p-adic Hodge theory, and are classified by Fontaine’s theory. Among these representa-
tions, the de Rham ones are particularly important, as they include those arising from
geometry ([39]). The p-adic Langlands program for de Rham representations is ex-
pected to be compatible with the classical local Langlands correspondence (e.g. see [19]).
More precisely, by Fontaine’s theory, for a de Rham representation p over a p-adic field
E, one can associate an n-dimensional Weil-Deligne representation r, which further-
more corresponds, via the classical local Langlands correspondence, to an irreducible
smooth representation 7, (r) of GL,(Q,) over E. If p has regular Hodge-Tate weights
h=(%,...,h,), then the locally algebraic representation

nalg(r’ h) = nsm(r) b5 L(h - 9)
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is expected to be the locally algebraic subrepresentation of the conjectural locally analytic
representation 7°(p) associated to p, where 8 = (0, —1,..., 1 —n) and L(h — ) is the
algebraic representation of GL,(Q,) of highest weight h — 6. One can clearly recover r
(up to F-semi-simplification) and h from the representation of 7, (r, h). However, pass-
ing from p to (r, h), one loses the information of Hodge filtration of p. A fundamental
question in the p-adic Langlands program is to find the missing information on Hodge
filtration on the automorphic side, say, in the conjectural locally analytic representation
7°(p). After the pioneer work of Breuil ([9, 11]), the question was settled for GL, (Q,) by
Colmez, establishing the p-adic Langlands correspondence ([28]). It remains quite myste-
rious for general GL,(Q,). In this paper, we address the question for (non-critical generic)
crystabelline Galg,-representations p, those that become crystalline when restricted to
the absolute Galois group of a certain abelian extension of Q,,.

For simplicity, we assume in the introduction that p itself is crystalline. Then by
Fontaine’s theory, p is equivalent to the associated filtered ¢-module D (p). We assume
the g-action is generic (and we simply call such p generic), which means the g-eigenvalues
o = (a;) on D (p) are distinct, and Olz-O(j_l # p for ¢ # . In this case, r = @_, unr(w;)
and we denote r by . The classical local Langlands correspondence in this case is simply
given by

T () = (Ind(B},ngf) unr(g)n)oo

where unr(a) = unr(o)) X - - -unr(e,), n = 1 X |- |' XK. -|- |~ are unramified characters
of T(Q,), and B~ is the Borel subgroup of lower triangular matrices. Let Fil}; denote the
Hodge filtration, which is a complete flag in D;(p) as his regular. Let ¢; € D;(p) be an
eigenvector for o;. Under the basis {¢;}, Filf; is parametrized by an element in T\ GL, /B,
which we call the p-adic Hodge parameter of p. Recall that p is called non-critical if Filj; is in
a relative general position with respect to all the n! ¢-stable (complete) flags. When n = 2,
T\ GL, /B is a finite set of cardinality 3. So there are at most 3 isomorphism classes' of p,
distinguished by the relative position of Filf; with the two ¢-stable flags. The information
is reflected by the extra socle phenomenon on the GLy(Q,)-side. In this context, Breuil
formulated a conjecture concerning the locally analytic socle of GL,, which characterizes
the relative positions of Filf; with the ¢-stable flags. The conjecture was subsequently
proved (under Taylor-Wiles hypotheses) by Breuil-Hellmann-Schraen ([22]). However, a
significant difference between the cases =2 and n > 3 lies in the extra parameters for
non-critical p (with fixed (¢, h)): when n = 2, the non-critical p is unique, whereas for
n > 3, there are additional (new) parameters for non-critical p (as T\ GL, /B is now an
infinite set). We refer to Example 2.9 for a concrete example of n = 3.

! The étaleness of p will imply that some of these classes may not occur. In most general cases, there is typically a
unique isomorphism class. But note if we relax the étaleness condition, and consider crystalline (¢, I')-modules instead of
p, all these classes can appear.
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In the paper, we reveal these p-adic Hodge parameters on the GL,(Q,)-side. It
turns out it is convenient to work with (¢, I')-modules over the Robba ring instead of Ga-
lois representations. Denote by ®T',.(«r, h) the set of isomorphism classes of non-critical
crystalline (¢, I')-modules overlying o of regular Hodge-Tate weights h. Under the basis
of p-eigenvectors {¢;} in the precedent paragraph (noting that D;(D) = @"_,Ee;, as ¢-
module, for all D € ®T'",.(«, h)), the set I',.(«, h) can be identified with a Zariski open
subset of T\ GL, /B. For each D € ®I',.(«, h), we associate an explicit locally analytic
GL,(Q,)-representation 71 (D) (see Theorem 1.3 below for the construction). We have:

Theorem 1.1. — (1) (Local correspondence) For D € ®T', (a, h), soccr,q,) 71 (D

Tag(et, b), and 7, (D) — my,(c, A iVl Moreover, for D' € ®T,(a, h), 7, (D
m (D) if and only if D' = D.

(2) (Local-global compatibility) Suppose p is automorphic for the setting of [23] (or the setting
in Section 4.2.2), and let T(p) be the unitary Banach representation of GL,(Q,) (globally) associated
to p. Assume Do (p) € ®T (e, h). Then for D € ®T', (e, h),

e 1R

)
)

m (D) = 7T ()™ if and only if D = Di(p).

In particular, T(p)™ determines p.*

The quotient 7, (c, h)ea(Q"_w_l) of (D) appears in the “third” layer in its socle
filtration. Let 7,,,;, (D) be the minimal subrepresentation of 7r; (D) such that the composi-
tion i, (D) < (D) — m,(a, h)®@'- 7D s surjective. The representation m,,;, (D)
has a much cleaner structure. For example, its socle filtration has only three grades (see
Section 3.2). Note that one can replace everywhere 77, (D) in the statements by 77, (D).
The extra locally algebraic constituents in the cosocle of 7 (D) were unexpected, not to
mention their huge multiplicity. It is one of the reasons why it took a long time to find the
Hodge parameters. In fact, the work grows out from the finding of such extra constituents

n(n:

while excluding such constituents for GLy in [34]. We remark that the existence of the
extra locally algebraic constituent was first proved by Hellmann-Hernandez-Schraen in
the split case for GL3(Q,) ([42]).

For a finite extension K of Q,, we also construct a locally Q,-analytic rep-

resentation (D) of GL,(K) such that socgr, k) mi(D) = my(e,h) and m;(D) —
Taig (@, R)®Z =" DRI The Jocal-global compatibility result still holds. But a major

difference is that when K # Q,, 71 (D) just determines the filtered ¢/ -module D (D),
(where f 1s the unramified degree of K over Q,) for each embedding o : K — E
rather than D itself. For example, when n = 2, (D) are all isomorphic (for different
D € ®I',.(«, h)) but there are still extra parameters, see for example [10, Section 3] [34,
Conj. 1.7].

We make a few additional remarks on Theorem 1.1.

2 Note that the information that D,ig(p) is non-critical is determined by 7(p)™ by [12, Thm. 9.3].
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Remark 1.2. — (1) Very little was known about such a local correspondence when
n > 3. We highlight some related results. When n = 3, in [14], we showed how to recover
the Hodge parameters in the semi-stable non-crystalline case (given by the Fontaine-
Mazur L-invariants) in the locally analytic GLs(Q),)-representations and proved a local-
global compatibility result in the ordinary case. When the Weil-Deligne representation r
associated to p is indecomposable, the (largely open) conjecture on Ext' in [13] (see also
[15]) suggests a way to recover the p-adic Hodge parameters on the automorphic side.
In contrast, the (non-critical) crystalline case was somewhat more mysterious, as such
parameters are entirely new for n > 3. We finally mention that the results for GL3(Q,)
were presented in the note [33] (not intended for publication), which may help readers
quickly understand the story:.

(2) The phenomenon where the Hodge parameters lie in the extension group of
certain locally algebraic representation by certain locally analytic representation traces
back to Breuil’s initializing work in [9].

(3) Similar results are also obtained in the patched setting. Let I1, be the patched
Banach representation over the patched Galois deformation ring R, of [23]. We show
that if there is a maximal ideal m, of R,[1/p] associated to p such that [Too[m, ] 3£ 0,
then for D € ®I', (ar, h), (D) < Il [m,] if and only if D = D,;,(p).

(4) We finally remark the representation 7r;(D) should still be far from the final
complete locally analytic GL,(Q,)-representation associated to D (so we choose not to
use the notation 7 (D)).

We now give the construction of (D). We first look at the Galois side. For each
w € S,, let Ext! (D, D) be the extension group of trianguline deformations of D with re-

spect to the reﬁnement w(e) (see the discussion above (2.12)). Recall there is a natural

(weight) map k,, : Ext! » (D, D) — Hom(T(Q,), E), sending D to Y such that D is trian-
guline with parameter unr(w(g))z“(l + ¥€) (that is a character of T(Q,) over E[€]/€?).
The map «,, is surjective (e.g. see [3, Prop. 2.3.10]). One can show that Kerk,,, as a sub-
space of Exté%r)(D, D), 1s independent of the choice of w, denoted by Ext(l)(D, D) (ct.

Lemma 2.11). For a subspace Ext; (D,D) C Exté%r)(D, D) containing Ext(l) (D, D), set
E—xti (D, D) := Ext; (D, D)/ Ext, (D, D).

We have hence a bijection
kw : Bxt, (D, D) —> Hom(T(Q,), E).

By [26], the following “amalgamating” map is surjective (see also [41, 46], noting it is
already surjective before quotienting by Ext; (D, D) on both sides)

(1.1) ®ues, Ext,, (D, D) — Ext, 1, (D, D).
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Remark that here we use that all the refinements of D are non-critical.

Now we look at the GL,(Q,)-side. For each w, consider the locally analytic prin-
GL.(Qy) 1
B=(Qy)
clotomic character. The explicit structure of PS(w, o, h) is well-understood by Orlik-
Strauch ([55]). For example, socgr,q,) PS(w, &, h) = m,,(, h), which has multiplicity

one as irreducible constituent of PS(w, a, h). For w € S,, consider the composition

cipal series PS(w, o, h) := (Ind unr(w()) e~ 0 0)™, where & denotes the cy-

L : Hom(T(Q,), E) — Extly o (PS(w. o, h), PS(w, . b))

—> EXté}Ln(Qa) (nalg(gv h)’ PS(U), «a, h)),

where the first map sends ¥ to (Indgflggg) unr(w(a))zP(e7! 0 8)(1 + Ye))™, and the

second map 1s the natural pull-back map. Using Schraen’s spectral sequence ([58, (4.37)]),
one can show that ¢, is in fact bijective. Now we amalgamate these principal series:

let (o, h) be the unique quotient of the amalgamation EB:;;;‘LM PS(w, a, h) of socle

Tag(a, 1) (which was introduced and denoted by 77(D)® in [17, Def. 5.7]). For each w €
S,, there is a natural injection PS(w, o, h) < 7 (e, h) which induces an injection

Extly, g, (Tag(@ h), PS(w, @, h)) < Extyy, o, (Tag(@, h), 7 (@, h)).

We denote by Extllu (7rag (e, h), (a, h)) its image. The following “amalgamating” map is
also surjective (see Proposition 3.8 (2) and compare with (1.1)):

(1-2> EBweSn EXtIIU (nalg(gv h)a JT(Q, h)) e EXté;Ln(Qﬁ) (T[alg(gv h)7 JT(Q, h))
The following theorem is crucial in the paper:

Theorem 1.3 (¢ Theorem 5.21, Theorem 3.34). — (1) For D € ®I'(a, h), there is a
unique (surjective) map 1y : Extélw(Qp)(nalg(g ,h), T(a, b)) — E_Xt(l(p’r) (D, D) such that the fol-
lowing dragram commules:

Bues, Ext, (D, D) 2% @5 Extl, (muy(@. b), 7w (e, b))

(l»l)l (I'Q)J,

—1
Extyrn(D.D)  «=— Extly o (Ta (@ h), 7 (2, h)).

Moreover, dimg, Exty, (D, D) = 50 4, dimg, Extly o) (Tag(er, ), 7 (e, b)) = 2" +n—
1 hence dimg; Ker(1p) = 2" — 20 — 1.
(2) ForD, D" € @', (e, h), Ker(tp) = Ker(4y) if and only f D=D'.
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Remark 1.4. — Consider the composition
(<) =1 (1L1) =—1
(1.3) Bues, Hom(T(Q,), E) — Byes,Ext, (D, D) — Ext, (D, D).

~

By Theorem 1.3 (1), the map (1.2) induces an exact sequence
0 —> Ker(1.2) —> (¢w)ues, (Ker(1.3)) — Ker(tp) —> 0.

As the maps (1.2) and ¢,,’s are all independent of D € ®I',.(cr, h), Theorem 1.3 (2) im-
plies that Ker(1.3) also determines D. This fact (purely on Galois side) is of interest on
its own right.

The representation (D) is then defined to be the (tautological) extension of
Tag(e, h) @ Ker(th) = m(a, h)@@”*m‘i;l)*l) by 7 (o, h). More precisely, choosing a ba-
sis {v;} of Ker(#p) with & (v;) the associated extension of ., (e, h) by 7 (., h), (D) is
the amalgamated sum of these & (v;) along 7 (a, h), which is clearly independent of the
choice of {v;}. The structure of 7 («, h) is complicated (see for example [17, Section 5.3]).
However, the theorem actually holds with 7 (o, h) replaced by its subrepresentation given
by the first two layers in its socle filtration, which has a much easier and cleaner struc-
ture, see Theorem 3.21 and Section 3.1.2. The extension of 7, (r, h) g Ker(#p) by this
subrepresentation actually gives 7,,;,(D) in the discussion below Theorem 1.1. Theorem
1.1 (1) is then a direct consequence of Theorem 1.3.

One can deduce from Theorem 1.3 (1):

Corollary 1.5 (cf- Corollary 3.25). — The map ty induces a byjection
~ =l
(1.4) Iy : Exté,Ln(Qp) (7ag(, B), (D)) — Ext, (D, D).

Before discussing the proof of Theorem 1.3, we first explain the proof of the
local-global compatibility (Theorem 1.1 (2)). For this, we will use an alternative for-
mulation of Theorem 1.3 given as follows. Let 7™ (resp. 7'™) be the (univer-
sal) extension of m,.(a,h) Qg Ext(l}Lﬂ(Qp)(nalg(g, h), 7(a,h)) (resp. of m,u(a,h) Qg
Ext}b (Tag(a, h), w(a, h)) ) by 7 (e, h) (defined in a similar way as in the discussion below
Theorem 1.3). By (1.2), 7" is generated by all the subrepresentations 7" for w € S,
On the Galois side, let Ry be the universal deformation ring of deformations of D over

.. . . . . =1
Artinian local E-algebras and m be its maximal ideal. The quotient Ext, (D, D) corre-
.. —1
sponds to a local Artinian E-subalgebra Ap of Rp/m?, and Ext, (D, D) corresponds to a
quotient Ap ,, of Ap. Using the isomorphism ¢, o k,,, there exists a natural action of Ap ,,
. 0 ool ~ .
on 7r,™ such that x e my,, , / miuw =Ext, (D,D)" = Extllv (mag(a, h), w(a, h))” acts via

T 7 e(et, h) @ Extl (mae(e, h), (e, h)) = mye(e, h) > 7l
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The following corollary gives a reformulation of Theorem 1.3 (1).

Corollary 1.6 (cf. Theorem 3.36, Corollary 5.37). — There exists a unique action of Ap on
T such that for each w € S,, the Ap-action on its subrepresentation 7w \™ factors through the natural
Ap .y -action. Moreover, we have (D) = n““i"[mAD].

Suppose we are in the patched setting as in Remark 1.2 (4), and let D = D,;,(p).
Let a be an ideal of Ryo[1/p] with a D m? (cf. Remark 1.2 (3)) such that the composition
Ap — Rp/m? — R[1/p]/a is an isomorphism (see the discussion below (4.3)). Working
with the patched eigenvariety of [21], and using Emerton’s adjunction formula [37], we
can obtain Ap x GL,(Q,)-equivariant injections 71;1,““' — [I[a] for all w € S, where
the Ap-action on the right hand side comes from the R-action (noting Ry, is isomorphic
to the universal Galois deformation ring of p). These injections “amalgamate” to an

Ap x GL,(Q,)-equivariant injection
(1.5) 7" —s T [al.

By Corollary 1.6, it induces an injection ¢ : (D) = w'"V[m,, ] <> My [a + my,] =
[M[m,]. Now for D" € T, (a0, h), if 7, (D) < Il [m,], one can prove (cf. the proof of
Corollary 4.8) that it factors through the injection (1.5), i.e. we have 7 (D’) < """ <
My [al. As Ap(— Rp/m?) acts on [T [m,] hence on its sub (D) via Ap/my,, and (1.5)
is Ap-equivariant, 7;(D’) < 7" has image contained in 7"""[m,,] = (D). Since
m(D’) and (D) have the same irreducible constituents with the same multiplicities,
this implies 77, (D) = 7,(D).

We now discuss the proof of Theorem 1.3. First, the case of n =2 is clear, as
now #®I' (a, h) =1, f 1s bijective, and 7, (D) = 7 («, h) (which is the locally analytic
GL,(Q,)-representation associated to D, see [29, 48]). For general n > 3, we use an in-
duction argument. For simplicity, in the rest of the introduction, we restrict to the case
of n= 3. This case already presents the key arguments. Let D, (resp. C,) be the (unique)
non-critical (¢, I')-module of rank 2 over Ry, of refinement o' := (@}, @y) and of Hodge-
Tate weights h' := () > hy) (resp. h*:= (h > hs)). Then for any D € ®I', (e, h), D
admits two filtrations:

F :0— D; — D — Ryg(unr(es)*) — 0,
40— RE(UHF((X?,)Z/“) —D—C, —0.

Similarly as in (1.1) by considering the paraboline deformations with respect to .% and
¢/, we have a natural map

—_—1 —1 —1
(1.6) Jo = Js) : Ext,, (D1, D)) @ Ext, 1 (Cy, C)) — Ext, (D, D),

sending D, (resp. 61) to a (or any) deformation D of D of the form (whose image in
E—xt(lw’r)(D, D) does not depend on the choice): 0 — f)l —-D— RE[E]/Ez(unr(ag)z’“’) —
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0 (resp. 0 — Rh[d/sz(unr(ag)zl‘l) — D — Cl — 0). The kernel of (1.6) is particularly im-
portant for our application. For (Dl, 1) € Ker(1.6), let D be a deformation of D whose
image in Ext(%r)(D, D) is equal to f# (Dl) = —ﬁg(Cl). Then D admits two different
parabolic filtrations (of saturated (¢, I')-submodules over R geje2). We refer to this as
a hugher intertwining property (see Section 2.4). The following theorem is purely on Galois
side, and follows from an explicit description of Ker(1.6) together with a reinterpretation
of the p-adic Hodge parameters of D given in Section 2.2.

Theorem 1.7 (¢f Corollary 2.54). — For D, D" € ®T'\(ar, B), D = D’ if and only of
Ker(fh) = Ker(fiy).

We move to the automorphic side. Using parabolic inductions, one can show there
is a natural map

(1.7) £+ Extgy, (ag (. h'), (D)) © Extgy, (g (', ), 7 (C))
ZR)) Extly, (Tug(e, h), 7 (@, h)).

For example ¢ 1s constructed using (IndGLS X unr(as)e?)™, for P~ = (Gi‘Q (JOL , and
Zy uses (°F GLO) Moreover, (1.7) is surjective (roughly because 7 (o, h) can be “amalga-
mated” from the two corresponding parabolic inductions). We refer to Proposition 3.13
for details.

Now a key fact is that for any D € ®T',.(cr, h), Ker(¢) is sent to Kerf (cf. (1.6))
via the isomorphism for n = 2 (cf. (1.4)):

io,.c,  Extyy, (mag(e' h'), m(D))) @ Extyyy, (ag (e, b®), 71(C)))

(11)1 fcy)

2 Bxty, (D1, D) @ Extg, 1) (Cr, C).

The map #p in Theorem 1.3 (1) can now be easily constructed: there is a unique map #
such that the following diagram commutes

Extgyy, (Tag(e' h").m1(D1)) ¢ |
@Extg}lo (ﬂalg(gl,hQ),ﬂl(Cl)) » EXtGL3 (n’dlg(ga h)’ ﬂ'(g, h))

l])l,(:ll~ llD

—1
Ext,, o (D1,D1) Jo !

D » Ext (D, D).
@EXt(wvr)(Cl’Cl)

It is not very difficult to check #, satisfies the properties in Theorem 1.3 (1), and we
refer to the proof of Theorem 3.21 for details. Theorem 1.3 (2) is then a consequence of
Theorem 1.7, as Ker(fp) = {(tgicl(Ker(fD))) (noting fp, ¢, (Ker(¢)) C Ker(fy) for all



p-ADIC HODGE PARAMETERS IN THE CRYSTABELLINE REPRESENTATIONS OF GL, 9

D’ € ®I',(a, h)). Remark the existence of the extra one copy of 7,,(a, h) in 7, (D) (for
n = 3) then comes from the fact dimg Ker(fp) = dimg Ker(1.7) 4- 1.

We refer to the context for the more precise and detailed statements. One main
difference from what’s discussed in the introduction is that we mainly work with 77, (D)
instead of 7r; (D) in the introduction, which has a cleaner structure but requires a bit more
on Orlik-Strauch representations.

2. Hodge filtration and higher intertwining

2.1. Notation and preliminaries. — Let K be a finite extension of Q,, E be a finite
extension of Q, containing all the embeddings of K in Q,. Let X := {0 : K < E},
and dg :=[K: Q,]. For k = (k;)oexy € Z*% | denote by 2= ]_[UeEKcr(z)k“ the (Q,-
Jalgebraic character of K* of weight k. Let | - |[g : K* — E* be the unramified character
such that |wk|x = p~ KoYl for a uniformizer @y of K, where Ky is the maximal un-
ramified subextension of K over Q,. Let Galk be the absolute Galois group of K, and
¢ : Galg > Z; — E* be the cyclotomic character. We normalize the local class field the-
ory by sending a uniformizer to a (lift of the) geometric Frobenius. In this way, we view &
as a character of K*, which is equal to Ng/q, ()| - |k-

For a locally K-analytic group H (e.g H = K*), set Hom(H, E) to be the E-vector
space of locally Q,-analytic E-valued characters on H, Homg, (H, E) the subspace of
smooth (i.e. locally constant) E-valued characters on H. Let b be the Lie algebra of H
(over K). For x € Hom(H, E), by derivation, it induces a Q,-lnear map h — E hence
an E-linear map dx : h ®q, E — E. It is clear that x € Homg,(H, E) if and only if
dyx = 0. For o € g, we call x locally o-analytic if dx factors through h ®x , E — E. Set
Hom, (H, E) C Hom(H, E) to be the subspace of locally o -analytic characters. Note we
have dimg Homg,, (K>, E) = 1, dimg Hom, (K*, E) = 2 and dimy Hom(K*, E) = 1 4 dx
(e.g. see [30, Section 1.3.1]).

Let Rk g be the E-coefficient Robba ring for K. For a continuous character yx :
K* — E*, denote by Rk () the associated rank one (¢, I')-module over Rg , (see for
example [44, Section 6.2]). Note Rk () is de Rham if and only if  is locally algebraic.
We write Ext' (and Hom = Ext”) without “(¢, I')” in the subscript for the i-th extension
group of (¢, I')-modules (cf. [47]). For de Rham (¢, I')-modules M and N, denote by
Ext; (M, N) c Ext'(M, N) the subspace of de Rham extensions. For a (¢, I')-module M,

we 1dentity elements in Ext' (M, M) with deformations of M over Rk preyje2- Indeed, the

E[€]/€*-structure on M € Ext' (M, M) is given by letting € act via € : MM -5 M
M.

We denote by Wi (M) the (semi-linear) Galg-representation over B, ®q, E as-
sociated to M (cf. [7, Prop. 2.2.6 (2)]). There is a natural decomposition W, (M) =
EB,,E\;KW(J{R’U (M) with respect to By ®q, £ = Do cxi Bl k.o E. Denote by D (M) :=
W:{R(M)GalK = EBUegKWIR,G (M) G2k —=: EBOE\;KD(J{R(M)U. We will frequently use the fol-

lowing lemma.
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Lemma 2.1. — Let M be a (¢, I')-module over R i, N be a (¢, I')-submodule of M
suciz that rankRKE(N) = rankp, ,(M). Then there is a natural isomorphism of E-vector spaces:

(w ry(M/N) = H(Galg, Wi M) /Wi (N)). Moreover, when M is de Rham, this isomor-
phism identifies H((p ry(M/N) wuth D M)/Di (N).

Proof. — The first part follows from a straightforward generalization of the
proof of [15, Lem. 5.1] to finite extensions K of Q,. For the second part, applying
(—)%¥ to the exact sequence of BdR-representatlons 0— W rN) — W r(M) —
W:{R(M) /W (N) — 0, it suffices to show the natural map H' (GalK,W;LR(N)) —
H'!(Galk, Wi (M)) is injective. But this follows from [50, Lem. 2.6]. O

Let M be a crystabelline (¢, I')-module of rank ¢ over Rk . We can associate to
M a filtered Deligne-Fontaine module (D, (M), Dgr (M)) such that

o D, (M) =(W.(M) ®s, Bei) 9% which is free of rank d over K|, ®q, I equipped
with a commuting K{-semi-linear action of ¢ and Gal(K'/K), K’ is an abelian
extension of K, and Kj is the maximal unramified extension of K’ (over Q,), and
where W,(M) is the B, = B%Z
(1,

o Dirx(M) := (WL (M)[1/])C = (Dpse (M) ®x; K/)GA®/K) §s free of rank d over
K ®q, E, equipped with a Hodge filtration FllH of K ®q, E-submodules (not
necessarily free).

-representation associated to M ([7, Prop. 2.2.6

By [19, Prop. 4.1], to D,y
over E. We call M generic if r(M) generic, which means r(M) is semi-simple and iso-
morphic to @ ¢; with qblqb # 1,] - |k for i # . In fact, M being generic crysta-

(M), one can associate a Weil-Deligne representation r(M)

belline is equlvalent to the existence of smooth characters ¢; for : =1, ..., d such that
MI1/6] = @L Reci()11/0], and ¢~ # 1, - | for i . An ordering of (@1, ..., $,)
1s refereed to as a r¢finement of M. Indeed an ordering w(¢) = (Py-1(1ys - - - » Pu-1(a)) for

w € Sy, corresponds uniquely to a filtration .7, = {7}, increasing with i, of saturated
(¢, I')-submodules on M such that (gr M)[l/t] = Rk e(Pw-1)[1/t]. We frequently
view w(¢) as a (smooth) character of T(K) (the torus subgroup of GL,(K)) for any
w € S,;. We also call these characters of T(K) refinements of M.

Leth:=h)-1 _s= (hy)sesy = (he1 = -+ > hy4)sex be the Hodge-Tate-Sen
weights of M (normalized such that the weight of the cyclotomic character is 1). Let
w € S, we call the refinement w(¢) (or 7)) non-critical if the Hodge-Tate-Sen weights
of grf% M are exactly h; (which are hence decreasing with growth of 7). We call M non-
critical, if all the refinements of M are non-critical. We denote by ®I',.(¢, h) the set of
isomorphism classes of non-critical crystabelline (¢, I')-modules of refinement ¢ and of
Hodge-Tate-Sen weights h. Finally, we say M has regular Hodge-Tate-Sen weights if h is
strictly dominant, i.e. 4, > k11, for all o € 2.
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Suppose M is generic crystabelline with refinement ¢. For a subset r = {r, ...,
n} C {l,...,d}, denote by M, (resp. M*) the saturated (¢, I')-submodule of M (resp.
the quotient of M) which has a refinement given by (¢,,, ..., ¢,). So M* = M/M,. with
r'={1,...,d}\r. While M, and M* depend on the chosen refinement, this will not cause
ambiguity: in all instances where they appear, the context will specify the refinement in
use. Assuming M is non-critical, M, and M* are non-critical as well for any r (noting any
triangulation of M, or of M extends to a triangulation of M). In this case, the Hodge-
Tate-Sen weights of M, (resp. M*) are (hy, ..., hy) (resp. (hy_s41, ..., hy)).

Throughout the paper, we will use e—e to denote an extension of two objects (such
as (¢, I')-modules, or GL, (K)-representations etc.), where the left object is the sub and
the right the quotient.

2.2. A remterpretation of Hodge parameters. — In this section, we give a reinterpreta-
tion of (some) p-adic Hodge parameters of a generic non-critical crystabelline (¢, I')-
module.
..... n = (ha,l > h(f,Q >
coo>hy,). Let D € ®IN (¢, h). Let D, : =Dy, and G, := D=1 we have two

exact sequences:

(2.1) 0—> D, —> D —> Ry (¢,2™) —> 0,
(2.2) 0 — Rie(¢,™) — D —> C) — 0.

Let tp be the composition D; < D — C,. As Hom(Dy, Rie(@,2) =0, 1p is injective.

Proposition 2.2, — (1) We have dimg Hom(D, C;) < 2.

(2) We have dimg, Hom(D, C,) = 2 if and only if n > 3, and for any 1 € {1, ..., n — 1},
r:={l,...,n— 1}\ {2}, we have (D))" = (C,),. (for the refinement (¢, ..., ,—1)). Moreover, if
these hold, for v € {1, ..., n— 1}, the composition

(2.3) a;: Dy — (D))"= (C)), — (.

are pair-wisely linearly independent as elements in Hom(D,, Cy).

Proof. — (1) If n =2, it is clear that dimy Hom(D,, C;) = 1. Assume n > 3, and
let rx ={1,...,n— 3}, and consider (C,),, which is the saturated submodule of C; of
rank n — 3 over Rg  with a refinement (¢, ..., ¢,_3). As C; is non-critical of Hodge-
Tate weights (hy,...h,), (C)), is non-critical of Hodge-Tate weights (hy,...,h, o).
Thus (C)), is isomorphic to a (non-split) successive extension of Ry p(¢;z%+!) for i =
1,...,n— 3. Consider

0 — Hom(D, (C}),) — Hom(D;, C;) —> Hom(Dy, C/(C)),).
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Any map in Hom(D,, (C,),) clearly factors through (D))", the latter being isomorphic

to a (non-split) successive extension of Ry p(¢;z%*2) for i =1,...,n — 3. By an easy
dévissage, using /i, 19 < hy ;41 and the fact
(2.4) Hom(Rx r(¢17"), Ri.p(¢:27)) = 0if ¢ # ¢} or ki < ky,

we deduce Hom((D,)", (Cy),) = 0 hence Hom(Dy, (C,),) = 0. Again by an easy
dévissage, we have dimg Hom(D;, C,/(C)),) = dimg Hom(D, (C;)"2"=%) < 2. Hence
dimg Hom(D;, C;) < 2.

(2) We first prove “if”. As (D))" = (C)),, it is clear that o; are well de-
fined (as in (2.3)) and pair-wisely linearly independent. Together with (1), we deduce
dimg Hom(D,, C;) = 2. Conversely, assume Hom(D, C,) = 2, and let ¢;, ts be a basis
of Hom(Dy, C)). Let 4, r be as in (2). Consider the induced map f; : Ri g(¢;2™) —
D, N Ci. As dimg Hom(Rg g (¢;2"), C)) = 1, there exists a non-zero linear combi-
nation ¢ = a;t; + agty such that aqify 4+ @35 = 0. So (the non-zero) ¢ factors through
a non-zero map (D;)* — C,. As both (D;)" and C; are non-critical, by comparing
the weights and using (2.4), we deduce the map has to factor through an isomorphism

D))" = (C)),. 0

Remark 2.3. — By Proposition 2.2 (2), Hom(D,, C)) is always two dimensional
when n =3, orn =4 and K = Q,. In general, its dimension may be one or two depending
on the specific D, and C;.

Consider the cup-product
(2.5) Ext'(R.r(¢.2™), Di) x Hom(D;, Ci) —> Ext' (R 5 (¢.2™), C1).

Proposition 2.4. — Under the cup-product, E[D] C [ip]*, and we have an equality if K =
Q,. In particular, when K = Q,, D is determined by D, C,, ¢, and ip.

The last statement in Proposition 2.4 can be formulated precisely as follows: for a
crystabelline (¢, I')-module D’ of rank n over Rq, x, suppose D is a saturated submodule
of D', C, is a quotient of D" and (¢, ..., ¢,) is a refinement of D’ (noting (¢, ..., ¢,—1)
1s already determined by D). If the composition try : D; < D" — C; is equal to ¢p up to
a non-zero scalar, then D’ = D.

Proof. — As tp factors through D, the map induced by the pairing (—, tp) (in (2.5))
is equal to the following composition

(2.6) Ext'(R(4,2"),Di) — Ext'(R(¢.2™), D) — Ext'(R(¢.2™), C1).

The first map sends [D] to zero, hence (D, (p) = 0. In fact, by dévissage, the kernel
of the composition is isomorphic to Hom(Rx r(¢,2*), C,/D;), which, by Lemma 2.1,
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is furthermore isomorphic to D (C})/Dix (D)), where C| = C; ®r,, Rk r(¢p, 2™
and D} =D; ®ry; Rie(@,'27™). As C| (resp. D)) has Hodge-Tate-Sen weights {h; —

.....

when K = Q,, the kernel of (2.6) is exactly generated by [D]. This finishes the proof. [

In the rest of the section, we discuss what information of D can be detected by ¢y, for
general K. The reader who is mainly interested in the Q,-case can skip to the next section.

h,, T=0 .

o which
hen TH#O

1s in particular constant for T # o. The following proposition is a direct consequence of

[6, Thm. A]. We include a proof (of (1)) using similar arguments as in [34, Lem. 2.1].

Fix 0 € Xk, and define T, (h) to be the weight such that T, (h),; =

Proposition2.5. — (1) Let D € ®T',.(¢, h), and let 0 € Z. There exists a unique (¢, I')-
module (up to isomorphism) D, over Ry g such that D, [1/t] = D[1/t], D C Dy, and the Hodge-
Tate weights of Dy are T, (h).

(2) Let D, Dy be as in (1). The injection D — D, induces a natural isomorphism of Deligne-
Fontaine modules D, (D) = Dy (Dy), such that the induced map Dgg (D) — Dgr(Do) 15 a

morphism of filtered K ®q, Yi-modules, satisfying Dar (D), — Dar(D,) (as filtered E-vector space).

Proof. — Let (W, (D), W:{R(D)) be the B-pair associated to D (cf. [7, Thm. A]).

By Fontaine’s classification of Bgr-representations [40, Thm. 3.19], there is a unique
Bix ®q, E-representation A = @exc A, such that WD) C AC W:;R(D)[%] and
~ Wi (D), T=0

T (lJZ”’B:{R ®K,r E)@n T ;é o

pair (W,(D), A). This construction satisfies all the claimed properties in (1). (2) follows
from (1) and [6, Thm. A]. U

. Let D, be the (¢, I')-module associated to the B-

Lemma 2.6. — Let D, Dy, be as in Proposition 2.5. For each w € S,, w(¢)z*® is a
tranguline parameter of D, .

Proof. — Consider the composition RK’E(Q&w—l(l)Zhl) > D < D,. It is not dif-
ficult to see the saturation of the image in D, is just RKYE(qﬁwq(l)zg“(h)l), and we
have D/RK,E(qﬁwq(l)z‘”) — D, /RK,E(qﬁwq(l)zT”(h)l). Continuing with the argument,
the lemma follows. U

We have hence a (surjective) map

(2.7 Ty Ple(@, h) — T, (¢, T, (b)), D> D,.

2.6, it is not difficult to see D, (resp. C; ) has Hodge-Tate-Sen weights (%, (h),, ...,
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To(h),—y) (resp. (F,(h)g,...,%;(h),)). In fact, we have D, , =%, (D,) and C,, =
%5 (C)) (where %, is defined in a similar way as (2.7)). Consider Hom(D, ,, G, ;). Note it
1s non-zero as it contains the composition ¢, : D, , < D, — C, ;. By similar arguments
as in Proposition 2.2, we have:

Proposition 2.7. — (1) dimp Hom(D, ,, C; ) < 2.

(2) We have dimg, Hom(D, ,, C, ;) =2 if and only if n> 3, and forany 1€ {1, ..., n—
1}, r:={1,....,n— 1} \ {t}, we have (D, )" = (Cy ), (for the refinement (¢y, ..., P.—1)).
Moreover, if these hold, fori € {1, ..., n— 1}, the composition

2.8) Gy :Dpy — (D))" = (C,), > Cip.
are parr-wisely linearly independent as elements in Hom(D, ,, G, ).
Proposition 2.8. — For the cup-product
Ext! (RK,E(@ZM), Dl,a) x Hom(D, ,,C, ;) — Ext' (RK,E(%ZM), Cl,a),

we have [LDU]L = E[D,]. In particular, D, s determined by D, », C\ 5, @, and tp, in a similar
sense to that discussed following Proposition 2.4.

Progf: — Taking the cup-product with ty is equal to the following composition
(2.9 Ext'(R(¢.2™), D) = Ext' (R(#,2™), D,) — Ext' (R(¢,2™), Ci0),

which is the push-forward map via tp,. We see (D,,tp,) = 0. On the other hand, by
dévissage and Lemma 2.1, Ker(2.9) is isomorphic to

(2.10) DIR(CLO' QRyx RK,E(¢,;157h"))/D§R(DI,J ORkk RK,E(([),?][]'”))-

By comparing the Hodge-Tate-Sen weights (and noting the weights of D, , and C, , for
embeddings different from o are the same), we easily see that (2.10) is one dimensional.
Hence Ker(2.9) is generated by [D,]. O

Example 2.9. — We give an example to illustrate how ¢p, determines D, (or
equivalently the Hodge o -filtration of D). Suppose n = 3, K unramified and D is crys-
talline (generic non-critical) of regular Hodge-Tate-Sen weights h. In this case we have
Duis(D) = Dgr(D) = @Bresy Deris(D),, where each D (D), is a filtered ¢ -module.
Fix 0 € ¥k. Note that we have an isomorphism of filtered p%-module D (Dy), =
Deis(D)o -

Let ay, oy, a3 be the three distinct eigenvalues of 9 on D, (D, ) (for any 7). Let
¢» be an a;-eigenvector in D (Dy ), , hence D (Dy)s = Eey » @ Eey » @ Ees . For j =
0,...,dg — 1, we have Dis(Dg)yopon-i = E@/(e1.5) @ E¢/(e3.5) @ E¢/(e3,5) (where Frob
denotes the absolute Frobenius), and Dai(D1.o)goron- = E¢@/(e1.0) @ E¢/(ey,,) for j =
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0, ..., dx — 1, which is equipped with the induced Hodge filtration. As D, , is non-critical,
multiplying ¢ ,, e, by non-zero scalars, we can and do assume Fil"™ D (D1 4), =
FiV Duis(Di16)os =i <J < —hss, 1s generated by ¢, + ¢,. As D, 1s non-critical
for all the refinements, multiplying ¢; , by a non-zero scalar, we can and do assume
Fi"™ D (Dy)s = FiV Dy (Do), —hye <) < —hs,, 1s generated by e; + ap_e; + es.
The filtered ¢ -module Dy (Dy), is in fact parametrized (and determined) by ap, €
EN\ {0, 1}: we have

Deis(Dyg ) o J=< i,
E(e1o + e2.5)

FiV Dos(Do)s =4 ®E(e10 +an, 00 +e30) —hio <j < —hos
E(e1o +ap, 600 +635) —hyo <j < —h34
0 J>—hss

D... Do T . =< _}ln T L
aris (Do) J_ " . So D, is indeed deter-
0 7> —h,.

mined by the single parameter ap, (in contrast, D itself has many more parameters, when
K # Q,). Note that for —/y ; <j < —hg 5, FiI"™ D¢(C1 ¢)o = Fi¥ D(C) ), is gener-
ated by ¢ » + ap, e2. (as it is equipped with the quotient filtration). The map tp, uniquely

For T # o, we have Fi¥ D.;(D,); =

corresponds to the morphism of filtered @%-modules tp, : Dais(D1.6)e = Dais(Cl0)o
sending ¢; , to ¢;, for i =1, 2. We see ap, can be read out from the relative position of the
two lines FiI"™ D(C1 5)s and tp, (FiI" D;(D1.4)s) In Deis(Cy 5)o. Thus ap, (hence
D, ) is determined by tp, .

2.3. Deformations of crystabelline (¢, I')-modules. — Let D € ®I',,.(¢, h). In this sec-
tion, we collect some facts on certain deformations of D.

2.3.1. Tranguline and paraboline deformations, I. — We first consider trianguline de-
formations. For a character x : K* — E*| recall we have natural isomorphisms

(2.11) Hom(K*, E) — Exty. (x, x) — Ext'(Rx.p(x), Rir(x)),

sending ¥ to x (1 + ¥re) then to R greyje2 (x (1 4+ €)).

For w € S,, denote by Extllu (D, D) C Ext'(D, D) the subspace of trianguline defor-
mations with respect to the refinement w(¢). More precisely, for D € Ext' (D, D) (viewed
as a (¢, I')-module over R giej/e2)), De Extllu (D, D) if and only it D is isomorphic to a
successive extension of Rk giej/e? (Pu-1)2% (1 + i€)) for ¥; € Hom(K*, E). In this case,
we call the character w(¢) (1 +€) (with ¥ := (Y1, ..., ¥,)) of T(K) over E[€]/€? the
trianguline parameter of D with respect to w(¢). Let «,, be the following composition:

(2.12) kw : Ext, (D, D) —> Exty, (w(9), w(¢)*) — Hom(T(K), E),
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where the first map sends D to its trianguline parameter with respect to w(¢), and
the second map is induced by (2.11). We also denote Ext! (D, D) by Extw(¢) (D, D) or

Ext}% (D, D) where .7, is the filtration on D associated to w(¢) whenever it is conve-
nient for the context. The following proposition is well-known (cf. [3, Section 2] [51,

Section 2]).

Proposition 2.10. — (1) dimg Ext'(D,D) = 1 + n’dk, dimgExt)(D,D) =
20 g and dimy, Ext, (D, D) = 1 + 2 d for all w € S,

(2) For w € S,, Kk, 1s surjective.

(3) For w € S,, Extg} (D, D) C Ext) (D, D) and is equal to the preimage of the subspace
Hom,,, (T(K), E) via «,,.

Proof. — The K = Q-case 1s given in [3, Prop. 2.3.10, Thm. 2.5.10]. We
sketch a proof for general K. As D is non-critical, Hom(D, D) = E. We also have
Ext’(D, D) = 0 since D is generic. By [47, Thm. 1.2(1)], dimg Ext'(D, D) = 1 + n%dk.
By [51, Cor. 2.53] (noting any de Rham deformation of D is automatically poten-
tially crystalline), dimg, Ext;(D, D) = 1 + %4g. By [51, Prop. 2.41] and the proof,
dimpg Extllu D, D)y=1+ @dK and k,, 1s surjective for all w € S,. Hence dimg Kerk,, =
1Dy 41 —n. By [51, Lem. 2.56], Ext, (D, D) C Ext),(D, D) for all w. It is also clear
Kk (Ext' (D, D)) € Homg,(T(K), E). By comparing dimensions: dimg Ext'(D,D) =
dimg HoomSm (T(K), E) 4+ dimg, Kerk,,, (3) follows. ) O

Recall there is a right action of S, on T(K): w(a,...,a,) = (@wq), .-, Gww)
for w € S,. It induces a left action of S, on Hom(T(K), E): (wy)(ay,...,a) =
Y (awys - - - » aww)- Itis clear that Homg,, (T'(K), E) is stabilized by the action.

Lemma 2.11. — Let w,, wyg € S, the following diagram commutes
Ex/ (D, D) —> Hom,,(T(K), E)
(2.13) H v |~
Ext; (D, D) BRLIN Homy, (T(K), E).

Progf. — The lemma is well-known, but we include a proof for the convenience of
the reader. It suffices to prove the statement for the case where wow; ' is a simple reflec-
tion, say, s;. Let De Ext (D, D) and suppose «, (D) Wirs ... ¥i,). By definition, D

admits triangulations:
h; h;
Rk Efey/e? (¢w.—'(1)Z (I+ Wz‘,le))—' - —RK Efe)/e? (¢w.—1(n)z (I+ Wi,né))-

Note by assumptlon wy (j) =w; ' (j) forj # £, k+ l. Consequently, forj<korj>k+1,
we have Fll] D FlY , since Hom(Fll] D D / Fll’ D) =0.
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As HOm(RK’EIS]/€Q(¢wl—I(I),{hl (1 4+ ¥1.1€)), ﬁ) = E[e]/€?, using dévissage for .7,
we easily deduce that (using R for Rk gjeye2 for short) if £ > 1,

Hom(R((bwrl(l)zhl (1 + 1/f1,16))7 R(d)w;l(l)zhl (1 + 1/IQ,IG))) = E[E]/EQ,

hence H(¢ r (R ereye (1 + (Yin — Yo1)€)) = E[e]/€? (notlng wy (1) = Wy (1)>
Y11 = ¥o1. We can then consider the R piejje2-module D/RK Ele] /62(¢w—1(1)z (1 +
Y1.1€)) equipped with the filtrations induced by .7, and .7,,. Continuing with the above
argument, we have ¥, ; = ¥, ; for j < £.

For y = k, we have (noting Fllk ! D Fllk ! D)

Hom (R pjeyye? (¢>wl—l<k)z"*(1 + Y1), D/ Fll’“ 'D ) Ele]/€’.
Using dévissage for 7, (and the fact wyw; " = s;), we get

Hom(R((ﬁwl—l(k)zhk(l + lﬁl,ké)), R(¢w;1(k+l)zhk+1 (1 + WQ,/H—IG)))
=E[el/€*,
hence ¥, = Y9441 Exchanging .7, and .7, we get Yo p = V) 41

For j >k + 1, using the same argument as in the case of j < & with D replaced by
D/ Fllk+1 D, we sce ¥, j = ¥a,. This concludes the proof. O]

Let Extj(D, D) := Kerk,, (for some w € S, a priori). By Proposition 2.10 (3),
ExtO(D D) C Ext (D, D). Using Lemma 2.11, we see ExtO(D D) = Kerk,, for all
w € S,. Moreover, by Proposition 2.10 (1) (2), we have

—1
(2.14) dimy, Ext)(D, D) = nn— 1)

dK—I-l—?’l

For Ext/(D, D) C Ext'(D, D) (with *x = g, w, ...), if Ext. (D, D) D Ext}(D, D), we set
E—Xti(D, D) := Ext,(D, D)/ Ext;(D, D).

We have hence isomorphisms

(2.15) E_thu (D, D) = Hom(T(K), E), Ext (D, D) ——> Hom,,, (T(K), E).
Note also

_ 1
(2.16) dimg Ext (. Dy = "D, 4
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Let Ext;, (D, D) C Ext'(D, D) be the subspace of de Rham deformations up to twist by
characters of K* over (E[€]/€%)*. Similarly, set

(2.17) Hom, (T(K), E) := {¢ € Hom(T(K), E) | 3y, : K* - E
such that ¥ — ¥ o det € Hom,,,(T(K), E)}.

One easily deduces from Proposition 2.10 (3) that for all w € S, Exté, (D,D) C
Ext}b (D,D) and is equal to the preimage of Hom,(T(K),E) under «,. Thus
dimg Ext;,(D, D=1+ (@ + 1)dx. Moreover, (2.13) holds with “g” and “sm” re-
placed by “g"”. Using the fact that D is non-critical, by [26, Thm. 3.19] (for K = Q,) and
[51, Thm. 2.62] (for general K) (see also [46] for the (n = 2)-case, noting the proposition
also follows from Corollary 2.33 below and an easy induction argument), we have

Proposition 2.12. — The natural map ®,es, Ext, (D, D) — Ext' (D, D) is surjective and
induces a surjective map @wesﬂﬁ; (D,D) - ﬁl (D, D).

Now we consider general paraboline deformations of D. Let B the Borel subgroup
of GL, of upper triangular matrices, P D B be a standard parabolic subgroup of GL, with
the standard Levi subgroup Lp D T equal to diag(GL,,, ..., GL, ). A filtration

Fp:0=Fil% DCFil, DC---CFil, D=D

of saturated (go,g‘)-submodules of D 13 called a P-filtration if M, := gank grf%D =n,.
A deformation D of D over E[e€/€?] is called an Fp-deformation, if D admits a filtra-
tion Filf% D of saturated (p, F)—submogules of D over R geje2 (Which means F ili% D
is free over Ry gjejse2) such that grfg,;PD is a deformation of M; over Rk gjejye2. De-
note by Ext}% (D, D) C Ext'(D, D) the subspace of .#p-deformations. By [26, Prop. 3.6,
Prop. 3.7] (which is for K = Q,, but all the arguments generalize directly to general K,
see also the proof of Proposition 2.17 below), we have

Proposition 2.13. — dimg Extlz, (D, D) = | + dg dimP =1+ dx 3_, ., mim;. The
natural map

(2.18) ks : Extly (D,D) — ]_[ Ext'(M;, M,),

=1

.....

For w € S,, we call the B-filtration T, (associated to w(¢)) compatible with Fp,
if 7, induces a complete flag on Fil'z, D for all 7. In this case, we have Ext}% (D,D) C
Ext}% (D,D).Fori=1,...,r, welet .7, ; be the induced filtration on M; (= grf% D).
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Corollary 2.14. — Reep the above situation.
1) Ext! (D, D) is the preimage of T|._, Ext, (M;, M) via k.z,. In particular, k 7, induces
w g i=1 Tw.i P P
a surjective map Kk 7, : Ext, (D, D) — []_, Ext}%_i(Mi, M,).
2) The map k 7, sends Extt (D, D) to []._, Ext}:(M;, M) and induces isomorphisms
P 0 =1 0

(2.19) k7 Extyz, (D, D) — [ ] Ext (M, M)),

=1
and E—Xt; (D, D) > [T, E—Xt}% (M, M),

Proof. — The first part of (1) is by definition, and the second part follows from
Proposition 2.13. It is clear that the following diagram commutes

Ext,, (D, D) —— []_, Extiy (M;, M)

(2.20) l lww,»

Hom(T(K), E) —— []_, Hom(T,(K), E)

where T} is the torus subgroup of GL,,. The first part of (2) follows. By (1) and Proposi-
tion 2.12, (2.19) is surjective. However, by Proposition 2.13, (2.14) and (2.16) (applied to

the M;’s), we have dimg, E—Xti% (D,D) =dg dimBNLp) —n=Y ", dimg Ext (M, M)).
Hence (2.19) is bijective. The final isomorphism follows by similar arguments. UJ

Let Ext}%y y (D, D) be the preimage of []._, Extél,, (M;, M,) via (2.18). Set

(2.21) Homp , (T(K), E) := {¢y € Hom(T(K), E) | 3yp : Z1,,(K) > E
such that ¥ — y¥p o det,, € Homg, (T(K), E) }

It is straightforward to see dimg Homp s (T'(K), E) = n + rdk. The following corollary
generalizes (2.13).

Corollary 2.15. — (1) Let w € S, such that 7, is compatible with Fp, then Extiy +(D,
D) C Ext), (D, D).

(2) Let wy, wy € S, such that ,,,, Ty, are compatible with Fp (so wowy " lies in the Weyl
group Wp of Lp), we have a commutative diagram

Kwy

Extz, ,(D,D) —> Homp, (T(K), E)

‘ wal_llN

Exty, ,(D,D) —2%> Homp,(T(K), E).

Fp.g
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Proof. — (1) follows from the fact Ext;, M;, M) C Ext}w (M, M;) and Corollary

2.14 (1). By Corollary 2.14 (2), we have ﬁf%, ,D.D) =[], ﬁg'/(Mz-, M;). (2) then
follows from the commutative diagram (2.20) and Lemma 2.11 (applied to each M;, and

€9 <«

with “g”, “sm” replaced by “g’”). O

2.3.2. Tranguline and paraboline deformations, Il. — Let D € ®I',.(¢, h). We con-
sider some partially de Rham deformations of D. The reader who is mainly inter-
ested in the Q,-case can skip this section. Recall for J C Xk, and a (¢, I')-module M
over Rg g, M is called J-de Rham, if dimg Dggr (M), = rankg, , M for all T € J, where
Dgr (M), = H(Galg, Wi (M), [1/#]). Note the property is clearly inherited by taking
subquotients. For a (¢, I')-module M over R , denote by W(M) = (W,(M), Wi, (M))
its associated B-pair ([7]). By [51, Thm. 5.11], there are natural isomorphisms for
1=0,1,2,

(2.22) H{, (M) — H'(Galg, W(M))

where H'(Galg, W(M)) denotes the i-th Galois cohomology of the B-pair M, see [50,
Section 2.1].

Throughout the section, we fix 0 € . For an extension group Ext, (D, D), we
denote by Ext (D, D) C Extj (D, D) the subspace consisting of D that are ¥k \ {o'}-de
Rham. If Ext? (D, D)D ExtO(D, D), then it is clear that Extm?(D, D)D ExtO(D, D) and
we set

Ext, ,(D, D) := Ext| ,(D, D)/ Ext}(D, D) C Ext, (D, D).

Lemma 2.16. — We have dimy, Ext), (D, D) = 1 4+ "D (dx — 1) + %,

Proof. — Using the notation of [31, Section A], the isomorphism (2.22) (for 1 =1,
M = D ®g,. DY) induces an isomorphism Ext (D, D) = H g s o) (Galk, WD ®gry
DY)) where DY := Homg, , (D, Rk ). The lemma follows then from [31, Cor. A.4]
(noting D ®x, , DY has Hodge-Tate-Sen weights {f; — k. ;} T ) The required as-

ZJ_
sumption holds because D is generic. 0J

Let P be a standard parabolic subgroup, and .%p be a P-filtration on D with
grf% D =: M,. The surjection k #, (2.18) induces a map

(2.23) Kz Ext) 5 (D,D) — ]_[ Ext! (M;, M,).

P
=1

Proposition 2.17. — (1) We have dimy Ext,, 5 (D, D) =1+ (dx — )" + dim P.
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(2) The map (2.23) is surjective and induces an isomorphism

(2.24) Exty 7 (D, D) —> [ ] Ext, (M, M).

=1

Proof — Let Homg,(D,D) be the (¢,I')-submodule of Homg, ,(D,D) =
D ®ry; DY consisting of the maps f such that f (Filf%) C Filf% for e =1,...,7.
Similarly as in [26, Prop. 3.6 (i)] and using the notation of [31, Section A], we
have Exté!%(D, D)= H;EK\{G}(GalK,W(HomgP (D, D))). Since D is non-critical, it is
straightforward to see Hom #,(D, D) has Hodge-Tate-Sen weights {4 ; — /. ;};ex, wWhere
the indices (z, ) correspond to entries of the matrix gl, lying in p, the Lie algebra of P.
By [31, Cor. A.4] (noting that the (¢, I')-module Hom #, (D, D) satisfies the assumptions
in loc. cit. as D is generic), we calculate dimg, H;EK\{G}(GalK,W:{R(Homyp(D,D))) =
I+ dg dimP — )", dim(BNLp) =1 + (dk — )™= + dimP. (1) follows. For any
D € Ker(2.18), using Corollary 2.14 (1), (2.20) and Proposition 2.10 (3), we see D
is de Rham. Hence Ker(2.18) C Extclr’ 7 (D, D). Let N be the unipotent radical of
B. As dimg Ext(lrﬂ%(D, D) — dimgp Ker(2.18) =7 4+ (dx — 1) dim(IN N Lp) 4+ dimLp =
>, dimg Ext} (M;, M), (2.23) hence (2.24) are surjective. Finally we have equalities
dimg Ext,, #,(D, D) = 2 + dim(B N Lp) = Y ._, dim E_xtf, (M;, M;) which complete the
proof of (2). U

Combining Proposition 2.17 (2) with Corollary 2.14 (2), we get:

Corollary 2.18. — Let 7, be a B-filtration compatible with Fp (see Corollary 2.14). The
map K.z, induces a bijection E—xt;w(D, D) > [T, E—xt(l, 7, (M, My).

For a rank one de Rham (¢, I')-module Rk r(x) (implying x is locally algebraic),
by [31, Lem. 1.15], (2.11) induces by restriction an isomorphism

(2.25) Ext} (Rx.e(x), Ri.e(x)) = Hom, (K*, E).
By Proposition 2.17 (2) applied to P = B, we obtain:

Corollary 2.19. — For w € S, ky (2.12) induces an isomorphism Ext, (D, D) —
Hom, (T'(K), E).

We will show later (in Corollary 2.40 below) the induced map

(2.26) BDues, Ext, , (D, D) — Ext. (D, D)

is surjective (and the same holds with Ext' replaced by E—th). Consider now certain ex-
tension groups of D, := %, (D) (cf. (2.7)).
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Proposition 2.20. — (1) We have dimy, Ext'(D,,D,) = 1 + n’dk.

(2) We have dimy, Ext}(D,, D) = 1 4 252

(3) Let P be a standard parabolic subgroup of GL.,, and Fp be a Pfiltration of D,
with gr; Fp = M; . We have dimy, ExtC}P(DG, D,) =1+ dxdimP and Ext; Dy, D,) C
Ext}% Dy, Dy ). Moreover, the following natural map (defined similarly as in (2.18)) 1s surjective

(2.27) Ext’z,(D,, D) — [ [Ext' My, M;,).

=1

Proof. — (1) follows from [47, Thm. 1.2 (1)] as Hom(D,, D,) = E, Ext*(D,,D,) =

0. (2) follows from (1), [31, Cor. A.4] and dimH%(Galg, Wiz (D, ®rir D)) =
n’ T#0
.
by the same argument as in the proof of [26, Prop. 3.6, Prop. 3.7]. By [31, Cor. A.4],
Ext;(Filf% D,, D(,/Filf% D,)=0for:=1,...,r— 1. Hence if f)g € Ext;(DU, D,), it

must map to zero under the natural map

. The statements in (3) except Extg} Dy, Dy) C Ext}% (Dgy, D,) follow

Ext'(D,, D,) —> Ext'(Fil\;, D,, D,/ Fil;; D,).

Thus ]30 has the form [Ml—MQ] where 1\7[1 (resp. Mg) 1s a deformation of Fﬂ}% D,
(resp. of D,/ Fil},% D,). Iterating the argument for My, we inductively deduce D, €
Extl; (Dy, Dy). O

Remark 2.21. — Recall for each w € S,,, w(¢) is also a refinement of D, and we
still use .7, to denote the associated B-filtration on D,,. Applying Proposition 2.20 (3) for
P =B and %p = .7, we have dimy, Ext. (D,, D,) = 1 + dK@ and a natural surjection

(2.28) kw - Exty, (Dg, Dy) — Hom(T(K), E).

The preimage of Homg,,(T(K), E) hence has dimension equal to (1 + dK”("—jl)) — ndg =
1+ dK@. Together with Proposition 2.20 (2), we see when K # Q,, Extg1 Dy, Dy) 18
properly contained in the preimage of Homy,, (T(K), E).

For ¥ \ {o}-de Rham deformations of D, , we have:

Proposition 2.22. — (1) We have dimg, Ext) (D,, D,) = 1 + n%.
(2) Let P be a standard parabolic subgroup of GL.,, and Fp be a P-filtration of D, with
grf% D, =M, ,. Then dimg, Ext}T’ 7,(Dg; Dy) =1+ dimP.

Proof. — By [31, Cor. A4], (1) (resp. (2)) follows from Proposition 2.20 (1) (resp.
(3)) and the fact that for T # o, dimg H(Galg, W(J{R(Homnm (Dy, Dy)).) = n? (resp.
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dimg H(Galg, W(J{R(Hom% Dy, Dy)):) = dim P). Here Hom z, (D,, D, ) is defined in a
similar way as in the proof of Proposition 2.17. U

Now we consider the relation between deformations of D and those of D,. The
following proposition follows from the same argument as in the proof of Proposition 2.5,
accounting for the E[€]/ €2-structure. We leave the details to the reader.

Proposition 2.23~. — For any (@, I')-module De Ext' (D, D) over ZQK’ELEJ /62,~th€1’€ s a
unique (@, I')-module D, € Ext'(D,, D,) over R ppeyjer satispying that D C Do, D[1/t] =
D,[1 /t], and the Sen o -weights of D, are equal to those of D, and the Sen T -weights (over E.) of D,
are constantly h. , for T #o.

We obtain hence a natural map
(2.29) T, :Ext'(D,D) — Ext'(D,,D,), D D,.

It is clear that this operation preserves (partial) de Rhamness and filtrations of satu-
rated submodules. In particular, €, restricts to a map Ext(lr (D,D) —» Ext{l7 Dy, Dy), and
to a map Ext}; (D, D) — Ext} (Dy, Dy), where % on D, is defined by Fil; D, =
T, (Fil'z, D).

Proposition 2.24. — (1) For x € {g, 0, {0, Fp}}, the induced map %, : Exti(D, D) —»

Ext!(D,, D,) is surjective, and has the same kernel as (2.29).
(2) The following diagram commutes

Ext), (D, D) SELUEN [T, Ext} (M;, M)

(2.30) L ) i ,

Ext! 5 (Dy, Dy) ——2s TT, Ext) (M5, M; ).

Moreover, the map Ext; T Dy, D,) — ]_[;.':1 Ext(ly M, 5, M, ) s surjective.

Proof. — First, any De Ker(2.29) is de Rham, as it is contained in the de Rham
(¢, I')-module D, @ D,. Hence Ker(2.29) coincides with the kernel of any maps in (1)
(see also Proposition 2.20 (3)). Consider the composition (where the second map is the
natural pull-back)

(2.31) Ext!(D, D) =% Ext'(D,, D,) — Ext!(D, D,).
As Hom(D, D) = Hom(D, D,) = Hom(D,, D,) = E, the kernel of the second map in

Lem. 2.1

<231) is iSOIl’lOI‘phiC to H?zp,r‘)((DJ ®RKE Dv)/(Da ®RKE DZ)) f) D(—;R(DU ®RKE
DY)/Dix Dy ®ry, DY) = 0 where the vanishing follows easily by comparing the
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weights. Thus Ker(2.29) > Ker(2.31). The composition (2.31) coincides with the nat-
ural push-forward map via D < D,. We deduce by dévissage that Ker(2.31) is iso-
morphic to H?w’r)((Dg RRryp DY)/ (D ®ry; DY)). Using Lemma 2.1 and the easy fact
dimg Dy Dy @Ry, DY) = " + (d — 1)n? and dimg D (D ®g, , DY) = “22dy, we
deduce dimy; Ker(2.29) = dimy, Ker(2.31) = (dx — 1)"-2. By the dimension results in
Proposition 2.10 (1) (resp. Proposition 2.13, resp. Proposition 2.17 (1)) and Proposition
2.20 (2) (resp. Proposition 2.22 (1), resp. Proposition 2.22 (2)), the difference in dimen-
sions between the source and target spaces in (1) is exactly (dg — 1)@ for x = g (resp.
x = o, resp. * = {0, .%p}). This proves (1). The commutativity of (2.30) follows directly
from the definition of T,. The second part of (2) is then a consequence of (1) applied to
each M; (with * = o) and of the surjectivity of (2.23) (see the first part of Proposition 2.17
(2). 0

Corollary 2.25. — Let wy, wy € S,, the following diagram commutes

Ext! (D, Dy) —> Hom,,(T(K), E)
| o]
Ext!(Dy, D,) ——> Homy, (T(K), E),

and the horizontal maps are surjective.

Progf. — The commutativity follows by the same argument as in Lemma 2.11. For
w € S,, we have a commutative diagram (where the right square corresponds to (2.30)

for P=B and % = 7,

Ext!(D, D) «—— Ext| (D, D) — Hom, (T(K), E)

(2.32) i ) i X H

Ext, (Dy, D;) —— Ext, ,(Dy, D;) —— Hom, (T(K), E).
The surjectivity of k,, in the corollary follows from Proposition 2.10 (3). 0J

Let ExtO(Dﬂ, D,) C Ext (Dy,D,) be the kernel of «, : Ext D,,D,) —
Hom,,,(T'(K), E) (for one or equlvalently any w € S,, by Corollary 2.25). Note that un-
like the case for D, this subspace is strictly contained in the kernel of (2.28) when K # Q,
(see the last sentence in Remark 2.21).

Corollary 2.26. — We have Ext(l)(D, D) = T;l(Ext(l)(Da, D,)), and X, restricts to a
surjection Ext(lJ (D,D) —» Ext(l) (D,,Dy,).
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Proof. — By Proposition 2.24 (1) (and the proof), Ext; (D,D) = %! (Extg Dy,
D,)). The corollary then follows from the definition of Ext(l)’s and (2.32). O
For Ext!(D,. Dy) D Ext}(Dy. D), set Ext, Dy, D,) 1= pPede)
Xty Mo, Do
statement of) Corollary 2.26 and Proposition 2.24, we easily deduce:

By (the first

Corollary 2.27. — For x € {0,g,{%p, 0}}, the (surjective) map %, : Exti(D, D) —»
Exti Dy, Dy) wnduces an isomorphism T, - Ei (D, D) = E—thk (D,, D). Moreover, there is a
natural commutative diagram

Ext, 5, (D, D) [T, Ext, (M,, M)

Tgl"’ S:le

Ext, 5, (D,, D,) —— [, Bxty (M, ,, M),

(2.24)
—_—

2.4. Hodge filtration and higher intertwining. — Let D € ®I', (¢, h). The existence of
S,-distinct trianguline filtrations of D corresponds to an intertwining phenomenon on
the automorphic side. We adapt the term “intertwining” to describe the non-uniqueness
of saturated (¢, I')-submodules in such modules. Analogously, Aigher intertwining in this
section refers to the non-uniqueness of filtrations of saturated (¢, I')-submodules over
Rk gpeye? for a (¢, I')-module over R geyje2. By Corollary 2.15 (2), higher intertwining
relations exist for D € Exttl%yg/ (D, D). In this section, we show a special class of parabo-
line deformations of D admits higher intertwining (cf. Theorem 2.32 below). Moreover,
the Hodge parameter, reinterpreted as in Section 2.2, can be revealed in such higher
intertwining relations.

Let Dy, C; be as in Section 2.2. Let .%# be the filtration D, C D, and ¢ be the fil-
tration R 1(4,2*) C D, which correspond to the exact sequences (2.1) (2.2) respectively.
By Proposition 2.13, we have dimy, Ext_} (D, D) = dimg Ext% (D, D) =1+ @ —n+1)dk.
And there are natural surjections (identifying Ext . (8, §) with Hom(K*, E)):

k7 = (K7.1,K7.2)  Bxtly (D, D) — Ext' (D}, Dy) x Hom(K*, E),

(2.33) Ko = (Kg’l, Kg’g) : EXt(;(D, D) . Eth(Cl’ Cl) X HOD’I(KX, E)

We introduce certain subspaces of Ext'(D,, D)) and Ext'(C;, C,). For t € Hom(D,, C)).
Consider the pull-back and push-forward maps:

(2.34) (" Ext!(C), D)) — Ext'(D;, D)), " : Ext'(C,, D) — Ext'(C,, C)).

Set EXtL1 (Dl, Dl) = L_(Eth(Ol, Dl)), EX'[L1 (Cl, Cl) = L+(EXt1(Cl, Dl))
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Lemma 2.28. — Suppose dimp Hom(Dy, Cy) =2, and for it € {1, ..., n— 1}, let o; be
as i (2.3). We have dimg, Ext;l_(Dl, D)) =0 — 1)(n — 2)dg. Moreover forj € {1,...,n— 1},
J#1
dimE(Ext;i(Dl, D)nN Extij(Dl, Dl)) =m—1)n—3)dk +dg — 1.

Consequently, dimE(Ext;i (D, D) + Ext;j (Dy, DY) =1+ n(n — 2)dk. Finally, the same state-
ment holds with D, replaced by C,.

Progf. — We only prove it for Dy, C, being similar. Fix the refinement (¢, ...,
¢,—1) of D; and C;. Let r :={l,...,n — 1} \ {¢}. The map «; factors through
Ext'(Cy,D,) = Ext' (D)), D;) — Ext'(D,,D;) where the corresponding surjectiv-
ity and injectivity follow easily by dévissage. So Extgti(Dl,Dl) is just the image of
Ext'((D))*,D;) in Ext'(D;, D;), and is the kernel of the natural pull-back map «; :
Ext!(D,, D)) — Extl(RK,E(qﬁiz}"),Dl). We directly calculate dimg, Ext' (D))", D)) =
(n — 1)(n — 2)dx, and the first part follows. For ¢ # j, consider the following composi-
tion (of natural pull-back maps)

(2.35) Ext'(Dy, Dy) —5 Ext' (D)3, D1)

ﬂ) EXt1 (RKE((ﬁZZ}lI) D RK,E(@, zhl)’ Dl)
= Ext! (RK,E(fbizhl), D1) ® Ext! (RK,E((p/'ZhI), D1),

whose kernel is clearly Ext;i (D, D)) N Ext(i]_ (Dy, D). By dévissage, «;; is surjective and
Ker(x;j) = Ext!((D,)"¥,D,), hence has dimension equal to (n — 3)(n — 1)dx. Let M, :=
D; @y, (D1)[;; and My := D) ®@ry, (Rie(9; ' 2 ™) & R e(@; '2™)). By dévissage,

we have

0— H(()wﬂ(Ml) - H(()wyr)(MQ) - H?(p,l")(MQ/Ml)

— H(l(p’m(Ml) — H(lwyr)(MQ)

where the last map coincides with fi; in (2.35). We have dimg H?w,r)(Ml) =1,
dimp, H?w’r)(Mg) = 2, and by Lemma 2.1, dimg H?w’r)(MQ/Ml) = dimg D} (M) —
dimg DJx(M,) = 2(n — )dx — (n — 1 + n — 2)dx = dg. So dimEExt;i(Dl,Dl) N
Ext;j (Dy, D)) = dimg Ker(k; ;) + dimg Ker(f;;) = (n — 1) (n — 3)dx + dg — 1. This proves
the second part of the lemma. OJ

Proposition 2.29. — Let t € Hom(Dy, C,) be an injection.

(1) dimg Ext/ (D, D) = dimg Ext/ (C, C)) = 1 + (n— 1)(n — 2)dx.

(2) Ext;(Dl, D)) C Ext/ (D, D)) and Ext;(Cl, C)) C Ext!(C,, C)).

(3) For € Hom(Dy, C,), Ext} (D, D)) = Ext! (Dy, D)) ifand only if Ext},(C,, C)) =
Ext/ (Cy, C)) if and only if V' = av_for some a € E*.
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Proof. — We only prove it for D, with C; being similar.
(1) By dévissage, we have
0— H(()w F)( 1 QR Dv) - H(()w F)((Dl SR Dlv)/(D1 ORi.i Clv))
— H(w F)(D1 Ry G ) - H(1 F)(Dl ORip Dlv)’

where the last map can be identified with ¢~. By Lemma 2.1, we have

dimg, H((]w,l“)((Dl QRk.x Dv)/(Dl QRk.r Clv))
= dimg DdR(Dl Rk D ) dimyg DSI—R (Dl QR 1 C;/)
_n(n—l) n—1Dn—2)

dx — dg = (n— 1)dk.
9 K 9 K (ﬂ )K

Hence dimgImi™" = (n— 1)’dx —(n— Ddg + 1 =14+ (n — 1)(n — 2)dk.

(2) The map ¢~ clearly induces L Extl(Cl, ) — Extl(Dl, 1). For any M €
Ker(t7), D, @ D, C M implies M is de Rham So Kert™ C Ext (Cy,Dy) and is equal to
Ker¢, . By [31, Cor. A.4] applied to the B-pair associated to D, ®RK . G (which satisfies
the assumptlons of loc. cit. by the generic assumption on D), we have dimy H! (D1 Oy,
CY) = (n — g — =2 = "=y, Together with dimg Ext,(D;,Dy) = 1 +
Wﬂ’]{ (cf. Proposition 2.10 (1)) and (1), we see ¢, is surjective.

(3) The case where dimpHom(D,,C;) = 1 is trivial. Assume henceforth
dimg Hom(D,, C,) = 2 (which implies » > 3 and Lemma 2.28 can apply). Suppose
(" ¢ E[t], then ¢ and ¢ form a basis of Hom(D,, C). If Ext},(Dl, D)) = Ext}(Dl, D)),
we then easily deduce Ext;[(Dl, D)) C Ext[1 (Dy,D)) forall :={1,...,n— 1}. However,
for ¢ #j, by Lemma 2.28, dimE(Ext;i(Dl,Dl) + Ext;]v(Dl,Dl)) =14 nn— 2dk >
dimg; Ext! (Dy, D)), a contradiction. ‘ O

Let T, be the torus subgroup of GL,_, and ¢' :== ¢, X --- K ¢,_,. Let h' :=
(hy,....,h, ), and h? := (h,, ..., h,). For the refinement ¢' (of Dy and (), we have

maps
Ext! (D), Dy) 2 Hom,, (T (K), E),
Ext!(C), C)) % Hom,, (T (K), E).

Lemma 2.30. — For M € Ext;(Cl, D)), k41 0 L;(M) =Kyl O L;(M), where Lgi is the
restriction of 1+ to Extg} (Cy, Dy) (see the proof of Proposition 2.29 (2)).
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Progf. — By definition, there is a natural injection 1 : ty M) — L;_ (M) which sits
in the following commutative diagram

0 D1 L;(M) D] 0
0 Cl L:(M) C] 0.

Moreover, 1 is R pie)je2-linear if t, (M) and L;(M) are equipped with the natural
Rx Efe1/e2-action. Suppose

Kgrot, (M) = (Y1, W), kgt ot (M) = (Y], ..., 9, )).

Then ty (M) (resp. L;[ (M)) is isomorphic, as (¢, I')-module over R gjeje2, to a succes-
SiVC CXtCl’lSiOH Of RK,E[E]/€2 ((bl,{h‘(l + wié)) (I‘CSp. RK,E[E]/EQ (¢l’zhl+l(l —+ wl/é)» fOI‘ 1=

1,...,n— 1. One sees inductively that I induces injections R gjejye? (@22 (1 + Yri€)) —
R gjeyye2 (92 (1 + ¥le)) of (¢, T')-modules over Ry gpeje2. Hence ¥, = ¢/ for all
1. ]

We fix crystabelline (¢, I')-modules D, and C,, where D, has Hodge-Tate-Sen
weights h' and C, has weights h’, and both have a generic refinement ¢'. Denote by
oI, (Dy, Gy, ¢,) C PI' (¢, h) the subset of isomorphism classes of (¢, I')-modules D
such that Hom(D,, D) = Hom(D, C,) = E. Assume ®I',,.(Dy, C, ¢,) 1s non-empty. For
an injection t € Hom(Dy, C)), we set .Z, to be the following set

(2.36) {(D1,C)) € Ext! (D), D)) x Ext!(Cy, C)) |
IM € Ext'(C;, D)) s.t. .- (M) =Dy, =t (M) = C) ).

If t = ¢p for some D € ®T', (D, Cy, ¢,), we write S, := .Z,,. The following corollary is
a direct consequence of Proposition 2.29 (3) and Proposition 2.4.

Corollary 2.31. — We have .7, = %, if and only if V' = at_for some a € E*. In particular,
Jor D, D' € @I, (Dy, Cy, ¢,) we have S, = Fy if and only if iy = atyy for a € EX. When
K =Q,, this is equivalent to D = D'

T@orem 2;32 (Higher intertwining). — Let D € ®I', (D4, Cy, ¢,) and De Extel,?(D, D)
with k. z(D) = (D, ¥) (¢f (2.33)). The followings are equivalent:

(1) D € Extlz(D, D) N Exty, (D, D).

(2) D1 ®RK,E[€]/52 RE[E]/€2(1 — 1//6) S EXt
Moreover, yifhe equivalent conditions hold, then Kggg(ﬁ) =Y and there eicists M e Ext'(Cy, D))

such that D] = LB(M) ®RK,E[€]/€2 RK,E[E]/GQ(l + 1//6) and Kg’l(D) = L%(M) ®RK.E[5]/52
R greyje2 (1 4+ re).

(D1, D).

D



p-ADIC HODGE PARAMETERS IN THE CRYSTABELLINE REPRESENTATIONS OF GL, 29

~ Proof. — Twisting D by I — €, we can and do assume Kﬂ‘,g(ﬁ) = 0. By definition,
De Extgg (D, D) if and only if it lies in the kernel of the composition

(2.37) Ext'(D, D) — Ext' (R r(¢.2"), D) —> Ext' (R i(.2™). C1)-
Similarly, Extl; (D, D) is equal to the kernel of the composition

Ext' (D, D) — Ext'(D, Ry £ (¢,2™)) —> Ext! (D1, Ric i (4.2™)).
By dévissage, one can deduce an exact sequence (R standing for R x)

0 — Ext'(D, D)) — Ext}z(D, D) — Ext'(R(#,2™), R(¢.2™)) — 0.

As kzo(D) = 0, D lies in the image of Ext'(D,D;) — Exty(D,D). Let M, €
Ext'(D, D;) be the preimage of D. Consider the composition

Ext'(D, D) < Ext'(D, D) — Ext'(R(¢,2"). D)
— Ext! (R(d)nzh'), Cl).

It 1s straightforward to see it is equal to the composition
(2.38) Ext'(D, D;) —> Ext' (R p(¢,2™), D1) —> Ext' (Rii(¢.2™), C1).

So D lies in the kernel of (2.37) if and only if M is sent to zero via (2.38). However, using
dévissage, we see the kernel of (, in (2.38) is isomorphic to H?(p’r)(RK,E(qﬁn_ 127 @R
(C,/Dy)), which, by Lemma 2.1, has dimension dimg, DIR(RK,E((]ﬁ;lz*h‘) Orr C1) —
dimp D (Ri e (¢, '2™) @Ry D1) = 0. So p in (2.38) is injective. We see (under the
assumption ¥ = 0) that (1) is equivalent to that M, lies in the kernel of the first map of
(2.38), which 1s equal to Ext'(C,, D)) by dévissage. This is furthermore equivalent to that
D, lies in the image of the composition Ext'(C,,D,) — Ext'(D,D;) — Ext'(D,, D)),
which is no other than (. The other parts are straightforward. O

Corollary 2.33. — We have dimE(Ext}/@ (D,D)N Extglg(D, D)) =14 (n* —2n+2)dk.
Consequently, the following natural map is surjective:

(2.39) Ext;(D, D) @ Exty, (D, D) — Ext'(D, D).

Progf — By Theorem 2.32, dimg(Ext;(D, D) N Exty, (D, D)) = dimy Hom(K*,
E) 4+ dimg Ext}D (D1, D)) + dimg Ker(k.#) (cf. (2.33)). By Proposition 2.29 (1) and Propo-
sition 2.13, itis equal to (1 +dg) + (1 + (n— 1) (n—2)dg) + (— 1+ (n— 1)dg) = 1 + (n* —
2n + 2)dk. Together with Proposition 2.13, we see dimE(Ext}g (D,D) + Ext}; (D,D)) =
21+ (n(n— 1)+ Ddg — 1+ (0 — 204 d = 1 + n?dic =" dimy, Ext' (D, D). The
second part follows. U
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Let V(Dy, Cy):= (Ext (D), D) x Hom(K*, E)) & (Ext (Cy, Cy) x Hom(K*, E))
(<2 Fxt; (D, D) @ Exty, (D, D)), and £(D, D, Cy) be the subspace consisting of

those ((Dy, ¥), (€. —¥)) € V(D Cy) such that (D) ®x
Ci ®Ry e Ricrieye (14 ¥€)) € A (cf. (2.36)).

RK,E[e]/e2 (I — ¥e),

K.E[€]/e2

Corollary 2.34. — (1) Lt D, D’ € ®T',.(Dy, Cy, ¢,), LD, Dy, C)) = LD, Dy, Cy)
if and only if 1y = aip for some a € EX. When K = Q,, this is equivalent to D = D'
(2) For D € ®I', (D, Cy, @,), there is a natural exact sequence

(2.40) 0 —s £(D,D,,C,) — V(D,,C,) —> Ext (D, D) —> 0.

~ Progf. — (1): The “if” part is trivial. Suppose ,C(l?v’, D, C) = L’LD, Dy, C)). Let
D, e EXt}D (D, D)), M € Ext'(C,,D,) be a preimage of D, (via () and G, := —L]JS(M) €
Ext}D (G, Gy). We have by definition and assumption

(D1, 0), (€,0)) € LD, Dy, C) = L(D, Dy, ).

There exists hence D € Ext) (D), D)) such that [Di] — [Di] € Exty(D;, Dy). As
Ext(l) (Dy,Dy) C ExtllD/ (D1, Dy) (by Proposition 2.29 (2)), this implies ﬁl € Extlli) (Dy, Dy).
So Ext}D Dy, D)) C EthlD/ (D;, D)) hence Ext}D, Dy, D)) = ExtllD (Dy, D)) by symmetry
and t;y € E*tp by Proposition 2.29 (3).

(2) Quotienting (2.39) by Exté(D, D) yields a surjection V(D,, C;) — E—xt1 (D, D).
By Theorem 2.32, the kernel is exactly £L(D, Dy, C)). O

Now we consider ¥k \ {o}-de Rham deformations for general K. Let D, , =
T(Dy) and C; , =T, (Cy) (cf. (2.7)). Let t, € Hom(D; 4, Ci ). We have similar maps
as in (2.34), which induce, by restricting to ¥k \ {0 }-de Rham extension groups,

i Ext! (C1,.D14) = Ext! (D ,.Di,),
i Extl (C 4, Dy ,) = Extl (C,, Cp,).
Let Ext[la D16, D1o) :=Im()), Extllg (Ci6,C1 ) :=Im(}). Denote by
(2.41) I, ={D14.C10) € Ext. (D15, Dy0) x Ext! (C1,,Cyo) |
IM € Ext! (C,, Dy ,) with i; M) =D, ,, M) =C, , }.
Similarly as in Proposition 2.29, we have:

Proposition 2.35. — Let 1, € Hom(D, ,, C, ) be an injection.
(1) dimg, Extlla D16, D1 ) =dimg Ext}a Co,Cio)=14+m—-1)n—-2).
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(2) EXtélf (Dl,aa Dl,o) C Ethl{, (Dl,zn Dl,a) and EXt;(CI,J’ Cl,o) - EXtLIG (Cl,aa Cl,a)-
(3) For ;, € Hom(D, 4, Cy,), Exty (D4, D15) = Ext, (D4, D1,) if and only if
Extllé (Cis6,C10) = Ext}v (Ci6,Ch5) tfand only if ), = ai, for some a € EX.

Progf. — We still only prove the statements for D,,. By [31, Cor. A.4],
dimg, Ext. (C) 5, D 4) = (n — 1)%dg — 2 resk\(o) dimg D (D)6 Qryy CYp)e = (0 —
1)2. By similar arguments as in the proof of Proposition 2.29 (1), the kernel of
Extl(Cl,,,,Dl,,,) — Extl(Dl,a,Dlgo) has dimension (2 — 1) — 1. But any element in
this kernel contains D, , @ D, hence is de Rham. We see it is the same as Ker¢;
and Ker(t;|Ext§g(cl,o,Dl,0)). (1) follows. Using [31, Cor. A.4], dimEExtgl(Cl,(,,Dl,(,) =
@. Together with Proposition 2.20 (2) and comparing dimensions, the induced map
Ext; (Ci16,D14) = Ext1 (D15, D) o) 1s surjective. (2) follows. (3) follows from similar ar-
guments as in the proof of Proposition 2.29 (3) using an analogue of Lemma 2.28 for
Ext;l,g with «;, given as in (2.8) (when dimg Hom(D, ,, G, ,) = 2). Note the dévissage
arguments in the proof of Lemma 2.28 work when Ext'’s are all replaced by Ext!’s, by
[31, Prop. A.5]. We leave the details to the reader. U

ForD, € ®I',.(D,,, Ci, ¢,) (Which is the subset of ®T',,.(¢, 7, (h)) defined sim-
ilarly as @I, (D}, Cy, ¢,)), set I, = I, (cf. (2.41)) where tp, is the composition
Dy, < D, = C, . We have by Proposition 2.35 (3) and Proposition 2.8:

Corollary 2.36. — For D,, D! € ®T', (D, 4, C\ 5, ¢,), we have I, = Sy, if and only
D, =D..

Consider kg : Ext(lr’g;(Dg,Da) — Ext}T(DLU,DLg) X Hom, (K*, E), and k¢ :
Ext;g(DU, D,) — Ext! (C,,,C,) x Hom, (K*, E) (cf. (2.27) and (2.25)). The follow-
ing theorem follows by the same argument as in the proof of Theorem 2.32 (note that all

the dévissage arguments used in loc. cit. work if Ext"’s are all replaced by Ext!’s by [31,
Prop. A.5]).

Theorem 2.37. — Lat D, € Ext} 7(D,, D) with k7(D,) = (D1, V). The followings
are equivalent:

(1) D, € Ext('r’y(Dg, D,)N Ext),‘g(Do, D,),

(2) Do QR peyse? Rujeje2(1 — ) € EXtLIDU (D165 Dig).
Moreover, if the equivalent conditions hold, then Kg’Q(ﬁo-) = and there exists M € Ext:L(Cl,g,
Dl’g) SHC}l ﬂldt Dl’g = LB” (M) ®’RK RK,E[e]/eQ(l + 'WG) and Kgyl(DU) =
lﬁ, M) ®@r R preyje2 (1 4+ re).

\Ele]/e2
K,E[e]/e2

Set VD1, C1 o) == (Bxt, (D1 5, Dy») x Hom, (K*, E)) @ (Bxt, (Cy,, C1 ) X
Hom, (K*, E)) and L(D,, D, 5, Dy ), to be the subspace consisting of those ((f)l,a» v,
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(Cio,—¥)) € V(D1,,C ), such that (cf. (2.41))
(ﬁl,a ® R preyse2 (1 — re), Gl,a ® R preye2 (1 + 1/f‘f)) € ,.
By Proposition 2.8 and the same arguments as in Corollary 2.34, we have:

Corollary 2.38. — (1) Let D,, D/, € ®I',.(Dy 5, Ci 5, ¢,), then LD, , D ,,C,) =
LD,,D,,,C4) ifand only if Dy =D,

(2) There is a natural exact sequence
(2.42) 0 —> L(D,,Dy,, C1y) —> V(D1 4, Cy )y — Exty (D,, Dy) —> 0.
Set V(D,,Cy), C V(D,,C)) to be
(Ext, (D, Dy) x Hom, (K*, E)) & (Ext, (C, C;) x Hom, (K*, E)),
and £(D,D,,C)), := L(D,D,,C)) N V(D,,C)), C V(Dy,C)). Note V(D,,C)), =
Ext, »(D, D) & Ext, , (D, D) by Proposition 2.17 (2).
Proposition 2.39. — The functor T, induces a commutative diagram of short exact sequences

0 —— LMD,D|,C))¢ — VD,C))g — ET;t),(D,D) — 0
SUJN {ID'J/N Iolw
=1
0 ——— LDg,D1,6,C16)0 —> V(D1,4,Cl16)0 —> Extz(Dg,Dg) ——> 0

where the top sequence is induced by (2.40).

Proof. — All the maps are clear, and we have seen in the above corollary that the

bottom sequence 1s exact. The left exactness of the top sequence is clear. It is also exact in
the middle because of the definition of £(D, Dy, C;),. By Corollary 2.27, the two right
vertical maps are both isomorphisms. The proposition follows. UJ

Corollary 2.40. — The map (2.26) is surjective. And the same holds with D replaced by D, .

Progf — By the above proposition, Ext, »(D,D) & Ext,,(D,D) = V(D,,
C)e — E_th7 (D, D) i1s surjective. Using Proposition 2.17 (2), Corollary 2.18 and in-
duction on the rank 7, one deduces @weg"E—xt;w(D, D) — E—xt(l, (D, D) is surjective. As

Ext(l) (D,D) C Ext},’w(D, D) for any w € S,, we see (2.26) is also surjective. The statement
for D, follows by similar arguments or using Corollary 2.27. 0J

3. Locally analytic crystabelline representations of GL,, (K)

3.1. Locally analytic representations of GL,(K) and extensions.
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3.1.1. Notation and preliminaries. — We introduce some (more) notation on the
GL,-side. Recall T is the torus subgroup of GL,, and B D T is the Borel subgroup
of upper triangular matrices. For a standard parabolic subgroup P O B of GL,, let
Lp D T be its standard Levi subgroup and P~ its opposite parabolic subgroup. Denote by
t C b C p C gl, the corresponding Lie algebras over K. Let 6 := (0, ..., 1 —¢,..., 1 —n).
For a parabolic subgroup P, let n; € Z~, such that the simple roots of Lp are given by
{L...,n =1\ {m,my +n9,....m +--- +n_} (so Lp =GL, xGL,, x---GL,). Let

OF = (0,...,0,—nyy .o, —nyy e, —(y 4401y, —y+ -+ n_1)) (so 6 =
—_— —
ni no ny
%), that we view as an algebraic character of Lp. For simplicity, for ¢ € {1,...,n — 1},

we denote by P; the associated maximal parabolic subgroup such that its standard Levi
subgroup L; D T has simple roots {1, ...,n— 1}\ {z}.

For a Lie algebra g over K, denote by gz, =g ®q, E =[], 5, 0 ®ko E =
HGEZK 9o - For aweight  of ts, , denote by M~ (n) :=U(gl, 5, ) ®U("EK) U, and let L™ (w)
be its unique simple quotient. If @ is anti-dominant (i.e. ity < g9 < -+ + < g, for all
o € Xk, where u = (Wo;) aezK) then L™ (w) is finite dimensional and isomorphic to

.....

the dual L(—u®)Y, where L( /,L) is the algebraic representation of Resé) GL, of highest

weight —zu with respect to Resg B.

For an admissible locally Q,-analytic representation V of GL,(K), by [56],
its continuous dual VY is naturally a module over the (Q,-analytic) distribution al-
gebra D(GL,(K), E), which, equipped with the strong topology, is a coadmissible
module over D(H, E) for a(ny) compact open subgroup H of GL,(K). For admis-
sible locally Q,-analytic representations V;, Vy of GL,(K), set Exth‘n(K)(Vl,Vg) =
EXtiD(GLn(K),E) (Vy, V), where the latter is defined in the abelian category of abstract
D(GL,(K), E)-modules. By [13, Lem. 2.1.1], ExtéL”(K) (V1, Vy) is equal to the extension
group of admissible locally Q,-analytic representations of V; by V. If V, V, are locally
algebraic, set Extlal (V1, Vy) to be the subgroup of locally algebraic extensions. Any rep-

resentation V in ExtGL 1 (V, V) 1s equipped with a natural E[€] /€* structure where €

actsv1aV—»V—>VL>V
Suppose ExtGLn(K) (V1,Vy) 1s finite dimensional over E. For a subspace U C
ExthLn(K) (V1, Vy), we can associate a tautological extension of V| @y U by V, (for ex-
ample see the discussion below Theorem 1.3). When U = EXté}Ln(K) (V41, Vy), we call the
corresponding extension the universal extension of V; (or V| ®g ExtéLn(K) (V1, V) by V.
Letp = K --- K¢, : T(K) = E* be a smooth character. We call ¢ generic if
AN ™ forz;é] For w € S, let w(@) := py-11) X+ R Py-1(. Let Sy = | - [ ' X
®| |”+l %X...X|- | " be the modulus character of B(K) and 1 := 1 X|- | K- --X|-
=I5 06. Let Iy () := (In dglz}(g) ¢n)°, which is an absolutely irreducible smooth
admissible representation of GL,(K) when ¢ is generic. Moreover, when ¢ is generic,
L () = Lin(w(@)) =: (@) for all w € S,, which is in fact the smooth representation
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of GL,(K) corresponding to the Weil-Deligne representation @7_,¢; in the classical local
Langlands correspondence.

3.1.2. Principal series. — We collect some facts on the locally Q,-analytic principal
series of GL,(K).

Let h be a strictly dominant weight of tg,, put A :==h — 8% = (3, , =
his +1— 1) sesx , which is a dominant weight of t. Let ¢ be a generic smooth char-

..... n

acter of T(KZ). Put (¢, h) := 7, (¢) @ L(A) (= Lin(w(@)) ®g L(X) for all w € S,),
which is an irreducible locally algebraic representation of GL,(K). For w € S,, put
PS(w(¢), h) := (Ind;li) w(@)n)% ™ = (Indy ) w(g) (e 0 0))% ™. We have
(where .FS,L”(—, —) denotes Orlik-Strauch functor [55]):

Proposition 3.1. — Let w € S,.

(1) The irreducible constituents of PS(w (), h) are given by {€ (w, u) := .7:]?,1‘” (L= (—u-
), w(@)m} _ (1o)eSIK > which are pairwisely distinct. Moreover, if 1g(u) = 1, then € (w, u) has
multiplicity one.

(2) socg,x) PS(w(@), h) = I (w(9)) & L(A) = nalg(()b’ h).

(3) socar a0 (PS( (@), k) /(. b)) = B, _ e (), 0).

lg(w)=1

(4) For w' € S,, and u, v’ € SI™ with 1g(v) =1g(W) = 1, € (w,u) = E (W', ) if and
only ifu=1u = s;, for somei€{l,...,n— 1} and 0 € Tk, and w(w')~" les in the Weyl group
@[LPZ"

Proof. — (1) and (4) follow from [55, Thm.] (together with some standard facts on

the constituents of the Verma module, see for example [43, Chap. 6]). (2) (3) follow from
[54, Thm. 1]. O

For:e{l,...,n—1},letI C{l,...,n} be a subset of cardinality . By Proposition
3.1 (4), all the representations € (w, s;,) with w({l,...,7}) = are isomorphic, which
we denote by € (1, s;,). Moreover, € (1, s;,) are pairwisely distinct for different s; , or L.
For w € S, with w({1, ..., ¢}) =1, we have (by [54, Thm. 1])

(3.1) G, 5.5) = socar, a0 (Ind§ ) 25 (¢)n) ¥

Lemma 3.2. — Let w € S, such that w({1, ...,1}) =L

(1)We have HomT(Qp)(z"i’“‘kw(d))WSB,JB(‘g(I, Si0))) = E, where Jg(—) denoles the
Jacquet-Emerton_functor for B (¢f [36]).

(2) We have Ig,L 2’1(5) (7 tw(P)n) = EC A, 5i4), where IE,L &g)(—) s Emerton’s induction
Junctor [37, Section (2.8)].

Progoff — By [55, Thm.], it is easy to see any irreducible constituent of PS(w(¢), h)
is a subrepresentation of a certain locally Q,-analytic principal series, hence is very
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strongly admissible by [37, Prop. 2.1.2]. (1) then follows by [12, Thm. 4.3, Rem. 4.4
(1)]. By loc. cit. and [54, Thm. 1], HomT(Qp)([”-“'Aw(qb)nég,t]g(‘ﬁ)) = 0 for any irre-

ducible constituent € of (Ind(B},Lz‘g) 275w ()n) Y™ with € # €'(1, 5,). The natural
map 2z w(P)ndy L)JB((Indg_LZI(g) 2% w (d)n)¥™™) hence has image contained in

Je(€ (1, 5,0)). By definition of I (=) (cf. [36, Section (2.8)]), (2) follows. O

Let PS;(w(¢),h) be the unique subrepresentation of PS(w(¢),h) of socle
Ln(w(¢)) ®g L(A) and cosocle @i=1..... 16 (w, s;,) (with the tautological injection
oeX
PS,(w(¢), h) — PS(w(¢), h)). Throughgut the section, we fix isomorphisms

(3.2) Tae( ) = L) @ L (w(e)) (—> PS, (w(@), h)).

wes,

for all w € S,. The amalgamated sum @mg((f)’ » PS1(w(¢), h) admits a unique quotient,
denoted by 7(¢, h) of socle 7,,(¢, h). By Lemma 3.1 (3) (4), (¢, h) is given by an

extension of @i=1,..1—1,0esx C (I, 5;6) (2" — 2)dx constituents in total) by m,,(¢, h). Note
IC{I,...,n},.#I.:i .
we have a tautological injection

(3‘3> T[alg((pvh) — 7Tl(¢,h)
We study the extension group of 7,,(¢, h) by 7,(¢, h).

Proposition 3.3. — (1) For w € S, and ¥ € Homy(T(K), E) (¢f (2.17)), we have

LS w(@)n (1+ ) € Extyy ) (Tag(@. h), Tag(@. b)) (using (3.2)). Moreover, the fol-
lowing map s a byection:

¢ : Homy (T(K), E) = Extyy; ) (Tag(@, B), Te(#, h))
¥ > T (w(@n (14 vre)),

and  induces  Hom,,(T(K),E) — Extllalg(rcalg(qb,h),nalg(¢,h)). In  particular

dlmE Ethlalg(jTalg(d)’ h)v nalg(¢’ h)) =n, dlmE EXté}Ln(K) (nalg(¢v h)a nalg(d)» h)) =n+ dK
(2) For wy, wy € S,, the following diagram commutes:

(3.4)

{w
Homé’/ (T(K)7 E) Nl > EXté}Ln(K) (nalg(d)s h)’ nalg(d)’ h))

09 el |

fw(
Hom, (T(K), E) —— Extgy, oo, (Tug(@, B), Tag(¢, h)).

Proof. — Yor ¢ = ¢, 4+ ¥ o det with ¥, € Hom,,,(T'(K), E) and ¥, € Hom(K*,
E), it is easy to see the natural map

w(@)n (1 + ye)dy —> Jp(Indi ™ w(g)n (1 + ye))¥ ™)
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e (Ind$" ™ w(@)Zn( +ype)¥ ™
factors through the subrepresentation (Indg’_L (g) w(P)n(l+v1€))™ @ L(A) Rgpjeyye2 (1 +
€Y o det). By definition ([37, Section (2.8)]), we see

IS (w(@)n (14 ve))
= (Indy oy w(@n (1 + ¥16))™ &k LA @peyjer (1+ € 0 dev).

Together with the isomorphism I, (w(¢)) ®g L(A) = m,,(¢, h) (3.2), it gives a well-
defined element in ExtéL”(K) (Tas(@, h), m0(p, h)). By [58, Prop. 4.7], we have (where
7. C GL, denotes the centre, and the subscript “Z” stands for fixing central character)

(3.6) Extyy 7 (Tag (9 h). Tap (6. h)) —> Extey ) 7 (Tae($ 1), e (6. ).

By classical smooth representation theory, the restriction of ¢, induces an isomorphism
Homg,, (T(K)/Z(K), E) N Extllalg,z(nalg((b, h), 7,,(¢,h)) (so the latter has dimension
n—1). Using similar arguments as in [14, Lem. 3.16] (and the aforementioned discussion),
we obtain a commutative diagram of short exact sequences (we omit GL,(K), (¢, h))

Homy, (T(K)/Z(K), E) —— Homy (T(K), E) — Hom(Z(K), E)

1 k |

Ext), (7ag, Talg) —— Ext! (g, 7ag) — Hom(Z(K), E)

So ¢, 1s a bijection and dimg, ExtéLﬂ(K) (Tag(¢, h), T0(p, h)) = n + di. For (2), it suf-
fices to prove the statement for g’ replaced by “sm”. This is a classical fact. Indeed, let
H (resp. H; = G,,) be the Bernstein centre over E associated to the smooth representa-
tion 7y, (@) of GL,(K) (resp. ¢; of K*) (cf. [23, Section 3.13]). By [23, Lem. 3.22], for
cach w € S,, there is a natural map J,, : [[_, Spec H,-1;) = Spec H sending a point
(@) € [T, Spec Hy-1; to the point (associated to) (Ind](;’_LE’g)(IX;:ﬁ);)n)sm of H. More-
over, the tangent map of J,, at (¢,-1(;) coincides with ¢,. The intertwining property
implies that for w,, wy € S,, J, = (wow;") 0 J,,, where wow; " here denotes the mor-

phism [[._, Spec -1, = [ ., Spec Hougtis @) = (@, 1)~ By considering the
w wl 3

corresponding tangent maps of J,,, Ju,, we deduce the commutativity of (3.5) (with ¢

replaced by “sm”). This concludes the proof. U

Remark 3.4. — Note that ¢, 1s in fact independent of the choice of (3.2).

Lemma 3.5. — For any € (1, 5 ,), we have:
(1) dimg Extly (€1, 5:0), Tae($, ) = dimg Extly (g, B), G(L, 5,5)) = 1.
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(2) Let 7T,,(¢, h) € ExtéLﬂ(K) (Tag (@, h), a5 (@, h)) be non-split, then the following pull-
back map (via Tae (¢, B) — W5 (¢, h)) is a byection:

(3.7) Extly g (Tag(@, B), €1, 510)) —> Extyy o (Fag(@. B), €A, 5:0)).

Proof. — (1) follows from [18, Prop. 5.1.14] together with [18, Lem. 3.2.4 (i1)]
(when K = Q,, the part on ExtéLu (€, 5;0), Tag(¢, h)) was proved in [15, Cor. 5.9]). We
give a proof of (2) and an alternative proof of the second equality in (1) using Schraen’s
spectral sequence [58, Cor. 4.9] (for G = Res&) GL,). First, note by the same argument
below [58, Cor. 4.9], the separatedness assumption in [58, Cor. 4.9] is satisfied for ei-
ther m,,(¢,h) or any 7,,(¢,h) in (2) (noting by Proposition 3.3 (1) and the proof,
Tag(¢, h)|s1,x) is locally algebraic). Let 8 := 2z *w(¢$)n. By [58, Cor. 4.9], we have
a spectral sequence

3.8  Exty (H,(N (K), 7y, b)), 8) = Exti! o, (mag(¢. b, (Ind 7 )% )

where N7 is the unipotent radical of B~. Recall for characters x, x' of T(K) over E,
we have ExtiT(K)(X, x") =0 for all 7 if x # x'. This, together with [58, (4.40), (4.41),
(4.42)] and the classical fact Jx-(Lin(¢)) = @yres, W' (@)1 (where Jx-(—) denotes the
classical Jacquet module for N7), imply that for p 4+ ¢ = 1, the only non-zero term
on the left hand side of (3.8) is Hom, (H, (N7 (K), 7, (¢, h)), §) = Homr, (8, §) =

E. So Extfy i (Tag(¢, h), (Ind; =) §)%~) = E. By (3.1) and [32, Lem. 2.26],

the natural push-forward map is an isomorphism: Extélm(K)(nalg(qﬁ,h),‘5(1, Si0)) >
Extly g, (Tag(¢, h), (Indy - §)%~2). This proves the second equality in (1). Similarly

B~ (K)
with 7,,(¢, h) replaced by 7,,(¢, h), we get
(3‘9> EXt(l}Ln(K) (ﬁalg(¢’ h)a %(L Ji,a))

= Extoy, i) (Tag (0, b), (Indgfgg) Z“iwa*w((p)n)Qﬁ‘an)
= Homio (w(@)ne (1 + ¥re). wig)nz™")

where ¥ = ¢, 1(7'~ralg(<,25, h)) € Hom,(T(K), E). As ﬁalg(qb, h) is non-split, ¥ # 0 hence
the right hand side of (3.9) is one dimensional over E. However, by an easy dévissage,
(3.7) 1s injective hence has to be bijective. 0J

For w € S,, consider the natural map
Hom(T(K), E) — Extg; «,(PS(w(¢),h), PS(w(¢), h))

sending ¥ to (Ind;; 5 w(@)n2* (1 4 €))%~ Composed with the pull-back map for

(3.2) and using [32, Lem. 2.26], it induces:
(3.10) Hom(T(K), E) — Extg g (Tag(@, h), PS; (w(9), h)).
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Composed furthermore with the push-forward map via the injection PS;(w(¢),h) —
71 (¢, h) (associated to (3.2), see also (3.3)), we finally obtain a map

(3.11) ¢w : Hom(T(K), E) — Extg; i (Tag(@, h), m1(¢, h)).
Note that the map ¢,, does not depend on the choice of (3.2).

Proposition 3.6. — (1) For w € S,, the map (3.10) s byective. In particular, we have
dimg, EXtE}Ln(K) (nalg(d)’ h), PS,(w(¢), b)) = n+ ndx.
(2) For w € Sy, Lulvom, v,k @5 equal to the composition of (3.4) with the push-forward

map EXté}Ln(K) (nzllg(¢’ h)a nalg(¢v h)) — EXtIGL"(K) (nalg(¢’ h‘)7 T (d)» h))

Progf: — (1) follows from similar arguments as in the proof of Lemma 3.5, using
Schraen’s spectral sequence [58, Cor. 4.9] and [31, Lem. 2.26]. We leave the details to
the reader. (2) is clear (see also Remark 3.7 below). 0J

Remark 3.7. — The map ¢, can also be obtained by using Emerton’s functor

I, (=), In fact, by definition (cf. [37, Section (2.8)]) and using [32, Lem. 2.26],

it is straightforward to see for ¥ € Hom(T(K),E), I (w(@)n (1 + ve)) C
(Indy 7 w(@)n (1 + €))% is an extension of 7ay(¢, h) = Lo (w($)) @ L(L)
by a certain subrepresentation V of PS,;(w(¢), h). Then &, () is just its image of the

push-forward map via V< PS;(w(¢), h) — m(¢, h).

Proposition 3.8. — (1) We have an exact sequence

<3.12) 0— EXté}L,,(K) (nalg(¢» h)’ nalg(d)v h)) - EXt‘GL”(K) (nalg(d)a h)’ T (¢7 h))
— Diz1,.-toenk Extyy o (Tag (@, B), €1, 5,5)) = 0.

IC{L, . n—1},#l=

In particular, dimg, Ext(l}Lﬂ(K) (Tag(@, h), w1 (P, B) =n+ (2" — 1)dk.
(2) The following map is surjective:

(Cw)
(3.13) o0 : Bues, Hom(T(K), E) 25 Extlyy ) (Tu(@, B), 71 (6, B)).

Progf. — We omit the subscript “GL,(K)” in the proof. The sequence follows by
dévissage, and it suffices to prove the second last map in (3.12) is surjective. For w € S,,
using dévissage, we have an exact sequence

(3.14) 0 — Ext' (m.4(¢, h), mue(¢p, h)) — Ext' (r.(¢, h), PS; (w(¢), h))
— @i:l ..... n—1 Eth (nalg(¢a h)’ (g(wv Si,a))'

geXK
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By comparing dimensions (using Proposition 3.3 (1), Proposition 3.6 (1) and Lemma 3.5
(1)), the last map in (3.14) is surjective. The following diagram clearly commutes

Ext! (5(¢. h), PS1 (w($), h)) —— @iz1.....0—1 Ext! (mag(@, h), € (w, 5i0))

.15 li sesk £

Ext! (”alg((pa h), 71 (4, h)) — D=1 n—1,0€TK Ext! (ﬂalg(¢a h), €1, 51’,(7))-

,,,,,

Ic{l, =1}, #l=i

Varying w, the image of the right vertical map can “cover” the target. Together with the
surjectivity of the top map, we see the bottom map is also surjective. (2) follows by the
first statement in Proposition 3.6 (1) and (3.12). And the dimension part in (1) follows then
from Lemma 3.5 (1) and Proposition 3.6 (1). UJ

Remark 3.9. — By Proposition 3.6 (1) and [32, Lem. 2.26] (and using (3.2)), for
w € S,, we have ¢, : Hom(T(K), E) > ExthL"(K) (Ta5(¢, h), PS(w(¢), h)). Denote by
(¢, h) the unique quotient of EB;U;S{’;)JI) PS(w(¢), h) of socle w,,(¢p, h) (cf. [17, Def. 5.7],
which is the representation 7 (0)® of loc. ¢it.). The representation 7, (¢, h) is in fact the

first two layers in the socle filtration of 7 (¢, h). Moreover, using again [32, Lem. 2.26],
we have

<3‘ 16) EXté}Ln(K) (nalg(¢ ’ h) , T (¢ ’ h)) ;) EXté}Ln(K) (nalg (d) ’ h) , T (¢ ’ h)) .
Proposition 3.8 (2) hence holds with 7, (¢, h) replaced by 7 (¢, h).

Denote by
EXtél, (nalg((p’ h)’ T (d)’ h)) - EXtél,/ (nalg((p’ h)7 T (¢’ h))
C EXt}U (Tralg(¢’ h)v T (¢’ h))

thC I’CSpCCtiVC image Of Ethlalg(nalg(¢)a h)a nalg((pa h)); EXté}L”(K) (nalg(¢v h)’ 7Talg((ba h))>

and Im(¢,) for w € S,. We also use the notation Ext}% for Ext}u whenever it is con-
venient for the context where .7, is the B-filtration of @"_,¢; associated to w. So &,
(3.11) induces an isomorphism

(3.17) ¢ : Hom(T(K), E) —> Ext], (7.,(¢, h), 7, (¢, h)).

By Proposition 3.3 (2), for w;, wy € S,, the following diagram commutes

Homy (T(K), E) —- Ext!(m,,(, h), 7,(¢, b))

~

(3.18) Wl—ll~ H

Hom, (T(K), E) ——> Ext},(7,,(¢. h). (. b).
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3.1.3. Parabolic iductions. — Let P D B be a standard parabolic subgroup of
GL, with Lp = diag(GL,,,...,GL,). Let #p be the Weyl group of Lp. Let .%p be
a P-filtration of @' ,¢; and ¢z, := ®¢; for ¢; € gr; Fp (where the order of these
¢; does not matter here). For : =1,...,7, let h' = (hyy o1y ), A=
Py oty 4105+« o s Pyt 1 — Dgexe . Applying the constructions in Section 3.1.2
to (¢, hi), we obtain GL,, (K)-representations 7t,,(¢ .7, ;, hi), T (D0 h') etc. Note
when n; = 1, we have 7,,(¢ %, ;, h) =, (D745 h) = ¢,,1+.__+,”_]zh’”*“'*"i—l . We fix an iso-
morphism (Ind]?_ll("](;;)(&;Zlﬂalg(¢gip,i, h))e ! o gF)lkls = g (¢, h) (where the supscript
“lalg” means locally algebraic induction) and (then) fix isomorphisms 77,,(¢ 7, ;. h') =
Lin(wi(d2,.)) ®k L(AY) for all 7 and w, € S,, such that the composition (noting the first
isomorphism is obtained by the transitivity of parabolic induction) I, (w(¢)) ®g L(}) =
(Indy 2 (R L (wi(@7,..)) @ L(A)e™" 0 07)18 = 7, (¢, h) coincides the fixed iso-
morphism (3.2) for all w € #5. Consider the parabolic induction

~7

(3.19) (Ind 8 (R, 71 (f7.. W) )™ 0 67) ¥

P=(K)

3 r i _ lalg ~

(Indlg’}gl(ilj) (Ixi:lnalg (¢9\P,i’ h ))8 l © GP) ¢ = nalg(d)v h)a
where X denotes the completed (injective or equivalently projective) tensor product over
E (cf. [38, Prop. 1.1.31]).

Lemma 3.10. — Fori=1,....,n—1,0 € ¥g and I C {1,...,n}, #l =1, €, 5;.)
appears as an rreductble constituent of (Indg’_L (”Ig){)(@::lm (7.1 B))e™" 0 ONYY™ ifand only if
one of the following conditions holds:

(1) there exists k € {1, ... 7} such that (ny +---+m_) +1 <1<y +---+m) —1
and {] | d)j S Fﬂgrpykfl} clc {] | (ﬁj S Fﬂg:},’k},

2)i=m+---F+uforsomek=1,....,r—1, and 1= {j | ¢; € Fil, Fp}.

Moreover, each of such constituents has multiplicity one, and lies in the socle of

/nalg(¢9 h)

(3.20) (IndGLn(K) (@;Zlnl ((p%,h hi))s_l o QP)Qﬁ—an

P (K)

Progf: — Let Vo := (Indp iy (R g (@7, h))e ™" 0 67)% ™™ For all i as in (2),
L7 (=i - 2) has multiplicity one in the parabolic Verma module U(gl, 5, ) ®upy, ) (—2)
and lies in the cosocle of Ker[U(gl, 5, ) ®upy, ) (—2) = L7 (=2)]. Using [55, Thm.], we
deduce the constituents for ¢ as in (2) appear with multiplicity one in Vj, and all lie in the
socle of (3.20).

For i as in (1), let Vy := (Indj 78 (R

s g (@700, WYRE (L, 5:6) ) 06T) Y

.....

o

where € (1, 5; ) denotes the corresponding representation in the cosocle of 7, (¢ z, ;, h).
By (8.1) for €(1,s.,); and the transitivity of parabolic inductions, V| injects into
(Indg}("g) et (d)n) Y™™ for any w € S, satisfying w({l, ..., 7}) = L. Since the latter
representation has socle € (1, s;,) with multiplicity one (cf. (3.1)), so does its subrepresen-
tation Vi. It is not difficult to see these give all the €'(1, 5;,) appearing in (1), and they



p-ADIC HODGE PARAMETERS IN THE CRYSTABELLINE REPRESENTATIONS OF GL, 41

all have multiplicity one. Let U be the closed subrepresentation of 7, (¢ .z, , h") of the
form [77.,( 7 hH—%(1, si.o)k], which 1s clearly a closed subrepresentation of a cer-
tain prmc1pal series of GL,, (K). Using the transitivity of parabolic inductions, one sees

= (In dl(,’L(I({I)Q ((@l_ ,nalg((b Fp.is I )&U)s*1 0 A")Y 5 a closed subrepresentation

,,,,,

of (Ind](:;: Lfg) Xw(qb)n)Qf" M with w € S, satistying w({1, ..., }) = L. For the latter repre-
sentation, € (1, s;,) has multiplicity one and lies in the socle of its quotient by 7, (¢, h).
We then deduce €'(I, s;,) lies in the socle of W/m,,(¢, h) hence in the socle of (3.20).
Finally, by [55, Thm.], one sees every %(Ls;,) in the representation
(In dl?lg,g?(& (dz 0 h))e™! 0 0¥ must come from either Vo or Vi with T as
in (1), and has multiplicity one. This completes the proof. U

Denote by Sz, the subset of the constituents € (1, s;,), which satisfy one of the
conditions in Lemma 3.10. We have

(3.21) #S 7, = (Z(Q"f —2)+(r— 1)>dK.
=1

The representation (Indg,L ("I%Q (&:‘:1”1 (D705 h))e ! 06")¥ contains a unique subrep-

resentation 77z, (¢, h) such that socgr,, k) 7% (¢, h) = m,,(¢, h) and 7.7,(¢, h) /7, (¢,
h) = @%esgp%ﬂ. Note when P =B, %, = .7, then m2,(¢, h) = PS,(w(¢), h). Itis easy
to see the injection 7,,(¢, h) < 7 %,(¢, h) (cf. (3.19)) uniquely extends to 7w.#,(¢, h) —

71(¢,h).

Proposition 3.11. — We have dimg ExtéLn(K) (Tag(@, h), T2, (P, b)) = n + dxr +
dg D (2" — 2). And the following push-forward map is injective

(3‘22) EXté;LH(K) (ﬂalg((p, h), T (¢s h)) — EXt(l}Ln(K) (ﬂalg((p, h), (¢, h))
Progf: — We have an exact sequence by dévissage
(3-23) 0— EXté;L”(K) (nalg((p, h), TFp (¢, h)) - EXt(I;Ln(K) (ﬂalg(d)’ h), (¢, h))
— EXté}L”(K) (nalg((p y h) y ®%¢Sgp Cg) .

The injectivity of (3.22) follows. By Proposition 3.8 (1), the last map in (3.23) is surjective.
The first part follows then by a direct calculation using Proposition 3.8 (1), Lemma 3.5
(1) and (3.21). O

Set EXt}P(JTalg(d), h), 7,(¢,h)) to be the image of (3.22). The injection 7,,(¢,
h) — 7.2,(¢, h) induces a natural injection

(3.24) Exty (g (¢, h), 71(¢, h)) = Extiz, (a5(0, h), 71 (¢, ).



492 YIWEN DING

We have natural maps

r

325) By (B (@5 ). BLm (050 )
— Extgy g (Tas(@. ), (Indy 5 (1 (672, W) 067)¥ )

< Exthy o (Tag(@ ), 75,(8, ),

where the first map is obtained by taking (Indl(;’,L ("I({I){) —®pe oOY)¥ 7 and using the pull-

back via 77,1,(¢, h) <> (Indy i (K 75 (¢ 7.1, h))e™ 00" %™ (cf. (3.19)), and where
the second map is the natural push-forward map, which is bijective by [32, Lem. 2.26]
(and Lemma 3.10).

For (7)) € []_, ExtéLﬂi (g (P7.0, W), 1 (P71, h)), consider the Lp(K)-repre-
sentation @;Zlﬁi (where the completed tensor product is taken over E). It is clear
that @;':1771- admits a quotient V given by an extension of X/_, 7,4(¢5,;, h') by W :=
®_, (@ =1, T (D Zp s W) X, Tae (P 7, h'). The push-forward of V via the natural map

J#z

W — @Z T (D7 i h') (mduced by nalg(qﬁyp L h) — T (¢z.i I )) gives an element in
ExtLP(K)(@Z | Talg (@ 7.1, Y, IEt 1 (@2, h)). In this way, we obtain a map

(3.26) ]_[ Ext(r, ) (Tate (¢.50.60 1), 71 (65,1, )
=1

r

— Exty, ) (M Tag (7.0 h'), gz’:l”l (¢7.:: 1'))-

Together with (3.25), we finally get a map:

<3.27> é'y[, . 1_[ EXt(l}L,,l.(K) (nalg((pyp,i, hi)9 T ((byp,ia hl))

=1

— Ext}gp (nalg((b’ h), 7,(¢, h))'

For w € S,, let .7, be the B-filtration of @*_, ¢; associated to w. Suppose .7, is compatible
with Zp. It is clear that PS;(w(¢), h) is a subrepresentation of 74, (¢, h) (e.g. by com-
paring constituents and using Lemma 3.5 (1)), hence (by dévissage) Ext, (.5(¢, h), 7, (¢,
h)) — Exti, (a5(¢, h), 71(4, h)).

Proposition 3.12. — (1) The map .z, is byective.
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(2) For any w such that the associated B-filtration F,, is compatible with Fp, the _following
diagram commultes

[T_, Hom(T(K) N Lp;(K), E) — Hom(T(K), E)
(3.28) ~l(3.17) ~l<3.17>
[T_, Extl, (Tag(@zp.i k), 11 (G700 ) ——> Exct, (ag(¢, b), 11 (¢, b))
where T, ; is the induced B N Lp-filtration on gr; Fp, and the bottom map is induced by 7.

Proof — Given ¢ = () € [, Hom(T(K) N Lp;(K), E) = Hom(T(K), E), we

have (1 + ¥e) = X :]/8(1 + Ye) as character of T(K) over E[€]/€e? hence as element

n ExtlT(K)( 1, 1). Note X el /62(1 + Y;€) admits an extension construction in a similar
way as given above (3. 26) The commutativity of (3.28) then follows by definition and
the transitivity of parabolic inductions (see also the discussion above (3.19)). In particular,
we deduce the bottom map of (3.28) is bijective. Note that any € (I, s;,) € Sz, is a con-
stituent of some PS;(w(¢), h) with .7, compatible with .%p. By similar arguments as in

the proof of Proposition 3.8, one sees the natural map (“C” means compatible)

<3'29) @ Ethlu (nzllg(¢’ h)’ T (¢’ h)) — Ethﬁf}, (nalg(d)’ h)’ T (¢)v h))
Ty C Fp

1s surjective, hence so is {z,. By Proposition 3.8 (1) and Proposition 3.11, both sides of
(3.27) have the same dimension over E hence ¢z, is bijective. U

Let Extiz, , (ag(¢, h), 71 (¢, b)) —é“yp(l_L | Exty (g (@70 b)), 11 (07,0, ).
By Proposition 3.12 (2), and (3.18), assuming .7, Compatlble with %p, the following
diagram commutes (cf. (2.21)):

Homp , (T(K), E) —> Exty, , (e (@, h), 71 (¢, h))
(3.30) wzwfll” H
Hompg (T(K) E) EXt7P 7 (nalg«bi h)9 T (¢v h))

We finally discuss some intertwining properties related to Section 2.4. Let ¢! :=
$p XX, :T,.1(K) - EX, h' := (hy,...,h, ) and h’ := (hy, ..., h,) which
are dominant weights of t,_; 5. We have locally Q,-analytic GL,_, (K)-representations

Tag(¢', ') C 7 (¢", h') for i = 1,2, and parabolic inductions (Indﬁl}(ﬂg) (m (", h") ®

e) B ¢, and (Indy Y ¢, e K (¢!, w)¥ . Let .7 be the filration

@ ¢ C D ¢; and ¥ be the filtration ¢, C ", ¢;. By Lemma 3.10, € (1, 5;,) ap-
pears in wz(¢,h) (resp. in ng (¢, h)) if and only if ¢ = 1, — 1, 0 € ¢ and
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Ic{l,...;n—=1}, #l =i (resp. =1, U{n} with I, C {l,...,n— 1} and #I, = ¢ —1).
In particular, 77, (¢, h) /e (¢, ) = (7.5 (6, h) /(¢ 1)) B (5 (¢, h) /715 (, h)). The
following proposition is straightforward (where the right exactness of the last sequence fol-
lows by comparing dimensions, using Proposition 3.3 (1), Proposition 3.8 (1) and Propo-
sition 3.11):

Proposition 3.13. — There is a natural exact sequence of GL,(K)-representations
0 —> 7ug(@, h) —> 72 (¢, h) @ 1y (¢, B) —> m1(¢p, h) —> 0.
Consequently, we have a natural exact sequence
0 —> Exty (7.,(¢, b), 711 (9, b))

— Ext_ly(ﬂalg@, h), (9, h)) ) Ext{}(nalg(qﬁ, h), (¢, h))
- EthGL,,(K) (nalg(¢, h), (¢, h)) — 0.

Remark 3.14. — By Proposition 3.12 (1), we have a bijection
¢z Exty (mag(¢'.h'), (4", h')) x Hom(K*, E)
—> Extl; (Tuy(¢. h). (9. b))

and a similar bijection {g.

3.1.4. Locally o-analytic parabolic inductions. — Let o € k. Recall a locally Q,-
analytic representation V of GL,(K) over E is called locally o -analytic if the gl,(K) ®q, E-
action (obtained by derivation) on V factors through gl,(K) ®k , E (cf. [57, Section 2]).
And V is called gsy\(o}-algebraic if U(gyz,\(0))v 1s a finite dimensional algebraic repre-
sentation of gs.\(s) over E for all v € V. Let A, be the o-component of A, and A7 :=
(Ar)r0. We also view them as weights of ty, in the obvious way. For i1 =1,...,n—1

Ic{1,...,n}, #l =1, let w € S, such that w({1, ..., 7}) = 1. We have
C (1, 5i0) = Fyr (L (=500 - 1), w(g)n)
= (L7 (=si0 - o)y w()n) @5 L(X7).

3

Note we have fg,L”(L;(—s,-’g - Ag), w(P)n) — (Indg,ng) w(P)nzioto)°=a where the

sup-script “o — an” means the locally o-analytic induction. So the both are locally
o-analytic. Let 7, ,(¢p,h) be the subrepresentation of (¢, h) given by the exten-
sion of @ i=1....m1 €, s5i5) by Tae(¢, 1). Similarly, for w € S,, let PS, ,(w(¢),h) C

,,,,,

Ic{l1,...,n},#I=:
PS,(w(¢),h) be the subrepresentation with irreducible constituents ,,(¢,h) and
C(w,s;,)fori=1,...,n— 1. Itis easy to see

PS; . (w(¢),h) =PS;(w($), h) N ((Ind; 1 w(@)n)” ™ @ L(17))
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— PS(w(¢), h).

Moreover, 7t (¢, h) is the unique quotient of @;fjg(d) 8 PS, ;(w(¢), h) of socle 1, (¢, h).
In particular, 7, , (¢, h) is gs,\(0}-algebraic. In fact, 7 , (¢, h) is the maximal gs\(s)-
algebraic subrepresentation of 7, (¢, h).

For gz (0)-algebraic representations V and W, we denote by Ext) (V,W) C
ExtéLn(K) (V, W) the subspace of extensions, which are gs,\(sj-algebraic. Let
Hom, ,(T(K), E) := Hom,(T(K), E) N Hom, (T(K), E) (recalling Hom, (T(K), E) is
the subspace of locally o -analytic characters).

Lemma 3.15. — We have dimg, Ext(l, (Tag (@, ), Tas(@, B)) = n+ 1, and (3.4) induces
an isomorphism Hom, ,(T(K), E) = Ext} (,,(¢, h), Ty (@, h)).

meU{ T AS EXté}Ln(K),Z (nalg((p’ h)v nalg(‘pa h)) C Ethlan(nalg((p’ h)v nalg (¢7 h)) (bY
(3.6)) hence 1s contained in Ext(lf (Tas(¢, ), T0(p, h)), we have an exact sequence (sim-
ilarly as in [14, Lem. 3.16])

0— EXté}L"(K),Z(nalg(qs’ h)’ nalg(d)’ h)) — EXt(ly (nalg(¢5 h)a nalg(¢» h))
— Hom, (Z(K), E) — 0.

The first part follows. It is clear that (3.4) induces the map in the lemma by restriction,
which is hence injective. However, both the source and target spaces have the same di-
mension n + 1, so the map is bijective. U

Proposition 3.16. — Let w € S,, the map (3.10) induces an 1somorphism

(3.31) Hom, (T(K), E) — Ext, (mu.(¢, b), PS) - (w(¢), h)).

Proof — Yor ¢ € Hom, (T(K), E), by similar arguments as in the proof of Propo-
sition 3.3, Igf’zg)(w(d))nzx(l + Y€)) is a subrepresentation of (Ind(B}E’gg) w(P)nz (1 +
Ye))’ " ®g L(A7), hence is gy (s)-algebraic. Together with the description of (3.10) in
Remark 3.7, we deduce (3.10) induces the injective map in (3.31) by restriction. We have

an exact sequence by dévissage

(3.32) 0 —> Ext! (nalg(¢, h), (¢, h)) —> Ext! (nalg(cp, h), PS,, (w(q,’)), h))
— @) Ext, (m(¢, h), € (w(9), 5i))-
By Lemma 3.15 and Lemma 3.5 (1), dimy, Ext(lf (Tag(¢, h), PS; s (w(¢),h)) < (n+1) +

(n—1) = 2n. However, the source of (the injective) (3.31) has dimension 27, so (3.31) must
be bijective. U
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Remark 3.17. — By the above proof, we see the last map in (3.32) is surjective and
EXt; (nalg((pv h)’ Cg(w((p), 51',0')) - EXté}L”(K) (n—alg(¢’ h), Cg(w((p)v Si,(r))'

Denote by Extclr (Tag(¢@, h), w1 (¢p, h)) (resp. Extfj’ ¢ (Tas(¢, h), w1 (¢, h))) the image
of EXt(l; (nalg((pa h)a T ,o (¢7 h)) (resp. EXté (nalg((pa h)! ﬂalg(¢9 h))> via the (injective) pUSh'
forward map. It is easy to see

Ext! ¢ (ag(¢, h), 71 (¢, h))

18

= EXt(;’ (ﬂalg(¢’ h)’ T (¢9 h)) N EXtcly (nalg(¢’ h)9 T ((bv h))

Proposition 3.18. — (1) We have an exact sequence
<3'33) 0 — EXt}y (Tralg(¢’ h)7 Tralg(¢7 h)) — EXt}y (nalg(d)’ h)’ Ty (¢7 h))

= n— E 1 al ) ) I’ 1,0 .
— Galc{l,..l.:;;:u,#l:i xXtGr, k) (Tag (@, B), €A, 5:.6)) —> 0
And dimg, Ext(lf (Tag(@, h), w (P, h) =n+2"— 1.

(2) The map (3.13) induces a surjection ty p : ®yes, Hom, (T(K), E) — Exté (g (P,
h)a 7T1(¢, h))'

(3) The following map is surjective

<3°34> ®‘EEEK EXti (nalg(¢’ h)v T ((p’ h)) — EXté}L”(K) (ﬂalg(¢’ h)’ T (¢7 h)),
and induces an 1somorphism
<3'35) ®IEZK (EXti (Tralg((pb’ h)7 T (¢» h))/ EXti: (Tralg(¢’ h)7 T (d)’ h)))

— Extly i (Tag(, B), 71($, b))/ Ext) (e (@, k), 71 (¢, B)).

Progf. — (1) follows by the same argument as in the proof of Proposition 3.8 (1). (2)
follows from Proposition 3.16 and Remark 3.17 by the same argument as in the proof of
Proposition 3.8 (2). The first part of (3) follows easily by comparing the exact sequences
(3.12) and (3.33). It is clear that (3.34) induces (3.35), which is hence surjective. How-
ever, both the sources and target spaces have the same dimension (2" — 1)dk by (1) and
Proposition 3.3 (1), Proposition 3.8 (1). So (3.35) is bijective. UJ

Now let P be a standard parabolic subgroup of GL,, and .%p be a P-filtration on ¢.
We use the notation in Section 3.1.3. Let 7.z, , (¢, h) :=72,(¢, h) N7 ,(¢, h), which
is the maximal gy, (»}-algebraic subrepresentation of 7 #,(¢, h). Then 7 #, , (¢, h) is an
extension of the direct sum of €'(1, 5;,) € Sz, (for the fixed o) by ,,(¢, h). We denote
by Ext(lj’ 7, (Tag(¢, h), 71 (¢, h)) the image of Ext} (mu,(¢, h), 77, 5 (¢, h)) via the (injec-
tive) push-forward map. As previously, we also write Ext;w for Ext(lr’ 7, One easily sees
Ext, 7, (Tag(¢, h), 71 (¢, h)) = Ext, (Tag(h, h), 71 (¢, ) NExtis, (g (¢, h), 71 (4, h)).
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Proposition 3.19. — (1) We have dimg, Ext;’(%(nalg@,h), mi(p,h) =n+r+
(2 —2).
(2) The isomorphism (3.27) induces an isomorphism

(3.36) [ [Ext, (mag(@50: b)), 71 (@000 b)) —> Ext) s (ag($, B), 71 (8, 1)).

i=1
Moreover, for any w such that the associated B-filtration 7, is compatible with Fp, the following

diagram commules

[T, Hom, (T(K) N Lp ;(K), E) — Hom, (T'(K), E)

~l<3.31) ~l(3.31)

[Tie) Bxt}, 5 (Tag (B0, B, 710 (b 7p,i0 b)) ——> Exty , (Taig(@, b), 71,0($, b))

where 7, ; is the induced B N Lp-filtration on gr; Fp.

Proof. — By dévissage, Lemma 3.10 and a similar argument as in the proof of
Proposition 3.16 (noting for a fixed o, #{€ (I, 5;,) € Sz} =Y. (2" — 2) + (r — 1)), we
see dimy, Ext},,% (Tag(@, ), m(P, h)) <n+r+ > (2" —2) and that (3.27) restricts to
an injective map as in (3.36). Its source space has dimension n+r+ )., (2" — 2) by
Proposition 3.18 (1). We deduce (3.36) is bijective and (1) follows. The second part of (2)
follows from (3.28). O

Finally, we have similarly as in Proposition 3.13:

Proposition 3.20. — Let ¥ and G be as in Proposition 3.13, there is a natural exact se-
quence 0 — e (P, h) — w7 5 (P, h) DTy 5 (¢, h) — ) (¢, h) — 0. Consequently, we have
a natural exact sequence

(3.37) 0 —> Ext} , (ay (@, h), 71 (¢, b))

— EXt(l,—,y(nalg(gba h)a T (¢’ h)) Y EXt,l,g (nalg(¢7 h)a T (d)’ h))
—> Ext) (7, (¢, ), 7, (¢, B)) —> 0.

3.2. Hodge parameters in GL,,(K)-representations.

3.2.1. Construction and properties. — In this section, we associate to D € ®I',, (¢, h)
a locally Q,-analytic representation 7, (D) of GL,(K) over E, which determines those
Hodge parameters of D reinterpreted in Section 2.2 (hence determines D when K = Q,).
Consider the following composition (see (2.15) and (3.13) for the maps)

(kcw

) lp.h
— @yes, Hom(T(K), E)— Extg;, ) (Tag(¢, h), 71 (¢, b)).

~

(3.38) @5, Ext, (D, D)
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The following theorem is crucial for the paper.

Theorem 3.21. — The natural surjection @wesnﬁ; (D,D) —» Ext (D, D) (¢f Proposi-
tion 2.12) factors through (3.38), 1.e. there exists a unique map

(3.39) i Extly g (Tae(@, B), 7,(6, b)) — Ext (D, D)

such that @weg"EL (D,D) —» E—xt1 (D, D) s equal to try composed with (3.38).

Progf. — We prove the theorem by induction on 7. It is trivial for n = 1. Suppose
it holds for n — 1. As in Section 2.4, let D; € ®T",.(¢', h') (resp. C; € @I, (9", hQ)) be
the corresponding saturate (¢, I')-submodule (resp. quotient) of D (where ¢' := ¢, X
X, h' :==(hy,...,h, ), and h* := (hy, ..., h,)), and .Z, ¥ be the associated
filtrations on D. For w € S,_,, the following diagram commutes (cf. (2.20)):

Hom(T(K), E) —— Hom(T(K), E) x Hom(K*, E)

KwTN KWTN

Ext, (D, D) —= Ext, (D;, D;) x Hom(K*, E)

[ [

Ext (D, D) —=— Ext (D}, D)) x Hom(K*, E).

By induction hypothesis, the map @wesn_lﬁ; (Dy,D;) —» E—Xt1 (Dy, D)) factors through
the following map (defined similarly as in (3.38))

it ®ucs, , Ext, (D1, D)) —» Extly oo (Tag(@', h'), 7w (6", h')).

This together with Proposition 3.12 and (2.19) imply @y.es, Ext,, (D, D) — Ext»(D, D)
(— Ext (D, D)) factors through

(3.40) t7.p  Extly (Tg(#, ), 71 (¢, h)) —> Ext (D, D) — Ext (D, D).

Let S|, :={w €S, | w(n) = 1}, that is a subset of S, of cardinality (zn — 1)!. By a sim-
ilar discussion with D; replaced by C, the map @, Ext, (D, D) — Exty (D, D) <>

Ext (D, D) factors through fy.p : Extl, (Tuy(¢, h), 7, (¢, h)) — Ext,, (D, D) < Ext (D,
D). By (3.18) and (2.13) (with g replaced by g'), the following diagram commutes (see
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(3.24) for the injections from Extél)

EXt;’ (nalg(¢9 h)v T (¢9 h)) — EXt}g (nalg((p? h)v T (¢7 h))

l b

Exty (Tug(@, h), 71 (¢, h)) —— 22— Ext (D, D).
Hence by the second exact sequence in Proposition 3.13, the composition

Ethjfi (T[alg(¢’ h)a T (¢9 h)) @ EXt}f (ﬂalg(¢7 h)v T (¢a h))
— Fxt (D, D) @ Exty (D, D) —> Ext (D, D)

factors though a map
=1
(3.41) i Bxtey i) (Tag(¢, h), 71(¢, h)) —> Ext (D, D).

Next, we show #p satisfies the property in the theorem. By construction, the map
——1 ——1
Dues, us,_ Ext, (D, D) — Ext (D, D) factors through . It suffices to show for the other

weES,, E—thlu (D,D) — E—XtI(D, D) also factors as

(3.42) Ext, (D, D) % Hom(T(K), E)

w (3.41) —1
% Extly, (Ta(9, h), 71 (¢, h)) == Ext (D, D).

Suppose hence w(n) = with 1 <7 < n. We have
(3.43) Hom(T(K), E) = &Z Hom(Z;(K), E) ® Hom(Z(K), E),

where Z; C T is the centre of the Levi subgroup L; (containing T) of the maximal
parabolic subgroup P; (with j ¢ %/.). Foranyj=1,...,n—1, KJI(Hom(Zj(K), E)) C
E—xtlgzP ¢(D, D) (cf. Corollary 2.15), where Fp, is the Pjfiltration associated to the B-
filtration T (such that 7, is compatible with Fp). Let w; be an element in the Weyl
group of L; such that w;(z) = 1 or w;(z) = n (whose existence is clear). By Corollary 2.15
(2) and (3.30), we have a commutative diagram

1 w Sw
Extz, ,(D.D) =2 Homp,, (T(K). E) = Ext{y (rag(¢,h). 71 (6. )

H "’flw H

Kw,w

_1 g ZW‘M/
Ext, (D, D) —= Homp, , (T(K), E) = Extfy, (Tag(9. h).m1 (9, b)).
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It is clear that wyw € S,_; US/_,, hence the map E—xtllujw(D, D) — E—xtl(D, D) is equal
to ip o ({ij o ijw). In particular, its restriction to E_Xt}l,j y (D, D) i1s equal to # o ({ij o
Kuw) = tp 0 (§y © k) by the above commutative diagram. As E—xt; (D, D) is spanned by

ﬁl@}) (D, D) and Hom(Z(K), E) (e.g. using (3.43)), we obtain the factorisation as in
8
(3.42){ This concludes the proof. UJ

Remark 3.22. — (1) By comparing dimensions (using Proposition 2.10, Proposition
3.8 (1)), we have dimg Ker(ip) = (2" — "0 — 1)dg.

(2) The same argument holds with 7, (¢, h) replaced by 7 (¢, h) (with the same #,
under the isomorphism (3.16)).

The following lemma is clear.
Lemma 3.23. — For any w € S, Ker(sp) N Ext}U(JTalg((b, h), (¢, h)) =0.

Let i (D) (resp. m(D)) be the extension of Ker(ip) ®g (¢, h) (= m,(¢,
h)@@n*@*]w) by m (¢, h) (resp. (¢, h)) associated to Ker(zp) (cf. Section 3.1.1,
see also Remark 3.22 (2)). Note that as Endgy, k) (7 (¢, h)) > Endgy, k) (1 (¢, h)) >
Endgr,, k) (7Tag (¢, h) = E, either 7, (D) or (D) determines Ker(ip). We have

(3.44) (D) = Tnin (D) By (9w 7 (9, h).

In the sequel, we will mainly work with 7,,,(D), noting that most of the statements
generalize to 7 (D) without effort. We have an exact sequence

(3.45) 0 — Homg, k) (nalg(¢a h), Ker(fp) ®r mag (P, h))

N
—> Extgyp g (Tag(@. ), 71 (¢, h)) > Extyy i) (Tag (@, B), T (D).

By Lemma 3.5 (2), one sees the last map fj is surjective. For a P-filtration .%p on D,
we denote by EXt,lgp (7Tag (¢, h), 7 (D)) the image of Ext}% (Tag(¢, h), (¢, h)) un-
der fp, and write Ext) for Ext}%. Denote by Expé(ﬂa1g(¢,h), Tmin(D)) the image of
Ethl (nalg(d)’ h)’ 8 (d)’ h)) underﬁ).

Corollary 3.24. — The map tn induces Extél, (Tag (@, h), Tyin (D)) = E; (D, D) and
Ext), (Tug(@. h). Toin(D)) = Ext, (D, D) forall w € S,

Proof. — By Lemma 3.23, Exti(nalg(qﬁ, h), 7,(¢, h)) > EXti(nalg(d)» h), 7., (D))
for x € {w, g}. The corollary then follows from the definition of #,, (2.15), (3.17) and
Proposition 3.3 (1). O
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The following corollary is a direct consequence of Theorem 3.21.

Corollary 3.25. — Let D € @', .(¢, h). The representation 70, (D) is the unique extension
0of ag (P h)e’a(w_@_l)a’K by 1 (¢, h) satisfying the following properties:

(1) socgL, k) Tmin(D) = mae(@p, ), and  socgr,x) (Tmin(D)/Tas(d, b)) =
socgr,k) (1 (¢, h) /7 alg (¢, h)).

(2) There 1s a byection

~ =l
Ip: EXté;Ln(K) (nalg((b’ h)a ijin(D)) —> Ext (Da D)

which s compatible with trianguline deformations, v.e. for w € S,, the composition Hom('T'(K), E) fu
- ool

Ext!, (T (@, h), Tin (D)) <> Ext (D, D) coincides with Hom(T(K), E) 2> Ext, (D, D) <

Ext (D, D).

II(II‘—I) .
Let xp be the character z*!| - |, * [T, ¢: of K* with [A| =) i=1...n A, ». We have
oEXK
n(n—1) . .
~ 7). For an integral weight u of ty, let §, be the central character

A'D = R g(xpe
of U(gl, 5, ) acting on L(u).

ﬂ,EK

Proposition 3.26. — The representation 7., (D) has central character xy and infinitesimal
character &,,.

Progf. — We only prove the statement for the infinitesimal character, the cen-
tral character being similar. Let Zx be the centre of U(gl, 5, ). Recall we have the
Harish-Chandra isomorphism HC : Zx — U(tg,)”**, where %, is the Weyl group
of Resgﬁ GL,, isomorphic to S%, and where we normalize the map such that a weight

wn of ts,, seen as a character of U(’c\;K)“’%vK

, corresponds to §, o of Zx (recalling
Ol = (0,...,1 — n)yexy). In particular, the weight h corresponds to &,. Let Xg,
(resp. Xj) be the tangent space of Zx (resp. U(tgy)) at &, (resp. at h), ie. Xg, = {f :
Zx — Elel/€® | f =&, (mod €)} and similarly for Xj. The map HC induces a bijection
HC : X;, — X¢, (noting the injection U(’ch)%K < U(tg,) induces bijections on tan-
gent spaces, e.g. by the explicit description of the invariants U(tg, )”*¥ as a polynomial
algebra).

For D e Ext' (D, D), the Sen weights of D (over E[e]/€?) have the form (h;, +
ai,ge)_afzK . We obtain hence an E-linear map Ext'(D, D) — Xy, D (a;5). The

=1,..., n

map sends Ext; (D, D) hence Exté(D, D) to zero, thus induces an E-linear map ds., :

E—xtl(D,D) — Xp. For T € ExtéIm(K) (Tag(¢, h), 7, (¢, h)) equipped with the natural
E[e]/€*-action, and a € Zx, the operator (a— &, (a)) (on ) annihilates 771 (¢, h) hence in-
duces a GL,(K)-equivariant map 7 — (¢, h) — 7. As Hom(7,,(¢, h), 7,(¢, h)) =
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E, this map is equal to ae for some o € E (depending on a). We deduce Zx acts on 7
via a character over E[¢]/€?, which corresponds to an element in X¢, . We obtain hence
an E-linear map: dyy: ExtéLH(K) (g (¢, h), m (¢, h)) — X, . The proposition (for the in-
finitesimal character) will be a direct consequence of the commutativity of the diagram:

Extg; ) (Tag(¢, h), 11 (¢, b)) —— A, X,
(3.46) ’”l H‘”l
Ext (D, D) B X,

By the construction of #, it suffices to show for all w € S,, the following diagram com-
mutes

Ext, (D, D) e X,

(3.47) ~l Hcl

Ext), (Tug(¢. h), 71 (9. ) —" X,

Let ¥ € Hom(T(K), E) and D € Ext (D, D) be a (¢, I')-module over Rk geyje2 of
trianguline parameter § = w(@)(1 + Ye). Let ds U(ts,) — E[e]/€? be the mor-
phism induced by s by derivation. Then dsen(D) = db. By (2.12) (3.11) and Remark 3.7,

the image 7 of D under the left vertical map in (3.47) satisfies ;1(}(5) (6nz )]) —

7. By [37, (0.4)], we have ondpz?" ¥ <> Jp(F) < %", where n is the Lie al-
gebra of N. We see Zg acts on the image of the injection via d8 o HC. More-
over, the composition gnég[‘gm:% — Jp(T) — 7T — mue(¢,h) is non-zero, since
dimpg HomT(K)(w(¢)zhnz_0[K:Qﬁ](SB,jB (m1(¢,h))) = E. We deduce the subrepresentation
T2k = ds o HC] strictly contains 7,(¢, h) hence is equal to 7 itself. So & (7) =
d8 o HC and (3.47) commutes. This concludes the proof. UJ

We next discuss the compatibility of #, (and 7., (D)) with parabolic inductions. Let
P D B be a standard parabolic subgroup of GL, with Lp equal to diag(GL,,, ..., GL,).
Let .#p be a P-filtration of D, M; := gr; %p, which is a (¢, I')-module of rank n;, for
1=1,...,r. Recall we have defined Ext}% for both (¢, I')-modules (cf. the discussion
above Proposition 2.13), and GL,(K)-representations (cf. Section 3.1.3).

Proposition 3.27. — The map ty restricts to a surjection

—_—1
i, 7, Exty (Tag(@, b), 71 (¢, b)) —> Extz (D, D).
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Moreover, the following diagram commutes

) : : (i) - =1
1 1 1 1
l_[;=1 EXtGLni(K) (nalg(d)ffp,i» h )’ Ty (¢fp,i’ h )) — l_[;'=l EXt(qy,r)(Mz” Mz)
(3.48) ~l(3.27) ~l<2.19)
p, Fp

Ext’y, (Tag(, B), 7, (¢, h)) Ext;, (D, D).

In particular, the parabolic induction (3.27) induces a natural isomorphism

(3.49) ®._, Ker(ty,) — Ker(tp, 7,) = Ker(tp) N Extly, (m.,(¢. h), 71 (9, h)).

Proof. — By Corollary 2.14 (2), Proposition 2.12, E—Xt;zP (D, D) can be spanned by

E—xt; (D, D) for Z,, compatible with .%p. Together with (3.29), the first part follows. The
commutativity of the diagram follows from (2.20) and (3.28). U

Remark 3.28. — Let my,.2,(D) C myin(D) be the extension of Ker(#p #,) ®p

Tag(¢. h) = 7, (¢, W)@ Xim =520 o 7 (6 ) associated to Ker(ip, 7). By
Proposition 3.27, m,,, 2, (D) 1s the maximal subrepresentation of 7,,;,(D) which comes
from the push-forward of extensions of m,.(¢,h) by 7%, (¢, h) via 75,(p,h) —

71(¢, h). We have Il?_LgIg‘j)((Ez?jzlnmm(Mi)) ®p 7! 00%) = 77 (D). Moreover, (3.48)

induces a commutative diagram

, . () y =l
l_[l'zl EXté;L"i(K) (”alg((bﬁp,ia hl)a T nin (M) —N> Hi:l EXt(w,r)(Mia M,)

D, Zp —1
Exty, (g (¢, h), Tin, 7, (D)) —  Extg (D, D),

where Ext}% (Tag (¢, h), Tin, 7, (D)) is the image of Ext_lﬁzp (Tag(¢, h), 7, (4, h)) via the
push-forward map, and where the left vertical map is obtained in a similar way as (3.27).

Let o € k. By Proposition 3.18 and Corollary 2.19, (3.38) restricts to a surjection
(3.50) @wesnﬁ;w(n D) —» Ext} (mue(¢, h), 71 (¢, h)).

Corollary 3.29. — Let D € ®TI',.(¢, h).
(1) The map (2.26), quotienting by Ext\(D, D), factors through (3.50) and the restriction of

o : Bxt! (Tae(¢, h), 71 (¢, b)) —> Bxt,, (D, D).
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(2) Let P be a standard parabolic subgroup and Fp be a P-filtration on D. Let tp, 7, » be the
restriction of tp » to Ext;’ 7, (g (@, h), 71(P, h)), we have a commutatie diagram

r i i (tMl‘,n) r —1
l_[izl EX’[}, (7Ta1g(¢ﬁp,i, h), 7T1(¢,fip,z', h)) — l_L-zl Eth (M;, M,)

~l(3.36) ~l<2.24)

D, Fp.o —1
EXttlf,,QZP (ﬂalg(¢, h’)’ T ((p’ h)) o EXtd’gzP (D, D)

In particular, (3.36) induces ®,_, Ker tyy, = Ker Ib.Fp.o-

Proof. — (1) follows by Theorem 3.21 and Corollary 2.40. (2) follows from (3.48).
O

Remark 3.30. — (1) It is clear that Ker(#p ) = Ker(fp) N Exté (Tag(@, h), 7, (S,
h)). By Lemma 2.16 and (2.14), dimg, ﬁ; (D, D) = n+4 "+ Together with Proposition
3.18 (1), we then deduce dimg Ker(# ,) = 2" — @ — 1.

(2)  Recall we have  Ext(mu(¢,h), 7 ,(¢,h) — Extl(m,,
h), 7,(¢, h)) (see the discussion below Remark 3.17). We view hence Ker(# ,) as sub-
space of Exté (Tag(@, h), 1 5 (¢, h)). Set 75, (D), to be the extension of Ker(#p ,) ®r,
Tag(¢, h) by 7, ; (¢, h). Then 7,,;,(D), is just the maximal gy, \(s}-algebraic subrepre-
sentation of 1, (D).

ECorollary 3.31. — We have @ycxy Ker(tp ) > Ker(tp). Consequently, m.;, (D) =
@;el (; h) nmin(D)(r-
alg\ @,

Progf. — The second part follows from the first one (see also Remark 3.30 (2)).
Consider the induced maps (where we omit “(¢, h)” for short)

Extly, (Tag, 71)/ Ext! (g, m) —>Ext (D, D)/Ext,(D, D),
1 1 Do =—1 S
Exct, (%ag, 71) / Ext,y (g, 71) —Ext, (D, D) /Ext, (D, D).

As Exté (Tag(¢, h), m, (¢, h)) N Ker(sp) =0 (cf. Lemma 3.23), we have isomorphisms

Ker(fp) — Kerf, and Ker(fh,) — Kerlp,. Using Proposition 3.18 (3),
Do ex Kertp , — Kertp is injective. We deduce the natural map @,z Ker(lp ) —
Ker(fp) is injective. As the both sides have dimension (2" — ““ — 1)dx by Remark 3.22
(1) and Remark 3.30 (1), the map is actually bijective. 0J
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Let D, =%, (D) (cf. (2.7)), and consider (see Corollary 2.27 (1) for the last isomor-
phism)

by, =Ty 0 Iy : Ext! (me(@, h), 71 (¢, h)) — Ext, (D, D)

2 Ext, (D, D,).

For a P-filtration .%p on D, (which corresponds to a P-filtration on D, still de-
noted by Fp), let tp, 7 = T, o Ip.#p0, which is equal to the restriction of #p,
to Exté”%(nalg(qﬁ,h),nlyd(qﬁ,h)). It is clear Ker#p, = Kertp,, and Kertp, gz =
Ker#y #,.o. The following corollary is clear.

Corollary 3.32. — (1) The surjective map EBwE—Xt;w(D(,, D,) —» E—xt(l, Dy, Dy) (¢f
Corollary 2.40) factors through tp,, composed with the following composition (which is compatible with
(3.50), by (2.32))

Bues, Bxt, , Dy, Dy) =3 @,,c5, Hom, (T(K), E)

Lu) Ext(l, (nalg(d)» h), 7 (b, h)) - EXt}r (”alg(qb’ h), (9, h))'

Consequently, Ker tp, depends only on D,
(2) The statements in Corollary 3.29 (2) hold with D, M; replace by Dy, M, , = T, (M,).

In particular, we have
(3.51) @ Keryy,, — Kerty, .7, = Kertp, N Ext;ﬂgjp (Tae(@. B), 7015 (p, ).
Similarly as in Corollary 3.25 and Remark 3.28, we have

Corollary 3.33. — We have natural isomorphisms (¢f. Remark 3.30 (2))

t]),(f

o, + Ext} (Mg (¢, B). Twin(D)s) > Ext, (D, D) = Ext, (D, Dy).

Moreover, for a P-filtration Fp on D as in Corollary 3.29 (2), we have a commutative diagram (see
Corollary 2.27 for the nght square):

T i (ll\[i‘a) T =1 T r =1
[T Bxt) (Tag (P p.ir ), ToinM)) —> [Tz Ext, (M, M) —=> TTi_, Bxt, (M0, M)

(3.52) | 1 I

D,Fpo  — To =1
Ext), 2, (Tag (¢, B), i, 7, (D)) ——=—> Ext, &, (D, D) —=—> Ext, &,(D,,D,)

where M, = T (M), Tin, 7 (D)o D 715(@, k) is the maximal gz, .\ (o)-algebraic subrep-
resentation of M. 7,(D) (Rk. 3.28), and Ext},) 7 (Tag (@, b)), Tnin, 7, (D)) s the image of
Ext},, 7, (Tag(@, h), 701 o (¢, b)) via the natwral push-forward map.
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Theorem 3.34. — Let D, D' € O, .(¢p, h), and 0 € Zx. Then 70,;,(D)y = i (D)o
fand only if D, = D, . Consequently, 70, (D) = 710 (D) tf and only if D, = D!, forallo € 2.

Progf. — The second part follows from the first part by Corollary 3.31 and Remark
3.30 (2). As Endgr,, k) (1(¢, h)) — Endgr, k) (7Tag (¢, h) = E, 7,i,(D)y = i (D) if
and only if Ker(#p,) = Ker(#y, ). The “only if” in the first part follows by Corollary 3.32
(1). We prove “if” in the first statement by induction on n. The case where n < 2 is trivial.
Indeed, in this case, 7,,;,,(D), are all isomorphic, and D,, are all isomorphic as well, for
D € ®I',.(¢, h). Suppose it holds for n — 1. Let D, (resp. D)) be the saturated (¢, I')-
submodule of D (resp. of D) of rank n — 1, and C; (resp. C}) be the quotient of D (resp. of
D’), both with the refinement ¢! = (¢, ..., ¢,_1). Let F (resp. F', resp. 4, resp. 4') be
the filtration D; C D (resp. D} C D/, resp. Rx 1(¢,2™) C D, resp. R r(¢,2™) C D). As
Ker(#p,) = Ker(#y, ), we have Ker(p,, #) = Ker(#py,, #) and Ker(sp, ) = Ker(tD;lg) by
Corollary 3.32 (2). By (3.51), we have Ker(, ,) = Ker(#p, ) and Ker(ic, ,) = Ker(zfc/m),
hence Dy , = D’l,(7 and Gy, = C’I’(7 by induction hypothesis.

Let 7 = mpin(D)y = (D). Let w1~ (resp. mF) be the extension of
Ker(tp,,7) Qr mas(¢, h) (resp. Ker(fp, ») Qr (¢, h)) by 71 5(¢, h) (which stays un-
changed if D, is replaced by D). So 7% <> 7. Let L be the kernel of the following
natural (push-forward) map

<3°53> E—Xt(ly (ﬂ:alg((b’ h)» 7[_) 7 E—Xt(l, (nalg((pv h), 77+) - ﬁ; (nalg((p, h), 7T)
We have a commutative diagram of exact sequences (see (2.42) for the bottom one)

L Fxt, (Ty(¢p, h), 77) @ Bxt, (g (e, h), 7+) — Ext, (ms(, h), 7)

(3.54) l l |-

£(D,,Dy,,C ) ——————————> V(Dy,,Cr,)0 % Ext, (D,, D,)

where the middle (bijective) map is induced by (3.52). We then deduce £ — £(D,, D, ,,
Ci.5). Similarly, replacing D, by D/ , we obtain £ > LD, Dy, Ci5). Note the middle
map in (3.54) does not change when D,, is replaced by D! by the discussion in the first
paragraph. Hence £(D,, D, ,,C;,) = LD, D, 4, Cy ) assubspace of V(D 4, Ci 5)0-
But this implies D, = D/ by Corollary 2.38 (1). O

3.2.2. Unwersal extensions. — We give a reformulation of Theorem 3.21 using de-
formation rings of (¢, I')-modules, which will be useful in our proof of the local-global
compatibility.

Let D € ®TI',,.(¢, h). Note End, (D) = E. Let Rp, be the universal deformation
ring of deformations of D over local Artinian E-algebras. Let Rpy ,, be the universal defor-
mation ring of .7, -deformations of D (i.e. the trianguline deformations of D with respect
to the refinement w(¢)), and R, be the universal deformation ring of de Rham defor-
mations or equivalently crystabelline deformations. All of these rings are formally smooth



p-ADIC HODGE PARAMETERS IN THE CRYSTABELLINE REPRESENTATIONS OF GL, 57

complete local Noetherian E-algebras (using the fact ¢ is generic). See [3, Section 2.3.5,
Section 2.5.3] [51, Section 2] for detailed discussions. For a continuous character § of
T(K), denote by R; the universal deformation ring of deformations of § over local Ar-
tinian E-algebras, which is also formally smooth complete local Noetherian. If § is locally
algebraic, denote by R; , the universal deformation ring of locally algebraic deformations
of 8. For a complete local Noetherian E-algebra R, we use my to denote its maximal ideal
and we will use m for simplicity when it does not cause confusion.

We have natural surjections Rp — Rp, — Rp,, Rs — R;,. Moreover, we

have natural isomorphisms of E-vector spaces for the tangent spaces (mRD*/mQRD*)V =

Ext,(D,D) for x € {#,g, w}, (mg,/m3,)” = Hom(T(K),E) and (mRu/mRa ) =
Hom,,,(T(K), E). For w € S,, by Proposition 2.10 (2)(3), the map &, in (2.12) induces a
commutative Cartesian diagram (of local Artinian E-algebras):

2 2
Ryga/m* —» Rygm/m

(3.55) £ £

Rp,,,/m? ——» Ry, /m2.

As in the proof of Proposition 3.3 (2), let H (resp. H; = G,,) be the Bernstein centre over
E associated to the smooth representation 7y, (¢) of GL,(K) (resp. ¢; of K*) (cf. [23,
Section 3.13]). For w € S,, there is a natural morphism 7, : [ [, Spec H,-1; = Spec H
(see the proof of Proposition 3.3 (2)), which, by [23, Lem. 3.22], induces an isomorphism
between completions at closed points. The completion of [T, Spec H,-1(;) at the point
w(¢) is naturally isomorphic to Ry .. Let Hy be the completion of H at 74, (¢). So J,,
induces J,, : ﬁ¢ = R = R, 4 », where the second map is given by twisting z ™
By Lemma 2.11 and Proposition 3.3 (2), the composition

5 o Jw
AO = H¢,/m2 __>~ Rw(qb)zh,g/mQ —> R])’g/‘['ﬂ2

is independent of the choice of w. We let Ap := Rp/m? X Ry, /m? Ay and Ap, =
Rp,,/m? X Rp,/m2 Ao (= R, (s)4/m? by (3.55)). The tangent space of Ap (resp. Ap ) is

naturally isomorphic to EI(D, D) (resp. E—Xt; (D, D) = Hom(T(K), E)). We let Z,, be
the kernel of Ap — Ap ,,. By Proposition 2.12, the natural morphism Ap — [, Ap,, is
injective.

Let 7(¢,h)"™ (resp. (9, h);“i") be the tautological extension of
Extg; ) (Tag(d, h), 71(¢, h)) Qp 7ae(d,h) (resp. of Ext, (ﬂdlg(fﬁ h), 7,(¢, h)) ®E

dlg(¢ h) ) by 7,(¢, h) (cf. Section 3.1. 1) For w € S,, denote by §, := w(¢p)Pe™! o

and 8“““ the tautological extension of Ext! 1) (Bw» ) O Sy (= Hom(T(K), E) ®; w) by
Sw.
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Lemma 3.33. — The induced representation I(B;,Lgl(g) 8N 45 the universal extension of

nalg(d)’ h) ®h EthGL"(K) (”alg(¢v h)v Psl(w((b)’ h)) b)/ Psl(w((b)’ h)

Progf — By Remark 3.7, 1" E‘g)g;mv is an extension of 7., (¢, h)®" K+ by a cer-
tain subrepresentation V of PS,(w(¢), h). However, again by Remark 3.7, as
universal, any extension in the image of (3.10) comes from an extension of 7,,(¢, h) by
V by push-forward via V < PS;(w(¢), h). As (3.10) is bijective (by Proposition 3.6 (1)),
using the surjectivity of the last map in (3.14), we see V has to be the entire PS,(w(¢), h).

Using again Proposition 3.6 (1), we see II(;’,L E’I({I?)S;“iv is in fact the universal extension. [

~ .
univ
811]

1S

We have hence an isomorphism of GL,(K)-representations
(3.56) Ig?gg)gz,“” Drs, i) m 71 (P, h) —> 7, (9, h)"™.

There is a natural action of Ap, = R,as/m? on 8" where an element x €
MR, 4)h /m% o = Hom(T(K), E)¥ acts via x : 8;‘)““’ — Hom(T(K), E) ®g 8, — §,, <

8"V Hence IGL”(K)(SEU“iV is equipped with an induced R, .s/m?-action. Similarly

e (S
m (¢, h)u™ is equipped with an action of Ap ,, given by
(3.57) x:71(f, ) — Ext,, (ag(¢. h), 71(¢, h)) ®p Tag(h, h)

;x) nalg(d)» h) — nl(d)» h univ

w

for x € mAD_w/mti = Hom(T(K), E)" %) Extllu(nalg((l), h), 7,(¢,h))". The injection

I 5w < 7, (¢, h)"™ (induced by (3.56)) is Ap, ,-equivariant.

For a commutative E-algebra A acting on an E-vector space V, and an ideal I of A,
we denote by V[I] the subspace of V annihilated by elements in I. The following theorem
is a reformulation of Theorem 3.21.

Theorem 3.36. — There is a unique Ap-action on 7w, (¢p, h)"™ such that for all w € S, we
have an Ap ,, X GL,(K)-equivariant injection 7w, (¢, h):;}niv < (¢, B)"™™[ZL,].

~

Progf. — By Theorem 3.21, we define an Ap-action by letting x € my,, /mIQ\D =
Ext (D, D)” <> Extly_ o, (Tag(é, h), 71 (¢, h))” act via

(3.58) x:71(¢, )" — Ext' (m,,(¢, h), 71 (¢, h)) @, 7, (¢, )
— Tag($, h) —> 7,(p, ).

By definition, the restriction of #, to Extiu (Tag(¢, h), w,(¢, h)) coincides with the com-

-1 K—l R
position Ext!, (., (¢, h), 7, (¢, h)) ~> Hom(T(K), E) ~> Fxt, (D, D). We deduce the



p-ADIC HODGE PARAMETERS IN THE CRYSTABELLINE REPRESENTATIONS OF GL, 39

action in (3.58) is compatible with (3.57) when x € Ap,, hence satisfies the proper-
ties in the theorem. The uniqueness follows from the fact 7, (¢, h)"™" is generated by
(¢, h)"™ for w € S,. O

By the construction of 7,,,(D), we have:

Corollary 3.37. — We have 7, (D) = 711(p, B)™[my, ].

4. Local-global compatibility

4.1. The patched setting. — Let M, be the patched module of [23, Section 2]. Then
MMy := Hom“’m(Moo, E), equipped with the usual maximum norm, is a unitary Banach
representation of GL,(K) (where K is the field F of loc. cit.), which is equipped with an
action of the patched Galois deformation ring R, = RD®0ER@ (where g is “p” and p
is the local Galois representation 7 of loc. cit.). We refer to [23, Section 2.8] for details. Let
T be the rigid space over E parametrizing continuous characters of T(K). Let

(4.1) £ < (SpfRE)™ x T x (SpfRZ)™

be the associated patched eigenvariety (see [32, Section 4.1.2], that is an easy variation
of the patched eigenvariety introduced in [21]), M be the natural coherent sheaf on
& such that there is a T(K) x R -equivariant isomorphism ['(E, M)Y = Jp(ITR="an)
(see [21, Section 3.1] for “R4, — an”). Recall a point x = (p, p, 6,, m?) € (SprD)rlg X
T x (SpfR&, )8 lies in £ if and only if Homy, ((SX,JB(HR”_“)[ITLX]) # 0 where m, =
(py, 0, M) 1s the associated max1mal ideal of Roo[1/p].

Let X)) — (Spf RD)”g x T be the trianguline variety [21, Section 2.2], and ¢,

tr1

be the twisting map (see Sectlon 3.1.1 for ég and 0)
L (SPRD)™ x T 5 (SpfRE)™ x T, (0 %) = (05, x86(e7" 00)).
Recall (4.1) factors through an embedding (cf. [21, Thm. 1.1]).

(4.2) & — 1,(XZ(@) x (SprRL)™,

which identiﬁes &€ with a union of irreducible components of the latter. Recall
dim X5 (p) = n? + g "("H) (cf. [21, Thm. 2.6], where “#*” comes from the framing).

Let p : Galg — GL (E) be a continuous representation such that p admits a Galg-
invariant Og-lattice whose modulo p reduction is equal to p and that D := D, (p) €
@I, (¢, h) (¢ generic, h strictly dominant given as in Section 2.2). Let m, C Rg[l /p]

be the maximal ideal associated to p.

Lemma 4.1. — For a continuous character § : T(K) — E*, (p,8) € Xm(p) if and only if
§ =w(p) " for some w € S,.
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Progf — The “if” part follows the very construction (cf. [21, Section 2.2]). Indeed
tE(ﬁ)rcg of loc. cit. The “only if” part follows from the fact
that D is non-critical hence does not admit companion points of non-dominant weight

(e.g see [22, Thm. 4.2.3], [16, Cor. 6.4.12]). O

all these points lie in the space U

Suppose there exists a maximal ideal m* of R¥ [1/p] such that Ioo[m, ] £ 0
for m, = (m,, m¥), the corresponding maximal ideal of R[1/p]. By [23, Thm. 4.35],
we have I, [m,]"s = g (¢, h). By taking Jacquet-Emerton modules, this implies x,, :=
(X, p, M) = (p, 8,08 = w(P)28p (e~ 00), m?) € € forall w € S,. By Lemma 4.1, these
give all the points on £ associated to m,. By [21, Thm. 2.6 (iii)], X2 () is smooth at the
points L;l(xw,p) and (4.2) 1s a local isomorphism at x,,. As (Spf Rfo)rig is also smooth at
m¥ (e.g. see the proof of [31, Cor. 4.4]), £ is smooth at all x,,. By [20, Lem. 3.8] and [23,
Thm. 4.35], we see M is locally free of rank one at all x,,.

Let RY :=Rp ®r, RE = RE (where RE is the framed universal deformation ring
of p of deformations over local Artinian E-algebras). Let Rf] , := Rf ®r, Rp, forw € S,
and RE, = RY ®g,, Rp,. We have commutative Cartesian diagrams (see Section 3.2.2,
in particular the discussion below (3.55) for Ap, Ap ., Ao, where m denotes the corre-
sponding maximal ideals):

Ap — Rp/m? ——— RY/m?

} ! l

4.3) Ap.y — Rp,/m?> —— RY /m?

L l

Ay — Rp,/m? —— Ry /m”.

2 . O 2 2 2
Let a D Mo be an ideal of Ry such that a/mR[D) © my, /my, — Mmeo /mR[E)| (not-
ing my, /mf\D = myo /mig). The composition Ap < R /m;D — RY/a is hence an
D D
isomorphism. We use a to denote its image in RS and RY , By (4.3), Cl/mQRD &)
’ 78 D,w

mAD,w/mAQADw — mgo /miy and a/m’; @ mAO/mi0 — mgo /m25 . Moreover, the
' Duw’ Ry, Rp, D¢’ Rp,

compositions Ap ,, <> RID)’w/m2 —» Rg’w/a for w € S,, and Ag — Rg’g/m2 —» Rg’g/a
are all isomorphisms.

Recall the completion of RﬁD[l /pl at p is naturally isomorphic to RE = RY (cf
[45]). Let a C R'[1/p] denote the preimage of a C Rp. Let a, := (a, m?) C Ry[1/p].
So HORO"C_a“[ux] is equipped with a natural RE /a = Ap-action.

Lemma 4.2, — (1) We have TIR==*[m,] = TR*"*[q,][my,].
(2) Homgy, (.5 (¢, B, TIS>*"[a,]) = Homgy, (g (¢, k), T [m,]) = E.
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Progf: — By definition, a +my, = myo hence a, 4+ my, =m,. (1) follows. By [23,

Lem. 4.17], the Rg—action on l'IORgO_“[a,C]lalg factors through RE’ . /a. Let 0, be a smooth

irreducible representation of GL,,(Ox) over E associated to the Bernstein component of

Tan(@). We have ‘H = Endgy, ) (c- md(,L 28\) Osm) (recalling H is the Bernstein centre
associated to 7y, (¢)). Consider

. - 1GLy(K Roo—a lal,
M := Homgr,, k) ((C_lndGL,,EO)K) Gsm) Qg L), I3 g ] ag)

~ - AGL(K) Roo— lal
= HomGL,,(K) (C'lndGL"((’)K) Osm, (Hoo an[ax] 8 Rk L()‘)v)qm)

which 1s naturally an H-module (with H acting on c- indgi %)1\ ) Oum)-  Hence

Homgy, k) (Tag (¢, h), 5>~ [a,]") = M[m%] By [23 Thm. 4.19], this H-action on
M coincides with the one induced by H — H¢ — Ay — RY /@ acting on TT5>~""[a,]".
This implies M[m,,] = Homgr, k) ((c- 1ndGL”§lé)K) o) Qr LX), [T [q Je[m, ]).
However, as ideals of RE’ g/m , we have my, + a = m hence I—Ilgom_"m[ax]l"‘lg[mAO] =
IR~ [m,]"8 = 77,,,(¢, h) (by [23, Thm. 4.3.5]). So M[m,,] = E, proving (2). O

For weS,, let U=U, x U” C Lp(Xm(p)) X (Sprfo)rig be a smooth affinoid
neighbourhood of x,, such that xy ¢ U for w # w. Let m be the maximal ideal of
O(U,,) at x,, . As x,, , is the only point in U,, associated to p (by assumption and Lemma
4.1), m,,  C O(U,) is the closed ideal generated by m, C RﬁD[l/p]. LetaD miw be the
closed ideal generated by a C RﬁD[l/p]. Consider M;, = M(U)/(a + m¥). By defini-
tion, we have a T(K) x R-equivariant map

Xw,

(4.4) M Jp (T ™) [a,] = Jp (M5 [a,]).

Xw

Recall as D is non-critical, the completion of Xm(p) at Lp_l (¥w,p) 1s naturally isomorphic

to Rg,w. As M is locally free of rank one at x,, we see M; = Rg,w /a. In particular,
dimp M;, = 1 + (n + ndk). The T(K)-action on Mj, is encoded in the Ap ,-action.
Indeed, T'(K) acts on the Ap ,-module M;  via the composition:

(4.5) T(K) —> Ry, 5, /m* —> Ryypn/m? = Ap,

where the first map is induced by the universal deformation, and the second is induced by
twisting 8g(¢ ! 0 0) (which corresponds to the twist in ¢,). We equip Ap ,, with the T(K)-
action as in (4.5). Then the T(K)-representation Ay ,, is just isomorphic to the universal
extension g““i"3B (see the discussion below (3.56)). In summary, we have a "T(K) X Ap -
equivariant isomorphism M; = Sumivgy

Lemma 4.3. — The map (4.4) s balanced in the sense of [37, Def. 0.8], hence (by [37,
Thm. 0.13]) induces a GL,(K) x R -equivariant injection

I(rL 2 (K)' S 8umv

by 21y (K)

— M7 "[a],
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where the R o -action on IELELI({I?S““ = ](S’L(g) ((8“““83)81; Y is induced by Reo = (Rg,w /) Qg

(R2,[1/p]/m®) = Ap.., acting on 5 8.

Progf. — The lemma follows by the same argument as in [32, Lem. 4.11], using
Lemma 4.1. U

Lemma 4.4. — We have (Im ¢,,)[m,] = PS;(w(¢), h).
Progf: — By Lemma 3.35, we have

(4.6) PS, (w(¢), h) —> I8 §imive s [R~=n g ],

By Lemma 4.2, it sends 7,,(¢, h) to Hgo“*a“[mx]. By Lemma 4.1 and Lemma 3.2
(1), Homgr,, k) (PS) (w(¢), h), Hlsooc_a“[mx]) = 0. For any @ € m,, the induced (GL,(K)-
equivariant) map l'[gow_a“[ax] 5 Hgow_a“[ax] composed with (4.6) factors through
PS,(w(¢),h) — Hsom*a“[mx] (noting a, D m?), hence has to be zero. So (4.6) has im-
age in Hgomfa“ [m,].

By [20, Lem. 4.16] (which directly generalizes to the crystabelline case), we have
(where {—} denotes the generalized eigenspace):

4.7) Jo (TR, 1) [T(K) = 8,85] — Ju (TR [m, ) {T(K) = 8,85

which is hence one dimensional. Indeed, consider the tangent map of U, — (Spf RD)’rlg X
T at the point xy,

(ki,69): T, Uy —> T (sprD) x Ty, 5T

— Ext'(D, D) x Hom(T(K), E)

(where T, X denotes the tangent space of a rigid analytic space X at a closed point x).
For v € T,, U, let D, be the deformation of D over Ry g2 associated to iy (v).
As D is generic non-critical, the global triangulation theory (e.g. using [5, Thm. 5.3]
and an induction argument) implies ﬁv is trianguline of parameter §,,(1 4 k9(v)€). In
particular, if & (v) = 0, then xy(v) must be zero as well. As M is locally free at x,,
we deduce JB(I_IOROM_an [m,])[ms, 6] ;JB(HOROW_“ [mx])[mgw 53], where ms 5, denotes the
maximal ideal of (’)(T) at the point §,,0g. But this implies JB(HOROOO_Z‘“[mx])[m(;w(;B] >
JB(HEOw_a“[mX])[m/gw 5, for all £ > 1. (4.7) follows.

Now if the injection PS,(w(¢), h) — (Im¢,)[m,] is not surjective, by Proposition
3.6 (1) and Remark 3.7, there exists ¥ € Hom(T(K), E) such that IE,L("I({I?(w(fp)nzA(l +
ve)) — (Ime,)[m,]. Hence

8,85 (1 + We) —> Ju (T [m,]) {T(K) = 8,85},

a contradiction. The lemma follows. ]
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Let 7 be the closed subrepresentation of l'[gow_a“[ax] generated by Im¢,, for all
w € S,. It is clear that 7 is stabilized by Ry.. In particular, 7 has an induced Ap-action

via Ap — RE/a = R [1/p]/a..

~

Theorem 4.5. — We have a GL,,(K) x Ap-equivariant isomorphism v, (¢, B)"™ = 7 (see
Theorem 3.36 for the Ap-action on 7w, (¢, k)"™).

Proof. — We first show T = 1, (¢p, h)"" as GL,(K)-representation. It is clear that
the irreducible constituents of 77 are given by (¢, ), and all € (1, s;,) (with multiplic-
ities no less than one, cf. (3.1)). By Lemma 4.1 and Lemma 3.2 (1), Homgy,, k) (€' (1, 5:.0),
Hgomfan[ax]) = 0. Together with the fact 7' = (¢, h) by Lemma 4.2 (2), we see
S0CGLK) T = Tag(¢, h). It is also clear from the definition that all (1, 5;,) lie in the
socle of 77 /1 ,,(¢, h), hence all have multiplicity one by Lemma 3.5 (1). These together
with I8 © 7 for all w, imply 7 = 7, (¢, )™

We equip (¢, h)"™" with an Ap-action induced by the Ap-action on 7 (in-
duced from Ry). By Lemma 4.3, the composition Ig}z’g)fg;“i" — 7 = m(p, h)"™ is
then Ap-equivariant hence factors through an Ap, ,-equivariant injection Igl‘ fg)g;“i" —
71 (¢, h)"[Z,] (recalling Z, is the kernel of Ap — Ap ,,). By Theorem 3.36, we see this

(global) Ap-action coincides with the one given there. This concludes the proof. U

Together with Corollary 3.37, Lemma 4.2 (1), we get

Corollary 4.6. — We have a GL,,(K)-equivariant injection

(4.8) Tanin(D) Z 71, (¢, B)"™ [my, ] = 7 [y, ] = T [0, ][mp] = T [m,].

Remark 4.77. — By [17, Thm. 5.12], m,,(¢, h) — Hgo“_a“[mx] uniquely extends
to (¢, h) — MME="*"[m_]. Using (3.44), we deduce from (4.8) an injection 7 (D) —
HORODC_'“‘“ [m,]. Remark that (D) should still be far from the entire Hgom_a“ [m,].

Corollary 4.8. — The representation (D) s the maximal subrepresentation of
Hgow_an [m,] given by extensions of 7w,4(P, h) by (P, h).

Proof. — Let 'V be an extension of m,.(¢,h) by m(¢,h) contained in
Hgow_a“[mx] C I—[I;“_"‘“[ax]. If V is not a subrepresentation of 7, then V @, pn T —
Hso“*‘"‘“ [a,]. As 7 is isomorphic to the universal extension of 771 (¢, h) by Tag (¢, h), this
implies dimg Homgp,, k) (7ag (P, h), Hljow_a“[ax]) > 2 contradicting Lemma 4.2 (2). So
Vcrani=m]=7[m]=7"[my] = 7uu(D). O

By [22, Thm. 5.3.3] (for the crystalline case) and [16, Thm. 1.3] (for the crysta-
belline non-crystalline case), the information that D is non-critical can be determined by
HORODC_'“‘“ [m,]. By Corollary 4.8, Theorem 3.34, we then obtain
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Corollary 4.9. — Keep the situation, then Hgom_a“[mx] determines {Dg}gex, for D =
Diig(0). In particular, when K = Q,,, it determines p.

4.2. Some other cases. — We discuss the local-global compatibility in the space of
p-adic automorphic representations for certain definite unitary groups (with fewer global
hypotheses than Section4.1).

4.2.1. Some formal results. — We first discuss some corollaries of the results in Sec-
tion 3.2. Let D € ®I',.(¢, h) and Ext[lj(D, D) be a certain subspace of Ext' (D, D). For
w e S, set Extb’w(D, D) = Ext[lJ(D, D)N Ext}v(D, D). We assume the following hy-
potheses.

Hypothesis 4.10. — (1) Exty;(D, D) N Ext, (D, D) = 0.

(2) Forw € S,, dimg Exty; (D, D) = ndx.

Corollary 4.11. — The natural map ®es, Extllj’w(D, D) — ExtIlJ(D, D) s surjective,
and dimy, Ext;(D, D) = 2 g

Proof. — We have a commutative diagram

Dues, Exty, (D, D) > Ext},(D, D)

I [

Bues, Ext,, (D, D)/ Ext, (D, D) — Ext' (D, D)/ Ext, (D, D)

where the vertical maps are injective by Hypothesis 4.10 hence the left one is bijective
by comparing dimensions (cf. Proposition 2.10 (1)), the surjectivity of the bottom map
follows from Proposition 2.12. We deduce the top and right maps are also surjective. The
second part follows then by Proposition 2.10 (1). O

Denote by Extb’w(nﬂg(qﬁ, h), 7,(¢,h)) the image of the composition (see (2.15)
and (3.17)): Ext[lj’w(D,D) — E—xtllu(D,D) % Ext), (5(¢, h), (¢, h)), where the
injectivity of the first map follows from Hypothesis 4.10 (1) (recalling Extj(D, D) C
Extg1 (D, D)). Denote by Extb (J'ralg(qb, h), 7,(¢, h)) the subspace of ExtgLn(K) (nalg(gb, h),

(¢, h)) generated by Extb’w (g (¢, h), m(p, h)) for all w € S,.

Corollary 4.12. — (1) The map ly g, : Bues, Exty; , (Tag (@, h), 71($, b)) = Byes,
Ext{v’w(D, D) — Ext{;(D, D) (uniquely) factors through a surjection

tD,U : EXt{j(nzllg(d)’ h)» ™ (¢5 h)) B EXt{J(Da D)'

(2) We have Ker try v — Ker ty, (cf (5.59)).
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Proof. — We have a commutative diagram

1 (Gw ok,
®u Extl, (D, D) — &, Fxt, (D, D) P2 &, Bxt! (15 (6, h), 71 (6, b))

(4.9) i i l

Ext};(D, D) ——— Bxt (D, D) 45— Bxtly ) (Taia (@, B), 71 (6, ).
By (4.9), tp,u := bl kx) (ry(6.).71 (9.1 Satisfies the property in (1). We have
(4.10) Kertpy=Kerip N Extllj(nalg(qﬁ, h), 7,(¢, h)) C Kerfp.

Denote by Ext%j (7Tag (¢, h), PS;(w(¢), h)) the image of the composition ExtllJ » D, D)&

Hom(T(K), E) @) ExtGL () (Tag(@, h), PS1(w(¢), h)), which has dimension ndx by

Hypothesis 4.10 (2) By (3.14), we have an exact sequence
(4-1]-) 0 — W—) EXt[lj(nalg((pvh)aPsl(w(¢)vh))
— @i:l,...,n—l Eth (ﬂalg(¢’ h)7 Cg(w’ Si,a))s

oEXK
where W is a subspace of ExtéLn(K) (a5 (¢, h), m.(¢p, h)). By Hypothesis 4.10 (1) ((2.15)
and Proposition 3.3 (1)), WN Extllalg(n.dlg@), h), 7,,(¢,h)) =0. So dimg W < (n + di) —
n = dx. By comparing dimensions, the last map in (4.11) must be surjective and dimp W =
dg. Similarly by (3.12), Ext{j (Ta5(¢, ), w1 (¢, h)) lies in an exact sequence

(4.12) 0 —> W' —> Exty; (e (¢, h), 71 (¢, h))

— 69IZC{limJlrt 11t}7§¢§K EXt(’L (K)( alg(¢a h)’ %(I’ Si’g))’
where W D W is a subspace of ExtéLn(K) (Tag (¢, h), m5(¢p, h)). By the surjectivity of
the last map in (4.11) and varying w (see also the proof of Proposition 3.8), the last map
of (4.12) is surjective as well. Hence dimy, Ext[lj(rralg(qb, h), 1,(¢,h)) > dx + (2" — 2)dk.
As dimg; Ext{;(D, D) = ““Fdg by Corollary 4.11, we see dimg Ker f y > (2" — "4 —

2
1)dx = dimg Ker #. By (4.10), (2) follows. U

We set m(¢, h)‘fjniV (resp. (¢, h)“‘“‘) to be the tautological extension of
Ext, (g (9. h), 71 (6, h) ®p, 7a(¢. ) (resp. Extly , (Tuy(, h), 71 (6. h)) @ Ty (9,
h)) by 7,(¢, h) (cf. Section 3.1.1). Let Apy (resp. Ap,u.w) be the quotient of Rp/m?
(resp. Rp,,/m?) associated to Ext{;(D, D) (resp. ExtlU,w(D, D)). Let Ay, be the quotient
of Ru,((,))z1./1n2 associated to the image Extb(w(qb),zh, w(P)?) of ky, : Ext{v’w(D, D) —
ExtlT(K)(w(q’))zh, w($)z*) (= Hom(T(K), E)). The map «,, then induces a natural iso-
morphism of Artinian E-algebras:

(4.13) AUw — Ap U
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Recall §,, = w(p)2 (¢! 0 0). We equip Ay, with the T(K)-action via
T(K) —> Ry, /m* —> Ryyg)m/m? — Ay,

where the middle isomorphism is induced by twisting by & ~!'0 6. The T(K)-represen-

8 univ

tation A(;, is isomorphic to the tautological extension &}, of Ext{, (8, (Sw) Qg 6, by
8w, where ExtU(5w, 8,) consists of characters 5 over E[e]/e such that 3 (e00) €
ExtL (w(@)*, w(p)Z?). Reciprocally, the T(K)- representatlon 8{{“2) is equipped with a
natural Ay ,-action (hence an Ap y ,-action via (4.13)) as in the discussion below (3.56)
(identifying the tangent space of Ay, with a subspace of that of R;,). Note the natu-
ral map E[T(K)] — R;, /m? is surjective. Thus the action of T(K) and Ay, actually
determine each other.

Consider IGL"(K)S‘““‘ By similar arguments as in the proof of Lemma 3.35 and

B~ (K)
(the surjectivity of the last map in) (4.11), Ig . E’g)Sum‘ is isomorphic to the universal exten-

sion of nalg((ﬁ h) ®x Extb(nalg(qb h), PS,(w(¢), h)) by PS,(w(¢), h). Moreover, simi-
larly as in the discussion below (3.56), we have a GL,(K) x Ap y ,-equivariant injection
Ing‘g)Sun‘V — (¢, h){ljm;), where the Ap y,,-action on the left hand side is induced by

5un1x

its action on as discussed in the precedent paragraph and the Ap y ,-action on the
right hand 51de is given in a similar way as in (3.57) (using also (4.13)). The following

corollary follows by similar arguments as in Theorem 3.36 and Corollary 3.37.

Corollary 4.13. — (1) There is a unique Ay, ;-action on 7w, (¢, B)I™ such that for all w €
S,, there is a GL,(K) X Ap u.w-equivariant injection 1w, (¢, h)ulm — (¢, h)%an [Z,].
(2) I/VB have Ty (¢ h)um\ [mAD,U] = TTmin (D)

4.2.2. Local-global compatibility. — We prove a local-global compatibility result in a
non-patched setting. We briefly introduce the setup and some notation.

Let F/F* be a CM extension and G/F" be a unitary group attached to the
quadratic extension F/F* (e.g. see [3, Section 6.2.1]) such that G xp+ F = GL, (n > 2)
and G(F* ®q R) is compact. For a finite place v of " which is split in F and v a place of
F dividing v, we have isomorphisms t; : G(F}) — G(Fy) — GL,(Fy). We let S, denote
the set of places of " dividing p and we assume that each place in S, is split in F. For
cach v € S, we fix a place V of F dividing v.

We fix a place g of F* above p, and set K :=F/ = Fz. We have thus an iso-

morphism G(F;) = GL,(K). For each v € Sy, v # g, let &, be a dominant weight of

Resg’; GL,, and 7, : I;+ — GL,(E) be an inertial type. To 7,, one can associate a smooth
irreducible representation o (t,) of GL,(Oy+) over E (see for example [23, Thm 3.7]).
Let W, be a GL,(Opt)-invariant Og-lattice of the locally algebraic representation
o (1,) ®g L(&,) (see also [23, Section 2.3]).

Let U? = UPUY = [1, Us xTI1, es,\(p) Uv be a sufficiently small (cf. [27]) compact
open subgroup of G(A;i’p) with 17(U,) = GL,(Op+) for v € S, \ {p}. We also assume
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that U, is hyperspecial if v is inert in F. Let S be the union of S, and of the places v ¢ S,
such that U, 1s not hyperspecial.

For k£ € Z~, and a compact open subgroup U, of G((’)F;S), consider the Oy /w-
module S; . (UPU,, Oy/wy) = {f : GENH\GAX) —> Wi . /o) | f(gu) =u [ (g), Vg €
G(AY), ue UPU,} where UPU,, acts on Wg,r/wé‘ via UPU,, — Huesp\{p} U,. Put

Sf T (U OE) (El Sg T (U OE/WE) = hm hm Sg T (U U&’” OE/WE)
k N
and S . (U, E) := S, (U?, Op) ®0, E. Then S; . (U?, E) is an admissible unitary Ba-
nach representation of GL,(K). Recall that S¢ ; (U®, E) is equipped with a natural action
of T(U?) commuting with GL,(K), where T(U?) is the polynomial O-algebra gener-

‘ L, . . ~

ated by Hecke operators: Tg) = [U,i5' "OJ w(jl ) U,], for v ¢ S which splits to vv°
vl
inFandj=1,...,n where wy is a uniformizer of Iy.

Using Emertons method [35, (2.3)], one can construct an eigenvariety £ (U®)
from Jp (Sg L(U#, E)Q«” a). There is a natural morphism of rigid spaces « : £(U®) — T.
The strong dual JB(SST(UB"’ E)%~@)V gives rise to a coherent sheaf M(U®) over
E(UP). An E-point of £(U¥) can be parametrized by (8, ®) where § is a continu-
ous character of T(K), and  is a morphism of E-algebras T(U#) — E which cor-
responds to a max1mal ideal m,, of T(U?). Moreover, (§,w) € £(U?) if and only if
Hom, (4, JB(SE ,(U" E)%~[m,])) # 0. Recall a point (8, w) € E(UP) is called clas-
sical if Hom (6, JB(S§ (U, E)s[m, 1)) # 0. In fact, by [14, (6.3)], such points are
associated to classical automorphic representations. Note also if (§, @) 1s classical, then
d 1s locally algebraic hence has the form §,6,,, where d,, is an algebraic character of
T(K). We call a classical point (8, w) generic if 8,65 ko8 =: (@) is generic, i.c.
@) | Ik for i)

The following proposition is well-known.

Proposition 4.14. — (1) E(UP) is equidimensional of dimension ndy .
(2) The coherent sheaf M(U¥P) is Cohen-Macaulay over £(U?).
(3) E(UP) is reduced.

_Progf. — By [14, Lem. 6.1], for a compact open subgroup H of GL,(Ok), we
have Sg (U? E)|lg = C(H, E)® for some s > 1 (where C(H, E) denotes the space of
continuous functions on H). (1) (2) then follows verbatim from [21, Lem. 3.10, Prop. 3.11,
Cor. 3.12][20, Lem. 3.8], applying [21, Section 5.2] to IT:= Sg (UP, E)Qﬁ_“‘n (3 )follows
by the same argument as in [25, Prop. 3.9] (see also [21, Cor. 3.20]). U

Let F° be the maximal algebraic extension of F unramified outside the places di-
viding those in S, and Galy s := Gal(F3/F). Let p : Galps — GL,(E) be a continuous
representation satisfying p° = p¥ ®p &'~ where p°(g) := p(¢ge) for g € Galy g with ¢ being
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the complex conjugation. To p, one naturally associates a maximal ideal m, of T(U¥)
generated by ((—1Y (#kzy9="/ QTg) — avg)), where k3 is the residue field of Fy, and the
characteristic polynomial of p (Froby) (for a geometric Frobenius Froby at v) is given by
X4 a"X 4 al VX 46 Let w, denote the morphism T(U?) — T(U®) /m, =

v

E. Assume ,S\g,,(U", E)lalg[mp] # 0 and D := D, (pp) € ®I', (¢, h) (with ¢ generic, and
h strictly dominant, cf. Section 2.1), where p,, := p|gay, for a place w of F. There exists
hence r € Z~, such that (e.g. by [2, Thm. 1.1] and [14, (6.3)])

(4.14) (@, ) —S;  (UP, E)[m,]".

Taking Jacquet-Emerton modules, we see z,, 1= (8,05, w,) € E(UP) for w € S, (with
8, = w(P)2 (e 00)). Moreover, similarly as in Lemma 4.1, using the global triangula-
tion theory (cf. [44, 49]), (8, w,) € £(U?) if and only if § = 8,65 for some w € S, (cf. [12,
Prop. 9.2]).

Let Ext;;(p, p) be the subspace of Extéalm(p, p) consisting of p such that p°

~

P’ Rpe!™ Yorve S,, we have a natural map Extllj(,o, p) — ExtéalFN (03, pw). Set
1
Eth,sp\{K,;}(pa P)

= KCY[EXHIJ(:O,,O)—> 1_[ Ext};ang(Pm 07)/ Extgl(pm /05)]-
veS,\{p}

Let Extb(D, D) be the image of the subspace Ext;,sﬁ\{p}(p, p) via Extt(p, 0) —
Extg,, (g pg) — Ext' (D, D).

5]

We make the following vanishing hypothesis on the adjoint Selmer group:

Hypothesis 4.13. — Suppose the composition Ext;’sﬁ\{m(,o,p) — Ext'(D,D) —
Ext' (D, D)/ Ext, (D, D) is injective. In particular, Exty;(D, D) N Ext, (D, D) = 0.

Remark 4.16. — Hypothesis 4.15 is known to hold in many cases, see [1, Thm. A]
(21, Cor. 4.12] [52, Thm. A].

Let R, u be the universal deformation ring of deformations p, of the Galgs-
representation p over local Artinian E-algebras A satisfying p§ = pY ®g ¢'™". Note R, i
exists as Endg,y, s(0) = End(D) = E. Let a, D m%{p’U (resp. ap D mI%D) be the ideal as-
sociated to Ext‘;’sp\{p}(p, p) (resp. Extb(D, D)). By Hypothesis 4.15, Extél,’sp\{m(p, 0) >
Ext{v (D, D). The natural morphism Rp — R, y induces hence an isomorphism (of local
Artinian E-algebras) Ap y = Rp/ap > R, u/a,. Let ﬁRM /a, be the universal deforma-
tion of p over R, y/a,. We have a natural morphism T(U¥) — R, y/a, sending Tg)
to (—1)f(#k;)—f<f—“/2?z§) where ?fg) €eR,u/a,,7=1,...,n, satistfy that the characteristic
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/e, (Frobg) is given by X" +@"X" ! 4. + "X + 3. Let ar be
its kernel. The induced morphism T(U¥)/ar — R, /a, is an isomorphism when p is

polynomial of pgr

absolutely irreducible. Indeed, it suffices to show the morphism sends m, onto mg, ;/a,.
Consider the universal representation p of Galy s over R, ;/m,. By the definition of the
morphism, we deduce the associated pseudo-character tr(p) takes values in E. This im-
plies tr(p) is a trivial deformation of tr(p). As p is absolutely irreducible, deforming p is
equivalent to deforming tr(p) (cf. [53, Thm. 1]). We deduce p is a trivial deformation of
p hence m,(R, v/a,) =mg,/a,.

Proposition 4.17. — Assume Hypothesis 4.15 and p is absolutely irreducible. Then E(U?)
is smooth at z,, for all w € S,.. Moreover, Ext{ (D, D) satisfies Hypothesis 4.10 (1) (2).

Progf: — There is a natural family of Galy s-representations on £(U#). We quickly
recall some of its properties that we need. Let X C £(U?) be a sufficiently small affi-
noid neighbourhood of x,, such that x,, ¢ X for w’ # w, and that the generic classical
points are Zariski dense in X. Recall to each classical point z € X, we can associate
an n-dimensional continuous representation p, of Galy g, hence an n-dimension pseudo-
character of Galy 5. By [24, Prop. 7.1.1], there is a pseudo-character Tx : Galy s — O(X)
interpolating those associated to the classical points. By [4, Lem. 5.5] and the assumption
p is absolutely irreducible, shrinking X if needed, 7x gives rise to a continuous representa-
tion px : Galps — GL,(O(X)) satisfying that for all points z € X, p, = z* px is absolutely
irreducible. Let 8x = (6x.1,---,0x.,) : T(K) = O(X)* be the natural character associ-
ated to k. Let Rk x be the relative Robba ring over O(X) for K (cf. [44, Def. 2.2.2]). By
shrinking X if needed, px has the following properties:

n

(i) px =px@pe' ™"
(i) For v e S, \ {g}, px 5 is de Rham of Hodge-Tate weights &, — or .
(iii) The (¢, I')-module D, (px 5) over Rk x is isomorphic to a successive ex-
tension of the rank one (¢, I")-modules Rk x(8x.;] - fé_("’q)el_i) (cf. [44,
Def. 6.2.1)) fori=1,...,n

(i) follows easily from the fact that for all the classical points, p¢ = p, ®g ¢'~". For a place
veS,\ {g}, p.7 1s de Rham (of inertial type 7,) of Hodge-Tate weights &, — 0" for
all classical poits z. (ii) follows then by [8, Thm. B]. Finally, as D := D,;,(p,,) is non-
critical and (¢-)generic, by [5, Thm. 5.3] (and an easy induction argument), (ii1) follows
(by shrinking X if needed).

Let T,, be the tangent space of £(U¥) at the point z,. By (i), we have a map
T, — Extb(p,,o), sending ¢ : SpecE[e]/€* — X to t*px. Denote by k., : T., —
Extrlr(K) (8,88, 8,0) the tangent map of £(UP) — T at Zw-

Claim. The induced map f,, : T., — Ext{;(p, p) is injective and has image in
Exty 151 (0 £).
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Let v be in the kernel. So v*px = p @ p. This implies the composition T(U?) —
O(X) - E[€]/€? factors through m,. However, by (i11), k., (v) (as a character of T(K)
over E[€]/€?) is a trianguline parameter of the (¢, I')-module Dy (v*px) over Ry geyser-
Hence «_, (v) = 0. But by the construction of £(U¥), T(U?) ®g E[T(K)] is dense in

O(X), hence the map T, Yo teaw), —5 Exty(p, p) X ExtT(K) (8,83, 8,,8p) 1s injective. We de-
duce v is zero. The second part of the claim follows from (i1).

By (iii), the composition f, : T., — Ext;(p, p) — Ext'(D,D) has image in
Ext! (D, D) hence (by the claim) in Extllj’w(D, D). Together with Hypothesis 4.15,
we deduce dimpT,, < dim Extb,w(D, D) < dimgExt} (D, D)/ Ext; (D, D) = ndx. As
dim E(UP) = ndk, we see z, is a smooth point and dimy, Extb’w(D, D) = ndx. This fin-
ishes the proof. 0J

By Proposition 4.14 (2), Proposition 4.17 and (4.14), M is locally free of rank »
at each z, for w € S,. Let X be a sufficiently small smooth affinoid neighbourhood of
zw, and m_, C O(X) be the maximal ideal associated to z,. We use the notation of
Section 4.2: Ap u, Ap.u.w, Au.w etc. By the proof of Proposition 4.17, the composition
Apuw <= Apu=Rp/ap > R,u/a, » OX) /mgw is an isomorphism (where the last
map is obtained by sending an element in the tangent space of X at z, to the associated
Galy g-representation). The map Ay, = Ap U.w > O0X)/ miw coincides with the natu-
ral map induced by «, and the map T(U¥)/ar > R,uv/a, » OX)/ miﬂ coincides with
the one induced by T(U?) — O(X). We deduce a T(K) x Ap ,, y-equivariant injection

(4.15) S = (Mym2) " > Jo(Sec (U7, E)2 ) ar NI, { T(K) = 8,83},

where the Ap ,, y-action on the left hand side is given as in the discussion below (4.13) and
it acts on the right hand side via Ap v = Ap.u/Zy, «= Apu = Rpu/a, = T(UP)/ar.
Note as in the discussion below (4.13), the action of Ap, v and T(K) determine
each other. Similarly in Lemma 4.3, the map (4.15) is balanced and induces (by [37,
Thm. 0.13]) a GL,(K) x Rp 4, y-equivariant injection

(4.16) L (Il Bm) ™ e S, (U2, B)2 " aq].

Let 77 be the closed subrepresentation of ’S\S,, (ge, E)% “ar] generated by Im¢,, for all
w. Note 7 inherits from S , (U?, E)%"a“[aT] a (global) Ap ¢ (= T(UP)/ar)-action.

Theorem 4.18. — Suppose Hypot/zesis 4.15 and p s absolutely wrreducible. We have a
GL,(K) x Ap v-equivariant isomorphism T = 1,(, )N (of: Corollary 4.13). Consequently,
twe have T3, (D)® < S (U, E)@~[m,].

Proof — We first show 7 = (¢, h)\I™"® as GL,(K)-representation. By (4.16)
and similar arguments as in the proof of Corollary 4.4 (or using the same argument
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as in the proof of [17, Thm. 5.12]), the mJectlon Tag(P, h)¥ — Sg (U? E)%~ m,]
extends uniquely to an injection 7, (¢, h)®" < Sg (U E)%~ [m,]. Note that Im¢,, N
71(¢, ¥ Z PS;(w(¢p), h)® (by the same argument as in the proof of Corollary 4.4).
As in the proof of Theorem 4.5, 7 is isomorphic to an extension of certain copies of

Tas(¢, h) by 7'[1(¢ h)®". Using (4.14) (4.16) (and the structure of 7y (¢, h){™), it is not
difficult to see 7 has to be isomorphic to 7, (¢, h)uan o

For the compatibility of the Ap y-action, it suffices to_show any injection ¢ :
(¢, h)Y — ng(UbO E)% ' [ar] (extending (¢, h) — Sg,(U‘J E)%~[m,]) is

: L, (K
Ap y-equivariant. As (¢, h)“m‘ is generated by 1(3’ &QS{}“;, 1t suffices to show the re-
striction of ¢ to I](;L(I(g) 8¢ is Ap,u-equivariant. The restriction of ¢ to IEL?S)S{‘I“;L corre-

sponds to a unique T(K) -equivariant injection
(4.17) B8y < Ju(Se.. (U2, E) ¥ [a,]).

Its image is clearly contained in the image of (4.15) (by the definition of M). However,

any T(K)-equivariant injection 8““”8]3 — (8“““ 83)®" has to be Ap y,,-equivariant (by

the discussion below (4.13)), so is (4.17). Thus LlIGL,,(K) B 1s Ap u.w-equivariant for all w,
B—(K) ‘Uw

so ¢ is Ap y-equivariant. The second part follows from Corollary 4.13 (2). O

Remark 4.19. — By the same argument as in the proof of [17, Thm. 5.12],
the injection 7,,(¢p, h)® — Sg (U E)%~ “[m,] uniquely extends to 7 (¢, h)® —
Sg (UP E)%~ ®[m,]. Similarly as in Remark 4.7, we see the injection J'rmm(D)@’
SST(UBO E)%~ “[m,] (in Theorem 4.18) extends uniquely to (D)% — Sgr(U
E)%~*[m,].

By similar arguments as in Corollary 4.8 (replacing Lemma 4.2 (2) by (4.14)), we
have:

Corollary 4.20. — The representation T, (D)®" s the maximal subrepresentation of
Sg (UP, E)¥™[m, ], which is generated by extensions of Tag(P, h) by (P, h).

The information that D is non-critical can be read out from SE,,(U", E)[m,] by
[12, Thm. 9.3]. Together with Corollary 4.20 and Theorem 3.34, we get:

Corollary 4.21. — For D' € @', (¢, h), myin(D') — ,S\E,T(U", E)[m,] ¢ and only of
D) =D, for all o € Zk. In particular, when K = Q,, the GL,(Q,)-representation Sg . (U¥,
E)%—an [m,] determines pg.
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