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ABSTRACT

In this paper we prove the generalised André-Pink-Zannier conjecture (an important case of the Zilber-Pink
conjecture) for all Shimura varieties of abelian type. Questions of this type were first asked by Y. André in 1989. We
actually prove a general statement for all Shimura varieties, subject to certain assumptions that are satisfied for Shimura
varieties of abelian type and are expected to hold in general. We also prove another result, a p-adic Kempf-Ness theorem,
on the relation between good reduction of homogeneous spaces over p-adic integers with Mumford stability property in
p-adic geometric invariant theory.
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1. Introduction

The central object of study in this article is the following conjecture.

Comjecture 1.1 (André-Pink-Zannier). — Let S be a Shimura variety and X a subset of a
generalised Hecke orbit in S (as mn [40, Def- 2.1]). Then the irreducible components of the ariski

closure of 2 are weakly special subvarieties.

This conjecture is an important special case of the Zilber-Pink conjectures for
Shimura varieties, which has recently been and continues to be a subject of active re-
search.

A special case of Conjecture 1.1 was first formulated in 1989 by Y. André in [I,
§X 4.5, p. 216 (Problem 3)]. Conjecture 1.1 was then stated in the introduction to the
second author’s 2000 PhD thesis [57]," following discussions with Bas Edixhoven. Both
statements refer to classical Hecke orbits, rather than generalised Hecke orbits (cf. [40,

§2.5.1]).

! The statement there uses the terminology ‘totally geodesic subvarieties’ instead of ‘weakly special’, but Moonen
had proved in [30] that the two notions are equivalent.
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Zannier has considered questions of this type in the context of abelian schemes
and tori. Richard Pink, in his 2005 paper [35], has formulated and studied this question.

Pink proves it for “Galois generic” points of Shimura varieties:* this implies in
particular that such points are Hodge generic in their connected component. Pink uses
equidistribution of Hecke points proved in [8] (or in [18]).

We refer to the introduction of [40] for further background on Conjecture 1.1.

In the Pila-Zannier approach and most other approaches to Zilber-Pink conjec-
tures, one of the major difficulties is to obtain suitable lower bounds for Galois orbits of
points in the “unlikely locus” (see [9]).

In [40], we develop a general approach to Conjecture 1.1 based on the Pila-
Zannier strategy (o-minimality and functional transcendence). In [40], we define gen-
eralised Hecke orbits, we define a natural height function on these orbits, and we prove
precise lower Galois bounds [40, Th. 6.4] under the “weakly adélic Mumford-Tate con-
jecture” [40, §6.1].

Let (G, X) be a Shimura datum and let K < G(Ay) be a compact open subgroup
and let S = Six (G, X) be the associated Shimura variety. The main result of [40] is as
follows.

Theorem 1.2 (Theorem 1.2 of [40]). — Let xy € X. Assume that x, satisfies the weakly adélic
Mumford-Tate conjecture.

T hen the conclusion of Conjecture 1.1 holds for any subset of the generalised Hecke orbit of [xo, 1].

In the present article we prove conclusions of this theorem wunconditionally for all
Shimura varieties of abelian type. 'This completely generalises the main result of [34] by
M. Orr.

Our main result is as follows.

Theorem 1.3. — Let sy be a point in a Shimura variety Shg (G, X) of abelian type. Let Z. be
a subvariety whose intersection with the generalised Hecke orbit of s s Lariski dense in Z.. Then 7. is a
Sfinate union of weakly special subvarieties of S.

We actually prove the more general statement below, which we believe to be of
independent interest. Its assumption is weaker than ‘weakly adélic Mumford-Tate con-
jecture’ in Th. 1.2. It is the ‘uniform integral Tate conjecture’ assumption explained in §2.
We refer to [40, Def. 2.1] for the notion of geometric Hecke orbit. By [40, Th. 2.4], a
generalised Hecke orbit is a finite union of geometric Hecke orbits.

Theorem 1.4. — Let s) = [x0, 1] be a point in a Shimura variety Shx (G, X), and assume the
untform integral Tate conjecture for xo in X in the sense of Definition 2.3. Let 7. be a subvariety whose

? Roughly, the image of the corresponding Galois representation intersects the derived subgroup of the ambient
group in an adélically open subgroup. This may be too strong to hold in general. See the first author’s 2009 PhD thesis [37,
II1.§7, p. 59] for a weaker assumption.
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intersection with the geometric Hecke orbit of sy is Lariski dense in Z.. Then Z. is a finite union of weakly
special subvarieties of S.

Using Faltings’ theorems, we prove in §4.5 that points on Shimura varieties of ad-
joint abelian type and satisfy this ‘uniform integral Tate assumption’. Thus Theorem 1.3,
in the adjoint type case, is a special case of Theorem 1.4. Because Conjecture 1.1 can be
reduced to the adjoint case, we deduce Theorem 1.3 for any Shimura variety of abelian
type.

At the heart of this article is obtaining polynomial lower bounds [40, Th. 6.4]
which are unconditional for Shimura varieties of abelian type, or in general under the
assumption of the Tate hypothesis. We emphasize that Shimura varieties of abelian type
constitute the most important class of Shimura varieties.

The Tate hypothesis is used to compare the sizes of Galois orbits with that of the
adélic orbits of [40, App. B]. In our setting, we can easily recover former results of [33]
which were only concerned with S-Hecke orbits (involving a finite set S of primes). In
order to work with whole Hecke orbits, and even geometric Hecke orbits, we use an
“integral and uniform” refined version of the Tate conjecture. Using generalised Hecke
orbits 1s important for our strategy to work, in particular for the reduction steps in [40,
§7].

Some of the new ideas in this article relate the notion of “Stability” in the Mum-
ford sense to the Tate hypothesis. The fine estimates we need use stability not only over
complex numbers, but in a broader context, over Z, and Z. This is where the “uniformity
and integrality” in our Tate hypothesis is essential. These ideas originate from [38], part
of the first author’s 2009 PhD thesis.

This article also develops several results of independent interest. Theorem 7.1 is
a p-adic version of a Theorem of Kempf-Ness [26]. We expect it to be useful in other
contexts, and it is proved in more generality than needed here. Theorem 6.1 gives pre-
cise and uniform comparison on norms along two closed orbits of reductive groups. In
Appendix B, we give some consequences of Faltings theorems, in the axiomatic form
given in §2, for factorisations of Galois images, and in particular £-independence. Our
arguments rely only on group theory, they do not involve ramification properties, and
therefore apply to more general groups than images of Galois representations.

Outline of the paper. — We define the uniform integral hypothesis in Section 2.

In Section 3, we reduce Th. 1.4 to the bounds on Galois orbits established in
the rest of the paper, and the functorial invariance properties of the Tate hypothesis of
Section 4. Since the formal strategy is almost identical to that of [40, §7] we only give a
sketch indicating necessary adjustments and provide precise references to [40].

In Section 4, we also derive the refined version of Faltings’ theorems that we use,
using arguments of Serre and Noot. We deduce that the uniform integral Tate hypothesis
holds in Shimura varieties which are of abelian type and also of adjoint type.
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The central and technically hardest parts of the paper are §§5—7. There we estab-
lish the lower bounds for the Galois orbits of points in geometric Hecke orbits as in [40]
under assumptions of Th. 1.4.

The main result Th. 6.1 of Section 6 is essential to the proofs in Section 5. We
derive it in Section 6 from the results of Sections 7 and 8.

Section 7 gives a p-adic analogue Th. 7.1 of a Theorem of Kempf-Ness. We prove
in greater generality than required for Th. 6.1, as we believe it will be useful in other con-
texts. It involves good reduction properties of homogeneous spaces of reductive groups
over Z,, and of closed orbits in linear representations over Zj.

The ideas behind the convexity and slope estimates in §8 can be better understood
in the context of Bruhat-Tits buildings as in [38]. The height functions which are central
in our implementation of the Pila-Zannier strategy give examples of the type of functions
studied in §8.

The Appendix A describes results about closed orbits of tuple in the adjoint rep-
resentation of reductive groups in arbitrary characteristic. These are used in the proof of
Prop. 5.7.

The Appendix B is used in §5.1.1 in the proof of Theorem 5.1.

2. Uniform integral Tate conjecture

In this section, we define in Def. 2.3 our main assumption in this paper, the ‘uni-
form integral Tate conjecture’ property. This is an extension of the conclusions of Faltings’
theorem in the form given in Th. 4.7, to all Shimura varieties.

2.1. Uniform integral Tate conjecture. — In §2.1.1 and §2.1.2 we consider an abstract
setting. In §2.1.4 we specialise it to the context of Shimura varieties.

2.1.1. Let M < G be (connected) reductive algebraic groups over Q. We iden-
tify G with its image by a faithful representation

oc : G — GL().

Def. 2.1 and Theorem 1.4 will not depend on this choice. The Zariski closure in GL(d)z
of the algebraic groups M and G and Z (M) define models over Z. We write G, for the
special fibre® and

G(Z,) = G(Q,) NGL(d, Z,) and

GZ)=[]6(@2,) =GA)NGLW Z).
V4

% For almost all primes p the group G(Z,) is hyperspecial and Gy, is a connected reductive algebraic group over F,.
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We also have a reduction map G(Z,) — Gg,(F,). These constructions apply to M
and Zg(M) as well.

2.1.2. Let U <M(Ay) be a compact subgroup.

For every prime p, we define U, = M(Z,) N U. We denote by U(p) the image of U,
in G(F,). We define UPO =U,N Hpo (Q,) where H, = @ZM < Gy, is the Zariski closure
as a Q,-algebraic subgroup, and H," is its neutral Zariski connected component.

Definition 2.1 (Uniform integral Tate property). — We say that a compact subgroup U <
M(Ay) “satisfies the uniform integral Tate” property with respect to M, G and pg #:
(1) For every p,

(1a) Lo, (Uy) =Zg,, (U)) =Zc(M)g,.
and
(Ib) the action of U, on Q, is semisimple.*

(This (1b) is equivalent to: H, is reductive.)
(2) For every D, there exists an integer M(D) such that _for every p > M(D) and every U < U, of
index [U, : U'] < D, we have

(2a) Ze, (U'(9) = Zay, (M)
and
(2b) the action of U'(p) on' ¥, is semisimple.
(When p > d, (2b) is equivalent to: the Nori group, defined below, of U’ (p) is semusimple.)

In our terminology, wntegrality refers to the second property over F, on U(p) and
uniformaty to the fact that the integer M(D) depends on D only.

2.1.3. Remarks. — We collect here some facts that will be used throughout this
article.

(1) For p large enough, in terms of d, we can use Nori theory [32]. For a sub-
group U'(p) < G(F,), the group U’ ()" generated by unipotent elements of U’(p) is
of the form H(F,)" for an algebraic group H < Gy, over F,. We call this H the Nori
group of U'(p). The property (2b) is then equivalent to the fact that H is a reduc-
tive group H < Gy, over F, (see [46, Th. 5.3]). We also note that [H(F,) : H(Fp)T]
can be bounded in terms of dim(G) (see. [32, 3.6(v)]).

(2) f U’ < U has index [U : U] < p, then U'(p)" =U(p)".

* Some authors refer to this as completely reducible.
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(3) This “uniform integral Tate” property does not depend ° on the choice of a faithful
representation 0.

(4) The semisimplicity of the action over F/, is equivalent to the semisimplicity over F,,.(cf.
[5, Alg. VIIL, §12. N.8 Prop. 8 Cor 1 a)] with K=F,, L=F,, A=K[U'(»)], M =
F)

(5) The group U < M(A,) “satisfies the uniform integral Tate” property with respect
to M, G and p if and only if the subgroup [ | , Uy = U does so.

(6) Part (1) of Def. 2.1 is satisfied for U if and only it is satisfied for some subgroup of finite
index in U. It follows from Lem. A.2 and Cor. A.3 that, for any subgroup U" < U, if
Part (1) of Def. 2.1 is satisfied for U’, then it is satisfied for U.

(7) Let U' < U, < M(Q,) be subgroups.

If Property (1a) of part (1) of Def. 2.1 is satisfied for U’, then it is satisfied for U,: we
will have U <U,’ < U, < Mg,, and Zg(M) = Z(U"") > 76U > Z(U,) >
Zc(M).

Assume that U’ is of finite index in U,. Then Property (1b) of part (1) of Def. 2.1 is
satisfied for U if and only if it is satisfied for U,: if Hy is the Zariski closure of U, the
finite index property implies H;}O = H}f

(8) If'a compact subgroup U < M(Ay) “satisfies the uniform integral Tate” properly with respect
to M, G and pg, then, for any M < G’ < G, the group U satisfies the uniform integral
Tate property with respect to M, G" and pg.

(9) For every p, let V, < U, be a finite index subgroup, and assume that there exists D’ €
Z., such that

3) vp, [U,:V,]<D.

If (2) is satisfied for U, then (2) is satisfied for [ | P V, with the function D = M(D-D’).
In view of Remark 2.1.3 (3) we may, from now on, just say “satisfies the uniform integral
Tate property” without referring to a particular faithful representation pg.
We deduce from the above facts the following

Lemma 2.2. — Let U" < U < M(Z) be such that U" satisfies the uniform integral Tate
property with respect to M, G and pg and such that U" s of finte index in U. Then U satisfies the
uniform integral Tate” property with respect to M, G and pg.

2.1.4. We denote by (G,X) a Shimura datum, by K < G(As) a compact
open subgroup, and by S = Sk (G, X) the associated Shimura variety. Fix xy € X and
let M < G be the Mumford-Tate group of x;. Let E be a field of finite type over Q such
that 5o = [x0, 1] € S(E) (such an E always exists). We denote by p,, : Gal(E/E) — M(A/)

% Indeed, Def. 2.1 does not involve pg itself, but only the induced models of G and M. The algebraic groups Gq,
and l\lQp do not depend on the integral models, and two models, for almost all p, induce the same local models GZ/)
and Mz, .

4
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the representation associated to xp (see [40, §3.1, Def. 3.1]), and by U < M(A,) N K its
Image.
The main hypothesis in Theorem 1.4 is the following.

Definition 2.3. — We say that xo “salisfies the unform integral lae conjecture” f U =
P (Gal(E/E)) “satisfies the uniform integral Tate” property with respect to M, G i the sense of
Def 2.1.

2.1.5. We will make use of the following terminology.

Defination 2.4. — We say that a subgroup U < M(Ay) satisfies the L-independence property 1f
it 1s of the form

u=[]u,
Y

with U, < M(Q,) for every prime p.

3. Proof of the main result

The structure of the proof of Th. 1.4 is essentially the same as in [40]. The main dif-
ference 1s that our hypothesis is the integral uniform Tate property instead of the “weakly
adé¢lic Mumford-Tate conjecture”. Using the results of §§4, 5, we may follow the same
proof as [40, §7] making the following changes.

3.1. In the step “reduction to the Hodge generic case” [40, 7.1.1] we make the
following changes.

Since we work with geometric Hecke orbits H#(x;) instead of generalised Hecke
orbits H(xp), we use [40, Cor. 2.7] to remark that, with X¢ = H¢([x, 1]) NZ the following

set 1s a finite union

S8y (2¢) = HE([, 1]) U UHE ([, 1])

of geometric Hecke orbits in ShKnG/(Af)(G’, X’). According to Prop. 4.1 and Prop. 4.2,
each of the [x], 1], ..., [}, 1] satisfy the uniform integral Tate conjecture (relative to M
and G').

We replace “On the other hand, the Mumford-Tate hypothesis [...]” by the ob-
servation that if a point of the geometric Hecke orbit H4([xo, 1]) in SA(G, X) satisfies the
uniform integral Tate conjecture (relative to M and G), then, by Prop. 4.2, each point of
each of the geometric Hecke orbits H*([x], 11), ..., H*([x}, 1]) satisfy the uniform inte-
gral Tate conjecture (relative to M and G').
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3.2. In the step “reduction to the adjoint datum” [40, 7.1.2] we make the follow-
ing changes.

Instead of “Using §3, the Mumford-Tate hypothesis will still be valid even [...]”,
we use Prop. 4.1.

Instead of “In view of § 7, the Mumford-Tate hypothesis [...]” we use Prop. 4.3.

3.3. In [40, 7.1.3], “Induction argument for factorable subvarieties”, we make
the following changes.

Instead of “As explained in § 7, the Mumford-Tate hypothesis [...]” we use
Prop. 4.5.

3.4. The last change from [40, §§3.1-3.3, 7] 1s in [40, 7.2.3] where we use our
Th. 5.1, instead of the lower bound on the size of Galois orbits [40, Th. 6.4].

We may apply Th. 5.1 to the Galois image U, because: the hypothesis on M is
satisfied for Galois images (cf. [40, Lem. §6.11]); the other hypotheses are satisfied by
assumption. (In the case of Shimura data of abelian type, see §4.5.)

4. Functoriality of the Tate condition and independence condition

In this section, we verify that the conditions in Definition 2.1 and 2.4 are preserved
by various natural operations. This is necessary to make simplifying assumptions in the
proof of the main theorems (cf. [40, §7.1]). We also show that the conditions of 2.1 and 2.4
hold for all Shimura varieties of abelian type.

According to Remark 2.1.3, the Definition 2.1 does not depend on pg. It follows
from Definition 2.4, that the property that the Galois image satisfies the £-independence
property does not depend on G, nor on pg.

4.1. Invariance on the geometric Hecke orbit. — We refer to [40, Def. 2.1] for the notion
of geometric Hecke orbit H#(xp), the variety W = G - ¢, and the notation x, = xy 0 ¢

for p € W(Q).

Proposition 4.1. — Let x4 € H* (x0) for some p € W(Q).

If xo “satisfies the uniform integral Tate conjecture™, then x4 “satisfies the uniform integral Tate
conjecture”.

1If the image U of p,, satisfies the £-independence property in the sense of Def. 2.4, then the
image U’ of p,,, satisfies the L-independence property in the sense of Def. 2.4.

Proof — Let g € G(Q) be such that ¢ = gpog™', and let L be a number field such
that g € G(L), and let A; 1, = Ar ®¢ L be the ring of ad¢les of the number field L. Denote
by U’ the image of p,,. According to [40, Prop. 3.4] we have

U = ¢ (U).
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We prove the assertion about £-independence. Assume U =[] , Up- Since ¢ 1s de-
fined over Q, we have

U=]]s).
)4

This proves the assertion about £-independence.
We treat the semisimplicity over Q) in Def. 2.1. Assume that the action of U, is

semisimple. Equivalently, the Zariski closure Upzm is reductive. As ¢ is defined over Q,

the algebraic group ¢(Up)zm‘ =¢ (ﬁpz‘”) is reductive, or equivalently, the action of U) =
¢ (U,) is semisimple.

We now treat the centraliser property of part (1) of Def. 2.1. For every prime p, let
us choose an embedding L. — @ We have gmg™' = ¢ (m) for m € M(@), and thus Uf; =

gU,g™' < (M) (Q,). We have

4 Zog (U) =2 (Upg”
=826y (U)")¢ " =gZc(Mge!
=Zo(Mg™")g, =Za(¢(\D)g;

As ¢ (M) 1s the Mumford-Tate group of x; we have proved (1) of Def. 2.1 for x.

We now deal with part (2) of Def. 2.1.

Note that the component g, of g as an adélic element is in G(OLgq,) for p large
enough. For p large enough, the group ¢ (M)(Z,) = gM(Z,)g™" is hyperspecial and the

reduction map

g2 (MI(Z) — d(M)(F))

1s well defined.

Let my € Z~, be such that the above apply for p > my. Let D and M(D) be as in (2)
of Def. 2.1, and let V < U, be a subgroup of index [U, : V] < D, and denote by V(p) <
U(p) the corresponding subgroup as in (2) of Def. 2.1, and define V' :=gVg~!' < ¢ (U)
and V'(p) accordingly. Then, for p > M'(D) := max{my; M(D)} we have

V) =gVpg '

with g the reduction of g in G(k1,) < G(F_p), where «7, 1s the residue field of L at a prime
above p. The semisimplicity follows.
For p > M'(D), we also have

Zow (V' (D) =526 (V)G =5 Zoy Mg

= Zgﬁ(g_ng_l) = ZG@((p (M)) O
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4.2. Passing lo a Shimura subdatum.

Proposition 4.2, — Let V : (G', X") — (G, X) be an injective morphism of Shimura data.

Let x4 € H*(xo) be such that there exists x}y such that x5 =V o xj.

If xo “satisfies the uniform integral “late conjecture™, then x, (and xy) “satisfy the uniform integral
Tate conjecture™.

1f the image U of p,, satisfies the L-independence property in the sense of Def- 2.4, then the
image U’ of py, salisfies the L-independence properly in the sense of Def. 2.4.

Proof. — By Prop. 4.1 we may assume x, = x9. We identify G” with its image in G.
By [40, Prop. 3.4] we have

U=y(U)=U

where we denote by U’ the image of p! , in G'(Ay).
The semisimplicity of the action of U’ is automatic. It follows readily from the
definitions and the remark that

Zey, (U)) = Zao, (U;) NG,

o, = Zao, M) NG, =Zc;, (M.

1

and similarly for F, for p big enough.
The last statement follows from

U=w(U)=U=]]U,
Vs

4.3. Passing lo quotients by central subgroups.

Proposition 4.3. — Let ¥ C Z(G) (Z(G) s the centre of G) be a subgroup and let G be the
quotient G/F. Let V : (G, X) — (G', X") be the morphism of Shimura data induced by the quotient
G— G

If xo “satisfies the uniform integral Tate conjecture™, then x, = W o x, “satisfies the uniform
integral Late conjecture™.

If the vmage U of p,, satisfies the £-independence property in the sense of Def. 2.4, then the
image U’ of p, satisfies the L-independence property in the sense of Def. 2.4.

Proof. — Arguments are similar. Firstly, by [40, Prop. 3.4] we have
U =v(U).
We use, remarking W(M) is the Mumford-Tate group of x;,

Zu(U}) = Za(U)) /F = Za (M) /F = Z g (M/Z(G)) = Zgu (W (M)).
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(For p big enough W will be compatible with the integral models.) Let H) be the
Zariski closure of U}. Observe that W(U,) < U; <W(H,), and W(H,) < G/Q,) 1s closed,
and W(U,) < W(H,) is Zariski dense. Thus HI’) = W (H,). As H, is reductive, so is H/.

This proves the semisimplicity (1b). !

Finally, if U = H/; U,, then U’ = ]_[p\IJ(Uﬁ). This proves the assertion about £-
independence.

For the semisimplicity property over F,, let p : G — GL(#) and p’ : G" — GL(m)
be faithful representations, and Gy, and G’Fp be the corresponding models over F,, which
are reductive for p > ¢, (G, G'). Let U < U(p) be of index [U’": U(p)] < D. By Def. 2.1,
the representation U(p) — GL(n)g, is a semisimple representation for p > M(D). If fur-
thermore p > ¢y(p), by [46, Th. 5.4 (ii)], the subgroup U’ < G is G-cr, for p > ¢ (p). If
furthermore p > ¢5(p’ o W), by [46, Th. 5.4 (1)], the representation p’o W : U" — GL(m) is
semisimple. This proves that, for p > M'(D) := max{M(D); ¢, (G, G'); ca(p); c5(p" o ¥)},
the representation U — GL(m) is semisimple. This proves (2b) of Def. 2.1 with p >
M'(D). U

Remark 4.4. — This proposition in particular shows that we can restrict ourselves
to the case of Shimura varieties where G 1s semisimple of adjoint type (by taking I = Z(G)
in this proposition).

4.4. Compatibility to products.

Proposition 4.5. — Assume G to be of adjoint type and not simple. Let
(Ga X) = (Gl’ Xl) X (GQa X?)

be a decomposition of (G, X) as a product. We denote w, : G — G| and vy : G — Gy the projection
maps.

If xo “satisfies the uniform integral Tate comjecture™, then x; = 1w; o xy “satisfies the uniform
integral “late conjecture™.

If the vmage U of p,, satisfies the L-independence property in the sense of Def. 2.4, then the
image U; of p,, satisfies the £-independence property in the sense of Def. 2.4.

The proof is the same above. We recall that p,, = m; o p,, by [40, Prop. 3.4]. We
also recall that the Mumford-Tate group of x; 1s M; = ;(M), and that

GiNZcM) =Zg,(M,).
4.5. Shimura varieties of Abelian type.

Proposition 4.6. — All Shimura varieties of abelian type and adjoint type satisfy conditions of
Def 2.3 and Def. 2.4.

More precisely, let (G, X) be a Shimura datum of abelian type with G of adjoint type, and let S
be an associated Shimura variety. Then for every so = [xg, 1] € S,
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o the point xy satisfies the uniform integral Tate conjecture, B
o and there exists a field of finite type E over Q such that U = p, (Gal(E/E)) satisfies the £-
independence condition.

Progf. — By definition of abelian type Shimura data ([53, §3.2], [10, Prop. 2.3.10]),
there exists an isomorphism of Shimura data

(G,X) =~ (G, X"
with (G', X') of Hodge type. Using Prop. 4.1 we may replace sy = [xy, 1] by any point of

its geometric Hecke orbit, and assume x, belongs to the image of X’ in X ~ X'“: there

exists x, € X' such that xy = xgad.

According to §4.3, it is enough to prove the conclusion for x; instead of .

By definition of Hodge type data, there exists an injective morphism of Shimura
data (G',X') — (GSp(29), 9,), the latter being the Shimura datum of the moduli
space A,. Let 7y be the image of xj in £),.

According to §4.2, we may assume (G, X) = (GSp(2g), $,) and xy = 7. It then
follows from Th. 4.9 and Cor. 4.11. U

4.6. Uniform integral Faltings’ theorem over fields of finite type.

Theorem 4.7 (Faltings). — Let K be a field of finite type over Q, and let AJ/K be an abelian
variety. .
Fix an algebraic closure K of K. Denote

Ty~ Z2dim(a)

the Z-linear Tate module, on which we have a continuous Z-lincar representation

() P = pPa: Gal(K/ K) = GLz(T»).

We assume that End(A/K) = End(A/K) and we let End(A/K) act on T and denote
Z:={b € Endz(Tx)|Va € End(A/K), [b, a] = 0}

the 2—algebm which ts the centraliser of End(A/K) i Endz(Tx) &~ Mat(2 dim(A), 2)
We denote the image of p by

6) U := p(Gal(K/K)).

Then, for every d € Z-,, there exists some M(A, K, d) € Z, such that: for every open sub-
group U" < U of index at most d, we have

Z[U] <7

is an open subalgebra of index at most M(A, K, d).
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4.6.1. The number field case. — This statement follows from Faltings’ theorems. In
the case where K is a number field, we deduce it from [28, Th. 1, Cor. 1, Th. 2] as
follows.

Proof of Th. 4.7 if K ts a number field. — Consider d € Z,, and let M'(A, K, d) be
the M of [28, Th. 1], with their 4 our 4 - [K : Q]. Consider U’ as in the statement of

Theorem 4.7, denote by I" :=,5/L (U") < Gal(K/K) its inverse image, and denote by £ =

K /K the corresponding finite field extension. For every prime £, we denote by U’(£) be
the image of U’ in E,; := Endg, (A[£]).
We note that (cf. [11, Th. 2.7])

Z[U]=]]z[U] inEndz(Ty).
¢
We will prove the following.

(1) For every prime £, we have

M, := max [ZQZ,:Z,[U']] < +oo0.

[U:U]<d
(2) There exists M € Z; such that for every prime £ > max{My; M'(A, K, d)},
[Zz®Z,:Z,[U]]=1.

The conclusion of Theorem 4.7 will then follow with

M, K, d) := ]_[ M,.

£<max{Ma;M'(A,K,d)}

WE prove (1). Fix a prime £. We recall that End(A/ K) = End(A/K) < End(A/k) <
End(A/K). By Faltings theorems, for A/K and A/k, we have

QUI=9Q,[U]=229Q,

in Endg, (V¢), where V, = T ®z Qy is the Q; Tate module of A.
It follows that

Z, [U/] <Z/U]<ZQ®Z,

is of finite index.
We denote by U, and Uj the image of U and U’ in Endg,(V,). We have [U, :
U,]<[U:U]<dand

Z,[U]1=Z,[U,] and Z,[U'| = Z,[U,].
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By [45, Ch. 111, §4.1, Prop. 8 and 9] and [44, Prop. 2], the group U, has at most finitely
many open subgroup U, of index at most d. We also have [U, : U}] < [U : U']. Thus,
as U’ ranges through subgroups of U of index at most &, we have the finiteness

M, := max [ZQZ,:Z,[U']] < +ooc.
[U:U']<d

This implies (1).
We prove (2). We define

B:=Z[U], D:=EndA/K).
and denote the images of B, resp. D, in E; := Endg, (A[£]) by
B, =F,[U'(¢)] and D,.
When ¢ > M'(A, K, d):

e the subalgebra B, :=F,[U’(¥)] < E, is semisimple, by [28, Th. 2],

e and its centraliser
Cy := Zx,(By) = Endy (AL€]) = Endy (A[£])
satisfies, by [28, Cor. 1],
C, =End(A/K) ® F,.

By the double centraliser theorem (cf. [5, VIII§5, Th. 3]), we have
By =Zg, (Cy).

Recall that Dy 1s the image of End(A/K) in E,. Let Z, := Zg, (D,) be its centraliser.
We claim that there exists My such that for £ > M,, the map

(7) 7Z® Fg —> ZE@ (D[)

1s an isomorphism.

Proof of the claim. — Let us recall a fact. For any subgroup A < Z" < Q7 the
map A @ F, > Z" ® F; is injective if and only if £{[A - QN Z": A] < oco. This holds
for £ > 0, and, if A is primitive, for every £.

We choose an embedding K — C and consider the Betti cohomology H,(A/C;
Z) ~ Z%. We define E) = Endz(H,(A/C; Z)) ~ Z%" and Z, = Zy,(End(A/K)).

Let us prove the injectivity of (7). We apply the recalled fact for n = (2g)* and A =
Zy: the map

Zo ®F{ — E(.
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is injective for £ >> 0 (actually, for every prime £). We note that Z >~ 7, ®Z. Thus ZQF, ~
Zy @ Fy, and the map (7) 1s injective for £ > 0.

Let us prove the surjectivity of (7), for £ 3> 0. As we proved that (7) is injective, it 1s
enough to prove that

8) V>0, dimg, ZyQF, = dimg, Z,.

We may write D =2Z-d, 4 --+Z-d;. Denote by ad(d) : Eg — E( themap e [d, e] =do
¢—e¢od. We choose an isomorphism E >~ Z®¥" and, for | <j <, denote the coordinates
of ad(d) by

dd(d]) = (CS]"], ooy 8],(2g)2)'

We denote by W < £ := Hom(E,, Z) the subgroup generated by {5, ,|]1 <j <i,1 <h <
(29)*}. Then Zy < Eq is the dual {d € E¢|Vw € W, w(d) = 0} of W, and Zg, (D;) < E, is
the dual of the image W, of W in E;/. We have thus dimg,(Z, ® F;) = (29)* — dimg, W ®
F,. By the recalled fact, we have dimg,(W,) = dimg, W @ F; = rank(W) for £ > M, :=
[W-QNE;: W]. This implies (8). We have proved the claim. O

It follows that, when £ > max{My,; M(A, K, d)} the map
Z[U] > Z— 7, =F,[U©®)]

1s surjective. By Nakayama’s lemma [5, VIII§9.3 Cor. 2], one deduces that

Z,[U]=201Z,.
We have proven (2). This concludes our proof of Th. 4.7 if K is a number field. 0
4.6.2. General case. — Because we lack a reference, we give a specialisation argu-

ment which reduces the theorem for general fields of finite over Q to the case of number
fields.
In view of Def. 2.1 we will prove the following refinement of Th. 4.7.

Proposition 4.8. — The same conclusions holds if we replace (6) by

9) u=[]u,
b4

with U, := p(Gal(K/K)) N Glg,(Ty ® Z,).
The proof of Prop. 4.8 will use the following results.

Theorem 4.9 (Serre). — In the same situation, assume moreover that K is a number field. T hen
there exists a finite extension /K such that Galois image U := p(Gal(LL/L))
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(1) 1s such that U satisfies the £-independence condition in the sense of Def. 2.4, ([48, 136. Th. 1,

p34), [47, §3.1)
(2) and such that the U, are Zariski connected, ([48, 133. p. 15;135. 2.2.3 p. 31], [27, 6.14, p

623])
(3) and such that U < M(Z) where M s the Mumford-Tate group of A. (¢f. [40, §3] and §4.5.)

The assertions in Theorem 4.9 are found in the indicated references. We deduce
Prop. 4.8.

Proof of Prop. 4.8. — Let n = Spec(K) and 7 = Spec(K). Following [31, §1.2 and
Cor. 1.5],° there exists a number field F < K, and an abelian variety Ay over F such that

e We have an identification of Tate modules T := T 2= Ty,
e We have an identity (cf. [31, Cor. 1.5]

(10) End(A/K) ~ End(A/F) ~ End(A/F)
as subalgebras of B := Endz (1),

e we have a diagram

Gal(K/K) < > Dy » Gal(F/F)
I I
End(T,) === End(T) == End(T,,).

The commutativity implies that Uy := p(Dy) satisfies
p(Dy) = Uy = o (Gal(F/P))

and
p(Dr) < U := p(Gal(K/K)).

By Th. 4.9, after possibly passing to a finite extension of I and the corresponding finite
extension of K, we may assume

Ur=]]Wn,"
p

We note that (Ug), < U, and thus (Up)p0 < Upo. We deduce

Ur=U=]]U".
p

5 We apply [31] with F := Q, and F(S) := K. Our F is a finite extension of their Q(o’) such that End(A, /Q(0)) =~
End(A, /F), and our Ay is the base change of their A,.
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We will prove the refinement Prop. 4.8 of Th. 4.7 with
M(A, K, d) = M(Ag, I, d).
Fix d and an open subgroup U’ < U of index at most d. We denote
U, =U"NUy.
We first note that Up, < Uy is a subgroup of index at most . We have, as 2—subalgebras
of B :=Mat(2dim(A), Z),
Z[U;] <Z[U].
From (10) we have
7 =7y := {b€ Endz(T,)|Va € End(Ap/F), [b, a] = 0}.
We use the number field case 4.6.1 of the theorem for Ay and 4 and U}, and get
[Zs: Z[U}]] < M(A, F, d).

We note that ’Z\[U’F] < Z because U > U’ commutes with the action of End(A) (all the
endomorphisms are rational over K).

Finally
Z[U;]<Z[u] <z
hence
[2:Z[U]] <[2:Z[U}]] = [ : Z[U}]] < M(AR, F, d). O

Corollary 4.10. — We consider the setting of Th. 4.7 and denote by g the dimension of A.
Choose an isomorphism H(A; Z) ~ Z* and denote o : GL(H,(A; Z)) — GL(29) the corre-
sponding isomorphism. There exsts c(A) such the following holds.

The subgroup U < M(Z) satisfies the uniform integral Tate property with respect to M, G =
GLH,;(A;Q)) and pc = 0 : G — GL(2g) wm the sense of Def 2.1, with M(D) :=
max{c(A); M(A, K, D)}.

In the following, we denote GSp(H, (A; Q)) ~ GSp(2g) the Q-algebraic group of symplectic
sumilitudes of the Riemann symplectic form on Hy (A; Q).

The subgroup U < M(Z) satusfies the uniform integral Tate property with respect to M, G' =
GSp(H (A; Q) and pe = pc [¢: G' — GL(2g) i the sense of Def- 2.1 with M(D) :=
max{c(A); M(A, K, D)}.

We only treat the case of GL(2g), as the case of GSp(2g) follows directly using
Remark 2.1.3 (8).
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Proof: — Thanks to Lemma 2.2, we may assume U =[] 5 U,’. We have then

Ziui=][z[u,).

14

We use Prop. 4.8. Then

e for every p, the algebra Q,[U,] = QJ,[U;,O] is the commutant of End(A/K) ® Q, =
ZEnde(Hl(A;Qp))(M). This implies (1a). Because End(A/K) ® Qp 1s a semisimple alge-
bra, so is it commutant in Endg, (H'(A; Q,)) and thus the action of U, is semisimple.

e for every D, and every p > M(A, K, D), and every U < U(p) of index at most D,
we have Z,[U'] =Z ® Z,, with Z as in (7). Then the algebra F,[U] is Z @ F,.
For p > 0, depending only on End(A/K), the image Z ® F, of Z is the commu-
tant of End(A/K) ® F,, by (7). If moreover p > 0, depending only on End(A/K),
the algebra End(A/K) ® F, is semisimple, its action on Endg, (A[p]) 1s semisimple,
and the action of'its centraliser F,[U'] is semisimple. n

We deduce the following, using the well-known relation between Galois represen-
tations on the Tate module, and Galois action on isogeny classes in the Siegel modular
variety A, (see [54]).

Corollary 4.11. — Let 5o be a point in A, = Shespoez)(Dgs GSP(22)). Then sy satisfies
Def 2.5.

5. Polynomial Galois bounds

This section is at the heart of this paper. We obtain suitable lower bounds for Galois
orbits of points in generalised Hecke orbits under much weaker assumptions than those
made in [40] (in particular, as seen above, they are satisfied by all Shimura varieties of
abelian type).

5.1. Statement. — We use the notations »= and & of [40, Def. 6.1] for polynomial
domination and polynomial equivalence of functions. For the definition of Hy(¢) we refer
to [40, App. B]. For the MT property we refer to [40, §5, Def. 6.1], and refer to [40, §6.4]
for the fact that (1) is satisfied for Galois images.

Theorem 5.1, — Let M < G be connected reductive Q-groups. Let U < M(Ay) be a subgroup
satisfying the following.
(1) The image of U in M® is MT in M.
(2) The group U satisfies the uniform integral Tate conjectures.
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Denote by ¢y : M — G the wdentity homomorphism and W = G - ¢y its comugacy class.
Then as ¢ varies in W(Ay), we have, for any compact open subgroup K < G(Ay), where Kyy =
KNM(A),

1) [6(U) 6 (U) NK] ~ [$(Ka) : ¢ (Kap) N K] = Hy(@).
as functions W(A;) — Zo.,.
We note that, by [40, Th. C1], we have
[6(U): ¢(U) NK] < [¢(Kyp) : ¢ (Ka) VK] < Hy ().

In (11) is thus enough to prove
(12) [¢(U): ¢ (U)NK] = Hy(¢).

5.1.1. Reduction to the case U = ]_[ﬁUﬁ. — Let U := ]_[ﬁ(U NnM*“(Z,)) - (UnN
Z(M)(Z,)). As U > U’, we have that [¢(U) : ¢(U) N K] > [¢(U’) : ¢(U’) N K] and
thus it is enough to prove (12) with U’ instead of U.

Let W and W' be the image of U and U’ in M*(Z). The assumption (1) of Th. 5.1
implies that there exists / € Z-, such that ]_[/J W, > (o |[u e MP(Z)} > {w|w € W}.
Thus W satisfies (100), and by Cor. B.2 we may apply Cor. B.11 to U" and thus U’ satis-
fies the assumption (2) of Theorem 5.1. From Cor B.2 we deduce Vw € W, w* € W} :=
W NM“(Q,). By Lem. B.10 we have [M“(Z,) Wil < [M“(Z,) : W,] - k(n, ¢). Thus U’
satisfies the assumption (1) of Theorem 5.1.

We may thus substitute U with U" in Theorem 5.1 and thus assume that U =

I,U,.

5.1.2. Reduction to the case U, = US. —Let V=]] 5 Ug, where Ug is the neutral
component of U, for the Zariski topology of M(Q,). By Proposition 5.2 below, there
exists D € Z-, such that Vp, [U, : Ug] <D.

It follows that the assumption (1) of Theorem 5.1 is satisfied for U =V.

By remarks (7) and (9) of §2.1.3, it follows that the assumption (2) of Theorem 5.1
is satisfied for U= V.

As'V < U, we have [¢ (U) : ¢(U) NK] > [¢(V) : (V) N K] and thus it is enough
to prove (12) with V instead of U.

It follows that, in proving Theorem 5.1, we may assume

(13) For every prime p, U, is Zariski connected.

Proposition 5.2. — Let U, M and G be as in Definition 2.1.

Assume moreover that the image of U in M® is MT in M® as in Th.5.1 (1).
Dfine H,:=U,"" < Mq,.

Then:
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® we have Z(M)OQ/) < H, for every p,

o and we have

sup #mo(H,) < +o00.
)

Progf: — By Definition 2.1, the algebraic group H/? 1s reductive. We write

where S,, the derived subgroup of H/,O, is semisimple, and T, = Z(HE)O, the neutral
component of the centre of H/?, is a torus.

We have T, = Z(HIS)O < ZMQp (Hl(})) = ZM% (Ug) =7(Mg,), by Definition 2.1.

Denote by aby; : M — M the abelianisation map. As S, is semisimple, we
have S, < ker(aby). Thus abM(Hg) =aby(S, - T)) = abu(T)).

Since the image of U in M® is MT in M®, the subgroup abM(Ug) < M* (Q,) is
open in the p-adic topology. It follows that abM(Hfz) < M is open in the Zariski topology.

Thus M*" < aby(H)) = aby(T)).

As M is reductive, the map Z(M) — M is an isogeny. As abni(T)) 1s of finite index
in M, the algebraic subgroup T, < Z(Mgq,) is of finite index. That 1s, Z(M%)O <T,<
H])-

This proves the first claim.

Denote by N := NM% (H;,)) the normaliser. The adjoint action induces an homo-
morphism

H, — N — Au(H)).

As Hg is reductive, we have N° = H; . ZMQ[J (Hp)o. The first claim implies Hg =N
We thus have an inclusion 7y(H,) = H,/ Hg — N/N° = 73(N). Let K and I denote
the kernel and the image of the map

N/H) — Out(H,).

A coset kH;f eN/ H;f 1s in K if and only if there exists # € H}f such that k- % € ZM% (Hg).
But Zl\’IQ{, (Hg) = 7Z(Mgq,) and, by the first claim, Hg > Z(MQp)O. Thus the epimor-
phism Z(Mgq,) — Z(MQ[])H/? /Hg = K factors through Z(Mg,) /Z(MQIJ)O. Thus #K <
#m0(Z(Mg,)). For p>> 0, the number #7,(Z(Mg,)) does not depend on p.

As S, is semisimple, we have #Out(S,) < +00. As there are only finitely many
conjugacy classes of semisimple groups in Mg, there exists C(M) such that, for all p, we
have #Out(S,) < C(M).

For 1 € 'T,, we have ¢ € Z(MQ/})U, by the first claim. Thus, for m € N, we have m €
Zx\i(T)). This implies that the image of N in Out(T,) = Aut(T,) is trivial. Thus the
map Out(H’?) — Out(S,) is injective on L.
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Thus #I < C(M).

The second claim follows. O

5.1.3. Reduction to a local problem. — From [40, Th. B.1, Cor. B.2] we already have

[¢ (Ka) oKy N K] = Hy(9),

and because U < Ky, we have

[¢(U): $(U) NK] < [¢(Kup) : ¢ (Ky) NK].

By [40, Th. C1], we have

[¢ (K : ¢ (Ka) NK] < Hy ().

Thus we have [¢ (Kyp) : ¢ (Ky) NK] < Hy(¢h), and (12) is equivalent to
(14) [6(U):6(U) NK] = [¢(M@)) : 9(M(Z)) NK].

Since they are commensurable groups, we may replace K by G@).
By §5.1.1, we have U = ]_[pUp.
Then the required inequality (14) can be rewritten in the product form

[Tle) :6U)NG@)] = [[[¢(MZ)) : $(M(Z) N G(Z,)]

b b4

and thus the problem can be studied prime by prime.
More precisely, it will be enough to prove
o that there exists ¢ € R such that, for almost all primes

(15) Vo e W(Q,), [¢(U):¢(U)NG(Z,)]
> [¢(M(Z)) : ¢(M(Z))) N G(Z,)]".

e and, for the finitely remaining primes, that we have the polynomial domination, as
functions W(Q,) — Ry,

[6(U) : 6 (U) NGZy)] = [$(M(Z))) : $(M(Z,)) N G(Z,)]-
Namely, there exist a(p), ¢(p) € R such that
(16) Vo e WQ,). [#(U):¢(U,)NGEZ,)]
> a(p) - [$(M(Z))) : 9(M(Z,)) N G(Z,)]"™.
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It will be sufficient, instead of (15), to prove: there exist a, ¢ € R. such that, for
almost all primes

(17) Vo e W(Q,), [¢(U):¢(U,)NG(Z,)]
>a-[p(M(Z)) : ¢(M(Z)) NG(Z))]".

Proof that (17) and (16) imply (14). — By [40, Th. B4], we may substitute
[p(M(Z))) : p(M(Z,)) N G(Z,)] with H,(¢), possibly changing a and ¢. Using the fol-
lowing Lemma with 7, = [¢(U,) : ¢(U,) N G(Z,)] and %, = H,(¢), we deduce that (12)
(and thus (14)) is a consequence of (17) and (16). U

Lemma5.3. — Leth€ Z- and let h=]] ol be s primary factorisation with b, € P for
every prime p. Let (ny), be a sequence in Z\ indexed by primes p. Let a, b € R be such that

Vp, n, > a-h/}j.

Then there exists ot (a, b) € Ry, depending only on a and b, such that

]_[n,, > a(a, b) - K.

p
Progf. — For p such that 4, = 1, we have
b/2

=1 =hy=h"

If p"* < 1/a, we have
n,,Za-kzZa-hz/Q.

If §"/? > 1/aand b, # 1, we have &, > p, and a - & > &, and
ana-hﬁzhﬁ/Q.

Let d(a, b) be the number of primes p such that p”> < 1/a. Multiplying the above in-
equalities prime by prime we deduce

» » U

By the previous discussion, we are reduced to proving the following.

Theorem 5.4 (Local Galois bounds). — In the setting of Th. 5.1, there exist a, ¢ € R, and
Jor each p, there exists b(p) € Req such that

[6(U) :6(U) NK,] =) - [6(M(Z))) : 9(M(Z)) NK, ]
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and such that b(p) > a for almost all p.

We prove (16) in 5.2. It is deduced from the functoriality of heights.

We prove, for almost all primes, (15) in 5.3. It requires new tools developed in this
article.

For reference, we rephrase “The image of U in M* is MT in M“” as follows.
We denote aby; : M — M® := M/M® the abelianisation map. Denote by M’”’(Zl,) the
maximal compact subgroup of the torus M®. Then there exists Cyrr € Z~, such that

(18) vp, [Mab(zp) : abM(Up)] < Cur-

Because exp(])m%”ﬁ) is a pro-p-group, its action on M (Z,)/ab\i(U,) 1s trivial when p >
Cyir: we have

<19> Vp > CMT’ exp(pm;bp) < Cle(Up).

5.2. For every prime. — We fix a prime p. Let fi, ..., f; be a basis of the Q,-Lie
algebra u, of U,. Replacing each f; by a sufficiently small scalar multiple, we may assume
that each ; = exp(f;) converges and belongs to U,. By (2) of Th. 5.1 and (1a) of Def. 2.1,

we have’

Zog,(Up) =Zago, (U)") = Zag, () = Zag, ({5 - - Ji})-

Let g be the Lie Q,-algebra of Gq,. We define, for some faithful linear representa-
tion p : G — GL(V) defined over Q,

g Ar k
v=_(fi,....) €g — E:=End(Vg,)".
For the induced action of G on E we have
ZGQp U, = SzfabGQﬁ (v).
By our assumption,
Zg,(Uy) = Stabgy, (¢o) = Zc(M)q, .

As a consequence, we have a well defined isomorphism W — G - v defined over Q, of
homogeneous varieties, given by

7 We observe the following facts. For a compact subgroup U < GL(%, Q,), any open subgroup V < U is of finite
index. If U is connected for the Zariski topology, then V is Zariski dense in U. By construction, we have u C Q,[V]
in gl(n, Q,), and, with V < U generated by U N exp(u Np*gln, Z,)), we have V C Q,[u]. From these facts, it follows that

Z(}L(n)Q{J W) = Z(‘.L@)Qp (Qp[u]) = Z(‘.L(n)Qp (Q;/[V]) = Z(;L(,»Qp V)= Z(}I,(n)Qp (U0)<
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From (1) of Def. 2.1, the Zariski closure EZM 1s reductive. We may thus apply [42, Th.
3.6], and deduce that the induced map

t:W—E

is a closed affine embedding.

We use the standard norm on E =~ deim(v)Z'k. We denote by H, the local Weil
height associated to this embedding, which is given by

(20) H,: ¢+ H,(¢-v) :=max{l; |lg- v}
=max{1; llg-fill: ... llg-/ill}.

By functoriality properties of height functions, the function H, and ¢ = H,(¢) are poly-
nomially equivalent.

Namely, there are a(p) and ¢(p) such that
H, = a(p) - H,(¢)”.
We denote U’ < U, the p-adic Lie subgroup generated by
{exp(fl); ces exp(ﬁ)}.
We have

[¢(U) :¢(U,)NGEZ)]=[¢(U):6(U)NG(Z)].

Using [40, Th. A3], we also have, with U, := exp(f)% < U’, and denoting by | | :
End(Vg,) =~ Q;ﬁm(v)z — R, the standard norm,

(21) [¢(U):¢(U)NK,] = {2@@ U :p(U) NK,]

|de ()|} = H.(¢)/ dim(V).

> max max{ l;
1<i<k

By [40, App. Th. C2 (102)], we have [¢(M(Z),)) : ¢(M(Z,)) N K,] < H,(¢p). We de-
duce (16).

5.2.1. Remark. — Note that the above bound already implies the André-Pink-
Zannier conjecture for S-Hecke orbits. This is more general than the result of Orr
([33]) for Shimura varieties of abelian type and less precise than [39] which proves a
strong topological form under a weaker hypothesis. The method of Orr relies on Masser-
Wiistholz bounds, and [39] relies ultimately on S-adic Ratner theorems through the work
of [41].

5.3. For almost all primes.
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5.3.1. Construction of tuples. — We denote by
Yi—>Y: mz, — my, and 7, : U, - M, (F,)
the reduction modulo p maps, and define
u@p) :=m,(U,)

the image of U, in My, (F,). We denote the subgroup of U(p) generated by its unipotent
elements by

(22) U@’

and its inverse image in U, by
A
U; :=m, (U)).

Let m® and 3(m) be the derived and centre subalgebras of m, and define dee; =m% Nmg,
and 5(m)zﬁ = 3(m) Nmgz,. We define

(23) V= m%‘f; +p-5(m)z,.

Proposition 5.5. — We consider the setting of Theorems 5.4 and 5.1. For almost all p, there
exists

X],...,X/C,Yl,...,Ygemzp

satisfying the following
(1) The exponentials exp(X,), ..., exp(Xy) converge and topologically generate U;.
(2) We have

Y,....Yeu=2,-X, +---+Z,- X,

(3) We have
1 1
IZ'YI 'Zp+"'+;'Y1'Zp:3(m)z,, (mod p- mg,).
(4) We have
— 1 1

Proof. — Letuy, ..., u; be unipotent generators of U(p)". Because U(p)" < U(p) =
,(U,), we may write

Uy = np(?ﬂ), e U= np(xl)
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with x1, ..., % € U,. By definition of U}, we have x, ..., x € U.

The compact group ker(w,) < U, < M(Z,) is topologically of finite type. We
choose xi;1, ..., x; a topologically generating family of ker(sr,). By construction
(25) X1, ..., x; topologically generate U;.

Moreover, the 7,(x;) are unipotent. By [40, Prop. A.1], the series X, =log(x)), ..., X; =
log(x;) converge, and, for p > d, we have X, ..., X; € mg,. Using [43, §6.1.5] (cf. [40,
Proof of Lem. A.2]), we can deduce, for p > d 4 1, that

(26) xp = exp(Xy), ..., x5 =exp(Xy).
We define
(27) u=272Z,-X,+---+2Z,-X; u=(Xq,..., Xp).

For X € mz, . v, its reduction in mg, is not nilpotent. Thus X" /n! does not converge to 0,
and the series exp(X) does not converge. Consequently we have

X, ..., X, €vandthusu<v.
We define
T,V —=>V:=VQRF,

and denote the image of u by

=
IA

V.

From (23), we have

(28) v=my (mod pv) + - 3(m)g, (mod pv).
We notice that

er ey er p ' 3(m)
(29) mg, =mg’ + 3(m)g, and ¥ > mg” + s

are isomorphic F,-linear representation of M(Z,) and M(F,), and thus as representations
of U, and U(p) as well.
We consider

. ab .__ der
by 1 Mz, — Mz =mg, /mz .

Let us prove the claim

(30) prmg < aby(w).
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Proof. — LetZ ep- m“pr. Let z=exp(Z) € M“b(Zp).

From (19), when p > Cyr, there exists y € U, with aby () = z.

Assume p > 0, so that the algebraic tori Z(M)z, and M® have good reduc-
tion, and assume furthermore p > #ker(Z(M) — M%) so that the differential of the
isogeny Z(M) — M® induces a Z,-isomorphism 5(m)zp — m"zf’p. Thus, there exists Z' €
p3(M)z, with aby, (Z') = 7.

Let ¢ = exp(Z). As 7' € 3(m), we have 2/ € Z(M)(Q,). As Z/ € p- 3(m),, we
have, for p > 2, 2/ € Z(M)(Z,). Moreover lim,_, », 2 =1lim, o exp(p'Z') = 1. Thus 7’ €
Z(M)(F,) is unipotent.

We have 7 € Z(M)(Fp)% and, because Z(M)(F,) has good reduction, we have
Z.(M) (F,,)T = {1}. We also have y € Md”(Z,,) - 7. Thus

yeU@p) NMY(F,).

Let y = [U: U] < ¢(dim(G)) from Lem. 5.11. Then ady()? € ady(U(p)' =
ady(U(p)"). Let U’ be the inverse image of ady (U(p))" by adyye : Md”(F/,) — M“d(FI,).
Since ady(U(p))" = ady(U(p)7) and ker(adye) = Z(Md”)(Fp), we have U = U(p)" -
Z.(Mdry (F,). There are u € U(p) "and z € Z(M%) (F,) such that

V=u-z

We use that [ := suppZ(M"”) (F,) < +00. Since z commutes with «, we have

) =d" S = e UGy

Thus y'/' € U;. Assume p > ¢(dim(G)) >y’ :=y - f1, so that ¥’ € Z;. Because Z is
arbitrary, we have

abM(U;) > exp(p - m“zl;)y =exp(y’ p- m”zbﬁ) =exp(p- m“zi)
Conversely abM(U;) <exp(p - m“zi) = kerM“b(Zp) — M“b(FI,) because abMFﬁ (Up)" <
dbMFp (Md”(Fp)T) = {1}.
The group U; is topologically generated by exp(X;),...,exp(X;), and thus

aby (U;) is topologically generated by exp(Z,), ..., exp(Z;) with Z; = ab, (X)).
Thus the logarithms

Z; =log(z) = abn(X;)
topologically generate log(exp(p - m®)) = p- m®. The conclusion follows. UJ

We let

. pmdb er kT er
(31) Zi,...,7; be abasis Ofpgm“” ~ v/(méﬁ +p25(m)zp) ~ U/m%ﬁ.
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Pick an arbitrary Z € {Z,; ...; Z,;}, and define
N~ TIN — der
A={YeulY=7 (modmg)}.

From (30), this A is non empty. It is thus an affine subspace of D, and, for any Y, € A, we
have

A:?O +V,

where V=uNmg’ is the “direction” of A. The F-lincar vector subspace V < 7 is invari-

ant under U(p), and because the action of U(p) is semisimple on mg,, and thus, by (29),
on V, there exists a supplementary U(p)-invariant F,-linear subspace

W<v.

The following intersection is an affine space of dimension 0, hence it is a singleton
ANW={Y].

It 1s also invariant under U(p). Thus the line
F,-Y

is fixed by U(p). But the centraliser of U(p) and Mg, in My, are the same. For p > 0,
these centralisers are smooth as group schemes (cf. Lem. 5.6), and thus have the same Lie

algebra

jmp, (U(D) = 3(m)g,
Thus
(32) Y € p-3(M) (mod pv).

We finally choose a representative Y’ € u of Y € .
Thus Y' € p-3(m) + pv = pmz, and Y’ € u. We define

~  pmgz,
I~y

c: 2
prmz,

= (szp) ®F,
and denote the image of Y’ € uN pmyz, < pmyz, by
Yeu:= (unpmz,) @ F, <m.
Again M >~ my, as a representation. We define mir = (m% N pmz,)/ 1721112,,, and

A= {?/ eNY =Y (mod n?‘;’)}
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and similarly, there exists Y € A" which is fixed by U(p) and thus is in 361‘/1).
We choose alift Y of Y in u.
Repeating the process for each Z € {Z,; ... ; Z,} we define

(33) Y],...,Y[ELL

The assertion (1) follows from (25), (26), (27).
The assertion (2) follows from (27), (33).
The assertion (3) follows from (32), (31), (23), (28). (We observe that Yy,...,Y,
generate 3(m)z, modulo p - mg, since their images in pm“sz are congruent to Z,, ..., 7,

modulo /’m% . Indeed Y = Y (mod n?‘z;’) ves
pmgz, g
YeY +p'mg, +pmy =Y +p(p- 5(m)z, +mg)) =Y + pv.

Thus Y =Y (mod pv), and therefore maps to Z € pm“zl; modulo me%bﬁ.)
We will now prove the assertion (4). We define

— 1 1,
AL ZGp[,]({Xl; ...;Xk, IZYl, ’IZYZ})

U':= (U NZ(M)g,(F,)) and U”:=U(p)" - U'.

and

We first note that 7,(exp(X))), ..., ,(exp(X;)) generates the group U(p)" and
that Yy /p, ..., Y,/p generates the Lie algebra 3(m)y,.
Thus

(34) 2 =7, (UP)') N Zay, (3(m)g,)
We have®
Ze, (3()5,) = Zay, (ZOM)°).
Applying Lem. 5.11 with 8 = Cyyr from (18), we have,
[Up) : Up)"- U] <D :=Cyr -y (dim(G)).
With p > M(D), with M(D) as in Def. 2.1, we have

Ze,(Mp,) = Zay, (U)' - U') = Za,, (UP)T) N Zag, (V).

& We use that Z(Mpp)0 is connected and, for p > 0 smooth as a group scheme.
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From Cor. 5.10, we have [Z(M)%p (F)) : U] < y(n) - Cyr for some n. We may thus apply
Lemma 5.14, with A = y (n) - Cyr and deduce

Vp> 0, Zoy, (U) = Zeg (2D, ).
From U”:=U(p)"- U <U(@p)" - Z(M)gp < Mg, we get

Zag,(Mg,) = Zy, (U") = Zag, (UP)') N Zy, (Z(M)g,) < Ziy, (M)
Finally

Z="7c, Uy n Zay, (Z(M)%ﬁ) = ZGy,(Mg). O

5.3.2. Conmjugacy classes of tuples. — The following will be used to check, for almost
all primes, one of the hypotheses of Th. 6.1.

Lemma 5.6. — Let p be a prime, let G < GL(n)¥, be a reductive algebraic subgroup, and
consider vy, ..., v € G(F,). Denote by U the group generated by {vi; ...; v}, and define v =
V1, ..., vp).

Assume that

(35) the action of U on g, is semisimple.

Ifp > 2 - dim(G) then the simultaneous conjugacy class G - v is Zariski closed in G*.
If p > cs(dim(G)) then the centraliser of v in G, as a group scheme over ¥, s smooth.

The quantity ¢; is from [32, §4. Th. EJ.

Proof. — From [46, §5.1], we have £(G) < dim(G), where £(G) is defined in loc.
cit. From [46, Cor. 5.5], if p > 2A(G) — 2, the assumption (35) implies that U is G-cr, or
“strongly reductive” in G in the sense of Richardson. The first assertion follows from [46,
Th. 3.7] (cf. [42, §16]).

Thanks to (35) and the condition p > ¢;(dim(G)) we may apply [32, §4. Th. E] (cf.
also [48, 137. p. 40]). Thus the hypothesis of [12, 11, §5.2, 2.8, p. 240] is satisfied and we
conclude. (cf. also [2] and [23] on the subject, beyond the semi-simplicity assumption.)

0J

3.3.3. Consequences for heghts bounds. — We denote || || : go, = Rxq the p-adic
norm | X|| = min({0} U {§* € p*|p* - X € gz,}) associated to the Z,-structure gz,. We
denote || 2| = max{]|s|| : s € £} for a bounded subset X C gq,. We recall that Hy(¢) =
I1 ,H,(¢) with H,(¢) given by

H,(¢) =max{1; [¢(mz,)[}.
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Proposition 5.7. — Define

1 1
U:(Xl,...,Xk,Yl,...,Yg) dﬂdv/:(Xl,...,Xk,IZYl,...,;Y[)

and
H,(¢) = max{1; g~ vll} = Hy(g- v) and Hy(¢) = H,(g - V).
Then, for p>> 0, we have
(36) [6(U):¢(U)NG(Z,)] = Hy(¢) = Hy(d)/p
and
(37) H, (¢) > H,(¢)"”.
Proof. — Let U, := exp(X; - Z,). We have
[6(V):¢(U) N G(Z)] 2 max[p(U) : ¢(U) N G(Z,)]
and

H,(¢) = max{1: ¢ - v][} = maxmax{1: - X[}

The inequality [¢ (U;) : ¢(U;) N G(Z,)] > max{]1; [|g - X;||} follows from the Lemma of
the exponential ([40, Th. A.3]). We deduce

[¢(U): ¢ (U)NG(Z)] = H,(¢) =max{l; llg- vl|} =H,(g- v)

The inequality H,(¢) > H, (¢)/p follows from the definitions.

We prove (37). Let my,...,m; be a generating set for mgz, and define w =
(my, ..., my). We recall that by construction, we have
H,(¢) = max{1; llg-m/l; ...; llg- mall }.

We want to apply Th. 6.1. The assumptions over Q, are satisfied by Def. 2.1-(1)
and [42, Th. 3.6].

Let U= ady(U(p)?), and let V be the inverse image of Ui by ady; : U(p) — U.
From Cor. 5.17, we deduce Vi = U(p)" and ady (V') = U, Thus V <V'. Z(M),.
By Lem. 5.13, we have [6 : ﬁT] < d(n). It follows [U(p) : V] < (n). Using 2.1-(2),
we deduce that, for p > 0, the action of V on gf, is semisimple and ZGF/] V) =
ZGFp (MFp). We may thus apply Prop. A4 and Cor. A5, for (xy,...,x,01,...,0) =

X, X Y/ YD),
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It follows that the assumptions over F, of Th. 6.1 are satisfied (applied to the vec-
tors (v, 0) and (0, w) in g"** the sum of k + [ + d copies of the adjoint representations).
We may thus apply Theorem 6.1, and we deduce

H,(g- v) = H,(#)“>*”,

where 2(p) is the set of roots of G and does not depend on p. This proves (37)
with ¢(p) := C(Z(p)). O

Corollary 5.8. — In particular, if Hy (@) ¢ {1; p} we have
[¢ U :o(U)N G(Zp)] > H,(¢)"".

Proof — We recall that, because H,(¢) € p%, we have H,(¢) > p* as soon
as Hy(¢) ¢ {1, p}. It follows

H,(9) > Hy () /p = Hu(¢)'/* = H,y (). 0

In proving Th. 5.4 we may now assume that H, (¢) < p.
We define

Hx(¢) =max{1; [¢X)|:...: [¢Xp|]}
and

Hy(¢) =max{1/p: [¢ (YD |;...: [¢ (YD}
so that

H, (¢) = max{Hx(¢); p - Hy(¢)}
and

H,(¢) = maX{Hx(¢)§ HY(¢)}~
If Hy (¢) = p, we have, by (36),
[¢(U):¢(U)NG(Z,)] = H,(¢) = Hx(¢) = Hy(¢) = Hy ().
We now assume Hy (¢) = 1. We have p- Hy(¢) = Hy ($) € {1; ).

5.3.4. The case p- Hy(¢p) = Hx(¢p) = 1. — In this case we have H,(¢) = 1, and
by (37),

Hp(qb) =1.
Obviously
[6(Uy) :¢(U,) NG(Z,)] = H,(9).



ANDRE-PINK-ZANNIER FOR SHIMURA VARIETIES OF ABELIAN TYPE 281

5.3.5. The case p - Hy(¢p) = Hy(¢) = p. — From (3) of Prop. 5.5, for every Y,,
there exists Z; € 5(m)zp such that

%Yi = Zi (modp . mzp).

Define v = (X, ..., X}, Zy, ..., Z;). Then the reductions modulo p are equal

o ] k+1 k+1
V="V m me < ng .

Thus

e The orbit GFp v s equal to GFﬁ -v” and is closed;

e and StabGFp W)= StabGFﬁ(v”) = ZGF,, (Mg,) (cf (4) of Prop. 5.5).
Applying Th. 7.1°

¢(v’) € gzpkﬂ if and only if ¢ (v") € gzpkH.
We have, as functions of ¢,

H,» = max{Hx; Hz} with Hz : ¢ > max{1; |

¢(Zy)

s le @)
Because Hx(¢) =1 and Hy(¢) = p# 1 in §5.3.5, we have

(38) Hy, () # 1.

Denote by 7 : G(Z,) — G(F,) the reduction modulo p map. Let N := Z(M)O(Z,,) N
ker(7r). For p large enough, the torus Z(M)® has good reduction over Z,, and, for p large
enough, N = exp(2p3(m)). Thanks to (38) we can apply'” [17, 4.3.9] and [40, Th. B5 (3)]
with the torus Z(M)": we have, for some ¢ € R. that does not depend on p,

(39) [0(ZOWD(Z,)) : p(ZMD(Z,)) N (¢ (N) - G(Z,)) ] = p/e.
Define T := Z(M)"(Z,) - U,. As Z(M)*(Z,) < T, we have
[ : (M) N (¢(N) - G(Z))]
> [¢(ZOWD(Z) : p(ZWD(Z,)) N (p(N) - G(Z,)) ]

LetK:=T'N ¢ (G(Z,)). Then T' N (N- o (G(Z,))) =N -K, and
[[:N-K]>p/e.

9 If the adjoint representation is not faithful, we apply Th. 7.1 to the representation gt/ @ W, where G — GL(W)
is a faithful representation, and vectors v = (v', 0) € g*™' @ W and v = (v", 0) € g"*’ @ W. This ensures that the represen-
tation G — GL(g""" @ W) is faithful, as assumed in Th. 7.1.

10 The reference [17, 4.3.9] is phrased in terms of orbits of lattices. See [40, §B.1, proof of conclusion 3 after Th. B.5]
for the precise relation with the indices (39).
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We have

(40) #o(U) - G(Z,))/G(Z,) = [¢(U)) : 6(U) NG(Z)] =[U,: U, NK]
>[U,:U,N(K -N)|]=[U,-N-K:N-K].

The formula [G; : G3] =[G, : Go]-[Gy : G3] with G| =T, and Gy = U,-N-Kand G; =
N - K gives

(41) [F:N-K]:[F:Up-N-K]-[Up-N-K:N-K].
We deduce
(42) #6(U,) - G(Z,)/G(Z,) > ?

¢-[[:U,-N-KJ

Recall that g € G(Z,) is “topologically p-nilpotent” if and only if the order of 7(g) €
G(F,) is a power of p. For H < G(Z,) we denote by H the subgroup generated by the
topologically p-nilpotent elements contained in H. Note that ker(r) N H < H'.

Recall that Z(M)O(Zﬁ) commutes with U, < M(Z,). The product map
Z(M)O(Zﬁ) x U, — I' is thus a surjective group homomorphism. It follows from 5.16
with U = Z(M)O(Zp) x U, and U =T that we have

r'=zm"z,)" - U;.

Thus ker(m) NI <T'" < Z(l\/[)O(Z,,)T . U;. As Z(M)? is a torus, we havep)(#Z(M)O(Fp),
and thus Z(M)O(Zp)? =ker(w)N Z(M)O(Zp) = N. Because Hx(¢) = 1, we have ¢(X;) €
9z,- By [40, Proof of Prop. Al, (72)] and the estimate Vn,d € Z,, p > 2d + 1 = |nl|, >
|/J|L§J, this implies that for p > 0, we have ¢ (exp(X;)) € G(Z,). Together with (1) of
Prop. 5.5, this implies ¢>(U;) < G(Z,). Thus U/L <K.

We deduce

ker(m) N\T <T"=7M)"(Z,)"- Uj; <N-K.

Let z € Z(M)O(Zp) be such that w(z) € Z(M)O(Fp) NU(@p). As m(z) € U(p) =
7(U,), we have z € U, - (ker(m) NT") <U,-K-N. Thus z € Z(M)O(Zp) NU,-K-N). It
follows that the map

ZM)'(Z,)/(ZAMD)°(Z,) N (U, - K -N))
— ZIM)°(F)/(ZOMD°(F) N UQ))

is injective. We deduce

(43) [[:TNEK-N)]=[U,-Z0D*Z,) : (U,- ZOM"(Z,)) N (K- N)]
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<[zaw’@Z,) : Zom°(Z,) N (U, - K- N)]
<[ZOM)°(E)) : Z(M° () NUP)].

By Cor. 5.10 and (42), this implies

p_ H@
¢y @) - Cyr C'V(n)‘CMT.

#o(Uy) - G(Z,)/G(Z)) =
Using (37) we conclude

[¢ (Up) . (b(Up) N G(Zp)] > : Hp((b)[(p).

c-y(n) - CGur
This proves (17) with ¢ = ¢(p) and a = 1/(¢- y(n) - Cyr). We have proven Th. 5.4 and
Th. 5.1.

5.4. Some structure lemmas. — We consider the situation of Theorem 5.4. We iden-
tify G with its image by a faithful representation in GL(n) such that G(Z,) = GL(n, Z,) N
G, and we denote by U(p) the image of U, in G(F,) < GL(x, F,). We denote by M= M,
the F,-algebraic group from the model of M over Z, induced by M < GL(n), and we de-
note Z(Mg,) the centre of Mg, .

In Lem. 5.11, Prop. 5.9 Cor. 5.10, the quantity depending on 7 also depends im-
plicitly on the function D = M(D) in (2) of Def. 2.1.

We recall that the U, satisfy the uniform integral Tate conjectures as in Def. 2.4
and 2.1. In this section the statements are valid for almost every prime p.

Proposition 5.9. — There exists y (n) such that,

[Z(Mg)) (E,) : Z(Mg,)) () N U] < v (1) - [ME (F)) 2 abys,, (U)]-
By Hypothesis (1) of Th. 5.1 we may use (18) and deduce the following.
Corollary 5.10. — With Cyyr as in (18), we have

[Z(Mg,)(F,) : Z(Mg,)(F,) N U] <y () - Cur.
We prove Proposition 5.9.
Proof. — We recall M := Mg,. We consider the isogeny

(adsg, absp) : M — M" x M"

We write U = U([)l and dinote by Uits image in Mﬂd(Fp) X Mab(Fﬁ).
We denote U, and U its images by the projections on the two factors.
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From Lemma 5.11, we have
[T : TnM“®)] < [T, : T < ctw).
By Goursat’s Lemma 5.20
[T, : TnM"®)] =[T,: TnM"F)] < (.

Let U < U be the inverse image of Un Mab(Fp) in U, and U’ < M(Fp) be the inverse
image of Un Mﬂb(Fp) in M(Fp). Because Z(M) is the (adss, abgp)-inverse image of Mab
in M, we have

U <U" <ZM)(F)).

Define F := Z(M) N M{m, which is a finite F,-algebraic group of degree at most
e (dim(M)) < (). _
As we have U” < F(F,) - U, we have

[U": U] <#F < ().
On the other hand, we have
[ZOD(F,) : U] < [M"(F,) : UnM"F,)].
It follows
(44) [ZOD(F,) : U] < ex(n) - [M"(F,) : TN M"(F))]
< () - ex(n) - [M(F,) : Ty 0

Lemma 5.11. — Let U := adyy,, (U(p)) be the image of U(p) in My! (F,). Then U' =
adMFﬁ (U(p)T), and there exists ¢(n) such that

[[AJ : IAJT] < ¢(n).

Progf. — The equality Ut = adsp(U(p)") follows from Cor. 5.17. A A
A From Jordan’s theorem [47, Th. 3’] (applied to G = U/ U™ there exists UT < U’ <
U of index [U : U] < C(n) := d(n) such that

U0

is abelian, where d(n) 1s as n [47, §§4-5]. Without loss of generality, we may assume U=
U.



ANDRE-PINK-ZANNIER FOR SHIMURA VARIETIES OF ABELIAN TYPE 285

Let M — GL(') be the adjoint representation in some Q-linear basis of m*.
For p>> 0, the F,-fiber of the induced model of M is M". For p > 0 the following holds:
for any subgroup V < M(F,) whose action on F," is semisimple, the action on F[,”/ is
semisimple (cf. [46, Th. 5.4]).

Let ¢,(n) be the ¢(n) of Lem. 5.12 applied with N = n. Let ¢y(n) be the ¢(n') of
Lem. 5.13, where M < GL(#n) is our M < GL(n’)Fﬁ. Let ¢5(n) = ¢1(n) - co(n).

Let us prove that U satisfies the assumptions of 5.13, where M < GL(n) is
our M“ < GL(x), and p > M(c3(n)).

By construction fJ/ U' is abelian. To simplify notations, we write U for U(p), in
the rest of the proof.

Let U’ < U be such that [U: U] < ¢,(n). Let V be the inverse image of U’ in U.
We have [U: V] < [fj : U] < ¢y(n). We apply Lem. 5.12 to V: there is V' <V such
that [V: V'] < ¢ (n) and

Zgoi (adz (V') = Zsi (V') /Z(MD).
We have
[U:V]=[U:V]-[V:V] =@ - @) =cah.
Since p > M(es(n)), we may apply (2) of the Tate hypothesis Def. 2.1, and we have
Zi(V') =Z(M).
It follows that
2ot (U) < Zqui (adip (V') = {1}

We can thus apply Lemma 5.13 to U< M (F,), and the conclusion follows. UJ

Lemma 3.12. — For every N € Z| there exists ¢(N) such that, for any prime p and any
reductwe algebraic subgroup M < GL(N)g,, and any U < M(F,), there exisis U < U wuth

[U:U] =eN)
and
Zoiai (adyi(U)) = Zn (U') /Z(M)

where adyy : M — M is the quotient map to the adjoint group.

Proof. — Let M™ be the derived subgroup of M and F = Z(M*) = Z(M) N M*
be its centre.
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We claim that there exists ¢ € Z, such that for every reductive subgroup M < G,
we have

#2(M")(F,)

e.

Progf. — We have #F(F,) < #F(F_p) < #m,(M“). As in [55, Proof of Lem. 2.4],
one can classify M in terms of its Dynkin diagram, and, since dim(M®) is bounded,
deduce a bound on #m,(M“). O

Define
Ule] := ﬂ ker(¢).

¢€Hom(U,Z/(e))
According to [40, Prop. 6.7], the group U is generated by £(N) elements. It follows that
[U:Ule]] <™.
Letme M(Fp) such that m := ad\;(m) belongs to Zyu(ady(U)). Denote by ¢,, the map
> mum”'u”" U — M(F,).
We claim that ¢,, is a morphism U — F(F_,,).

Proof — Consider u € U and let u = ady;(u). We have mum ' =7, and this im-
plies mum™'u~" € ker(ady). It follows

¢, (U) S Z(M)(F)).

Since mum~'u~" is a commutator, we have mum 'u"!' € [M(F_p), M(F/,)] = M’”’(F—p). It
follows

$,.(U) € M“(F,).
Thus
¢,.(U) C F(F,) =M*(F,) N Z(M)(F,)

For u, v € U, we have

Ydm™ M " = mum_ld)m(u/)u_l.

¢nl(uu/) = muu/ m™" (uu/)_l = mum™
Since ¢,,(¢) € Z(M)(F,), we have ¢,,(«)u™" = u"'¢,,(«'), and
¢m(uu/) = mum_lu_l¢m (u/) = ¢m(u)¢m(u/)-

obviously, ¢,,(1) = 1. The claim follows. ]
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Since #F|e, by construction of Ule], we have

¢, (Ulel) = {1}.

Equivalently m € Zy(U[e]).
This proves the Lemma with U’ = U[e] and ¢(N) = /™, ]

Lemma 5.13. — For every n € Z1, there exists ¢(n), ' (n), m(n) such that the following
holds.
Let p > m(n) be a prime, let M < GL(n) be adjoint over ¥, and let

U < M(F,)

be a subgroup
o such that U / U is abelian
o and such that for every U’ < U of index at most c(n):
(1) we have Zy(U') = 1;
(2) the action of U’ 1s semisimple;
Then we have [IAJ : IAJT] <d(n).

3.4.1. Remark. — In proving the Lemma, we may substitute U with U if U' <
U < U and [U: U] <f(n), where f(n) depends only on n. We then have to change ¢(n)
mto ¢(n) - f(n) accordingly.

Progf. — We assume p > p(n), for some p(n) depeding only on 7z, so that we can
apply Nori theory [32].

We denote by S < M the F,-algebraic group associated by Nori to U, and denote
by N = Ny(S) the normaliser of S in M.

We deduce from (2) that S is semisimple, and thus N° =S - Z(S)".

We recall that the semisimple Lie subalgebras contained in gl(n)g, can assume
finitely many types, independently from p. We deduce uniform bounds

(45) #N/N < ¢, (n) and #Z(S) < &r(n).

As U' is a characteristic subgroup of U it is normalised by U. It follows that U
normalises the associated semisimple subgroup S by Nori. We have U<N.LetN' <N
be the algebraic subgroup generated by one parameter unipotent subgroups. Then N
is connected, and we have UT < N < N, If U' = U N N° we have [U: U] < ¢;(n)
and U" < U'. Using the Remark 5.4.1, we may replace U by U’ = U N NY.

We denote Z(S) = Z,(S) NS and we consider

N — S x Zm(S)/Z(S).
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We denote U the image of U, by
U, < S"“(F,) and U, < (Zu(S)/Z(S))(F,)
the projections of U and define
U, :=UN(S“(F,) x {1}) and U, := U N ({1} x Zu(S)/Z(S)).

From Cor. 5.17, the image, in S“’Z(Fﬁ) x Zn(S)/Z.(S), of S(Fp)T < Uis S“’Z(Fp)T.
Thus

S“(F,)" x {1} = Uy < Uy x {1} < 8“(F,) x {1}.
With r(n) given by [32, 3.6(iv-v) and p. 270], we have
(46) [U, x {1}: U] < [S“(F,) : S“(F,)] < r(m) = 2.
By Goursat’s Lemma 5.20 and (46) we have
[U x (1}: U] =[(1) x Uy : U] < r().
Thus, with U := U - U, >~ U} x U, we have
[ﬁ : U'] < [fjl X ij : U’] < r(n)°.
Because UT = S(F,)" is sent to S“(F,)" x {1} (cf. Cor. 5.17) and because S“(F,)" x {1} <

U} < U’ we may use the Remark 5.4.1, and replace U by the inverse image of U’. We
denote by

UI ’ UQ
the inverse images of U/ and U,.

Because GQ < Znm(S) and ﬁl < S, the groups ﬁl and ﬁg commute with each other.

We reduce the situation to the case where ﬁg is abelian.

We know that U/UT is abelian and that UF < S(F,). It follows that Uy /(U; NS(F,))
is abelian. We have F := U, N S(F,) < Zy(S) N'S = Z(S), and thus |F| < ¢y(n), and U,
is an extension of the abelian group U, = fjg / (ﬁg ns) = Un Z\(S)/Z(S) by a finite
group F of order at most ¢, (n). Moreover, Uj, is of order prime to p, and thus is diago-

nalisable in Zy(S) /Z(S) (E). It follows we can find a monomorphism Uj, < (F_,,X)’k(ZM(S))
where 7% (Zy(S)) is the rank of Zy;(S). We have 7(Zy(S)) < k(M) < n. From Cor. 5.19,
there exists an abelian subgroup Uj < U, of index at most

es(m) = ey (0) - e(ea(m))".
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Using the remark we may replace U = U, - U, by U’ = U, -Uj. Then Uj commutes
with U and with itself: Uj is in the centre of 0. By Hypothesis (1), we have Uj = 1.
Thus U="U, <S(F,) and

[U: 0] < [S(F,) : SF)'] < r(w). 0
5.4.2. Other lemmas.

Lemma 5.14. — Let H < G < GL(d) be algebraic groups over Q with H Zariski connected.
For every A € Z,, there exists N € Z~q such that: for all prime p > N, and for all subgroups U <
Hy, (F,) such that

[Hg,(F,) : U] <2
we have

Zg,(U) =Z¢y, (Hg)).

Proof. — Without loss of generality we may assume G = GL(d). We define a
scheme X <Y x Y, with Y = GL(d)z by

X = {(g,h) € GL(d)z x GL(d)zllg, = 1, h € H}

and denote by ¢ : X — Y the first projection. According to the Lemma 5.15, for every
prime p, and every g € G(F)),

mo(H N Zeg ({g}) <v.

For p>> 0, the F,-group Hy, will be Zariski connected. ([51, Lem. 37.28.5. (055H)]
with y = Spec(Q) € Y = Spec(Z) and X the schematic closure of H in GL(d)z).
From [32, Lem. 3.5], we have, for any ¢ € GL(d, F,) and H := X, = HﬂZGﬁ({g}),

#H'(F)) < (p+ D™ -y
and
#H(F,) > (p— 1),

Let A(p) = % (p—1)- (’;jr—i)dim(H)_l. Let A be given. Since lim, A(p) = +00, there exists N
such that for p > N, we have A(p) > A.

Let

U < H(F,)
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be such that

Zig, (U) # Ly (Hr).

We have Zg, (U) = Z¢,, (H,).
Recall that G = GL(d). We remark that ZG(F,,) (U) and ZG(E) (HE) are Zariski

connected because they are non empty Zariski open subsets A N GL(d, F_p) in a subalge-
bra A < End(F_pd). Forp—1> (%)fﬁm(c) (cf. [32, Lem. 3.5]), we will have

#7., (U)(F,) > #Z, (Hz,)(F,)
and there exists

g € Ly, (U)(F)y) \ Zgg, (Hg,) (F)).

We have then, with H' =X, = ZGF}, ({g}) N Hg,, which is defined over F,,

H < H.
Because H is connected, we have dim(H') < dim(H) and

#U < #H'(F,) < #mo(H) - #H(F,)) <y - (p+ D)=~
1
i
The Lemma follows. 0

=

A 1
(= ) < - HH(E)).

Lemma 3.15. — Let ¢ : X — Y be a morphism of schemes of finite type over Z.
Then there exists y such that: for every field K, and every y € Y(K), the number of geometric
connected components #1w(X,) of the fibre X, satisfies

#mo(X,) < y.

If ¢ 1s flat, then y — dim(X,) w5 lower semicontinuous on 'Y .
Progf. — If 'Y is non-empty, there exists a proper closed subset outside of which
the function y = #m,(X,) is constant, according to'' [51, Lemma 37.28.5. (055H)]. We

conclude by noetherian induction.
The second assertion, on dimensions, is [51, Lemma 37.28.4. (0D4H)]. U

Lemma 5.16. — Let ¢ : U — U’ be a continuous epimorphism of profinite groups. Let p be a

prime number.

' Applied to the generic point of an irreducible component of Y. The latter exists because Y is noetherian.
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Recall that an element u € U is said to be “topologically p-nilpotent” if lim,_, o /" = 1.
Equivalently, for every continuous map q : U — ¥ to a finite group ¥, the order of q(u) s a power of p.

Then every “topologically p-milpotent” «' € U’ s of the form ' = ¢ (u) for some “topologi-
cally p-milpotent” u € U.

Proof — Let ' € U be arbitrary. As ¢ is surjective, there exists v € U such
that ¢ (v) = . The homomorphism 7 : £ — v* : Z — U extends uniquely to a con-
tinuous homomorphism Z — U on the profinite completion ZofZ.

Let 1 € Z be the multiplicative unit, and, for a prime number ¢, let 1, € Z, C Z
be the multiplicative unit of the £-adic factor Z,. We note that 1 =lim, oY, 1o. It
follows that v =lim,, 1 Y, w(1,). -

As u is “topologically p-nilpotent”, the map ¢ o 7w : k — «*: Z — U’ factors
through Z — Z, — U’. The closed subgroup wZ<U generated by « is thus a quo-
tient of Z,.

Note that, for £ # p, the only continuous additive homomorphismAZg - Z,
or Z; — Z /(") maps 1, to 0. We deduce that for £ # p, the morphism ¢p o : Z — U —
U’ maps 1, to #° = 1. It follows that, for n > p, we have ¢ o () =¢om(d,_, 1o).
Butlim, .o (D, 1) =¢ om(l) =u'. We deduce that

pom(l,) = u.
Since 1, € Z,, it is topologically p-nilpotent in Z,. Thus u := 7 (1,) is topologically p-

nilpotent in U. We have «' = ¢ (1) where u is topologically p-nilpotent in U. This con-
cludes the proof. 0J

Corollary 5.17. — Let ¢ : U — U’ be an eprmorphism of finite groups and, for some prime p,
denote by UT, resp. U'™ be the subgroup generated by elements of order a power of p.
Then

p(U)=U".
Progf. — This follows immediately from Lemma 5.16. UJ

Lemma 3.18. — For every n € Z~, there exists e(n) such that for every short exact sequence of
finute groups

] > N> G35 H-—1
such that #N < n and H s abelian, there exists an abelian subgroup H" < G such that

(47) VheH, en-hen(H).
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Proof. — Let p : G — Aut(N) be the adjoint action on its normal subgroup N.
Then G’ =ker p has index at most # Aut(N) < (#N)! and we may replace G with G’
and H with 7w (H), that is: we assume the extension of H by N is a central extension.

Because H is abelian, the commutator n = [a, 6] of any two a, b € G 1s in N. We
have ab = nba, and, for 1 € Z.,,

a-bN=n-ba-b=--=m-b" a
Because N is central, we deduce

a-b'=n'b-a.
In, particular, when ¢ = y := #N, we have
(48) [a,07]=0.

Let H” < G be the subgroup generated by the {¢"|g € G}. Then H = 7w (H") is the
subgroup generated by {y - 2|4 € H}. Thus (47) 1s satisfied.
By (48), the subgroup H” has a generating sets made of elements which are central
elements of G. Thus H” is contained is the centre of G. In particular H” is abelian.
Lemma 5.18 is proved. O

Corollary 5.19. — If H s generated by k elements, we have
[H:7(H")] < e(#N)".
We used the following form of Goursat’s Lemma.

Lemma 5.20 (Goursat’s Lemma). — Let U < Gy X Gg be a subgroup, and U, Uy be its
projections, and define U} = U N (G x {1}) and U, =U N ({1} x Gy). Then (U, x {1})/U]
and ({1} x Uy) /U, are isomorphic, and hence

(U< )/U] = [ ({1} x 1) /U3 .

6. Reductive norm estimates from residual stability

6.1. Standing hypotheses. — Let F < G < GL(d) be reductive groups over Q,. The
ultrametric absolute value is denoted by | | : G, — R, and the norm on C/,d is denoted

by
|(w)L, | =max{lvil;...; v}

The Q,-algebraic group GL(d) has a model GL(d)z,, which induces models Fz, and Gz,
over Z,. We denote by Fr, and Gy, their special fibres, which are algebraic groups over F,,.
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We assume that, in the sense'”? of [52, §3.8]

(49) Fz, and Gz, are “hyperspecial” .

6.1.1. Some consequences. — We review some constructions and some properties
that hold under hypotheses (49), and will be needed later.

We consider a maximal torus T < G@, abasis Z‘ >~ X(T). We denote the set of weights
of the representation p : T — GE — GL(d)@ by

X (p) € X(T)

and the weight decomposition of V = @d under the action of T, by

(50) @d = GB V, whereV, = {v € @szﬁ € T(@), t-v=x()- v}.
XEX(p)
6.1.2. Remark. — Yor any other maximal torus T” there is a conjugation ¢

gg' T T in G(@). We deduce a set £('1”) corresponding to X(T). The result-
ing set X (') does not depend on the choice of the conjugating element. The weight
spaces V, in the decomposition (50) depend on T

From" [52, §3.5] we know that the induced model 1z, has good reduction, i.e. Tf; is
a torus, and that we have

X(T) = X(Tg).
This also implies, c.f. e.g. [49, Prop. 5] that (50) is compatible with integral structures:
Z_,,d = EB A, where A, = Z_,,d NV,;
and that we have a corresponding weight decomposition
F,' =PV, whereV,:=4, oF,
There is a Cartan decomposition [6, 4.4.3] (see also'* [52, 3.3.3]), for L/Q, a finite
extension, and T, a maximally'” split torus of G/L,

(51) G(L) = Gz,(O0)TL(L) Gz, (Op).

12 An equivalent property is that Fg, and G, are connected reductive algebraic groups.
13 With Q = {xo} if xo € BT (G/L) is the fixed point of Gzﬁ (z).

'* See [52, §3 and §3.3] for assumptions of [52, 3.3.3].

15 A maximal torus containing a maximal split torus.
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and consequently over Q,, when T is a maximal torus,
(92) G(Q) = Gz,(Z)T(Q,)Gz,(Z)).

6.2. Main statement. — The following theorem can be seen as a refined more pre-
cise version of the functoriality of local heights used in §5.2.

Theorem 6.1 (Local relative stability estimates). — Under hypotheses from §6.1, let v, v' € Zp’i
be non zero vectors, denote by v, v e F/,d their reduction, and assume that
(1) the orbits GQﬁ -0, GQﬁ v C AL  are closed subvarieties;
(2) the stabiliser groups ¥, := Stabg (v), Fy := Stabg (V') satisfy

F,=F,=F,

and that B
(1) the orbits Gy, - v, G, - V' C A%ﬁ are closed subvarieties;
(2) the stabiliser groups Fy := Stabg (v), Fy7 := Stabg (V') satisfy, as group schemes,'®

(53) Fy =F;=F,.
We define two functions G(C,) — R given by

H, : g+ max{L; |lg- v} and Hy : g > max{1; [|g- v/ }.

Then the functions h, =logH, and h, =logH,/ satisfy
(54) by < C - hy and hy < C - by,
in which G = C(X(p)) depends only on the set of weights of p (¢f. 6.1.2).

In our proof, the quantity C(X) will depend upon the choice of an invariant eu-
clidean metric “in the root system” of G, and there are canonical choices of such metrics.
The hypothesis (53) can be replaced by the weaker hypothesis in (61).

Several features that are important to our strategy.

e The quantity C only depends on the weights of p. Thus, when p comes from a
representation defined over Q, this C does not depend on the prime p.
e The inequality does not need an additive constant: we have

Hv EA'HU/C

with A = 1. Thus, when we multiply the inequalities over infinitely many primes, we
don’t accumulate an uncontrolled multiplicative factor [ ] ,AQ).

e The estimate (54) depends upon v only through its stabiliser group F. This is precisely
information about the stabilisers that we deduce from Tate conjecture.

'® It amounts to the property that Fy and F5 are smooth.
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6.3. Proof — We use the notions and notations of §6.4. Because Gzﬁ(Z_p) <

GL(d, Z) acts isometrically on Z_pd, the functions 4, and £, are left Gy, (Z_p)-invariant.

Choose an arbitrary g € G(@). It 1s sufficient to prove (55) (see below) with this
element g, as the other inequality in (54) can be deduced after swapping v and v'.

Let T < G be a maximal torus defined over @ We endow Ar, defined in (56),
with a canonical euclidean distance d( , ) = dg( , ), invariant under Ng(T) and de-
pending only on G (using e.g. [4, LIE VI.12]). We denote X (p) the set of weights of the

action T — G 2 GL(n). We denote y(2(p)) the quantity from Prop. 8.3, which does
not depend on the maximal torus T up to conjugation, and only on the weights of p.
Because Gg, is hyperspecial, there is a Gartan decomposition (51). Thus there are

some ¢ € T(@) and k € Gg, (Tﬁ) such that
Gz,(Z) -g=Gg,(Z)) - 1

with ¢ = &'k~
We may thus assume g = . We may write, as in (60)

hy 11¢p=hu 0 ar and hy [1(c,y= hy o ar.
According to Proposition 8.2, we have
¢(Z()) - d(a, C,) < hy(a) and hy(a) < (Z(V')) - d(a, Cp).
Thanks to hypotheses of Theorem 6.1 we may apply Theorem 7.1 and (67) (we note
that 4,(¢f) =0ifand onlyif¢- v € Z_/,d). Thus,
{teTQ) | h(t)=0}
={teT@Q,) | Fe(G/F)(Z,)}
=T(Q,) N (G(Z,) -F(Q,)
={teT@Q) | hy(t)=0}.

Let CB and Cf}, be defined as in Lemma 6.2. As the valuation group I'(Q,) is Q, we
deduce C,(’} = CS’,, and, by Lemma 6.2, we deduce

C:=C,=Cyp.
Applying Corollary 8.3, we conclude

(55) hy(9) = hy () = Iy 0 ar (1)
<y(Z0) by oar(®) =y (Z(p)) - h(t) =y (Z(p)) - h(g).
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6.4. Norms on toric orbits and the apartment. — For a torus T over an ultrametric
extension L./ Q,, the associated “apartment” is defined as

(56) At =Ag, =Y(T/L) @ R~ Hom(X(T), R)

where Y(T) = Y(T/L) := Hom(GL(1),, T) and X(T) = X(1'/L) := Hom(T, GL(1))
are the group of cocharacters and characters, and are Z-linear dual to each other.
Then the pairing

(t, x) > log, x(®]:T@L) x X(T) > R.

induces a map
(57) ar: T(L) — Ar,

Denote by Z < I', :=log,|L*| < R the valuation group of L.
When T has a model over L which is a torus T, over Oy, the map ar factors as

T(L)

S YD) T <> Af.
To, (O) Lo

T(L) —»

For a character y € X(T') the function

log,

log,Ix|: T(L) % L* L R, —5 R

T(L)

passes to the quotient to Top (OD)

and extends to a R-linear form which we denote by
w, :Ar — R,

which is also the one deduced from At >~ Hom(X(T), R).
Assume T < GL(#n) is a torus over L with good reduction: denoting the eigenspace
decomposition of L" for the action of T by

L'= >V,
xeX(T)

we have (6.1.2, [49, Prop. 3])

58) o= Y V,no

xeX(T)

It follows, denoting by || || the standard norm on L", that, for v € L",

(99) loll = max{0} U {llv, ]l | x € X(D)}.
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We denote by 2(T) € X(T) the set of weights for the action of T, and denote by
() = {x €X(T) | v, #0} € B(D),
and, if v € Or", we define
T) ={x eX(M) | llvgll=1} S Z(v)
and a function u : £ (v) = R given by
n(x) =log,[lvy|l.
The functions H,, : T(@) — R, and 4, =log(H,) defined by
H. () = max{1: |11~ v]]}
can be computed from the formula
(60) hy=h, oar with h,(a) := max{0} U {w, (@) + u(x) | x € Z(v) }.
Lemma 6.2. — Define
Co={aeAr|h(@=0} ad A}=Y(T) ® QC Ar.
Then C¥ == C,, N A% satisfies
C,=C2

Lemma 6.2 holds because the convex set C,, is constructed from affine forms w, +
1 (x) on Ay which are defined over Q, with respect to the Q-structure A?

7. Residual stability and p-adic Kempf-Ness theorem

The estimates of Th. 6.1 rely on the following result which we believe to be of
independent interest. This is an analogue of a theorem of Kempf-Ness ([26, Th. 0.1
b)]) in the context [7] of p-adic Mumford’s stability. It relies on a careful analysis of the
reduction of models of homogeneous spaces given by the invariant theory [49] or of
closed orbits in a linear representation.

Theorem 7.1 (p-adic Kempf-Ness Theorem). — Let ¥z, < Gz, < GL(n)z, be smooth reduc-

tive group schemes, such that ¥z, — Gz, — GL(n)z, are closed immersions, and Gz, 1s connected.
Letv € Z,". Denote by v € F," ils reduction and assume that

(61) Stabeg, (v) = Fo, and dim(Stabg, (7)) = dim(Fg,),
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(using Krull dimensions) and assume that the orbits

n ey n
(62) GQ,]UEAQ/) andGFp-ngFﬁ

are closed.
Then, for all g € G(@), we have, denoting by Z,[G/F]:=Z,[G]1 N Q,[G]" the algebra of
F-invariant functions G — A" defined over Z,,

(63) g-veZ, ifandonlyif Nf € Z,[G/F],[(g) € Z,.
Moreover, Spec(Z,[G/F]) is smooth over Z,, and we have
(64) (G(Q)) -v)NZ, =G(Z) -v.

Remarks. — Some of the assumptions can be rephrased as follows.

The Q,-algebraic groups F and G are reductive, the compact subgroups Fz, (Z,) <
F(Q,) and Gg,(Z,) < G(Q,) are hyperspecial subgroups, and we have ¥z,(Z,) =
F(Q,) N GL(n, Z)) and G,(Z,) = G(Q,) N GL(n, Z,).

The property (62) is related to semi-stability and residual semi-stability of the vec-
tor v in the sense of [7].

In (61), the assumption on dimensions means that StabGFp (©)% (the reduced
subgroup of the neutral component) is equal to (FFP)O. Equivalently StabGFﬁ (E)O(E) =

F° (E). This is implied by the stronger condition
(65) Stabg ;) (V) = F(F,)
and the stronger one

(66) StabGFﬁ (v) =Fg, as group schemes.

Proof of Theorem 7.1. — Let G/F = Spec(Z,[G/F]) and let S = Gg, -v %' be the
Zariski closure of the orbit Gg, - v S Ap, in the affine scheme Az . We denote by gF €

(G/F)(Q,) the image of g € G(Q,). |
Then, for g € G(@), we have g- v € Z_p” & g-vE S(Z_p), and we have gF €
(G/F)(Z,) & N € Z,[G/F], f(g) € Z,. Thus (63) is equivalent to

(67) P e(G/NZ) &g veSZy).

Since Gz, < GL(n)z, 1s a smooth reductive subgroup scheme, we may apply
Lem. 7.3. Using the assumptions (61) and (62), we may apply Lem. 7.4. Since Fz, < Gz,
is a smooth reductive subgroup scheme, we may apply Lem. 7.6 and 7.10. Thus,
the map G/F — S 1s integral. We may thus apply Prop. 7.15, and (67) follows. This
proves (63).
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According to Lem. 7.11, the scheme G/F is smooth over Z,.

We prove (64) by double inclusion. We trivially have G(Z,) - v € (G(Q,) - v) NZ, .
We prove the other inclusion. Let g € G(@) be such that g-v € S(Z_p). By (63),
we have gF € (G/F)(Z,). By Prop. 7.9, the map 7 : G — G/F satisfies 7(G(F,)) =
(G/F) (E) As the morphism 7 : G — G/F is smooth, it is in particular flat. We may
thus apply Prop. 7.14 with y = gF and j = gF € (G/F)(F,) C 7(G(F,)). Thus there ex-
ists ¢ € G(Z,) such that 7(¢)) = gF. Thus g- v =¢ - v € G(Z,) - v. This proves the other
inclusion.

This concludes the proof of Theorem 7.1.

7.1. Summary of the section. — In the rest of §7, we develop results used in the proof
above.
In §7.2, we consider a smooth reductive group scheme Gz, < GL(n)z, and we

study the Zariski closure S = Ggq, Ga, v " of an orbit of Go,

We prove in Lemma 7.3 that the special fibre Sg, is Connected by reduction to
the case G = GL(1). Under an extra assumption of the form (61) and (62), we prove in
Lemma 7.4 that the reduced subscheme (SFp)"’d' is a single Gg,-orbit.

In §7.3 we consider smooth reductive group schemes F z, < Gzﬁ < GL(n)zﬁ, and
study the scheme G/F = Spec(Z,[G/F]). We prove that (G/F)g, is reduced and is a
single Gg,-orbit. We use results from Seshadri’s [49], we prove that G/F can be written
in the form S as in §7.2, and we prove the assumptions of Lem. 7.4 are satisfied.

In §7.4, we consider S as in Lem. 7.4, and G/F as in 7.3. We prove that G/F is
the normalisation of S. From §7.2 and §7.3, the morphism G/F — S is quasi-finite, and,
by Zariski’s main theorem, G/F 1s open i the normalisation SofSin G/F. We prove
that G/F — S is surjective by applying Lem. 7.4 to S.

In §7.5, we prove that the morphisms G — G/F and G/F — Spec(Z,) are smooth.
This uses the “critére de lissité fibre par fibre” and, for the F,-fibre, uses §7.3.

In §7.6 and §7.7, we recall some consequences of flatness and integrality. The
§87.6-7.7 do not depend on the rest of §7.

7.2. Orbut closure over Z,.

Proposition 7.2. — Let Gz, < G1.(n)z, be a closed smooth reductive subgroup scheme.

Let A C Z,[G] be a G(Z,)-stable subalgebra of finite type over Z,.

Then there exists a closed immersion Gz, = GL(m)z, and a vector ). € Z," and a Gz,-
equivariant isomorphism

Spec(A) — Gg, & 4.

Proof. — As A is of finite type over Z,, there exists a finite generating fam-
ily a,...,ax € A. As Gg, is flat over Z,, we have Z,[G] € Q,[G]. By [50, Prop.
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2.3.6], there exists a finite dimensional G(Q,)-stable subspace V < Q,[G] contain-
ing {a;;...;an}. AsA® Q, < Q,[G] is G(Q,)-invariant, we may replace Vby VNA®
Q,. Then A := ANV isaZ,lattice in V. As both A and V are G(Z,)-stable, A is G(Z,)-
stable. There exists a finite Z,-linear basis vy, ..., v, € A. As ay, ..., ax € ANV, the fam-
illy vy, ...,v; € A generates the algebra A. Let Z,[X,, ..., X;] denote the polynomial
algebra. The action of G(Z,) on A induces an action of Gz, on Spec(Z,[X, ..., X,]).
The morphism

X v Z[X, ..., X ] > A

is surjective. It corresponds to a closed embedding Spec(A) — Adzp. By construction, this
embedding is Gz, equivariant.

As A € Q,[G], the corresponding morphism Gg, — Spec(A) is dominant. Let a €
Spec(A) be the image of 1 € G(Q,). It follows that Spec(A) is the Zariski closure of
the orbit of G(Q,) - a. As Spec(A) is a closed subscheme of Adzp, we have Spec(A) =
Gq, - azm(A%/’).

The direct sum of the action of Gzﬁ on A%p with the representation Gzp — GL(n)ZP
is a closed immersion Gz, — GL(d + n)z,. The proposition follows for m = d + n, and

forA=a®O. ]

7.2.1. Connectedness and special fibre.

Lemma7.3. — Let Gz, < GL(n)z, be a closed smooth reductive subgroup scheme, let v € Z)n
and let

(68) S=Ggq v %
be the schematic closure of G@ e A”Z—p m A”Z—p Then SF—ﬁ 15 connected.

We first treat the case T = G = GL(1).

Proof. — 1If SE is a closed orbit of T, then it is connected, as it is the image
of GL(1), which is connected. We will show that, otherwise, we can decompose Sg under
the form

(69) Sg;(F) =S~ U {7} US?

where each of S~ and S* is either empty or of the form X = T(F_},) -w with {vy} € sz.
For every w € F_,,n, because T = GL(1) is connected, so is T - w, and so is its Zariski
closure. It follows that S~ and ST are contained in the connected component of vy, and
finally that Sg; 1s the connected component of ;.
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By Prop. 7.13, a point in S(F,) is of the form
. —n S ——
¥ withx=¢-veZ, andt€T(Q,).

We identify X(T) := Hom(GL(1), GL(1)) with Z and denote by

V= E Uy

ke

the eigendecomposition of v for the action of T. Thenx =t-v =Y, _, ¢*- v, and, by (59),
(70) ]l = max{]z* - o1} < 1.

Define

—1/k

¢ = max||v;]| "% € [0; 1] and ¢ = min|jv,|| /" € [1; +00].
k<0 k>0

(Observe that, if v, = 0 for all £ < 0, then ¢ = 0, and, if v; = 0 for all £ > 0, then ¢ =+00.)
For t € T(Q,) we have ¢ - v € an if and only if ¢ < |7] < ¢'. We define

T_={teT@Q) |ltl=c}
To={teT@Q,) |c<lt|<c}
T, ={teT@Q)|lt=¢}.
and
S"={t-v|teT_}andS"={7-v|teT,}.

and

v = E vy and vy = E Uj.

k<0 k>0

Ifc =0, then T_ =S~ = 0. Otherwise, let us pick u € T_. Assume first ¢ # ¢’. Thus ¢ < ¢/,
and u- vt =vt =0, orelse ¢ < 400, and, for some «' € T, # (J, we have

lu- voll =maxc - lugll < maxc ol = || - v < 1.
k>0 ke
We then have w- vy =0 and
wW:=u-v=u-v_+ 1

We then have

ST=T(F,) w
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Because the weights of w-v_ are negative we have

lim ¢-u-v_+vyg=u-0+v) =7y,
1—+00

where limits are understood in the sense of the Hilbert-Mumford criterion, as in [25,
Lem. 1.3].

Thus {ve} € S="". The case of S* is treated similarly and we have obtained (69)
with the desired properties.
We now treat the remaining case ¢ = ¢. We then have

Sg,(F) =ST=S"=T(,) - v.
(This 1s then a closed orbit of Tf,, as S, 1s closed). O

We reduce Lemma 7.3 to the case of a torus GL(1) T < G.

Progf. — 1t is enough to prove that for an arbitrary ¥ € S(F_p), this ¥ and v belong
to the same connected component of Sg.

We may find x € S(@) N Z_,Jn with reduction x. There exists g € G(@) with g -
v = x. From a Cartan decomposition g = k 'k, € G(Z_p) T (@) . G(Z_p) as in (52), we
construct k£ := kiky € G(Z_p) and a maximal torus T:=k '"T'ky <G and t =k 'tk €
T(@) with k- ¢ = g. The torus T has good reduction by 6.1.2. There exists y : GL(1) — T
defined over @ and u € T(Z_p) and A € @X with () = u - ¢. Because Gg, 1s connected

and Sg is Gg—invariant, the orbit G, (F,) - ¥ is connected and contained in Sg-. Thus ¥
Ey E PP Ey
_
and ¥’ = (k-u)  -¥lie in the same connected component of Sg,. We may thus replace ¥

by ¥ and x by k- u~" - x, and g by y(A).
We have x € GL(1)(Q,) - vNZ," and thus

— — e . ——Zar(AL-)
v,7€Sr(F,) withSp:=T-v % C8.

From the previous GL(1) case, St 1s connected. Thus ¥ and v lie in the same connected
component. UJ

Lemma 7.4. — In the situation of Lemma 7.3, we assume that
(71) the orbit Gy, - v is Zariski closed in A;p

and denote by S’ the corresponding reduced subscheme of Ag,. We assume furthermore that, using Rrull
dimension,

(72) dim Stabg,, (v) = dim Stabg, (7)
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Then

S/ — (SFp)red. .

Progf. — By construction S is the Zariski closure of its generic fiber. Hence, by
Prop. 7.13, it is flat over Z,. According to Lemma 5.15 we have

(73) dim Sy, < dim S,
From (87), we have

(74) dim Sq, = dim Gg, — dim Stabg, (v),
(75) dim§’ = dim Gy, — dim Stabe, (7).

We deduce dim(S') > dim(Sg,). Because S’ € Sg, we have actually
dim(S") = dim(Sg,).

Thus, S’ contains a generic point of one irreducible component of S, and thus'” contains
a non empty open subset of S. Because S’ is closed in Ay, it is closed in Sg,. Thus S
contains a connected component of Sg,, and because S, is connected and S is reduced,

S/ — (SFp)”d- O]

Corollary 7.5. — Let S be as in Lemma 7.4. Let T be a ¥ -algebraic variety on which Gy,
acts, and let

T — SF/;
be a Gy, -equivariant morphism. Then, for every t € T(F_p),

dim StabGﬁ(t) < dim StabGFp (v)

Proof — Let s € S(F_l,) be the image of . We have Stabgﬁ(t) < Stabgﬂ(s). By

Lemma 7.4, we have G(F_p) ‘v = S(F_p). Thus there exists g € G(F_p) such that g- v =s.
Thus StabGﬁ(J) = gStabGﬁ(U)g_l. We deduce

dim Stabgﬁ(t) < dim Stabcﬁ (s) = dim Stabcﬁ(ﬁ) = dim StabGFp ). O

17 This S’ is of finite type over S and its image will be constructible.
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7.3. Reductive GIT quotient over Z,. — Let Fz, < Gz, < GL(n)z, be smooth reduc-
tive closed subgroup schemes. We define, following [49],

(76) Z,[G/F1=Z,[G] N Q,[G]"¥ and G/F := Spec(Z,[G/F]).

We have F,[GF,] =~ Z,[Gz,] ®F,. Thus there exists an homomorphism Zp[Gzﬁ]F ®
F,— F/,[GFp]FFf’, and hence a morphism

(77) Gy, /¥y, = (G/F)g,.

Lemma 7.6. — Let Fz, < Gz, < GL(n)z, be smooth reductive closed subgroup schemes.
Then (G/F)x, s reduced: we have

(78) (G/F)x, = ((G/F)g,)"™.
The map
GF/,/FF], e G/F

Jrom (77) induces an isomorphism

red

(79) Gr,/Fx, = ((G/P)g,)" = (G/F)s,.

We prove (78) in 7.3.1, and prove (79) in 7.3.3.

7.3.1. Proof of (78) of Lemma 7.6. — We deduce (78) from Corollary 7.8 below.

Lemma 7.7, — Let A be a flat Z,-algebra such that A @ ¥, is reduced. Let T be a group of
automorphisms of the @—algebm A® @ Then (A") ® F, is reduced.

Proof of Lemma 7.7. — Let a € pANA". As A is flat over Z,, there exists a unique &
such that p- b=a. For y € I', we have p- y(b) = y(a) = a. Thus b=y (b). Thus bis I'-
invariant. We deduce that pA N A" C pA"". Equivalently the map

AT/pAT — A/pA

is injective. Thus A" ® F, is isomorphic to a subalgebra of the reduced algebra A ® F,.
This implies that A" @ F, is reduced. U

Corollary 7.8. — Let G be a smooth linear group scheme over Z,,, and let ¥ < G be a subgroup
scheme. Then Z/,[G]F ® F, us a reduced algebra.

Proof of Corollary 7.8. — We apply Lem. 7.7 with A=Z,[G] and " = F(@). 0J
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7.3.2. Resulls from geomelric invariant theory over Z,. — Before proving (79) of
Lem. 7.6, we recall some results from [49].

Proposition 71.9. — Let ¥z, < Gz, < GL(n)z, be smooth reductive closed subgroup schemes.
Then, for every algebraically closed extension k of Q,, or ¥,,, the map

Gz, = G/F = Spec(Z,[G]")
induces byections
GH)/F(E) — (G/F) (k).

This is an application of [49, Prop. 6, §II.1, Prop. 9 Cor. 2 (i) §IL.3] with X =G
and Y = G/F. In our case, every geometric point of X is “stable” in the sense of [49,
§IL.1, Def. 1], every geometric orbit is closed, and the closures of two distinct orbits have
an empty intersection.

7.3.3. Proof of (79) of Lemma 7.6. — Before proving (79) of Lemma 7.6, let us recall
some facts.

We have Z,[G/F] ® Q, = Q,[G]". Thus
(G/F)g, = Gq,/Fq,
and, by Lem. 7.12,
(80) dim(G/F)g, = dim Gg, — dim Fg,.

AsZ,[G/F] = Z/)[G]F C Q,[G] has no torsion, G/F is flat over Z,, and, by [51, Lemma
37.30.4. (0D4H)],

(81) dim((G/F)Fp) < dim((G/F)Q[]) = dim(Ggq,) — dim(Fg,).
By [51, Prop. 10.162.16. (0335)], we may apply [49, §11.4, Th. 2]. We have
(82) Z,[G/F] is of finite type over Z,.

Proof of Lemma 7.6. — By (82), we may apply Prop. 7.2 to the algebra A :=
Zp[G]F C Z,[G], and write

Spec(A) ~ G & "4a),
In order to apply Lem. 7.4 to G - )»ZW(A%/’), we prove the assumptions (71) and (72).

By Prop. 7.9 the map (77) is surjective (on geometric points).
This implies that

G(F,) = (G, /Fg,)(F,)) = (G/F)(F))
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is surjective. Thus (G/F)g, (F)) is a single G(F,)-orbit. By construction (G/F)g, C Af is

closed. Thus G(F_p) - is a closed orbit. This proves (71).
We thus have

(83) dim(G/F)g, = dim Gy, - A = dim Gy, — dim Stabgy, n).

By Prop. 7.9 the map (77) is injective (on geometric points) and thus quasi-finite.
This implies

dim((G/F)Fp) > dim(Gg,/Fg,) = dim(Gg,) — dim(Fy,)
= dim(Ggq,) — dim(Fg,).
Together with (81), this implies dim((G/F)g,) = dim(Gq,) — dim(Fg,). By (83), we have
dim StabGFp ») = dim(Fg,) = dim(Fg,).

This implies (72).
We may thus apply Lem. 7.4. This implies that
red. -
(G/F), = ((G/F),)" =G, - A.

From Lemma 7.12, we know that the morphisms

Gg — (G/F)g = Gg;/Fg and G — (G/F)g; = G- &

are flat morphisms of algebraic varieties. We know that Gz, is flat and smooth over Z, by
hypothesis.

By the “Critere de platitude par fibre”, ([19, Part 2, §5.6, Lem. 5.21, p. 132] or [51,
Lem. 37.16.3. (039D)]) the morphism

G — G/F

1s flat. Consider StabGZﬁ (1) < Gz, a subgroup scheme over Z,. Let § : Spec(Z,) - G/F
be the morphism corresponding to A € (G/F)(Z,). Then StabGZp (A) — Spec(Z,) is
the pullback of 7 : G — G/F by £. As G — G/F is flat, the morphism Stabg, (A) —
Spec(Z,) is flat. By (3) of Prop. 7.13, the generic fibre Fgo, = Stabcqﬁ (A) 1s Zariski dense
in Stabczﬁ (A). Thus

StabGZp (}\.) = FZ/"
Thus StabGFﬁ (*) = F,, and is smooth. Thus
(G/F)x, = Gr, - . = G /Fx,.

This proves (79) and concludes the proof of Lemma 7.6. U
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7.4. Normalisation and integrality.

Lemma 7.10. — We keep the situation of Lemma 7.4
We assume that Gq, - v < A% w5 Lariski closed.

We assume that there exists smooth reductive closed subgroup scheme Fz, < GL(n)zp such
that ¥o, = StabGQp (v). We use the notations of §7.5.
Then the map G/F — S identifies G /¥ with the normalisation of S (in its _fraction field).

The map G/F — S is obtained as follow. As Gg, - v is closed, and by definition of F,
we have G, /F ~ SQﬁ’ or equivalently Q‘,,[G]F Q,[S]. As S 1s flat, we have Z,[S] C
Q,[S]. Asv e Zp and Gz, < GL(n)z, the map ¢ — ¢- v is defined over Z,. Thus Z,[S] €
Z,[G]. We thus have,

Z,[S] € Z,[G1N QG =Z,[G/F].

Proof of Lemma 7.10. — Let us denote by Z/p\/[S] the integral closure of Z,[S]

in Z,[G/F], and define S= Spec(i;/[S]). We denote by 7 : G/F — S the morphism
from the statement of Lemma 7.10, and denote by

%:G/F>Sandv:S—S

the morphisms given by the inclusions Z,[S] € i;/[S] CZ,[G/F].
Let us prove that Lemma 7.10 is the consequence of the following claims.

(1) The scheme G/F is normal.
(2) The morphism 7 : G/F — § is quasi-finite.
(3) The map G(F,) — S(Fp) 1s surjective.

By (2) and (82), we may apply Zariski’s Main Theorem in the form [51, Theorem 29.55.1
(Algebraic version of Zariski’s Main Theorem) (03GT)]. It follows that the map 7 :
G/F — Sisan open immersion. Recall that the morphism (G/F)q, = GQp/FQﬁ — Sgq,
Is an 1som0rphlsm As normalisation commutes with localisation, (G/F)q, is normal,
and SQp is the normalisation of Sq, in (G/F)Qﬁ Thus, the morphlsm (G/F)q, — SQp
is an isomorphism. By (3) the map G(F,) — (G/F) (F ) — S(F ) 1s surjective. It follows
that the map (G/F) (E) — g(ﬁ) is surjective. Thus, the open immersion 77 : G/F — S
is surjective, and it is thus an isomorphism.

Let Z,[S]"™ be the integral closure of Z,[S] in Q,(S). By (1), the scheme G/F
is normal. That is, Z,[G/F] is integrally closed in Q,(G/F). It follows that Z,[S]"™ C
Z,[G/F]"" = Z,[G/F]. Thus Z,[S]""™ is integral over Z,[S] and Z,[S]""™ C Z,[G/F].
This proves Zy[S]"" S Z,[Sl. As S, = (G/F)q,, we have Q[S] = Q,[G/F] and
QJ,(S) Q,(G/F). Thus ZP[S] is integral over Z,[S] and Z/,[S] C Q,(S). This proves
Zﬁ[S] CZ,[S]".
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We conclude that G/F = S and that S is the normalisation of S in its fraction field.
We have proved Lemma 7.10 assuming the claims (1), (2) and (3). We now prove
each of the claims.

Proof of clavm (). — By assumption, the scheme Gz, is smooth over the regular
ring Z,. Thus Gz, is regular, and normal, and Z,[G] 1s integrally closed in its fraction
field Q,(G).

Let A € Q,(G/F) be integral over Z,[G/F]. Then A is integral over Z,[G]: thus A €
Z,[G]. We also have A € Q,(G/F) C QJ,(G)F. Therefore A € ZP[G]F.

This proves that Z,[G/F] is integrally closed in Q,(G/F), that is, that G/F is nor-
mal. 0J

Proof of clavm (2). — By assumption (72), and by definition of Fg,, and as Fz, is
smooth over Z,, we have

dim(StabGFﬁ @) = dim(stab% (v)) = dim(Fg,) = dim(F,).

By (87), we have dim(Sg,) = dim(Gg,) — dim(StabGFﬁ (v)). By Lem. 7.6, we have (G/
F)g, = Gy, /F¥,, and by (87), we have dim(Gg,/Fg,) = dim(Gg,) — dim(F, ).

Thus dim((G/F)g,) = dim(Sg,).

Lem. 7.4 implies that the map GFp — SFﬁ 1s dominant and that SFp is irreducible.
Thus, the map (G/F)r, = Sy, is dominant. Lem. 7.6 implies that (G/F)g, is irreducible.
By [22, 3.22 (e), p. 93] (with e = 0), there is a non empty Zariski open subset U C Sy, , such
that for u € U(F_p) the fibre of (G/F)g, — S above u is of dimension 0. As, by Lem. 7.4,
the action of G(F_p) on S(E) is transitive, we may take U = Sg,.

The claim follows. ([l

Proof of claim (3). — Our goal is to prove that g(ﬁ,) 1s a single G(E)—orbit.
By [51, Prop. 10.162.16. (0335)], Z, is universally Japanese. Thus the alge-
bra Z,[S], which is an integral domain of finite type over Z,, is Japanese. Namely, the

integral closure Z/p\/[S], of Z,[S] in its field of fractions is of finite type over Z,.

We apply Proposition 7.2 and write accordingly S~G- 2" for some m Z.,.

We prove that the assumptions (71) and (72) of Lemma 7.4 are satisfied. The claim
will then follow from Lemma 7.4. 3
By Cor. 7.5 for T = (SF/})“’d and ¢ = A, and by (72) for v € S, we have

dim StabGFp (A) < dim StabGFﬁ (v) =dim StabGQp (v) =dimFg,.
As S is integral over S, we have dim ng < dim SFp. Thus

(84) dim Gy, — dim Stabe,, () = dim(Gg, - %) < dim g,


https://stacks.math.columbia.edu/tag/0335
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< dim Sy, = dim Gg, — dim Stabg,, ()
= dim Gy, — dim F,.
Thus dim Stabg,, () = dim Fg, = dim Fg, = dim Stabgg, (1).

This proves (72). B _
Assume by contradiction that GFp - A 1s not closed in SFp‘ Then there exists ¢ €

Gr,- A~ G, - & Let T=Gg, - {"". Then T is Gy,-stable. We have dim(T) = dim(G, -
) = dim(Gg,) — dim Stabg,, (1), and dim(T) < dim Gg, - A\ Gg, -1 < dim(G, - 3) — | <
dim Gg, — dim StabGFp (A). Thus dim StabGF/) (1) > dim StabGFp (A) + 1. This contradicts
Cor. 7.5 for te T=Gg, 1.

This proves (71). . B

We may thus apply Lemma 7.4. We deduce Sy, = G, - A. This proves the claim.
O

This concludes the proof of Lemma 7.10. 0

7.5. Flatness and smoothness.

Lemma 7.11. — Let Fz, < Gzp < GL(n)g ’ be a closed smooth reductive subgroup schemes.
Then the maps

(85) G — G/F and G/F — Spec(Z,)

are smooth.

Proof. — We apply the “Critere de lissité par fibre” [16, 17.8.2] with A= fog:
X — Y — S the morphisms G — G/F — Spec(Z,).

By assumption G — Spec(Z,) is smooth, and in particular flat. For s = Spec(Q,),
the morphism X; — Y, is Go, = (G/F)q, = Ggq,/Fq,. By Lem. 7.6, for 5 = Spec(F,),
the morphism g : X; = Y5 is Gy, = (G/F)g, = Gg,/Fr,. By assumption Fy, is smooth,
and thus FQ,,; and FF/} are smooth. By Lem. 7.12, we deduce that g, and g; are smooth
morphisms.

Thus, by [16, 17.8.2], the morphism G — G/F is smooth.

Recall that G — Spec(Z,) is smooth. Thus, by [16, 17.11.1 b) = a)], the mor-
phism G/F — Spec(Z,) is smooth on the image of G — G/F.

Note that g, and g; are surjective. Thus G/F — Spec(Z,) is smooth. O

Lemma 7.12. — Over a field k let G < GL(n), be a algebraic subgroup (smooth closed group
subscheme), and choose v € k". Then the map “orbit through v’ map

(86) w:G—>G-v
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i flat, where G - v > G/ Stabg (v) is locally closed and endowed with a reduced scheme structure.
We have, using Krull dimension,

87) dim(G - v) = dim(G) — dim(Stabg (v)).

If Stabg (v) is smooth as a group scheme,'® then w is a smooth map and G - v is smooth
(regular).

Progf: — According to the Orbit Lemma [3, §I 1.8], the orbit G- v is locally closed.

Because G - v is reduced, by [51, Prop. 29.27.2 (052B)], there exists a non empty
open subset U € G - v such that w is flat above U. As U is G-invariant, the map o is flat
everywhere.

We deduce (87) from the flat case of [51, Lem. 29.28.2. (02]S)] and [51, Lem.
29.29.3. (02NL)], (using Krull dimension, cf. [51, Def. 5.10.1. (0055)]). (One can also
find (87) in [20, p. 7]).)

Concerning smoothness, see [13, VI Prop. 9.2 (xi1) (and V Th. 10.1.2)]. 0J

7.6. Flatness and lifting of closed points. — Let @ be an algebraically closed alge-
braic extension of Q,, and denote by Z, the integral closure of Z, in @ We fix a ring
homomorphism (the “reduction map”)

r:Z,—F,
and denote the induced morphism (x, ..., x,) = (r(x)), ..., 7(x,)) by
" :A"Z,)=Z, — A'(F,) =F,.

Proposition 71.13 (cf. [15, Prop. 14.5.6, Rem. 14.5.7]). — Consider a Zariski closed sub-
scheme X C ‘% of finate presentation, and denote by X,,; its reduced subscheme.

Then the following properties are equivalent.
(1) The scheme X, 15 flat over Z,.
(2) We have

(88) X(F) =1"(X(Z).
(3) The generic fibre Xg 15 Lariski dense in X.
(4) No wrreducible component of X s fully contained in A%

Proof. — This is a translation of [15, Prop. 14.5.6, Rem. 14.5.7]." U

18 In practice dim Stab 4 (v) = dim Stabg (v). o
! Loc. cit. assumes the base is noetherian. Even though our base Z, is not noetherian, X can be obtained by base
change from a model over a ring of integers Ok of a finite extension K/Q,. Then Rem. 14.5.7 of loc. cit. applies.


https://stacks.math.columbia.edu/tag/052B
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7.6.1. Remark. —1f X is flat over Z,, then X — Spec(Z,) is universaly open,
by [14, Th. (2.4.6)], and thus X"’ — Spec(Z,) is flat, by [15, Prop. 14.5.6, Rem. 14.5.7].

Proposition 71.14. — Let 7w : X — Y be a morphism of reduced affine schemes of finite presen-
tation over Z,.
Assume that 7t 1s flat. Then,

VWeY(Z,), ren(X(F,))syen(X(Z)).

Progof — It y =m(x), then y = 7 (¥). This proves one implication.

Lety=m(x) withx € X(F_p). Let X, be the fibre of X over ». Then x € X, (E). We
have x € X, (Z,) if and only if: x € X(Z_p) and 7 (x) = .

Let Z = Spec(Zp) (viewed as a Zp—scheme) and denote by z € Z(Z_p) the unique
element. Let & : Z — Y be the morphism such that £(z) = y. Then X, — Z is the pull-
back of 7 : X — Y by §. As 7 is flat, the morphism X, — Z is flat. This implies, by
Remark 7.6.1, that X},"“l‘ — 7" =17 is flat. As X is affine of finite presentation, the fi-
bre subscheme X, is affine of finite presentation. By Prop. 7.13, there exists x € Xy(Z_p)

such that its reduction in X),(E) is x. Thus y € JT(X(Z_/,)). We proved the second implica-
tion. [

7.7. Integrality and lifting.

Proposition 1.15. — Let w : X — Y be a morphism of afffine schemes over Z_p.
Assume that 7 is integral. Then

VieX(Q,), xeX(Z,) & n(x)eY(Z,).

Proof. — Ifx € X(Z_,,), then m(x) € Y(Z_/,). We prove the other implication.

We write X = Spec(B) and Y = Spec(A) and 7* : A — B the morphism corre-
sponding to 7. Let x € X(Q,), and let ¢ : B — Q, be the corresponding morphism.

Assume m(x) € Y(Z_p). Then ¢ o *(A) C Z) As B 1s integral over A, the alge-
bra ¢ (B) is integral over ¢ o w*(A), and 1s integral over Tp. As Z_p 1s integrally closed
in Q,, we have ¢ (B) € Z,. Thus x € X(Z,). O

8. Slopes weights estimates

We consider an integer n € Z>, and an Euclidean distance d( , ) on R". The
quantities ¢, ¢ and y will implicitly also depend on d(, ).

Lemma 8.1, — Let ¥ be a finite set of linear forms on R, let the function hy : R" — Ry be
given by

hs(x) = max A(x),
re(0)US
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and define C = C(Z) := {x € R"|hg (x) = 0}.
Then there exist ¢(X), ¢ (X) € Ro such that: for all x € R”" satisfying

(89) d(x,C)=4d(x,0)
we have
(90) ¢(2)-d(0,x) < hsg(x) <(2) - d(0, x).

Proof. — Let x € R" be arbitrary such that d(x, C) = d(x,0). Let ¥ =y -xwith y €
R.. For v € R" we have Az (y - v) =y - kg (v). It follows that y - C = C. For every ¢ € C,
we have ¢:=¢/y € C. We have

d(x¥,d)=d(y -x,y 0=y -dx,0)>y-dx,0)=d(y -x,0) =d(¥, 0).

Thus d(0, x') = d(C, ). Since the inequalities (90) are homogeneous, we may as-
sume x # 0, and substituting x with x" := x/d(0, x), we may assume that

(91) d(0,x)=1.
We can rewrite the condition (89) as
(92) Vee C, d(0,x) <d(c x).

The set G+ :={x € R" | (0, x) = d(C, x) } is an intersection of affine half-spaces, and is
a closed set G+ C R (it is the polar dual cone to C). The intersection K of G+ with the unit
sphere {x € R" | d(0, x) = 1} is thus a compact set. We have x € K, by (89) and (91).

The continuous function /s has a minimum value and maximum value on the
compact K, which we denote by

93) «(E) = min kg (k) and ¢ (£) := max iz (4).

By definition, (90) is satisfied and we have 0 < ¢(X) < ¢(¥) < 400. It will be enough to

prove 0 < ¢(X).
Assume by contradiction that ¢(X) = 0 and choose £ € K such that 4z (k) = 0.
Then £ € C. From (92) for x = ¢ = k, we deduce d(0, k) < d(k, k) = 0, contradicting (91).
O

Proposition 8.2, — We keep the setting of Lemma 8.1.
Let us fix amap p : 2 — Req and let hy, : R" — R be defined by

by (x) = maX{O; rilezgxk(x) + M(k)}.

Define C=C,, = {x € R"|h,(x) = 0}.
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Then,
(94) VxeR", «X)-d(C,x) <h,(x) < (X)-d(C,x).

Proof — Define ¥ := {A € Z|u(r) = 0} and C = {x € R'hs(x) = 0}. We
have /5 < h, and thus

ccc
In a first step we prove (94) with the extra condition
(95) d(x,C) =d(x,0) (thatis: Ve e C, d(x, ¢) > d(x,0)).

Let || || denote the euclidean norms induced by d(, ) on R” and its dual. For a € R"
we have

maxo (a) < ||a| - max||o]|.
oeX oex

Define 1o := max{u(0) | 0 € £\ T} < 0. Then, if a € R" satisfies

(96) lall - maxflo || < — 4o,
we have
97) hy(a) — hs(a) <0, and thus %, (a) = hs(a).

Let us prove that d(x, C) =d(x,0).

Proof — We want to prove that for an arbitrary b € C we have
(98) d(x,b) > d(x,0).

Let A € R. be sufficiently small so that a := A - b satisfies (96). We deduce from (97)
that ¢ € C, and from (95) that

d(x,a) > d(x,0).

Equivalently, denoting by (, ) the euclidean scalar product, (a, x) < 0. It follows (b, x) =
A - (a, x) <0 and, equivalently, (98). O

Applying Lemma 8.1 to X, we deduce (94) under the assumption (95).
Note that ¥ 1s a subset of the finite set 3. Thus, there are only finitely many pos-
sibilities for 2. As a consequence, we may assume, when applying Lemma 8.1, that ¢(X)

and ¢ (%) do not depend on X.
We now reduce the general case to the first step, by a translation of the origin of R".
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Let xy € C be such that

d(x, C) = d(x, xo)

and define
1 (R = r(xo) + p(d),

so that
P 0) = hu(y + xo)-

and C,y = C,, — xy. Thus
d(x —x, Cp) =d(x —xp, Gy — %) =d(x, Cp) = d(x, xp) = d(x — xp, 0).

From x, € C,,, we deduce £,/ (0) = %,(x) =0 and Vo € X, /(o) <0.
Then (94) for x follows from the first step applied to x — x. 0J

Defining

max{d(X) | S %y}

Y ) = i) | T 5

we deduce the following.

Corollary 8.3. — Let X be a finite set of linear forms on R". There exists y (2y) € Raq such
that for ¥, %" C X and o : ¥ — Ry and ' : ' — R such that C,, = C,/, we have

VxeR",  h,(x) <y (Xo) - by (x).

Appendix A: On complete reducibility and closed orbit of Lie algebras

over Fp

Lemma A 1. — Let V be a finite dimensional vector space over a field K # Fo, and let G’ <
H < G < GL(V) be subgroups.
Assume that V s semusimple as a representation of G and as a representation of G', and that

Zeiov(G) = Zarw (G/)-
Then V 1s semisimple as a representation of H and

Zorvy(H) =Zegron (G).
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Proof — Let W <V be a H-stable vector subspace. Then W is G'-invariant. By
assumption, there exists W <V a supplementary G’-invariant subspace. Let = be the
projector with image W and kernel W', and choose A € K\ {0; 1}. Define g=m + A -
(Iy — ) € End(V). Then

g€ Zaiv(G) = Zarw)(G) < Zarw(H).

Thus g is H-equivariant, and thus 7 = ﬁ - (g — A - 1ly) is H-equivariant. Thus W' =
ker(sr) is H-invariant, and is supplementary to W.

Since W is arbitraty, V is semisimple as a representation of H.

Finally, using G’ < H < G, we get

Zarvy(H) < Zerw) (G/) =Zc1v)(G) = Zgrv) (H). O

ALl

We recall that (see [46, §3.2]) for an algebraic group G over a field £, an abstract sub-
group T' < G(k) is G-er, resp. a k-algebraic subgroup H < G is G-¢r if and only if: for
every k-parabolic subgroup P < G such that I' < P(k), resp. such that H(k) < P(k), there
exists a Levi subgroup L < P such that I' < L(k), resp. such that H%) < L(k).

Lemma A2, — Let G be a reductive group over Fp, andlet H <L <M < G be E—algebmic
subgroups.
Assume that H and M are G-¢r and that

Zo(H) =Zc(M).
Then, for every parabolic subgoup P < G defined over F_p, we have

H<PoL<P&M<P.

Proof. — 1t suffices to prove that, for every parabolic subgroup P < G, we have
H<P=MZ=<P.

Let P < G be a parabolic subgroup such that H < P. Since H is G-cr, there exists, by
definition, a Levi subgroup QQ < G such that H < Q). Let Z(Q) be the center of Q,
Then Z2(Q) < Zs(Q) < Zg(H) =Zs(M). Thus M < Z¢(Z(Q)). Since Q is the Levi
subgroup of a parabolic subgroup, we have Zs(Z(Q)) = Q ([50, proof of 16.1.1., p.
269]. We conclude M < Zs(Z(Q)) =Q <P. O

Corollary A.3. — The subgroup L. 1s G-¢n.
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Proof. — Let P < G be a parabolic subgroup such that . < P. We have H < P, and,
since H 1s G-cr, there exists an opposite parabolic subgroup P’ such that, with Q =PNP’,
we have H < Q. By Lem. A.2, we have M <P’ and thus L<M < P".

Thus L is contained in the Levi subgroup Q) < P, and since P is arbitrary, L is, by
definition, G-cr. [

Proposition A4, — Let M < G < GL(n) be connected reductive algebraic subgroups defined
over Q. We denote by Mg, < Gy, the F,-algebraic groups induced by the model GL(n)z. There
exists c(M, G) such for every p > ¢c(M, G) the following holds.

Let V < M(F,) and define V" defined as in Rem. 2.1.3 (1). We also view V and V' as 0-
dimensional algebraic subgroups of Mg,. We assume

V<V Z(Mg,).

and ZGF/] V)= ZGF/] (Mg,), and that the action of V on F," is semisimple.

Let W be the algebraic group associated to N'* by Nori (/32]), and 1. = W - Z(M), and
let L < gr, be the Lie algebra of L.

Then L, is Gg,-cr and L@ F, < g, is Gg,-cr (in the sense of [29)).

Proof. — We know that there exists ¢'(M, G) such that, for p > (M, G), the al-
gebraic groups My, and Gy, are reductive. By [46, Th. 5.3.], we have, for p > A(G)
and p > h(GL(n)), that ME and GF_,] are GL(n)F—p—cr and ME 1s GE-CI‘.

Let n, be the invariant 2(A) of [46, §5.2.] for the representation A =F," of Gg,.
The definition of 7, is given in terms of weights, and, for p > 0, does not depend on p.
Thus 7, ;= max, n, < +00. Recall that the action of V. < M(F,) is semisimple. By (4) of
§2.1.3, the F_p—linear action of Von A ® Fp is semisimple. By [46, Th. 5.4.] this implies,
for p > nyay, that Vis GF—ﬁ—cr.

We apply Lem. A.2 and Cor. A.3 with H=V (viewed as an Fp-algebraic group of
dimension 0), L= Ly, and M = Mg, and G = G, It follows that Lg; is G, -cr. According
to [29, Th. 1(2)], it follows that Ig; := [® F, is Gy -cr.

This proves the Proposition with

c(M, G) = max{d (M, G); h(G); h(GL(n)); n(V) }. 0

Corollary A.5. — Let xy, ..., x; € gl(n, F,) and yy, ...,y € gl(n, ¥,) be such that V' is
generated by {exp(x); ...; exp(xp)} and {y\; ...y} generates 3(m).

Then the orbit (as an algebraic variely over ¥,) of (x1, ..., X, 1, ..., 00) in @
action of G¥, by comjugation, s Lariski closed.

" under the

Proof. — Let F = Hom(lg;, gg,) be the vector space of E-linear maps. Let ZC F
be the subset of Lie algebra homomorphisms. Then Z is a Zariski closed subvariety.

LetE:F— g%“l be the evaluation map ¢ > (¢ (x1), ..., ¢ (%), d(1), ..., o).
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Since [ is generated by xy, ..., X, 91, ..., ), the map E is injective on Z.
We claim that Z' := E(Z) C g/;—;” is Zariski closed and that the map E|;: Z — 7’ is

a homeomorphism.

Proof of the clazm. — Yor ¢ € Z and a, b € [F—//, we have ¢ ([q, b]) = [¢(a), P (b)]. We
fix a basis of gg,. Observe that the map [, ]: gi—p — g, Is polynomial. Therefore, the
coordinates of ¢ ([a, b]) are polynomials in the coordinates of ¢ (a) and ¢ (4). The poly-
nomials giving these coordinates depend only on the map [, ]: gi_ﬁ — 0r,, and are
independent of ¢, a and b.

We deduce for instance that the coordinates of the ¢ ([x;, x;]) are polynomials in
the coordinates of (¢ (x1),...,d(x0), @), ..., d(»)). By induction, for every z in the
Lie algebra generated by {x; ,...; x;915 ... ;. 91}, the coordinates of ¢ () are polynomials
in the coordinates of

(¢(X1)» ces O (), ), ---a¢(ﬂ’z))-

Let zy, ..., zs be abasis of [, and let us identify I =~ g;’,—p. We apply the above for z =

zi. We deduce that the inverse map Z' — Z extends to a polynomial map E* : g/;—H —
14

gg_} ~F.
/ We note that E*|, : Z' — Z is the inverse of E|; : Z — 7/. We deduce that E| :
7. — 7' is a homeomorphism.
Since Z is Zariski closed, we have E*(Z') € Z = Z. It follows that E o E*(Z') = Z'.
Recall that the restriction to Z' of the map E o E* is the identity on Z’. It follows that Eo E*
is the identity on Z'. Thus Z’ = E o E*(Z’) € Z'. This implies the claim. O

Let G - ¢ be the conjugacy class of the inclusion ¢ : [ — g. According to [29,
Th. I(1)], this is a closed subvariety in F. As it is contained in Z, this is a closed subvariety
of Z. As E|Z : 7. — 7' is a homeomorphism, its image in 7’ is thus a closed subvariety
of Z'. This image is E(G - ¢) =G - (x1, ..., X, 91, ...,). Since Z' is closed in g%“[, the
conjugacy class G - (x1, ..., %, 01, ...,9) 1s closed in g%rl. O

Appendix B: Consequences of uniform integral Tate property for
{-independence

Throughout App. B, we fix reductive Q-algebraic groups M < G < GL(n).
The following is proved in §B.4.

Theorem B.1. — Let U < M(Z) be a compact subgroup satisfying Def . 2.1. Then

99) JeeZ., YueU, uce (HU N Md"(zp)> (UNZM)(Z)).
b
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We deduce the following.

Corollary B.2, — Let U be as in Theorem B.1, let W be the image of U by aby; : M(Ay) —
M (Ay) with Ay = Z ®Q, let W,:=WnN M“b(Q,,) and assume that

(100) I YweW, we[[W,.

Then e € Z-,,Yue U, u’ € ]_[p(U N Md”(Zﬁ)) -(UNZM)(Z,)).

Proof of Corollary B.2. — Yor d € Z~, and an abelian group A, let [d] : A — A de-
note the multiplication-by-d map a+ d - a:= a4+ --- 4+ a. For any group homomor-
phism A — B such that ker(¢) < ker([d]), we have

(101) I :p(A) > A, Yop=I[d]
because we can factor [d] : A — ¢ (A) = A using
A — ¢(A) = A/ker(¢) — A/ ker([d]) ~ [d](A) — A.

Let us denote by ¢, : Z(M)(Z,) — M“(Q,) and ¢ = (¢,), : Z(M) (Z) > M Q®
Z) the abelianisation maps. Because Z(M) N M* is a finite algebraic group, we have

|ker(¢y)| = |Z(M*)(Z,)| divides d := |Z(M™)(Q)| < +oo0.

We deduce [d](ker(¢,)) = {1}. By (101) there exists ¥/, : ¢,(Z(M)(Z,)) — Z(M)(Z,) such
that ¥, o ¢, = [d]. Thus, with ¢ := (¥,),, we have ¥ o ¢ = [d].
The kernel of aby is Md”(A ). Thus, with U" := U N Z(M) (Z) and W = ¢ (U),

we have
abM(<1_[ un Mdf"(zp)) -(UNZ) (2))) = aby (U) =W,
V4

Let ¢ be as in Theorem B.1. Then we have [¢](W) < W’ and thus [e](W,) < [eJ(W) N
M“”(Qﬂ) < W//] =W'nN M””(Q,,). We deduce from (100) that

memskJMMSMijaffh%sw.
14

b

Applying ¥, we deduce

[e-f -dl(U <H%W<M()
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As Y, (W) < ¥ (W) N Z(M)(Q,) < U} := U’ N Z(M)(Q,), we have

(102) [e-f-dI(U) <[],
b4

By Theorem B.1, for u € U, we can write «’ = (m,), - ' with «' € U" and m, €
UNM*(Z,). By (102), we can write «/" = (1), with «, € U, < U N Z(M)(Z,). We
conclude

= ), ), < T[N @0)- (U700 ).
Vs

The Corollary B.2 follows. ]
B.1

Let us recall the following fact. By [52, §3.9.1, p. 55] there exists po(M, G) such that for
every prime p > po(M, G), the induced F,-algebraic groups Mg, < Gy, < GL(n)§, are
reductive and that Z(M)g, is smooth over Z, and Z(M)g, 1s a torus.

B.2 Some properties over F,

Defination B.3. — For a subgroup H < M(F,) and C € Z, let Tate(H, C) be the follow-
ing property: for every subgroup H' < H such that [H: H'] < C,
(T1) the action of H' < GL(n, F)) on ¥, is semisimple
(12) and Zg,, (H') = Zg,, (Mp,).

By (4) of §2.1.3, we have (T'l) if and only if the action of H on Fpn is semisimple.
By [46, Th. 5.4], there exists (M, G) such that, for p > n(M, G), we have (T'1) & H’
18 GF—p—cr < H is Mg, -cr, in the sense of §A.1. If p > max{py(M, G); n(M, G)}, then,
by [46, Th. 5.4], any H’ satisfying (T'1) and (12) is not contained in a proper parabolic
subgroup P < Mg .

Lemma B.4. — Let p > py(M, G) := max{py(M, G); n(M, G)}, let H < L. < M(F,)
be subgroups and let C € Z-y be such that the property Tate(H, C) holds. Then the prop-
erty Tate(L, C) holds.

Proof. — We prove Tate(L, C), assuming p > p; (M, G) and Tate(H, C). Let L' <L
be such that [L.: 1] < C. Then H' := H N L verifies [H: H'] < C. As H' < I < M(F,),
we have ZGFp H) > ZGF/J L) > ZGrp (Mg,). Using (12), we deduce ZGF,, (Mg,) = ZGF/, L).
This proves (T2) for I". Note that Gp, is reductive since p = po(M, G) and that H" is Gg,-
cr since p > n(M, G). We may apply Lemma A.2 for H' < L' < Mg, < Gg,. By Cor A.3,
the group L is Gg-cr. As p = n(M, G), this proves (T'1) for L. As L" is arbitrary, this
proves Tate(L, C). ]
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Lemma B.5. — There exist ay, ay : L=y — Z- such that the following holds. Let p > a;(n)
and I < M(F,) < GL(n,¥,) be such that property Tate(T", ay(n)) holds, and define 'Y as i
$2.1.3(1).

Then A :=T7- (TN Z(M)(F,)) satisfies

[I": Al < ay(n)
and T =H(F,)" for a semisimple ¥ ,-algebraic group H.

The proof will use the following facts.

e By [48, No 137, §1 (p. 38), cf. Rem. 38.3 (p. 667) and No 164], there exists ¢, (n)
such that for every prime p, there are at most ¢y (n) GL(n, E)—conjugacy classes of
semusimple subgroups S < GL(n)g,, and they “come from characteristic 0” for p > 0.

e In particular, there exists ¢3(n) such that,

(103) Vp>cs(n), ptHZ(S)(F,).

By Lang’s Theorem [36, Prop. 6.3, p. 290], [S“(F,)/ad(S(F,))| = |Z(S)(F,)|. ¥or p >
e3(n), this implies that p{ #S“ (F,)/ad(S(F,)). By Cor. 5.17 this implies that

Vp>es(n),  ad(S(F,)) = ad(S(F,)) = S“(F,)".

e We have Aut(S)" = S™ and 7o (Aut(S)) is finite. In particular, there exists ¢,(n) such
that we have #5(Aut(S)) < ¢4(n).
e We have #S“(F,)/S“(F,)" < 2". ([32, (3.6(v)), p 270])

Progf. — According to [32, Th. B], there exists ¢(n) such that for p > ¢, (n), we
have I'" = S(F,)" where S < GL(n, F,) is a F,-algebraic group generated by connected
unipotent subgroups. From Nori’s construction, the algebraic group S is invariant under
the adjoint action of I'. We denote this action by

a: ' — Aut(S)(F,).

By definition ker(«) is the centraliser Zr(S).
By [46, Th. 5.3] and property (T'1) for H = I", the algebraic group S is semisimple.
From now on, let us assume p > a;(n) := max{c; (n); ¢3(n)}. The facts preceding the

proof imply that, for A’ ::?)el (S (F[,)T), we have
[T: A'] < #Awt(S)(F))/ad(S(F)") < ¢5(n) == es(n) - 2".

By construction ker(o) < A" and S(Fp)T < A’. Note that ' = S(Fp)T — ad(S(F,,)T) =
S‘”’Z(Fp)T is surjective: for A € A’, there is s € I'" such that a(s) = «(A). Equivalently A €
s - ker(a). This proves

A =T ker(a).
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From ker(a) < A’ < T we deduce ker(e)” < I'" < S. Thus ker(a)’ < ker(a) N S <
Zr(S) N'S < Z(S). By (103) we have ker(a)’ = {1}. Let n+> d(n) be as in [47, §4].
By Jordan’s theorem [47, §5.2.2], there exists an abelian subgroup K < ker(a) such
that [ker(a) : K] < d(n). Thus A” :=T" - K satisfies [[" : A”] < ay(n) := ¢5(n) - d(n).

Let us assume Tate(T", ap(n)). By (12) for H := A", we have

Z(My,) < ZMFP (A//) = ZGF/, (A//) N Mg, = ZGF[J (Mg,) "\ Mg, = Z(Mg,).
As K is abelian and K < ker(), we have
K = Zatg, (K) N Zt, (8) = Zogg, (K - ) = Zog (K- T)
=7y, (A") =Z(Mg,).

Thus A" =TT-K<A:=T"-(T'NZM)). Thus [T : A] < [[": A"] < ay(n). U
B.3 Independence properties over [ | ny

Let R:=1]] , ¥y, and let W < M(R) be a closed subgroup (for the Tychonov product
topology). We denote by V(p) < M(F,) the image of W by the projection M(R) —
M(F,), and we define V=[], V(p) and W(p) := M(F,) "W < V(p).

Let Tate(W) be the following property: there exists m = my : Z>, — Z-, such
that for every ¢ € Z-, and every p > m(c) we have Tate(W(p), ¢). Then Tate(W) implies
Tate(V) by Lemma B.4.

Proposition B.6. — Assume Tate(V) as defined above.
Then there exists p(W) € Z, such that,

(104) Yp=>pW), V()T <W
and
(105) JeeZ.,YweW, weY:= ( ]_[ V(p)T> S(WNZODR)).

p=p(W)

Proposition B.9, used below, will be proved in §B.3.1.

Progf. — Let us define R":=T], ., Fe. We denote by WX’ the image of W by the
projection GL(n, R) = GL(n, R") and we define W, := W N GL(n, R’) < WR'. We ap-
ply Goursat’s Lemma to W < GL(», R) = GL(n, F,) x GL(n, R'): there exists an isomor-
phism

V() /W) — WX /Wy
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Let us define p(W) := max{5; d(n); c(n)(”:)); a)(n); mw(ap(n))} with ¢(n) as in Prop. B.9.
For p > p(W), Lemma B.5 implies that we have V(p)' = H(Fp)T for a semisimple H <
GL()x,, and Prop. B.9 implies that the morphism V()T — V(p)/W(p) — W /Wy is
trivial. Thus V(p)" < W(p) < W. We proved (104).

Let us define A(p) :== V()" - (Z(M)(F,) N V(p)) and A := H/;A(P)- For p >
¢o(n) := max{m(ay(n)); a;(n)} we apply Lemma B.5 for I' = V(p) and deduce [V(p) :
AP)] < ap(n). For p < ¢y(n) we have [V(p) : A(p)] < #GL(1, F,) < co(n)”g. Note
that A(p) < V(p) is a normal subgroup. We deduce, with ¢ := max{ay(n); co(n)”Q}, that
Vp, Yv e V(p), v € A(p). It follows that

(106) VweW, w’eW:=WnNA.

Because V(p)" <Wand V(p)" < A(p) < A, we have V(p)" <W'. As A and W are
closed, we deduce that

(107) [T vy =w.

p=pW)
Let X :=ker(W — l_[psp(W) GL(n, F,)). Then

(108) [W:X]=¢:=# [] GL®,F) < (pW))" < +oo.

p=p(W)
Let x € X be arbitrary and let x = (1,), be its coordinates in [ | s A(p). For p > p(W) we
can write A, = v, - g, with v, € V(p)" and 2 € Z(M)(F,). Yor p < p(W) we define v, =
z,=1. Let v:= (v)), and z = (z,),. By (107) we have v € X. Thus z =x-v"' € X.
Thus X <Y. Together with (106) and (108), this implies (105) with ¢ :=¢'! - ¢’1. O

B3.1

We will prove Prop. B.9, using arguments from [47].

Proposition B.7. — Let H < GL(n)g, be a semisimple algebraic group. If 5 < p, then T" :=
H(Fp)T has no non-trivial abelian quotient.

Proof. — Let us write H=H, - ... - H, as an almost direct product of its quasi-
simple factors Hy, ..., H,. For p > 5, [21, Th. 2.2.7, p 38] implies that, for: =1, ..., ¢,
the group T'; := H;(F,)" is quasisimple: in particular I'; is its own derived subgroup. We
deduce that I'y - ... - I', is its own derived subgroup. By [21, Prop 2.2.11, p. 40], we
have I'=T,-...-T.. O

Lemma B.8. — Let G =G| x --- x G, be a product of groups, let H < G be a subgroup,
and let ¢ : H — X be a simple quotient. Then there exists 1 € {1; .. .5 ¢} and H; < G; such that X
is a quotient of H;.
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Proof. — We may assume ¢ = 2 by induction. The projection p: G| X Gy = Gy
induces a short exact sequence | - H; - H— Hy — 1 where H; :=HNG, and Hy :=
p(H). Because X is simple, we have ¢(H,) = X or ¢(H;) = {1}. In the first case, we may
take : = 1. In the other case, we can factor H - p(H) — X, and we take : = 2. O

Proposition B.9. — Let H < GL(n)¥, be a semusimple algebraic group, let I" := H(F,)" and
assume p > max{d(n); c(n)(”Q); 5} with ¢(n) be as in [47, §6.5, Th. 4]. Let G = GL(n, F;) x
-+ X GL(n, ¥y,) wherep ¢ {€1; ... £.}. Let S/N be a quotient of a subgroup S < G and ¢ : I' —
S/N be an homomorphism (of abstract groups). Then ¢ (I') = {1}.

Progf. — Let A := ¢(I') and assume by contradiction that A # 1. Then there
exists a simple quotient A — 2. Lemma B.8 implies that 2 is a subquotient of GL(n, F,)
forsome £ € {€;;...; €.}

According to Jordan’s theorem [47, §4], there is a sequence of normal sub-
groups A* < A’ < A with #A /A’ < d(n) and A’/A¥ abelian, where A* denotes he sub-
group generated by {A € ATk € Zzl)»(zk) =1}.

As ' =T'7, every non-trivial quotient I' — I'/N satisfies p | #I'/N. As p > c(m)™,
we have £ > ¢(n). As p > d(n), we have A = A’. By Cor. B.7, I" has no non trivial abelian
quotient. Thus A = A*. We deduce that every non-trivial quotient A — A /N satisfies £ |
#A/N.

According to [47, §6, Th. 6.4], ¥ 1s in X, (in the sense of [47, §6]). According
to [47, 86, Lem. 6.1], X is abelian or in X,. According to Prop. B.7, X is not abelian. By
assumption p # £ and thus, by [47, §6.4], & cannot be in both ¥, and X,. This leads to

a contradiction. U
B.4 Proof of Theorem B.1

Let U be as in Theorem B.1. Let us write U, := U N M(Z,). Let 7g : GL(n, 2) —
GL(n, R) be the map induced by Z—>R:= ]_[p F,, and let us define U(R) := 7g (U).
Def. 2.1(2) implies Tate(nR(]_[p U,)) in the sense of §B.3. Using Lemma B.4 we de-
duce Tate(U(R)). By Prop. B.6 for W = U(R) and py > p(W) and U’ the inverse im-
age of ]_[ﬁzﬁo V(i)' - (UR)NZM)(R)) in U, we have e € Z. Ve € U, ' € U'. It is
thus enough to prove (99) for « € U'. Furthermore, for every u € U, we have «’ € U} :=
U ' NM(Q,). By Cor. B.11, the group U’ satisfies Def. 2.1. We may thus substitute U
with U" in Theorem B.1, and we can thus assume from now on that

(109) UR) =]V’ (UR) NZADR)).
p=po

The Theorem B.1 will be a consequence of (118) and (127).
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Lemma B.10. — For every e, n € Z,, there exists k(e, n) € Z, such that for every prime p
and every compact subgroup K < GL(n, Z,), and every L < K such that Vk € K, k* € L, we have

[K:L] <k(e,n)

Proof — 1t follows from [40, Prop 6.7 and Lem. 6.8 (2)], there exists ¢(n) such

that K is topologocally generated by at most ¢(z) elements. From the restricted Burnside
problem [56, §1.1 Introduction], we can take £(e, n) = R(e, ¢(n)), with R(r, n) as in loc.
cit. 0

Corollary B.11. — Let V < U be a closed subgroup such that 3e,Yu € U, v € V. If U
satisfies Def. 2.1, then V satisfies Def. 2.1.

Progf. — Note that Yu € U, := U N M(Q,), we have v’ € V, := VN M(Q,). By
Lemma B.10 we have [U, : VN M(Q,)]| < k(¢, n) and (7) and (9) of §2.1.3 implies the
conclusion. UJ

B4.1

Let p be a prime and let Y = Y(p) be the image of U by M(i) — M(Q,) — M“d(Q/,).
Let W <Y be a closed subgroup which is invariant under conjugation by U and such
that Y/W is abelian. We note that the conjugation action of U on Y/W is trivial. We
claim that

(110) IY/W| < +o0.

Proof. — Let o <y < m"(i} be the Lie Q,-algebras of the p-adic Lie groups W <
Y < M“(Q,). Then p/to is a subquotient of mgi as a representation of U, and U acts
trivially on /to. By (1b), the representation m”de of U, := M(Q,) NU is semisimple, and
by (1a) it has no nonzero factor with a trivial Uj-action. We deduce that to =1, that W is
open in the compact group Y, and (110) follows. 0J

We claim that
(111) Vp>0, |Y/W|=1.

Proof — Let M“ — GL(m) be an embedding and consider the induced Z-
structure on M. Then we can define, for every prime p and every i € Z,

K, :=kerM(Z,) = M(Z/(t)).
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Let Y; and W; denote the image of Y N K; and WNK, in K;/K,;;. Then |Y/W|=11s
equivalent to

(112) VieZ.y, Y:=W.

For p > 0, there is a map a : M(F,) — M"d(F/,) such that the composed
map M(Z,) — M”d(Zp) — M“d(Fp) is the same as the composed map M(Z,) —
M(F,) — M”d(F,,). Recall (109). We deduce that the image of U in M“d(Fp) is

(113) Yo=a(VQ)).

By Lem. B.5 and Prop. B.7, we have

(114) for p > 0, the image of V(p)" in an abelian group is trivial.
Thus Yo/Wj 1s trivial. This implies

(115) Yo =W,.

For p> 0andi € Z-,, we have K; = exp(p'- m"Z‘i) and this induces an identification
of abelian groups, compatible with the action of U by conjugation,

i ad
-m
p Z, A yae @
4l mad T F”
ﬁ mzp

Ki/Kiy1 >~

We note that Y;/W; is a subquotient of m;’jj as a representation of U, and U acts trivially
on Y;/W,. Thus a(U(p)) <Y acts trivially on Y,;/W,.

For p > 0, the map M — M induces a bijection mg‘;’ — m;ﬁ. For p > 0 this

bijection is equivariant for the action of M(Z,) via M(Z,) — M(F,) on mffp" and

via M(Z,) — M(F,) 5 M’”l(F,,) on mf,’; We deduce a M(Z,)-equivariant embed-
ding m;‘j} o~ mg‘;’ < my,. In particular it is U-equivariant.
By (2b) and [46, Th. 5.4] the U(p)-representation my, is semisimple for p>> 0.

By (2a) and Lem. 5.6, the centraliser of U(p) in mg, is 3(m)g,. Thus m%i 1s semisimple as

a representation of U(p) and, for p > 0, its U(p)-invariants span {0} =~ 3(m)Fp N mg’;’ )

We deduce

For p > 0, we have (115) and (116). We deduce (112), which implies the claim (111).
O
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B.4.2

We denote by M# < M the derived subgroup, by Z(M) < M the centre, and we
write abw M — M% = M/M% and ady; : M — M“ = M/Z(M) the quotient maps.
Let Ay = Z ®Q,let G, =M” (Ay) and Gy = M« (As). We define

I' := (abyr, adyp) (U) < Gy x Gy

and Iy = aby;(U) and I'y = ady\i(U) the projections of I on G, and on Gy. According to
Goursat’s lemma, I'/((I' N G;) x (I' N Gy)) 1s the graph of an isomorphism

(117) T /(T NG — Ty/(TNGy).

We note that G, and Gy are stable under conjugation by U, and that I' is a U-stable
subgroup of G; x Gy. The isomorphism (117) is thus U-equivariant. Note that U acts
trivially on G,. This implies that U acts trivially on I'y /(I' N Gy).

We can thus apply (110)and (111)to Y =Y(p) and W =Y (p) NI' N Gy. We deduce

0/ NG) <[ [[Y@0)/ (Y NTNGy)| < +o0.
b

It follows that
[[:(CNG) x (T NGy < +oo.

The inverse images of I') and I'y in U are respectively U N Md‘”'(/Z\) and UNZM) (2)
We have proved

(118) [U: (UnM™(@Z)) - (UNZM)(Z))] < +oc.
B.4.3

For u € GL(n, 2), we denote by #Z the closed subgroup generated by u (for the adelic
topology). Let us write mg () = (v)), € ]_[p GL(n, F,). We claim that if

(119) for all p, the order of v, is a power of p
then
(120) uve [ [w#NGL(. Z,).

b

Proof. — The map k — u* : Z — u* extends by continuity to a map Z — %, For
every prime £, we denote by y,(«) the image of 1 € Z, by Z, — Z — uZ. We have in
particular y, () € W2 1f we write u = (w), € [ 1, GL(n, Z,), then we have

(121) ve@w = (ve(w)) .
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where y;(«,) is defined similarly. We note the following: if W —1asi— 00, we have
(122) Ve(w) =110 # p, and Y, () = uif £ = p.

The property (119) implies that Vp, (up)/} — 1. From (121) and (122), we deduce that
for every £, y¢(u) is the image of u by GL(#, Z) — GL(n, Z,) — GL(n, Z) It follows

that y,(u) € WZN GL(n, Z,) and that u =[], ¥, («). The claim follows. ]

Let T' < GL(n,Z) be a subgroup such that g (I') is generated by elements v =
(vy), satisfying (119). We claim that

(123) F=]][TNGL(x Q).
)4

Proof. — We argue by double inclusion, only one of which is non trivial. Because
the right hand-side is a closed group, it is enough to prove that it contains a set of genera-
tors of I". By (120), we can take the set of « € I" such that (v,), := 7 (u) satisfy (119). [

B.4.4

By (114), there exists py such that
(124) Y p>po, V(p)" has no abelian quotient.

We recall that A := @, V()" (the subgroup generated by |
l_[pZ/m V(p) R N
Let U* = (UNM%(Z)) - (UNZM)(Z)). By (118), we have [U : U*] < +o00.
Let Uy =ker(U* — [],_, GL(%, F,)). We have

1 : —
o V(P)")is dense in Vg :=

p<po

(125) [U:Ugl=[U:U"]-[U": U] < [U: U] [[|GL(n. F))| < +o0.
p<pbo

Let U' = UNM*(Z) < U* and let U, = U’ N Uy. Recall Uy < U*. We have

Uy U-U _U UNZM)(Z)

(126) 0~ <— =~ .
U,~ U —U  UNnzZMn @)

These are thus abelian groups. It follows that 7 (Up) /7 (Uj) is abelian.

We may assume that py 1s chosen big enough, so that for p > py, there i1s a
map M(F,) — M’”’(FI,) such that we have p 1 #M“”(F,,) and Md”(Fp) = ker(M(F,) —
M“(F,)). Thus V(p)" < M*(F,) for p > py, and thus Vy < M*(R) and

Mder(R) N (VO . Z(M) (R)) =V (Mdﬂ (R) N Z(M) (R)) =Vy-Z (Md”) (R) .
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We deduce 7z (Uj) < M (R) NUR) <V, - Z(M*)(R). Let Uy be the inverse image
of Vy in Uj. There exists / € Z, such that #Z(M* (F,)) divides f for all primes p. We
deduce

Vu e Uy, ufGU/O’.

By (124), the morphism V(»)' — Vi, — mr(Up)/ mr(Up) is constant. Thus
V()" < 7r(U}), and thus A < g (U}) < V. Recall that U] is compact. By [24, Cor.
2.7], the map Uy — mr(Uy) is open. As A is dense in Vy, it is dense in g (Uy). As the
map Uj — mr(Up) is open, the inverse image I of A in Uy is dense in Uj. As Uy is
compact, we have I = Uj.

By definition of V(p), the group A is generated by elements v = (v,), satisfy-
ing (120). From (123) we deduce

Ug:F:nFﬂM(Qp) fnU’ﬂM(Qp).
V4 V4

By (125), we have [U": Uj] < [U : Uj] < 00, and we conclude

(127) Je, YueU=UNM*Z),«cU;<[]UNM®Q,).
V4
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