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ABSTRACT

For both the cubic Nonlinear Schrodinger Equation (NLS) as well as the modified Korteweg-de Vries (mKdV)
equation in one space dimension we consider the set My of pure N-soliton states, and their associated multisoliton solutions.
We prove that (i) the set My is a uniformly smooth manifold, and (ii) the My states are uniformly stable in H’, for each
>t

One main tool in our analysis is an iterated Backlund transform, which allows us to nonlinearly add a multisoliton
to an existing soliton free state (the soliton addition map) or alternatively to remove a multisoliton from a multisoliton state
(the soliton removal map). The properties and the regularity of these maps are extensively studied.
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1. Introduction

In this article we consider the focusing cubic Nonlinear Schrodinger equation

(NLS)

(1.1) iy + uy + 2ulul* =0, u(0) = uy,

and the complex focusing modified Korteweg-de Vries equation (mKdV)
(1.2) U + Uy + 6]u)’u, =0, u(0) = uy,

on the real line, with real or complex solutions in one space dimension.

We are considering these equations together since they are commuting Hamilto-
nian flows. They are also completely integrable with a common Lax operator, and they
are the first two nontrivial flows of the NLS-hierarchy of a countable number of commut-
ing flows. Both admit soliton solutions, and the pure soliton states are common for the
two equations. These can be obtained from the state

(1.3) Qo =2sech2x
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via scaling and Galilean symmetry (which we will call spectral parameters) and translations
and phase shifts (which we will call the scattering parameters). The set of all single soliton
states can be thought of as a four dimensional real manifold, or alternately as a two
dimensional complex manifold, which we denote by M,. The pure soliton states are
known to be orbitally stable in various topologies such as L.* and H'.

Our aim in this paper is to study multisoliton states and solutions, which can be
thought of as the nonlinear superposition of several single soliton solutions. Precisely, for
N > 1 we consider the family of pure N-soliton states, which we denote by My, and we
investigate its geometry as well as its stability with respect to both the mKdV flow, the
NLS flow as well as all higher order flows. Some of this analysis has been carried out
before by several authors, under the assumption that the spectral parameters of the N
component solitons (or equivalently, the eigenvalues of the associated Lax operator) are
separated. Instead, our emphasis will be on what happens when the spectral parameters
are close, including the higher multiplicity case. Our two main results can be summarized
as follows:

I. Regularity: The family My of N-solitons is a uniformly smooth, symplectic 4N dimen-
sional submanifold of H’ for all s > —%.

II. Stability: The family My is uniformly stable with respect to both the NLS and the
mKdV flows in H' for all s > —%, in the sense that for any initial data u, with distance ¢
to My there is a pure N soliton solution v so that [|u(f) — v(¢)|g: = O(e).

The main tool in our analysis is the Backlund transform, which has been studied
before in a context where the spectral parameters are separated. Instead, here we study
the Backlund transform when the spectral parameters are close to equal, and the results
above can be viewed to a certain extent as a consequence of this analysis. Our study of
the Backlund transform is contained in Sections 3, 4, 5, followed by the main results in
Section 6.

The aim of the rest of the introduction is to provide sufficient background in order
to allow us to state more precise formulations for both results above.

1.1. Symmetries and conservation laws. — Both the NLS equation (1.1) and the mKdV
equation (1.2) are invariant with respect to translations in space and time and with respect
to phase shifts, 1.e. multiplication by a complex number of modulus 1.

Moreover the NLS equation is invariant with respect to scaling

u(x, t) — Au(kx, )»Qt),

whereas the mKdV equation is invariant with respect to
u(x, t) —> Au(kx, )\31,‘).

The initial data for the two problems scales in the same way,

(1.4) o (x) = Aug(A),
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and so does the Sobolev space H~2, which one may view as the critical Sobolev space.
The NLS and the mKdV flows are in effect part of an hierarchy of an infinite
number of commuting Hamiltonian flows with respect to the symplectic form

o(u,v) = QIm/ul_) dx,

hence the Hamiltonian equations of the Hamiltonian H are

d _
—Hu~+ sv) |0 = z/ uv — uvdx.
ds

We consider Hamiltonians which are integrals over densities which we write as sums over
products of # and u and their derivatives, which are invariant under exchanging u and u.
The Hamiltonian equations are

_ 16H@)

t Su

(1.5) i

Each of these Hamiltonians of the hierarchy yields joint conservation laws for all of these
flows. The first several energies are as follows:

HO :/ |u|2 dxa
1

Hl = —,/‘uaxﬁdx,
2

(1.6) H, =/ lu|* — |u)tdx,
1 B o o
H; = - 1, 0,1, — 3|u| ududx,

[
3 :
H, :f |t * = Nul}1* — §|(u2)x|2 + 2Jul® dx.

The even ones are even with respect to complex conjugation and have a positive definite
principal part, and we will refer to them as energies. The odd ones are odd under the
replacement of u by its complex conjugate, and we will refer to them as momenta. With
respect to the symplectic form above, these commuting Hamiltonians generate flows as
follows: Hy generates the phase shifts ¢~"uy, H, generates the group of translations u(x +
1), Hy the NLS flow, Hs the mKdV flow, etc. We denote the respective flows by ®,, as
operators acting on suitable Sobolev spaces. Because of the commuting property, one can
also easily consider combinations of these flows. To denote these combined flows in a
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compact fashion, for an arbitrary real polynomial

P() =) 87,

j=0
we define

(1.7) ®(27'P) = (Bo) 0 @1(27'B1) - 0 D,(27B,)-

Here the factors of 2 arise as a consequence of a mismatch between the standard nota-
tions for the Fourier transform and for the scattering transform.
The integrable structure manifests itself in the existence of Lax pairs with the Lax

operator
[ 0, —u
L(w) _Z<_@ —3x)

which we will discuss below. The Lax operator for NLS was first introduced by Zakharov-
Shabat [31], following the circle of ideas initiated by Kruskal-Gardner-Green-Miura [23]
and Lax [24]. Together with the associated scattering transform, it was studied later by
many authors, including [1, 5]. The above flows define an evolution of the Lax operator
and associated similarity transforms between those Lax operators.

Here we note that if « = Q, the pure soliton in (1.3), then

sech(2x)e™™ \ _ . ( sech(2x)e™"
£(Q) (— sech(?x)e’*) = <— sech(2x)e* )’
sech(2x)e" \ _ . ( sech(2x)¢*
L(Q) (sech(?x)e"‘) - Z(sech(Qx)e_X ’
and hence z = %7 are eigenvalues of £(Qy). The full spectrum of £(Qy) consists of these
two eigenvalues together with the real axis, which represents its continuous spectrum.

All equations of the hierarchy are well-posed for initial data in the Schwartz space,
see Zhou [33]. A modified inverse scattering transform maps

HY = {ue H', xfue LQ}

bijectively to the scattering data (more precisely some Riemann-Hilbert data) in a space
denoted by H* N L2(1 + |z|*|dz|) for any £ > 1 and [ > 0 on a contour which is the union
of the real line with a large circle. For more details, see Theorem 1.8 in [33] for the map,
and Theorem 2.7 and Theorem 2.11 for the inverse map for the simpler cases [ =0, 1;
The case of large [/ requires only an understanding of the situation of large z, which is
the same as for small data and has been understood already in [5]. The Hamiltonian
evolution of the j-th Hamiltonian is effectively linear on the scattering data r. It maps

o
r— ¢2%9y
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which defines a strongly continuous group on H* N L*(1 + |z|**) and a unique evolution
on Schwartz functions. This result is much older in the case of generic data, see Beals
and Coifman [5].

The odd order equations preserve real data. This is mKdV hierarchy. In this case
stronger local existence results as well as ill-posedness results in the sense of failure of
uniform continuity have been proven by Griinrock [17]. These flows are never smooth
in H* with respect to the initial data, no matter how large s is chosen, if the order of the
equation is 5 or higher. In view of recent work by Harrop-Griffith, Killip and Visan [18],
who proved well-posedness for NLS and mKdV in H’, s > —1/2, one might hope that
the whole hierarchy is well-posed in H’ for all s > —1/2 on the real line.

1.2. The Galilean invariance and frequency shifts. — Classically the Galilean invariance
is a symmetry of the NLS equation,

(1.8) u(x, 1) — COED y(x — 24&,, 1).
This can be reformulated using the notation of (1.7) as

1.9) P(2) 5y = Bo(D) (¢ o) = Do () D1 (—2180) B (&)
= eixé()q)(Ql‘ZQ — 250z + té‘_(%)uo = €ix§q>(2t(5 - 50/2)2)%’

which says that phase shifts lead to linear combinations of all the lower flows. In this form
it generalizes to all higher flows,

(1.10) D (P) (" uy) = D (P(. — £0/2)) o

This is a straightforward algebraic computation for the corresponding linear flows,
where one can use their Fourier representation. To pass to the nonlinear flows, the easiest
way 1s to use the scattering transform. This conjugates the nonlinear flows to the linear
flows, while commuting with the phase shifts. Such an argument applies rigorously in the
Schwartz class, and extends by density to any Sobolev spaces H® where these flows are
well defined.

1.3. Solitons and soliton parameters. — Here we start from the soliton data Q) given
by (1.3). Then 2¢*'sech(2x) is a soliton solution to NLS with initial data Q,, and
2sech(2x — 8¢) 1s a soliton of mKdV with the same data. We use the symmetries of the
NLS equation to generate a full set of single soliton data. We divide this process into two
parts:

a) Spectral parameters. These correspond to two symmetries, namely (1) modulation,

u(x) — ¢ u(x),
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and (i1) the scale invariance,
u(x) = Au(Ax).

The reason for the factor 2 is again due to the mismatch between standard notations
for the Fourier transform and the scattering transform as in (1.7). We compose the two
symmetries into

(1.11) =&+ eH
and
S.u(x) = ¢ B L u(Ahx).

b) Scattering parameters. These correspond to two symmetries, namely (i) the transla-
tion invariance, which at the level of the initial data yield

u(x) = u(x — a),
and (i1) the phase invariance,
u(x) = ¢ u(x).
We also assemble these together into a complex variable as
(1.12) K=a+1,
and define
S, u(x) = ¢ 2P u(x — a).
Then the set M of all single soliton data is given by

Q. (¥) =S8, Qy(x) = ¢ HONQy (A (x — x0)),
(z.k) €S, :=H x (C/ niZ),

where the soliton location xj 1s defined by
a= XgA.
We can also represent Q). , using the first two flows,
Q. =S PO —a-)Qy=PO —&xp — x0-)S,Qp.

Again we calculate

sech(2(A(x — xg))e~ @HEHA—20))
(1-13) »C(QZ,K) (_ SCCh(Q()\.(x _ xo))ei9+ié‘x+k(x—m)
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sech(2A4(x — xg))e~ O HEtAG—w)
—sech(2(hx — xp))e? &t e—0) |

which shows that z is an eigenvalue and, with ¥ denoting the above eigenfunction to the
eigenvalue z, we obtain

lim ¢ 42 (x)
(1.14) =
lim ¢! (x)
X—>—00
which gives the interpretation of k =16 + Axj as a scattering parameter.

It is interesting to describe the NLS and mKdV evolution in the single soliton space
parametrized by (z, k) € S = H x (G/ miZ) as above. Clearly

£y (x — x)
is an NLS solution, and by scaling so is
€4ik2t)nQ’()()n(X — xo)).
The Galilean transform and phase shift give the general one soliton NLS solution
(1.15) Qpoes = e_m“_Qigxe_i(‘}SQ[_A‘kQ[))»Qg(A(x +4&t — xo)).
Here the parameters A and & stay fixed, while for ¢ and 6 we obtain
0= —4)\E, 6 =2(& —27).
Thus for NLS (recall (1.11) and (1.12)) we have

(1.16) =0, % = 2(a+10) =1(22)%,
Similarly, for mKdV
Qo(x — 4t — xp)

is a solution, scaling gives the rescaled solution
AQ(A(x — 427t — %)),
and (1.9) specializes to the general complex soliton solution
& D5 (1) B (—6501) 1 (1217) o (—8167) 1 Qo (A(x — )
_ RN O ) (4 — o — 402+ 12687))
and

a=41% — 1212, 0 =4£% — 12822,
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hence
(1.17) z=0, 2% =i(22)°.
One can interpret these as Hamiltonian flows on

M, ={Qpu:::0 eR/TZ,a,§ eR, 1> 0},
where
(1.18) Qpaen(0) = 725 0Qp(Ax — a).

The trace formula (see Proposition 1.2) shows that the restriction of the Hamiltonians to
the manifold M is

2 2
Hnis = 5 Im(QZ)g, H,kwn = Z Im(2,z)4,

which could also be seen by a direct calculation. The restriction of the symplectic form

o(u,v) = QIm/ uvdx

defines a symplectic form on M, which can be expressed in terms of the coordinates
(2,0, a,&). We obtain the symplectic form by a direct calculation,

= 8(d\ A dO + da A dE) = 2(dk A dz+ di A d7),

and the Hamiltonian equations for the NLS flow on M, are

19H ., 19H . 19H . 10H

8900 " 89a T 8o’ Bor
which coincides with the dynamics above for NLS and mKdV in (1.16), (1.17).

A similar reasoning, also based on trace formulas, shows that the n-th Hamiltonian
restricted to M is

2
Hn = I 2 s )
I m(2z)
and the n-th evolution in M is
(1.19) z=0, 2k = 1(22)".

1.4. The Lax operator and the transmission coefficient. — The Lax operator associated
to a state u 1s given by

A 0, —u
ﬁzl(—a —ax>’
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and the associated spectral problem is

Ly = 2.

The solutions to the above spectral problem will be called z-wave functions, or simply
z-waves.

For z in the upper half-space one can consider two special z-waves v, and ¥,,
called the Jost solutions, which have asymptotics

—izx

Y&, x, t) = (60 ) +o(1)™*  asx — —o0,

Y&, x, 1) = <T_l(8)€_m) +o(1)e™*  as x — o0.

The function T = T(z, u), called the transmission coefficient, is a meromorphic function in
the upper half-space, and satisfies |T'| > 1. As u evolves along any of the commuting flows
of the NLS family, the transmission coefficient rests unchanged.

The L? size of a state u can be described using the transmission coefficient as

lull?, = lim 2zInT(z, w).
Z—>100

Moving this relation to the real axis using the residue theorem yields the trace formula
9 1
(1.20) lulli, = — [ In|T(/2)|dE + 2 >~ Im(2z),
R ,
J

where (z;, ;) are the poles of T with their multiplicity.
A function u = Q) , 1s a single soliton with spectral parameter 2, if and only if its
transmission coefficient has a pole exactly at z, and

Z—20
Z—Ro

T(z) =

In particular zj is an eigenvalue of its Lax operator £, and the corresponding eigenfunc-
tion ¢, is a multiple of both v, and v,. Then the scattering parameter x can be read as
the proportionality factor between the two Jost functions,

(1.21) Vi =~

1.5. A full family of conservation laws. — In a prior article [22] the authors have
extended the countable family of conservation laws for the 1-d cubic NLS and mKdV,
associated to integer Sobolev indices, to a continuous family, associated to all real Sobolev
exponents s > —%. Related conserved energies have been independently constructed by
Killip-Visan-Zhang [21], for the range —3 <5 < 1.
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Theorem 1.1 ([22]). — For each s > —% there exust energy functionals B which are globally
defined

E:H — R,

with the following properties:

(1) E, us conserved along the NLS and mKdV flow.

(2) For all u € H* the imit of ' F1og | T| exists as a positive measure, and the trace_formula
(2.10) holds with absolute convergence in all sums and integrals.

(3) If llull ppyz < 1 then

2 2 2
Es() — el S Ml Nl

(4) The map
H x (—%, o]l3 (u,s) = E;(w)

is analytic provided 5 15 not an eigenvalue, and it is continuous in u € H” in general. It is
also continuous in s, and analytic in s for s < o.

Here the threshold /2 is not important, and can be changed by scaling. Of course
this would also change the energies E;, though not in an essential way.

The Banach space ?’DU? = L.> + DU? is the inhomogeneous version of the DU?
space, and contains all H*® spaces with s > —%. It is described in full detail in Appendix
A of [22]. It can be viewed as a replacement for the unusable scaling critical space H:
and satisfies

(1.22) lellzpuz S Hlull -

i ’ 2

The energies E; in the theorem were defined in [22] in terms of the transmission
coefficient T A full description is provided in the next result, also from [22], which also
doubles as a trace formula.

Proposition 1.2 (Trace formulas, [22]). — Let N > [s] and u € S. In the upper half-space
we define the function

E.(2) = Im/ (1+¢7%)de,
0

! The choice of signs F corresponds to the defocusing/focusing case.
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which does not depend on the path of integration. Then

(1.23) E(w) = /(1 +£%) RelnT(E/)dE +2 ) mE(2z)
k
= 4sin(rs) / OO(IQ —1) |:—Re InT(it/2)
1

N N
| ) ) Ky
— —1YHyt 77! |4 H,.,
+ 97 JE:O( YHyt j| T+ jE:O Q) 9j

where the k sum runs over all the poles z;. of "I with multiplicity m;.

If there are infinitely many poles for T in the upper half-space then the second
expression above is always a convergent integral, whereas in the first expression we have
a non-negative integral, plus a sum where all but finitely many terms are positive. This
simultaneously allows us to interpret the trace of In |T| on the real line as a non-negative
measure, and to guarantee the convergence in the £ summation.

We also remark on the contribution of the poles which are on the imaginary axis.
Precisely the function &, is real analytic away from z = ¢. Thus the only nonsmooth
dependence on « in E; via the poles comes from the poles which are at :.

Here the choice of the function (1 + z%)’ was somewhat arbitrary, all that matters
is that it is holomorphic in the upper half-space minus ¢[1, 00) and has the appropri-
ate behavior at infinity. In particular, the conserved Hamiltonians H; correspond to the
functions # , and they can be expressed as

1 . .
(1.24) H;(u) = - / & RelnT(£/2)dE + 2 kaEj(sz),
/c
where
2z
Bi(2) = Im/ fde = ;Im@z)’“-
’ 0 J+1
For pure solitons the contribution of the first term vanishes, and we are left with
9 .
(1.25) H;(Q.«) = —— Im(22)*,
’ J+1

as mentioned earlier in the paper.

To further clarify the assertions in the theorem, we note that the energy conserva-
tion result 1s established for regular initial data. By the local well-posedness theory, this
extends to all H' data above the (current) Sobolev local well-posedness threshold, which
is s > 0 for NLS, respectively s > i for mKdV. If s is below these thresholds, then the
energy conservation property holds for all data at the threshold, i.e. for L.? data for NLS,
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respectively H' data for mKdV. It is not known whether the two problems are well-posed
below these thresholds and above the scaling; however, it is known that local uniformly
continuous dependence fails, see [9]. Recently Harrop-Gritfith, Killip and Visan [18]
proved that the flow map extends to a continuous map on H’, for s > —é, for both NLS
and mKdV.

One key consequence of the above result is that, if the initial data is in H’, then the
solutions remain bounded in H* globally in time in a uniform fashion:

Corollary 1.3 ([22]). — Let s > —%, R > 0 and uy be an mitial data for either NLS or
mRdV so that

lluo Il < R.

Then the corresponding solution u satisfies the global bound

R+R1+25 520

< - .
luDllw SFR,s) = {R+ REE 0.

This follows directly from the above theorem if R <« 1. For larger R is still follows
from the theorem, but only after applying the scaling (1.4). Here one needs to make the

choice A = ¢(R™2, with ¢ < 1 if s > 0, respectively A = R if 5 < 0.

1.6. Multisolitons. — The main objective of this article is to study multisoliton so-
lutions, both by investigating the geometry of the set of multisoliton states and by studying
its stability under the family of commuting flows. The first step is to define multisoliton
solutions.

A natural venue to define N-soliton solutions for NLS is to start with z single soli-
tons Q), ..., Qn, with soliton parameters (zy, k1), ... (2,, kx). Assuming that the soliton
speeds Re z1, ... Re zy are distinct, these solitons separate at infinity, and one can actually
prove (see [14]) the existence of a unique solution Q) so that

(1.26) Q- (Q++0Qu—0 inLlasi— oo.

However, the above venue does not readily extend to solitons with equal speeds,
and also it involves the time evolution. Instead, we will take advantage of the complete
integrability of the problem, and use the spectral picture for the Lax operator in order to
define N-multisoliton states:

Defimition 1.4. — A function Q is an N-multisoliton state with spectral parameters z;, with
1 <j <N, tf its transmussion coefficient is

N
(1.27) T =[] —2

=t ST

The set of all N-multisolitons is denoted by M.
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The corresponding Lax operator has the values z; as eigenvalues, with multiplic-
ity corresponding to the multiplicity of the z;’s. If the spectral values z; are all different
then we define the associated scattering parameters using the corresponding eigenfunc-
tions by (1.21). Alternatively, one may define N solitons as stationary solutions to a linear
combination of the first 2N flows [15, 26], an approach we do not pursue.

We remark that when the definition based on (1.26) applies, it yields the same
spectral parameters z; as in (1.27). On the other hand, the scattering parameters predicted
by (1.21) and (1.26) are slightly different, as a shift in the effective scattering parameters
occurs when two solitons interact. This shift was approximatively computed by Faddeev
and Takhtajan [14], at least in the case of separated spectral parameters z;. Precisely, if

all the z; are distinct then the effective soliton position &; and phase é] at infinity in (1.26)

satisfy
A g — g —
T PO R W]
QImz 1z~ Z— Zk
<x x>
and, modulo 7,
—GNZarg G = —Zar .
3 — Rk Z — Rk
Xk <% Xj > Xk

with errors that decay to zero as x;’s separate. On the other hand, these errors grow as
the z;’s get closer to each other.

We note that the x;’s can always be separated by flowing far enough along the
combined NLS-mKdV flow. Indeed, suppose that the spectral parameters (z;);<x are all
simple and denote the scattering parameters by k;. Let s resp ¢ be the times of the flow of
NLS, respectively mKdV. Then

x(s, ) Im z; +10,(s, 1) = K (5, 1) = k; + 22'55]2 + 4itzf,

and we can choose (s,, 7,) so that the distance between the x;’s tends to co.
It follows from calculations as in Faddeev and Takhatajan [14] that the subset of
multisolitons with simple eigenvalues is smoothly parameterized by the pairs

{(z, k)15 € {Imz > 0}, k; € R/ (WiZ), 7 # 2.

On the other hand the singularity on the diagonal in the asymptotic formulas above
reflects the fact, discussed in detail later on, that the parametrization of the set of multi-
soliton states via the soliton parameters is singular near the diagonals z; = z;. This leads
us to a very interesting question:

Is the set My of all N multisoliton states a smooth manifold in some
(any) reasonable Sobolev topology, or is it singular at the spectral values
with higher multiplicity?
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The first aim of this article is to provide an answer to this question:

Theorem 1.5. — The set Mx s a uniformly smooth 4N dimensional symplectic submanifold
of ' for each s > —%. Here uniformaty holds with respect to spectral parameters restricted to a compact
subset of the upper half-space, but without any separation assumption.

Further results concerning the structural properties of N-solitons are developed in
Section 7.

The first challenge in the proof of the theorem will be to resolve the apparent sin-
gularity near the diagonal z; = z;. But a second, equally difficult challenge is to establish
the uniformity in the theorem.

We now briefly outline the main steps in the construction of our smooth
parametrization of the N-soliton manifold Mx:

— To capture the symmetry of the spectral parameters, we will identify the set
z = (21, ...2n) of unordered spectral parameters with the set of symmetric poly-
nomials s in z,

N
§= 3
n=1
for 1 <7 <N, setting
Wy ={seC":Imz, > 0}.

Then we use the smooth topology of Wy as the topology on the space of un-
ordered spectral parameters. We remark that, equivalently, instead of s above
one could use the coefficients of the polynomial [ [(z — z;) appearing in the de-
nominator of T in (1.27).

— Corresponding to scattering parameters k; = 0 we have a N-soliton state Q, ,
which is shown to depend smoothly on z in the above smooth topology.

— We shift the scattering parameters away from 0 using the first 2N commuting
flows, see (1.7), in the form

2n—1

P(2)=> B3
n=0

to define

2N—1

Qup=2P)Q(z.0)= [ ] ,(2"7'8,)Q(z.0).

n=0
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— The map
(z.B) > Qup

provides locally a smooth parametrization of the N-soliton manifold My.

We note that this parametrization is global, and corresponds to scattering param-
eters

K; = iP(z),

at least for distinct eigenvalues. It defines a diffeomorphism between the smooth manifold
SY = (Wy x GY)/{k; € inZ}

and My. However, it is not a uniform parametrization.

1.7. Soliton stability. — One can view the small data part of our earlier result in
Theorem 1.1 as a stability statement in H* for the zero solution of the NLS or mKdV
equations. In the focusing case another interesting class of solutions are the pure N-soliton
solutions, which belong to all Sobolev spaces H".

The second goal of the present article is to establish the H* stability of these families
of solutions. For convenience we state here a less precise form of the result, but which has
the advantage that no further preliminaries are needed. A more precise form is provided
in Section 8.

1
Theorem 1.6, — Let s > —3 and uy € M be a pure N-soliton state. Then

a) There exist &g > 0 and C > 0 so that, for each initial data wo which satisfies
(1.28) llug — wollms = € < &0,

there exists another pure multisoliton data vy € My so that the corresponding solutions for either NLS or
mRdV satisfy

(1.29) sup lw(?) — v(#)||u < Ce.

teR
b) Furthermore, this result ts uniform with respect to all N-soliton states uy with spectral parameters in a
compact subset of the open upper half-plane, and holds for all commuting flows of the NLS hierarchy.

One can interpret part (b) above as saying that the constant C in (1.29) may be
chosen to depend only on the spectral parameters, and staying bounded for spectral
parameters in any compact subset of the open upper half-plane.

To place this result into context, we note that the stability of solitons has been an
intensely studied area. During the last decade there have been several stability results
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proved using the integrable structure: Hoffman and Wayne [19] describe the use of the
Backlund transform to obtain stability of (multi)solitons. Mizumachi and Pelinovsky [28]
proved stability in > and Cuccagna and Pelinovsky [11] proved asymptotic stability of
single solitons for localized initial data.

Turning our attention to multisolitons, we remark that a much more restrictive
form of this theorem has been previously proved in I? or H' under the additional as-
sumption that the spectral parameters of the multi-soliton are distinct; Alejo-Muiioz [4]
considered the dynamics of solitons for complex mKdV and their stability and the stabil-
ity of breathers [2, 3]. Kapitula [20] and Contreras-Pelinovsky [10] studied the stability
of NLS multisolitons.

Our result here drastically improves these prior results as follows:

— We allow multisolitons with multiple spectral parameters.
— We prove a result which is uniform near such multi-solitons.
— We prove stability in a full range of Sobolev spaces.

The proof of the above theorem is completed in Section 8. A key ingredient in the proofis
provided by the trace formula in Proposition 1.2. This allows us to find energies for which
the infimum on the set of potentials with given eigenvalues z; with multiplicity is mini-
mized for pure N-solitons with these spectral parameters. Moreover we may show that
this energy is uniformly convex in the transverse direction in a uniform neighbourhood
of this set of N-solitons. The stability then follows once we prove the uniform smoothness
of the N-soliton manifold My.

1.8. lterated Biicklund transforms. — A key tool in proving the results in this paper
is the Backlund transform, which adds or subtracts a soliton with given spectral and
scattering parameter. On the level of the trace formula the action is very transparent:
One adds or subtracts the contribution coming from this spectral value.

Its use in a setting without multiplicities is described by Hoffman and Wayne [19].
Similarly, the iterated Backlund transform adds or subtracts a multi-soliton [4, 8, 10, 14,
20, 27]; see also the variant in [6], which allows some extra flexibility. Unfortunately
the naive iterated Biacklund transform deteriorates as spectral parameters get close. We
overcome this difficulty by

(1) Choosing an appropriate blow-up of the spectral and scattering coordinates
near points with multiplicity, i.e. we prove that the parametrization described
in Section 1.6 is smooth.

(2) Establishing a cancellation property for the iterated Biacklund transform, and
using it to verify the surjectivity of this parametrization.

The outcome of this analysis is

(1) A soliton addition map

BY : H' x My — H',



MULTISOLITONS FOR THE CUBIC NLS IN 1-D AND THEIR STABILITY 171

which nonlinearly adds an N-soliton (), to an H’ state with no eigenvalues
near z.
(i1) A soliton removal map

BY:H' > H’ x My,

which reverses the above process, nonlinearly splitting an H* state near My
into an N-soliton Q), g and an H’ state with no eigenvalues near z.

For these maps we establish two smoothness and flow commutation properties:

— They are smooth, inverse maps.
— They commute with the NLS and mKdV flow, and all other commuting flows,
which are viewed as acting separately on each of the inputs/outputs.

The arguments establishing this are local, and yield the smoothness of the N soliton
set My. To obtain the uniform smoothness of My we combine this with the uniform
regularity of the energies and with relations derived from the trace formula.

Finally, we turn our attention to the full uniform smoothness of the soliton addition
and removal maps. In full generality, this remains open:

Conjecture 1.7. — The maps BY and BY are uniformly smooth on bounded sets in H".

A more precise version of this conjecture is stated in Section 6. A main difficulty in
proving this is that our smooth (z, ) parametrization of the N-soliton manifold deteri-
orates as the solitons separate (which corresponds to f — 00). Nevertheless, in the same
section we prove some partial results in this direction for the soliton addition map;

— The map (u, z, B) = By (4, z, B) is uniformly smooth on compact sets in B.
— The same map is uniformly smooth in (u, B).

We also establish a uniform invertibility result for the soliton addition map with respect
to its first argument, as follows:

Theorem 1.8. — The set of potentials M, g with spectral values (z, B) s a manifold of codi-
mension 4N. 1t ts uniformly smooth in an € neighborhood of M, and uniformly transversal to M.

1.9. An outline of the paper. — This paper aims to accomplish several goals, all hav-
ing to do with multisoliton states and their perturbations in the completely integrable
NLS and mKdV flows:

(1) Understand the structure of multisoliton states, with emphasis on close or mul-
tiple spectral parameters.

(2) Understand the geometry (smoothness and uniformity) of the multisoliton
manifold.
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(3) Study nearby states and their evolution using the multisoliton addition and
removal maps.
(4) Prove uniform orbital stability of the multisoliton manifold.

Here we provide a road map for the reader:

1. The Lax operator L and the associated spectral problem. The goal of the next section is to
provide an overview of this spectral problem, in particular the left and right Jost functions
and more generally their linear combinations, which are called wave functions. These are
in turn used to define the transmission coefficient T'(z) as a meromorphic function in the
upper half-space. Finally, the transmission coefficient T has also played a key role in the
construction of the continuous family of conservation laws; we provide an overview of
these as well.

2. The Bicklund transform. This allows one to add or remove a soliton with given
spectral and scattering parameters (z, ) to/from an existing state » € H’. It is, in turn,
constructed using the wave functions for Lax wave operator. Section 3 is devoted to the
Backlund transform, both in the standard form and in an extended form; the latter is
needed in order to better understand its symmetry properties. A new notion we intro-
duce here is that of analytic families of wave functions, and their associated Backlund
transform.

3. The multisoliton addition and removal maps. These allow one to add/subtract an N-
soliton to/from a given state, and are obtained by iterating Biacklund transforms. They
are classically defined relative to solitons with distinct spectral parameters, and are de-
scribed in Section 4.

4. The smooth parametrization of the multisoliton addition and removal maps. Viewed as func-
tions of the spectral and scattering parameters for N-solitons, the addition and removal
maps are singular at the diagonal, near multiple spectral parameters. A key result of this
paper is that this is a singularity of the parametrization, which can be removed by making
a better choice for the parametrization of the sets of joint spectral and scattering param-
eters. This yields a smooth extension of the soliton addition and removal maps to solitons
with higher multiplicity spectral parameters, and is naturally done using analytic families
of wave functions. We introduce our extended spectral/scattering parameters, which in
particular provide the desired reparametrization of multisoliton states in Section 6. The
smoothness of both the multisoliton addition and removal maps is proved in the next
section.

9. The uniformity question. Ideally, one would like both the multisoliton addition and
removal maps to be uniformly smooth when restricted to spectral parameters in a com-
pact subset of the upper half-space. One major difficulty we encounter is that our smooth
parametrization of the spectral/scattering parameters, although natural, is not uniform.
Nevertheless, in Section 6 we are able to prove several partial uniformity results. These in
particular lead us to the proof of one of our main results, namely the uniform regularity
of the multisoliton manifold.
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6. The structure of multisolitons. One can think of multisoliton states as a collection
of bump functions, with exponential decay away from these bumps. In Section 7 we
show that if sufficiently separated, these bump functions are exponentially close to lower
rank multisolitons. This also leads to a good local uniform description of the multisoliton
manifold My as an approximate sum of My;’s in the single bump regime, where our
parametrization is uniform.

7. Uniform orbital stability of multisolitons. Section 8 contains the proof of the stability
result. This relies heavily on our previous results on the uniformity properties for the
soliton addition and removal maps, as well as on the conserved energies developed in our
prior work.

8. 2-solitons: a case study. The aim of the last section of the paper is to provide a
complete analysis for the case of 2-solitons. In particular we accurately describe both the
2-soliton manifold, as well as the NLS and mKdV flows on this manifold. This serves to
both illustrate the concepts introduced in the rest of the paper, as well as to provide a full
analysis of the interaction patterns of two solitons, both for the NLS and for the mKdV
flows. Multiple pictures are also provided.

2. An overview of the scattering transform

2.1. Lax pai Jost solutions and scattering transform. — Here we recall some basic facts
about the inverse scattering transform for NLS and mKdV. Both the NLS evolution (1.1)
and the mKdV evolution (1.2) are completely integrable, so we have at our disposal the
mnverse scattering transform conjugating the nonlinear flow to the corresponding linear
flow. To describe their Lax pairs we consider the system

-1z U

_ (28—l —2izutu,
= l( +2izu+u, 22— [ul? 4

2.1)

where z is a complex parameter. The focusing NLS equation arises as a compatibility con-
dition for the system (2.1): for fixed z there exist two unique solutions ¥, ¥ to (2.1) with
Y¥1(0,0) = (1,0) and ¥4(0, 0) = (0, 1) if and only if « satisfies the nonlinear Schrodinger
equation. The above is often referred to in the literature as the Lax pair for NLS.

If instead we want the canonical form £, P with

‘Ct = [Pa ‘C]a

then we should view the first equation above as L = z\ where

A 0, —u
EZZ(—& —@)
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and P is given by the second matrix in (2.1) where z has been eliminated using the

relations Ly = 2,

Do 202 + [ul*  —ud, — du
'\ —ud, — 0 —202—|u?)"

This is equivalent to the pair of Kappeler and Grebert [16]. Much of this formalism
can be found in the seminal paper by Ablowitz, Kaup, Newell and Segur [1]. The Lax
operator L is the same for mKdV and for all the other commuting flows. It is only the
operator P that will change.

The scattering transform associated to both the focusing NLS and the focusing
mKdV is defined via the first equation of (2.1) which we write as linear system

1
(2.2)
2
—d;/’ =iy —ayp.

One part of the scattering data for this problem is obtained for z = &, real, by
considering the relation between the asymptotics for ¥ at £00. Precisely, one considers
the Jost solutions ¥, and v, with asymptotics

—iEx

i(E, x, £) = (60 ) +o(1) asx— —oo,

T ()

I/fl(é:a X, t) = (R(t, S)T—l(%-)ezfx

>+0(1) as x — 00,

respectively

—1 —iEx
I/Ir(sv Xy t) = <L(t,§)'lr(§)(§$)xg > + 0(1) as x — —0Q,

Vi, x, 1) = (egx> +o(l) asx— oo.

These are viewed as initial value problems with data at —oo, respectively +00. We note
that the T’s in the two solutions ¥, and V¥, are the same since the Wronskian of the two
solutions is constant:

det(yr,, ¥,) = T7'(&) for x — Foo.
The quantity [1,|* + || is also conserved, which shows that on the real line we have

Tl =1, ITI? =1+ R[> =1+ L[
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Further, we have the symmetry (¢!, ¥%) — (Y2, —') which via the Wronskian leads to

LT =RT.

It is an immediate consequence of the existence of the Lax pair that as « evolves
along the NLS flow (1.1), the functions L, R, T evolve according to

(2.3) T, =0, L, = —4i£%L, R, = 4£°R,
if u evolves according to the mKdV flow (1.2) then
(2.4) T, =0, L, = —8i°L, R, = 8i&°R,
and if z evolves according to the nth flow
(2.5) T,=0, L, = —1(28)"L, R, =1(28)"R.
Thus one part of scattering map for « is given by
u— R,

which maps the NLS flow (1.1) to the (Fourier transform of) the linear Schrodinger evo-
lution, and simultaneously the mKdV flow to the linear Airy flow.
More generally, for any z in the closed upper half plane there exist the Jost solutions

—izx

Y€, x, 1) = (60 ) +o(1)™*  as x — —o0,

+o(1)e™*  as x — oo.

—1( ) —iax
Vil x 1) = (T r )
This provides a holomorphic extension of T™! to the upper half-space, and thus a mero-
morphic extension for T. Here T' may have poles in the upper half-space, which corre-
spond to non-real eigenvalues of £. The poles of T must be isolated in the open upper
half space, though they can accumulate on the real line.

For data u for which T is holomorphic in the upper half-space, the scattering data
is fully described by the reflection coefficient R. If instead T is merely meromorphic,
then the scattering data involves not only the function R on the real line, but also at least
the singular part of the Laurent series of T at the poles. However, this still does not fully
describe the problem, as by the results of Zhou [32], T may have poles in the upper half
space accumulating at the real axis even for Schwartz functions u.

There is, however, one redeeming feature: all such poles are localized in a strip
near the real axis when u € L, and, more generally, in a polynomial neighbourhood
0<Imz< (1+|Rez|)™ of the real line if u € H* with —1/2 < s < 0. In the limiting

lleell s
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case s = —1/2, the smallness of « in /’DU? guarantees the localization of the poles in
0<Imz< (1+]|Rez|).

A key difference between real and nonreal 7 is that for real z, one essentially needs
u € L in order to define the scattering data L.(§) and T(§) in a pointwise fashion. This
restricts the use of the inverse scattering transform to localized, rather than 1.7 data. On
the other hand, for z in the open upper half space it suffices to have some L? type bound
on u in order to define T'(2).

Reconstructing # from the scattering data requires solving a Riemann-Hilbert
problem, see [13] for this approach for the modified Korteweg-de Vries equation, as
well as [7] for the focusing cubic NLS equation.

2.2. Symmetries. — The main symmetries are multiplication by a phase, transla-
tions in x, modulations resp. translations in frequency, and scaling. We define them simul-
taneously on distributions by

f - U9,§0»X0>)tf = ez’@-i—ixé)\f()\(x - Xo))

This fixes a representation on a central extension of the Heisenberg group, a notion which
we do not use in the sequel. On the Fourier side

]-_(ei@"'ixso)»f()»(x _ Xo)))(s) — ei(9+’“0§°)e_ix0§j()»_l(§ _ 50))

We compute the effect of the symmetries on the Lax operator and z waves:

A 0, —é%u s 0 {0, —u e
Netw —a, )70 o)\ i —p, 0 o)

Let V(W) = f(x — &). Then

) 0, —V(h)u _ 0, —u
Z(—V(h)u _a, )-V(h)z(_ﬁ _ax>V(—/z).
. 0, —y
"\ =iy —0,
[ 0, —u §/2 0 e 0
“1"\=z -a,) Lo g7 0 e

and with R(X)f (x) = f(Ax), the scaling by A > 0 acts as follows:

) 0, —Au(Ax)\ . 0, —u
Z(—Au(kx) —, )‘MR*<—Z¢ —ax>R“‘

Also,
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We obtain

Lemma 2.1. — We define

Ones (z/ﬂ) -1 (e—“‘”s’“o)/?z/ﬂ(rl(. - xo»)
355X0, - .

1//2 ei(@—&-éxo)/?w?()\'—l(' — %))

Then

- av —Ug £0,%0 Au)

) S S 15050, N7,

(_)‘U@SO,XO,AUOM) —0,
0, —u)\~ ~
=1 _Z{ _8x UQ»&OWO’AIIJ - §/2U9,€0,x0,kqj~

Moreover
(2'6> T(UQ,SO,Xo,kua z) = T(u’ )"_1 (Z - 50/2))

The last equation expresses the mismatch between transformations of Fourier vari-
ables and spectral variables.

2.3. The transmussion coefficient in the upper half-plane and conservation laws. — Our con-
struction of fractional Sobolev conserved quantities in [22] relies essentially on the fact
that the transmission coefficient T is preserved along both the NLS and mKdV flows.
In principle this gives us immediate access to infinitely many conservation laws, but the
question is whether one can relate (some of) them nicely to the standard scale of Sobolev
spaces.

If u is a Schwartz function then In |T| is a Schwartz function on the real line, and
has a Taylor expansion

.
i InT() ~ — Y H(22)7 .
2.7) nT(z2) 27”.; [(22)

If T has no poles in the upper half-space then by the residue theorem the conserved
energies H; can be expressed in terms of the values of T on the real axis,

2.8 H, = / E4n | T(—/2)|dE.

However, InT may have poles in the upper half plane, and the right hand side in the
formula (2.8) above has to be modified to account for the residues at the poles. Precisely,
if the poles of T are located at z; with multiplicities 7; then the counterpart of the relation
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(2.8) 1s

1
(2.9) H, = f E'n | T(—£/2)]ds +2) o ImQ2e)
J

This is clear if T has finitely many poles away from the real line, but can also be justified
in general by interpreting the trace of In |T| on the real line as a non-negative measure.
More generally, for any function n : R — R the expression

/ 1) In|T(—£/2)] de

1s formally conserved.
Thus a natural candidate for a fractional Sobolev conservation law may be ob-
tained by choosing any (real) function 7 so that

1§ ~ 1+

However, there are two issues with such a general choice. First, it is quite difficult
to get precise estimates for log|T| on the real line without assuming any integrability
condition on u. Secondly, in the focusing case such a choice would still miss the poles of
the transmission coefficient.

To remedy both of these issues, it 1s natural to use much more precise real weights
which have a holomorphic extension at least in a strip around the real line. Our choice

in [22] was to use the weights
C Ky l
n,(§) = (1 +¢°), $> =5

which not only have the appropriate size on the real axis, but can also be extended as
holomorphic functions to the subdomain D = U \ ¢[1, 00) of the upper half-space U.

In the absence of poles for T in the upper half-space one can formally define the
conserved energies by

E,(u) = /(1 + &%) Reln T(&/2)d¢.

By Cauchy’s theorem the integral can be switched to the half-line ¢[1, 00) to give

(2.10) E,(u) = 4sin(ms) f oo(‘L'Q — 1)3|:—RelnT(it/2)
1

N N
1 A A
+ 2_7_[ Z(—l)/HQJ‘T_QJ_I:|ZdT + Z C)HQ/
j=0 j=0
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Here the conserved integer energies Hy; are used to remove the leading terms in the
expansion at infinity, which is needed in order to insure the absolute convergence of the
integral.

One key advantage to switching the integral into the upper half-space is that the
transmission coefficient is more robust there, depending only on Sobolev norms of u. For
this reason, in [22] we adopt the formula (2.10) as the definition of the conserved energy
E,.

This works also in the case when the transmision coefficient T has poles in the
upper half-space, Then T may have only finitely many poles on the half-line ¢[1, 00).
We also note the role played by the smallness condition for « in /2DU?, which is present
in Theorem 1.1. This guarantees that T has a convergent multilinear expansion on the
half-line ¢[1, 00), and in particular has no poles there.

3. The Bicklund transform

The central object in this section is the intertwining operator, which in the form
we consider is related to the one in the work of Cascaval, Gesztesy, Helge and Latushkin
[8]. For related ideas and formulas we also refer the reader to the more recent works
[25, 30]. We also heavily exploit complex differentiability here, which brings in the tools
of complex analysis. Unfortunately the dependence on the state « is not holomorphic,
since the complex conjugate occurs in the Lax operator. To rectify this, it turns out to be
useful to relax the relation between the off-diagonal entries of the Lax operator and to
consider the generalized spectral problem

3.1) wf:(_“ “)w

—uy 12

3.1. Regularity of jost solutions. — We characterize the regularity of the Jost func-
tions in the following summary of results of [22], where, for the left Jost function, we
solve the system of integral equations

¢1(x>=1+f

X

uw () 0)dy,

&m=fxﬁwwmww,

o0

for the renormalized functions

(¢1’ ¢2) _ eizx(wll’ WIQ)



180 HERBERT KOCH, DANIEL TATARU

Lemma 3.1, — Letu= (u;, o) e H’, 5 > —%, and Im z > 0. Then the left Jost function
Y, satisfies

(eizxw[)/ c H&, eizxw[? c HS—H’

lim &y, = !

oo P\

lim ¢~y =T7'(2).

X—> 00
Moreover,

(@) T+ e Wil < ell G, ) llepue (la e+ sl
The map (uy, ug, z) — €<V, is holomorphic in z, uy and uy with all derivatives bounded by

€(||(U1, u2)||z2DU?)(1 + Nl llws + Nluolla)

for z in a compact region in the upper half-space. The differential of ¢y, at w = 0 is given by

0
(fi‘oo e?iz(x—)r)ug @)@}) s
and the differential of e, by

(‘/;(oo e—Qiz(x—y)ul @)@)

0
The map
PDU* x PDU’ 5 (u1, 19, 2) = 1/T(2) =W(, ¥,) € C

is holomorphic with derivatives bounded by C.(||uy || vz, |ug || 2pu2) for 2 in a compact domain of the
upper half-space. The expansion of T~ at w = 0 is given by

<3.2) T*l(z) —1— / 67212(967})@{1()))“2(96)4))61)6 + O(” (€2iRe.zxu1’ 672iRezxu2) ||Z:2m_DU2)‘
X<y z

3.2. The spectrum of the Lax operator, wave functions and eigenfunctions. — We consider
the scattering transform for the focusing nonlinear Schrodinger equation. The first equa-
tion of the zero curvature formulation is

3.3 Y= (‘iZ ) v.

—u 1z
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Here we take u € "DU?. Its transmission coefficient is a meromorphic function T in
C \ R, with singularities (poles) at eigenvalues z of the Lax operator

(3.4) w+£w=£<u>w=z‘( aa :g‘>w,

or equivalently, if there is an L? function ¥ which satisfies (3.1). The operator £ is not
selfadjoint, however it satisfies the conjugation relation

(3.5) L*=M,LM; ', m%:(é fJ.

Hence if z is an eigenvalue for L with eigenfunction ¢, then it is also an eigenvalue for
L* with eigenfunction M.

On the other hand, by conjugation it follows that Z is an eigenvalue for both £ and
L*, with eigenfunctions Mo, respectively MM¢, where

0 1
(3.6) M:(_IO)

We recall that if || u|| 2pu2 1s small then the eigenvalues all satisfy
Imz <&(Rez),
see Corollary 5.11 of [22], or, by (3.2) and

(Re z) (Re z)

—iR
1Rezx ”u”[izszU? SJ

1/2
lle u”lﬁnzDL‘? < (1/Imz) / ||u”112DU2'

Imz Imz

Here and later we use the standard notation (x) = +/1 + x2.

For z in the upper half-space we seek to describe solutions to (L(x) — 2)¢ = 0,
which form a two dimensional vector space; these are called wave functions. For this it is
convenient to use the left and right Jost functions ¥, ¥, which decay exponentially at
—00, respectively +00. The transmission coefficient is defined to be the meromorphic
function in the upper half plane given by the inverse of their Wronskian,

T(2) = (det(y, ) -

Then we distinguish two scenarios:

— z1s not an eigenvalue. Then ¥, and ¥, are linearly independent, and form a
basis in the space of solutions.

— z1s an eigenvalue. Then ¥, and ¥, are linearly dependent, and both are eigen-
functions.
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In the first case we want to parametrize the wave functions which are unbounded
as x — 00, up to the multiplication by a complex number. We parametrize them by

(3.7) v ="T(2) (e—i(ﬁo-i-ﬁlz) Wy + FPothD) %)’
where By € R/mZ and B, € R.

We can also relate this notation to our notation « for scattering parameters for
solitons, by setting

3.8 1(Bo + B12) =k =Imzxg + 6.

Here xp € R and 6 € R/mZ can be thought of as the center point and the phase associ-
ated to ¥, and « will be naturally interpreted later on as a scattering parameter in the
context of the Backlund transform.

Moving u along the NLS flow corresponds to moving ¥ along the P flow. It is not
difficult to determine the dependence on time of the unbounded wave function parame-
ters xy and 6 when we evolve wave functions along the P flow. We recall that the leading

. (2007 0
part of P is ( 0 —2ip?

Wt = 7’1#,

the leading term near —oo 1s

P2 +i(Bo+Br2) ( 0 ) — M 2C0—4Re)+i(O+21Re? 2—Im? 2)) < 0 )

12X 12X
e e~

) and hence, for the solution to

and on the right it is

; —izx . . —izx
—2i21—i(Bo+Pr12) [ ¢ _ —Imz(xg—4tRe2)—i(+2(Re2 z—Im?22)) [ €
e 0 =e¢ 0 .

Thus

(3.9) xo(1) = xo — 4Re zt, 0() =0 +2(|Rezl” — [ Imz|*)t,
or with the complex notation, as for the pure soliton,

(3.10) k() =1i(Bo + Bz +22°).

A similar computation can be carried out for the mKdV flow, as well as for all of
the other commuting flows.

Moreover, suppressing the time dependence for the rest of this section and setting
t =10, if ¢ is neither real nor an eigenvalue of the Lax operator L£(u), then the inverse of
L(u) — ¢ is given by

(3.11) (L) — )" f ()
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=T<c>1<w,<x> / —URON0) + Y OVO)
) / VOU0) - 0)0) @)

=T (%(X)/ My, - fdy — Iﬁr(X)/ My, ’f@)-
Similarly we normalize eigenfunctions ¥ so that
(3.12) V= _e*i(ﬂoﬂ‘}lz)w[ — €i(ﬂ0+ﬂlz)¢/7.

Together with (3.8), this allows one to understand «, respectively xy and 6 as scattering
parameters, and we interpret heuristically “x contains a soliton with scale A, modulation
&, center xy and phase 6” as the statement that the Lax operator has an eigenvalue
z = —§&/2 4 1A with scattering parameter k¥ given by x, and 6 through (3.8). This will
become more clear when we discuss the Backlund transform later on.

The multiplicity of eigenvalues is discussed next:

Lemma 3.2. — Suppose that ¢ is an eigenvalue for L(u). Then the geometric multiplicity of ¢
s 1. Let fr be a ¢ egenfunction. Then the algebraic multiplicity of ¢ s 1 if and only if

(3.13) /wledx;«éO.

Further, we have
‘ d
(3.14) Qifwlwzdxz d—T—l(;).
<

Progf. — 1f the geometric multiplicity were 2 then all solutions to (3.1) were
bounded, and hence would decay exponentially at +=00. This contradicts the fact that
near oo there is one characteristic exponent with positive real part. The eigenvalue is
simple if the equation

Lwe—¢dp=1
is not solvable in L%, Since, by the Fredholm alternative,
(£* = E) MM,y =0,

the above equation is not solvable iff

fwlxp?dx;ﬁ 0.
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To verify (3.14) we differentiate the system (3.1) with respect to the parameter z where

~ d
Y =, 1s the left Jost function. Denoting ¥ = d—wl, it solves the system
<
~  (—iz u) s .
I//x - < —u lZ) ‘/f lMO‘/ﬁ»

with initial and terminal data
Y(—00) = —ixe (1) , Y(o0) =e¢ " (8zT (z)> )
0 0
since 7 1s an eigenvalue. We recall that

T() ™ =W, ).

Then the relation (3.14) is obtained from
Jim Wy 9) =0 lim W ) = 8.T7'(2),
and

AW (Yi(x), ¥ (1) = 209, ¥}

by the fundamental theorem of calculus. UJ

Unbounded wave functions will play a crucial role also in the case when z is an
eigenvalue. Suppose now that ¢ is an eigenfunction to the eigenvalue z of L(u). If the
wave function ¥ to the same eigenvalue ¢ is unbounded on one side then the same is true
on the other side, and ¢ and v are a fundamental system. We may normalize ¥ so that

~ ,— Imzxg—i0 —izx
Y~e e (0>
w ~ eIm.zxo+i9€izx (?)

as x — —o00. In contrast to the previous case (when z is not an eigenvalue), here x, and 6
are uniquely determined, and we have the same normalization for all unbounded wave
functions. With this convention

(3.15) Wi, ¥) =1,

as x — oo and

and xy and 6 are the same for both.
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Lemma 3.3. — Suppose that z is an eigenvalue with ¢ an eigenfunction and W an unbounded
wave function. Then the limit

lim el ((]511#2 + ¢21ﬁ1) dx

—
80700

exists. The general unbounded wave function us given by

v+id.

If 7z 15 simple then there is a unique wave function so that the limit 1s 0. The limit defines a byection
between unbounded wave functions and G. If the eigenvalue has higher multiplicity then it does not depend
on the unbounded wave function.

As a consequence we obtain a natural parametrization of unbounded wave func-
tions in the case of a simple eigenvalue.

Proof. — By Lemma 3.1 the limits

X0

. _ _ 2
lim e 0T 2 Ly

—
80700

and

o0
. —e(v—xn)2
lim e E0T0 g2y
e—0 0

exist. Since also W(¢, ¥) = ¢ % — ¢p*! = 1 we obtain

lim g—s(x—xo)ngle + ¢21ﬁldx

e—0 R

X0 00
:21im|: / T Ry e+ / e—“*—xo)?qslw?dx]. O

e—0 oo X0

Finding a natural parametrization of unbounded z waves is important in the se-
quel. We will obtain implicitly a natural parametrization also for higher multiplicity.

3.3. The wtertwining operator. — The main tool in understanding the Backlund
transform is the intertwining operator D(«). Given « € H’(R) with s > —1/2 we recall
that L£(u) is the associated Lax operator. Let z be a point in the upper half plane, and v/
an unbounded z wave. Then 1/~/ = ( Wg > is a z wave. The intertwining operator is the

¥

unique operator of the form

(3.16) D) = L(w) + A(v),
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where A : R — G2*2 is chosen so that D annihilates both ¥ and 4. The matrix A is
uniquely determined by this requirement. It turns out that there is a unique function
v € H'(R) so that the intertwining relation

L)D(u) = D(u) L(u)
holds. The map

(u, z, ) > v

1s called the Bdicklund transform. The construction is remarkable. It can be iterated, it gives
useful formulas for the addition of multiple solitons, it works for multiple eigenvalues
and it can be inverted by an intertwining operator based on eigenfunctions instead of
unbounded z waves.

We want to trace the dependence of multiple Backlund transforms on the data. For
that it turns out to be useful to relax the relation between u and #, z and z, and ¥ and 1/7:
we consider a Lax operator of the form

. 8 — U
! —uy —a )’

two different values z;, z0 € G\R, and associated z; waves ¥, and ¥,. We define the
intertwining operators - this time on intervals - by the requirement that the intertwining
operator is of the form (3.16) and it has both ¥/;’s in its null space.

The crucial benefit of this extension is that the iterated Backlund transform is easily
seen to be invariant under exchanging any set of indices, which immediately implies a
regular dependence of the iterated Backlund transform on the elementary symmetric
polynomials of the z; in the NLS/mKdV case.

We consider a pair of function w = (u;, 4y) and the corresponding Lax operator

(3.17) v — LY = L)y = z( 8u :Zg) v
2

We define z waves in the same fashion as for the Lax operator in the remaining part of
this section.

Defimition 3.4. — We denote the Wronskian by W(., .). Let &, # o € G\R and let ; be
- wave _functions associated to w and 1 C R an open set so that W(r, o) # 0. We define the
intertwining operator on 1 by

W, ¥)
W2, Y1)

It is not difficult to determine the kernel of this operator if I is an interval.

(3.18) Dy =D, &, V)¢ = (L) — &)Y + (& — &) V1.
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Lemma 3.5. — Letwa, &, U and 1 as above. Then

(3.19) D(u, g, ¥)y; =0.
The operator D is symmetric under exchanging the indices,
(3'20) D(“! (ZQa gl)a(l//Q’ 1/fl)) :D(u’€9 lb)'

Proof. — It 1s easy to see that ¥ is in the null space. Assuming (3.20) we can argue
in the same way for ¥y. We turn to the proof of (3.20) and use the trilinear algebraic
identity

(3.21) W, Yo)s + W(Wra, ¥3) v + W (s, Y1) e = 0.
It implies

W, Yo) ¥ + (8o — S)OW (e, Y)Y
= =W, Y + (8o — SOWWr, ).

We divide by W(r,, ¥9) to obtain (3.20). O

The next construction is a crucial piece of the puzzle. Given (u, §, ¥) as above, we
search for a function v so that the following property holds

For such a v we will use the notation v=B(u, g, ).
Both sides are second order operators with identical second order terms. We
rewrite both sides of (3.22) as

(L)’ + A L) + A = (L)’ + B, L(w) + By,
where

A — B,

— 0 Uy — vy
o Us — Vo 0

+ﬁ[<l 0) (—wfwf w;w)](l 0)
W@, v [\O =1/~ — Yy W%Wf 0 -1

. 4‘2 - ;1 1.1
0 R ) B BRI
— ) S A
Uy — Vg + 21 il U 0

W, Y1)
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Thus A} = B, is equivalent to

_ il 8 ()
(3.23) v.—B(u,C»"')-—“"HW(%,wl) (—%2%2 '

With this choice we see, using Lemma 3.5, that ¥;, j = 1,2 are in the null space of
the both sides. Thus Ay = By, and we have proved the intertwining relation (3.16). This
computation motivates the following:

Definition 3.6. — We define the Bicklund operator B by (3.23).
It also leads to the next result:

Theorem 3.7. — a) D(u, &, U) maps z waves of L(a) to z waves of L(B(w, g, V)).
b) We have

1 1
W(wQ’ Wl) W(W% wl)

¢) For all functions w, pairwise disjomnt §; and -waves ;, ) =1, 2, 3, 4, the commutation relation

(3'24) ‘C(B(u’ g, 1~l’l)) WI =0 WI-

(3.25) D(B(u, (&1, 82), (Y1, WQ)), (&35 €4), D(u, (G1, 82), (Y1, W2))(W3, 1#4))
X D(u’ (é‘lv é‘Q),(wl’ WQ))
(3.26) = D(B(u, (€1, ¢4), (Y1, Wﬂr)), (¢3, 89), D(u, (¢1,¢4), (Y1, W}))(Kﬁz, Wz))

X D(u, (C1, ¢4), (Y, 104))

holds, and hence the iterated Bicklund transform is symmetric in all indices.

Progf: — Part a) 1s an immediate consequence of (3.22). To see Part b) let ¢ be a ¢y
wave. Then by the definition of the intertwining operator (3.18)

W(va ¢)
W, ¥1)

where W(yy, @) 1s constant and zero iff ¢ is a multiple of 5. We choose ¢ linearly
independent from v,. Then the right hand side does not vanish. By the intertwining

property,

D(u’csll’)(p:(CQ_{l) 1/f1,

L(B(w,g,¥)) (4

1
W2, Y1)

1
g ;C B » 6, D ' S
G W gy - B 8 W)D. 2 )¢
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1
= D(u,z, V)L
G — )W, @) 8 LW

1
=W "

To prove the commutation relation (3.25) we observe that both sides are second
order operators with the same leading part. All the v; are in the null space, and hence
they are the same. UJ

We can now obtain the following inversion result by a simple direct computation:

Lemma 3.8. — Assume that

V:B(u’§9 llf)’
and let

by = ;w U = ;W

W T W
Then
(3.27) u=B(,¢, V)
and
(3.28) D, &, ¥)D(w, 5, %) = (L) — 1) (L) — &)
Moreover,
R )

(3.29) D& ¥)¢ = (L) — £)¢ = 26 — g = <.

Progf. — The identity (3.27) is a consequence of (3.24) in Theorem 3.7 and of the
definition of D(w, g, V). Both sides of (3.28) map z waves of L(u) to z waves of the same
operator L(u). The kernel of the right hand side is spanned by the ¢; and ¢, waves of
L(u). Since every ¢ wave is mapped by D(u, g, ¥) into the null space of D(v, £) they
also span the null space of the left hand side. This implies the formula (3.28). Finally
(3.29) 1s a consequence of (3.21). U

We remark that interchanging the roles of w and v in (3.28) yields the symmetric
relation

D(w, 8, ¥)D(v, 8, ¥) = (L) — 1) (L) — &).
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This in turn allows one to also interpret the Backlund transform as an instance of the
double commutation method as it is described for instance in Deift [12].

We may iterate the Backlund transform as follows. Let u;, uy € H'(R), s > —5,

i1, &o, J = 1, N, pairwise disjoint complex numbers, and associated wave functions
Vi1, ¥jp for L(w). On a set where W1, ¥19) # 0 we apply the corresponding Bick-

lund transform for u via (3.23), as well as transform the other wave functions by
Vi=Dy;,  ¥p=Dyp

for j > 2. Then we repeat the process N times.

By Theorem 3.7, the iterated Backlund transforms are symmetric in all the indices
- of course on a set where all the Wronskians are nonzero. So it is natural to seek a direct
description for them. To achieve that we start with the N x N matrix M with complex
entries

W (Yroz, I/f2j—1)

3.30 M, =
( ) ]L Sor — §9j1
We define the map

Q(o1, ) (V) = W(s, V).

We assume that M is invertible and denote m = M~!. Then we have the following:

T heorem 3.9. — The following properties hold for the iterated Bécklund transform:
(@) The operator DN = DN(w, &, V) is given by

N N
(3.31) DY = (I + Y m Q1 Yo (L(w) — ot ) [ (£ - ¢u).
k=1

k=1

(b) The output function v =B (w, &, W) is given by
Vo1V )
3.32 v=u+2) my ( J .
( ) %: ki _w%_lwgk

(c) In particular, the image of a z-wave Y _for w is a z-wave DNV for v where

(3.33) DYy = ]_[(z — Za0) <¢ + Z

]kl

m/gW(WQA, ¢)1/f2]+1>

provided z 15 not equal to one of the $oj - otherwise we swap the odd and even indices.
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(d) The functions

N
<3-34) by = Z mjkl/fQJ'—l

J=1

are zo waves_for L(v), and similarly with odd and even indices swapped. We obtain the
concise_formula_for the iterated Bécklund transform

N
Go Vs )
3.35 = 2 ¥ 2% .
( ) v u+;<—¢22k—11p22k—1

Proof. — (a) We begin with the product formula, where we remark that the oper-
ator DY is an order N nondegenerate differential operator acting on 2 vectors, therefore
it admits a system of 2N fundamental solutions, and is uniquely determined by such a
system. The iterated Biacklund transform is another N-th order operator with the same
coeflicient of the leading term. The null space of D(w, ($9—1, £o/), ¥ai—1, o) 1s spanned
by 9,1 and vy, Therefore by the iteration relation (3.25) it follows that the functions
¥;, 1 <7 < 2N form a fundamental system for D¥. Hence, it remains to show that the
expression in (3.31) vanishes when applied to ;.

Indeed, we have

DNy
N N
1
= l_[(@e—l — Zot) (W2£—1 + Z ——myW( Yy, wQZ—l)WZ/'—l>
=1 Fj=1 R20—1 — X2k
N N
= | |(zoe—1 — 221) (W?f—l - Z m/gMszZ/—l) =0,
k=1 k=1
and
N
(3.36) DNWQ/Z = H(sz — Zo0) |:(£(u) - zge)‘/f% + Z mjsz(I/f% \/f2j—1)1/’2£:|
kAl j=1

N
= H(52k — Z90) Z meW (Wrag, Yroe) Yo 1 =0

ke j=1

since the Wronskian vanishes.
(b) Next we verify the formula (3.32). For this we use the intertwining relation

Lw)DY =D L(u),
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where for DY we use (3.31). The expression on the right admits an expansion in terms of
powers of L(u),

N

N
DYL(u) = L)™' + <Z —Zo + Z m Q (Yo, 1/f2j1)>£(u)N + -

k=1 Jk=1

so we compute a similar expansion on the left,
0 u—v
N _ N N
Lv)D" = L(u)D +<ﬁ—6 0 )D .
We use the expression for DY, commute and identify the coefficients of £(w)~. This yields

N
1 0 | wQkaQIj—l 1/’21kw21]‘—1 )
(0 _1> , Z " (_WQQA'WQ?;'—I WQIkWQQJ—l

Juk=1

_ 0 Uy — v
o Uo — V9 0 ’

which leads to the desired formula (3.32).

(c) The image of a z-wave ¥ for wis a z-wave DN/ for v by iterated application of
Theorem 3.7 (a). The formula (3.33) is a direct consequence of (3.31).

(d) Here we consider the eigenfunction formula (3.34). Let ¢ be a {5y wave. Then
¢ 1s mapped to a {y wave. As in (3.19) we get

N
DN¢ =Wy, ¢) H(ZQk — Zo0) Z Mg %;‘—1-

kAL =1
Formula (3.34) follows since the Wronskian is constant, and we may swap the odd and

even indices. ]

3.4. The itertwining operator for NLS. — Our main interest is in the NLS equation,
where

_ _ e
w=u, w=u zu=§¢ n=¢ Y=09, ¢2=M¢=<q;d1)>,

and ¢ is a ¢-wave. Then the Wronskian is always nonzero,

| Y
W<w1,wz)=det<$2 q—;’? >= 17,
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so all the formulas in the previous subsection apply on the full real line. The intertwining
operator becomes

(3.37) Dy =D, ¢, p)¢ = (ﬁ(u) — Z — Qilmé‘(l];(ﬁ:)w.
and the Backlund transform becomes

@' P
(3.38) v=Bw ¢, ¢):=u+4Im¢ e }

The wave function ¢ and M¢ are in the null space of D(u, ¢, ), and
D, ¢, M) =D(w, &, ¥), B ¢.¢)=Bw.¢.9),

which can be written out as

(3.39) D(B(u,§,¢>),g,i> =£(u)—§:—2ilm§w.
|17 |91?
The intertwing relation (3.22) becomes
(3.40) L(B(x, &, $))D(u, &, ¢) = D(w, £, ) L(u)
and we obtain
¢ -9
3.41 LB, ¢))——=—-.
(3.41) ((u§¢))|¢|2 SV

If
v=DB(u7{, ),

then we have

_ 1 1 _
3.42 =B(v.7.—¢ ) =B(v.c, —M4).
4% " <”§ |¢|2¢> (” R ¢)

We will use the intertwining operator D in two cases:

— when ¢ is a wave function which is unbounded at both ends.
— when ¢ is an eigenfunction.

The remaining case when ¢ = v, is not an eigenfunction is also of interest, but not
relevant here.

We begin our discussion with the first case. Let ¢ be a wave function for u, at the
spectral parameter ¢, and which is unbounded at £200. We normalize it so that

lim ¢Sy (x) = ¢,
xX—>—00
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lim ¢* ! (x) = ¢
X—> 00

for a unique choice
k € G\ (miZ).

We recall that « is uniquely determined if z is an eigenvalue, but can be chosen arbitrarily
otherwise.

We know that the Lax operator for v = B(u, ¢, ¥) has an eigenvalue at ¢ with
associated eigenfunction

R
¢WW<%)

Then a brief calculation shows that

(3.43) ¢=—c" Y=Y,
where ¢, and ¢, are the left resp. right Jost function for v.
Remark 3.10. — 'This property is what allows us to identify our use of k¥ as a nota-

tion for a scattering parameter, in the first section, to the current use of k as a parameter
for the unbounded eigenfunctions.

It will often be convenient to use the alternative notation

K= ei(ﬂ[l+ﬂ1§“)’
with ,3(), ,31 € R.

Lemma 3.11. — Let W, (w), ¥1(v), ¥,(w) and Y, (v) are left resp. right Jost functions for u
resp. v to the spectral parameter z and let ¢ be an unbounded & wave. Then

(3.44) D(w, £, 9)¥i(w) = (z — O Pu(v), D(u, {, 9)¥,(w) = (z = O, (v),

and, if the Jost functions at ¢ are unbounded (resp. & s not a pole for T, equivalently ¢ is not an
ewgenvalue), and

¢ ="T(Q) (TIPOY(5) + POy ).

_hl
(3.45) M)% ( ¢_(]Z ) = _e—i(ﬁ()-i-ﬁl{)wl(;’ V) = €i(ﬂ()+ﬁl£)1/fy(§, v).

Moreover
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Proof: — Since the operator D(u, ¢, ¥) becomes L(u) — ¢ at infinity, we have

lim (D@, ¢, @) =z = HT w7,

which, together with the same calculation for the right Jost functions, implies (3.44). The
second formula is an immediate consequence. For the last formula we use (3.39). U

If ¢ 1s an eigenvalue, then ¢; and ¢, coincide up to a constant as above, see (3.12).
Hence to characterize the normalized eigenfunction ¢ we can use the properties in the
above Lemma for i, for x < xy, and for i, for x > xy. We combine Lemma 3.1 with the
previous constructions.

Proposition 3.12. (1) If ¢ is unbounded as x — +00 then D(u, ¢, ¢) : H'T' — H

(4)

is iective and has closed range of codimension 2, with orthogonal complement spanned by
|¢|~>Mo¢p and |(_l>|72MMO¢ (which are the ¢, respectively ¢ eigenfunctions of L(v)*).
Further, |¢p|™>M¢ is a ¢ eigenfunction for L(v), and ||} is a ¢ eigenfunction for
L(v), and

(z— 0T 2)=(z—)T(,2).

If ¢ s an egenfunction then D (u, ¢, ) H ! — H is surjective, with null space spanned
by ¢ and M. Moreover,

(z—OT(w 2) = (z—¢)T(v, 2).

If ¢ is in the resolvent set of L(u) and ¢ is a & wave function for L(u) as in (3.7) then the
maps

¢ % (x0,0) x u— D(u, ¢, ¢) e LH™, H')
and
H 5 u— B(u, ¢, ¢) —ueH™"

are analytic and separately holomorphic as functions of ¢, ¢, u and 1, as discussed in the
beginning of this section. They and their derivatives are uniformly bounded on the set

[8(Re¢) <Imz) x Rx (R/7Z) x (H' N {u: [|ullpoe < 8/CY),

Jor some G > 0.
If ¢ is an simple eigenvalue of L(v) with eigenfunction ¢ then the maps

v— (L)),
v— D, ¢, ¢) € L(H™, ),
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and
H'sv— B, ¢,¢)—veH™"

are analytic and holomorphic as functions of ¢ , ¢ , u and .

Proof. — To prove the claims we suppose that / € H’' and we study solutions to

(3.47) D(u, ¢, o) =1.

Let ¢ be an unbounded wave function. Then

i P (0 0
x—> <>o|¢|2 0o 1)’

and the equation at —00 becomes

J+ 1z
( 0 —8+1z)w =/

Hence we obtain the unique solution (if it exists) by integration from —o0. Similarly

lim ﬁ = (1 O)
x—>+00 |¢|2 0 0
and we find the solution (if it exists) solving from 00. Both solutions have to coincide at
x = 0, which shows that we can solve (3.47) on a set of f of codimension 2.
By the previous lemma we know that [¢|~ M¢ is a ¢ eigenfunction for L(v).
Then by symmetries, |¢| 2@ is a c eigenfunction for L(v), and [¢|~ MM, ¢, respectively

|| ~*My¢p are eigenfunctions for £(v)* associated to the eigenvalues z, respectively Z.
To identify the co-kernel we compute the adjoint

. *
=L - §+221mz%—£*() ;+2i1mz%_

Inserting the two eigenfunctions above for £(v)* in this formula yields the desired basis
for the kernel of D*.
If ¢ is an eigenfunction then

i 99 _ (10
gz \o 0)

lim P (0 0
Hoo|¢|2 0 1)’
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and every solution to the initial value problem (3.47) with prescribed initial data ¥ (0) =
Vo is in H'T!. We obtain the null space by choosing f = 0. It is an easy verification that ¢
and M¢ span the kernel of D(u, ¢, ¢). [

Of course we can relax the connection and use u and two nonreal numbers z; and
Zo. The crucial additional condition is that the Wronskian

1,2 2.1
1#1 WQ - W1 WQ
does not vanish. This is certainly true if

il 2ou2y + llugll 2ou2y <8, |21 — 22| < & for some positive number §.

3.5. The Bicklund transform associated to holomorphic_families of wave functions. — Here
we introduce a key generalization of the previous discussion of the Bicklund transform,
which will be critical later in the context of iterated Biacklund transforms. Precisely, start-
ing with an initial state ¥ and some z with Im z > 0, instead of single wave functions we
consider a holomorphic family ¥ = ¥ (x, {) of {-wave functions, for { near z, or more
generally for ¢ in an open subset of the half-plane and x in an interval.

In the NLS case uy = u; we consider holomorphic families of unbounded wave
functions on R. Away from the spectrum of L(u), the next lemma identifies such un-
bounded wave functions with a holomorphic function a which relate it to the left, respec-
tively the right Jost functions:

Lemma 3.13. — Letue H’, s > —% and U an open set whose closure 1s compact in the upper
half plane, without ewgenvalues for L(u). Let o be a holomorphic function on U. Then there exists a
unique holomorphic family of unbounded wave _functions ¥ (u, z) with

lim ¢ = Y(x, 2) = @,
xX—>—00
lim ¢! (x, 2) = ¢ @,
xX—>00
The same s true in the case w = (uy, us) without assuming uy = u; .
Progf. — We define
Y (x, 2) =T (e “OYi(x, 2) + Y, (x, 2)).
Uniqueness is easy to see. U

By contrast, at eigenvalues of £(u), holomorphic families of unbounded wave func-
tions ¥ (u, z) the Taylor expansions are uniquely determined up to an order given by the
multiplicity.
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Lemma 3.14. — Let ¢ be a zero of T~ of multiplicity N. Then there exist a;, 0 <j < N so
that for every holomorphic family of unbounded wave functions near z = ¢, and o defined as above, we
must have

oy —(¢) €2nZ,
=a’@), l=<j=N-1,

JSor 1 <5 < N. Conversely, given o; there exsts a unique polynomial o of degree at most N — 1 satisfying
the above conditions, along with an associated famaly of holomorphic unbounded wave functions.

Proof. — Let Yo = ¥,(¢) be the ¢ eigenfunction for the eigenvalue ¢ of multiplicity
N. We choose ¥ (0) linearly independent of ¥,(0). There exists a unique solution to

(=i u

with these initial data. The Wronskian satisfies W(i(0), ¥ (0)) % 0 and it is constant.
Since ¥, decays exponentially as x — $00, it follows that ¥ is unbounded as x — 00.
We obtain a holomorphic family of unbounded wave functions near z = ¢ by solving

—1z U
(5 1)

with the same 1nitial data for ¥ (0, z). After multiplication by a holomorphic function we
may assume that

lim emlﬁl (x,2) =: ¢ 9
X—> 00

and
lim eiiz‘xl/IQ(x, 2) = PalS
X—> 00

for some holomorphic function o (we chose this normalization instead of the initial con-
dition).

Let ¢ be another holomorphic family of wave functions near z = ¢. Then we can
represent it as

¥(0,2) =MDV (0, 2) + n (Y0, 2).

Both sides are solutions and hence this relation holds for all x. In particular, if U(.,0)is
unbounded then A(¢) # 0. Choosing a smaller neighborhood if necessary we divide by
A(z) and, by an abuse of notation we obtain A(z) =1 and

Y(x, 2) =¥ (x, 2) + n() v, 2).
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Clearly each choice of p gives a holomorphic family of unbounded wave functions near
¢. Now

lim (Y (v, 2) + 1Y) (5, 9) = O + T D)

and

lim e—izx(w?(x’ Z) +M(Z)W12(X, Z)) — eia(z)‘

X—>—00

Hence the defining function & for v is given by
- 1 @
(3.48) a(z) =a(z) + §1n(1 + T (Du(2)),

where the logarithm exists in a neighborhood of ¢ since T~'(¢) = 0 by an abuse of
notation. Here T~! vanishes of order N at ¢. Then a(¢) —@(¢) € 2nZ,and for 0 <j < N

we must have
a”(¢) =a?(2).

Conversely, let & be a holomorphic function with @7 (¢) = a%?(¢) for 0 <j < N.
Then

() = exp(@(2) — () (1 + 9T ()~
yields @. 0

We further remark that the above class of functions « express the order N matching
between ¥, and ¥, at the pole. The Wronskian relation

W(Wh W) = T_l

shows that at ¢ as in the lemma the vectors v; and v, agree exactly to order N up to a
multiplicative factor. Away from the pole we must have

¥ (2) =T (Y2 + *DY(2)).

So this multiplicative factor is exactly determined by «,

e—ia(z)wl(z) — _gi"(Z)wr(z) + O((Z - é')N)

The interesting feature of working with a holomorphic family of unbounded wave
functions ¥ (u, z) 1s that we can propagate it across any associated Backlund transform
in a way that carries full information. Again we consider the general case, but we also
specialize to the NLS case.
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Lemma 3.15. — Let 1 be an interval, £y, & € C\R with &1 # &, W9 a §o wave and Y (x, 2)
a holomorphic family of wave functions for x € 1 and z in a neighborhood of ¢1, Yriy = ¥ (., §1). Then

v, 2)—v( 0)

3.49 Yol D) =D & v ¥ | e s

¥(.2) =0
is a holomorphic family of wave functions for
(3.50) v =B 1, &, Y1, o).
Let

1 1
¢1(X)=Wlﬁ2, ¢2(X)ZW¢1-

T hen

(3.31) V(2=

1

2 é_ D(U, {17 CQ’ ¢1’ ¢2)1//U(" z)’ u:B(U, é‘l’ {27 ¢1’ d)Q)-
— ¢

Proof. — It is obvious that v, (x, 2) is holomorphic in z. By Theorem 3.7 v, (x, 2)

1s an unbounded wave function for v if z # ¢;. By continuity the same is true for z = ¢;.

A direct calculation shows that o does not change. The final assertion about inversion
follows by (3.28). O

w?
—y!
parametrized by the same holomorphic function «(z) then v, is also parametrized by

a(z).
Conversely, we can start from v and v, and recover u and ¥:

HI=R, w=1iu, & =204, ¥y =

and if ¥ is an unbounded family

Lemma 3.16. — Let \fr,, be a holomorphic unbounded family of wave functions for v, and ¢ an
egenvalue for L(v). Then with u and r defined by (3.51), the relations (3.49), (3.50) hold.

4. The soliton addition and removal maps

In the previous section we have shown how to add one soliton to an existing state
by applying a Backlund transform with respect to an unbounded wave function, and, in
reverse, how to remove a soliton by applying a Backlund transform with respect to an
eigenfunction.

The Bécklund transforms can be iterated to add multiple solitons. Theorem 3.9
provides compact formulas provided the matrix My, is invertible. But this is always true
for the focusing case, see Lemma 4.1 below.
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Our aim in this section is to spell out the results of the last section for adding and
subtracting mutiple solitons, and to provide algebraic proofs for the properties of the
matrices m and M. Finally Lemma 4.4 will provide a sharp estimate of the uniform norm
of multiple pure solitons.

To keep the analysis simple, for the computations in this section we only consider
the case of distinct eigenvalues (spectral parameters). The soliton addition map BY will
add N prescribed solitons to a given state, and the soliton removal map BY will remove n
existing solitons from a given state.

Given an open subset U with compact closure of the complex upper half-space we
define the nondegenerate phase space for N-solitons as

Sy = {s=(z,k) e UN x (C/inZ)"; 2 # 7},
where

Z:(zl,...,ZN), K:(Kl,...,KN).

4.1. The soliton addition map. — We will view the soliton addition map BY as a map
Bli ‘H' x S — H.
We denote the output by
H>u—v=B}(4 (z.x) eH.

To define it we impose some natural restrictions, namely that the z; are not poles for T),.
These will be satisfied for instance if the spectral parameters z are localized in a compact
subset of the upper half-space and « is sufficiently small in H°.

To describe it we start with the N distinct spectral data z = (zy, ..., 2v) in U and
corresponding scattering data k = (k1, ..., kx). We denote s = (z, k) the corresponding
element of S?}O. We consider the associated left and right z-waves ¥, ; and ¥ ,, and use
them to define the unbounded wave functions (z;, ¥;) for v which have spectral parame-
ters k; (see (3.7) and (3.8)),

%. — eikj%’[ + eK.I"S//j,,.
We inductively apply n Biacklund transforms as follows,
(k+1) k (%) (%) k+1 k (%)
wj' :D(u()’ wk sZk)w/ ) u( ):B(u()a Wk sZk)’
where we initialize

(1 1
k - wk, u( ) = 0.
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Then we define the soliton addition map as
B (v,s) :=u™"h.
We will also denote the iterated Backlund transform as
N
(4.1) BN(u, z, ) = [ [D(®. v, ).
k=1

We specialize the formulas of Theorem 3.9. We start with the symmetric matrix M
with complex entries

Wiy

Mjk: — .
=%

Lemma 4.1. — Suppose that the imaginary part of z; 1s positwe, that the z; are pairwise disjoint
and that the r; € G? are nonzero. Then My, is positive definile.

Progf. — We define the nonzero functions
W;(1) = ¢9'y; € L*((0, 00); C?).
which are linearly independent since z; are distinct. Then M is their Gramian matrix. [

We denote by m the inverse matrix m = M~!. Then the formulas in Theorem 3.9
take the following form:

(1) The iterated intertwining operator is given by
N N
(4.2) D¥(z, k) = <I + > mgyi (L, - zo*) [, - 2.
k=1 I=1
The image of a z-wave ¥ for v is a z-wave DN Y for u where
4.3) ]_[(z —Z) (I + Z m/g%%)
Jk= l
(2) The output function v = BY (4, z, k) is given by
(4.4) v=u+2my .
(3) The functions

(4-5> ¢j = mjk‘/fk
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are z; eigenfunctions for £, with scattering parameters k;. Moreover,

We can represent the iterated Backlund transform as follows:

N

N n
(4.6) DN=Y 1= gL, -2 ") [ ]2
(=1

j=1 k=1

N N
= l_[(,cv — Z[) 1 — Z(ﬁv - Zk)_lgbkw:
=1 k=1

N N n
=D (1= MeMyL, — 7 | [L 2.
Jj=1 k=1 =1

4.2. The soliton removal map. — We will view the soliton removal map BY as a map
BY: V' — H x Sy
We denote the output by
H'sv— BY(v) = (u,z,k) € Sy’ x H.

To define it we again impose some natural restrictions on v € H’, namely we select an
open subset U inside the upper half-space with compact closure, and assume that the
transmission coefficient T',(z) has exactly N simple poles z; in U.
Now the spectral parameters z are defined as the poles of T, within K. These will
be simple eigenvalues of L£,; then their conjugates z will also be simple eigenvalues of £,.
We denote by (¢, ..., ¢n) a corresponding set of eigenfunctions for z. The scat-
tering parameters k will be determined by the relations

b=—e Y=Y,

comparing the left and right wave functions to the eigenfunction.
Then we define the rest of the soliton removal map BY exactly as we have previ-
ously defined the soliton addition map BY, but starting from v and the z eigenfunctions

(¢1, ..., 9n). To describe the soliton removal map we start with the symmetric matrix m
with entries
My = = :
% —

We denote M = m~!. Then we have the following formulas for the removal map
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(1) The operator DN is given by
N N
4.7) DN = (1 + Y Mgy (L, — z,g”) [, -2
k=1 =1
In particular the image of a z-wave ¥ for v is a z-wave D"y for  where
(4.8) D'=[]e—w|1- ) —=Mp0e; ).
=1 T TRk
J»
(2) The output function u =B~ (v, s, k) is given by
(4.9) u=v—M;d,$’.
(3) The functions
(4.10) 1//j == h/[jkd)k

are z; wave functions for £, with scattering parameters «;.

4.3. Connecting the two maps. — Here we briefly discuss the relation between the
soliton addition and removal maps in the context of isolated eigenvalues. It follows from

the corresponding result for single simple eigenvalues that the maps are inverses.

Theorem 4.2. — We have
(4.11) B oB} =1¢

Jor a finite number N of simple eigenvalues.

The soliton addition and removal operations are symmetric with the roles of ¢ and
¥ essentially reversed. This is a consequence of the construction by iterative Backlund

transforms, but it is also a consequence of a purely algebraic relation.

Lemma 4.3. — For nonzero ; € C? nonzero define

_ Wi,

M
Rk —&j

m=M"", ¢; = mp ;.

Then we have the converse relation

_ 199

Mk =
Rk — &



MULTISOLITONS FOR THE CUBIC NLS IN 1-D AND THEIR STABILITY 205

Proof. — Let z be a complex number, different from the z; and z; and considering
the 2 x 2 matrices

)(—1-1-2:¢)/C

Z_Zk

oy

— K — Rk

we compute

ot =t YLy B B

=% TR % kJ.ZIZ—ZkZ—Zj

14 Z e i wWhd;

g — Rk kzlz—zk

1 | 1
+Z¢mvf“_ z_( — — )

2= 2%

J.k=1
2¢A% Zwk(pk ( 1 )
=1+ — + 1! — =
Zz—zk Zz—zk Z s —X KRRk
~ P N Vi ] —~ 1
=1+ — + P — o]
;5_5k ;z—zk j.zzlz / ;z—zk o

=L

This implies that x " x = 1 which yields

BRI S T T N

— < TRk D R TRk .’kzlz_Zji_zk

1 1
=—Zw,¢¢m_ z( - )

= 2= 2=

Identifying the residues we obtain the relations

¢
wk—zz "Wm,

]1Zk
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or equivalently

d)k _ ZZ _¢J' (bk wj’

=1 kTR

which leads to the desired conclusion. O

For later use we include here another algebraic relation related to the soliton addi-
tion/removal transforms. Precisely, consider the Hermitian 2 x 2 positive definite matrix

A=) mgly,

k=1

where we note that the difference between # and v is one of the off-diagonal entries of
this matrix. Rather than trying to bound that particular entry, we produce a bound for
the entire matrix, via its trace.

Lemma 4.4. — We have

(4.12) TrA=2) Imz;.

J=1

As a consequence, we obtain a uniform bound for |« — v|.

Proof. — This lemma seems to have little to do with the context of our problem.
Writing the trace of A in the form

TrA=Y " myyi ;.

jk=1

this becomes a statement which only involves the (complex) dot products of v; and ;.
We consider first the case when ; take values in G" assuming that they are linearly
independent. The statement of the lemma follows then by continuity.

To prove the above trace property we represent the Gram matrix as

(Vi) = diag(z)M — M diag(Z,).
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Thus our trace becomes

TrA=> " my¥

Jk=1

=Tre ((diag(zj)M —M diag(Zk))M_l) =Tres (diag(zj) — diag(Zk))
=2 Z Im z;.
j=1

We remark that here the v’s can be in an arbitrary Hilbert space, therefore the Gram
matrix /;¥, can be any arbitrary symmetric non-negative matrix. O

5. The extended soliton addition and removal maps

So far, we have only considered the iterated Backlund transform corresponding to
isolated eigenvalues, which can be viewed as a smooth map

\ N,0 ;
Bﬂ\r:foSU — H’, UXS—> UV,

restricted to states « with no eigenvalues at z. The problem with this setting 1s that when
we endow SE’O with the obvious smooth structure derived from (8,)Y, the soliton addition
map does not admit a smooth extension to the diagonal with multiple eigenvalues.

Our contention here is that this does not reflect an inherent lack of smoothness for
the soliton addition map at multiple eigenvalues, but rather the fact that we are using the
wrong smooth structure on Sy, To rectify that, our first step is to consider the iterated
Backlund transform associated to holomorphic families of unbounded wave functions.

Precisely, we start with

— A compact set U in the upper half-space,

— A state u € H® with no eigenvalues in U

— A holomorphic family of unbounded wave functions ¥ (z) in a neighbourhood
of U, associated to u, also with associated « as in Lemma 3.13.

Let zj € U be pairwise disjoint for 1 <j <J.Letn; > 1for 1 <j<Jand N=) n.
By an iterated Backlund transform corresponding to the holomorphic unbounded wave
function ¥, we add N solitons at z; with corresponding multiplicities #;. By an iterated
application of Lemma 3.15, the result only depends on the z; and

(5.1) (CICTEH)

We obtain an associated soliton addition map

B, :H x UY— H'.
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A-priori this map, as a function of spectral parameters z, is smooth, indeed real
analytic, as well as symmetric. However the eigenvalues z of the Lax operator are only
determined up to permutations, and they do not depend smoothly on the Lax operator
in the case of multiplicities. Instead the elementary symmetric polynomials

N
5= % 1=j=N
k=1

depend smoothly on the potential, and we will see that the soliton addition map is in-
variant under such a permutation and depends smoothly on the elementary symmetric
polynomials. Secondly, we will parametrize the holomorphic wave function o recorded
at z via 2NN real variables B, ..., Bon—1, which turn out to be naturally associated to the
first 2N commuting flows. These enhancements are the topic of this section.

We seek to study further its regularity properties as well as its parametrization. For
this we consider separately the spectral parameters z and the unbounded wave functions.

3.1. The spectral data and the characteristic polynomial. — The spectral data z for the
soliton addition map can be encoded the characteristic polynomial

n N
P, =[]c-2) ="+ (D,
=1 k=1

where s = {5, : 0 < £ < N} are the elementary symmetric polynomials in z with s, = 1.

Since the soliton addition map is symmetric as a function of z, it is natural to seek to
view it as a smooth function of s;’s, rather than separately in each individual eigenvalues.
Because of this, on the space of spectral data z we will not use the product topology.

Instead, we will denote the space of spectral data by Cgm, and interpret it as the
space of unordered N-uples of complex numbers with the smooth topology defined by
the elementary symmetric polynomials s;.

The correspondence between the two topologies is continuous but not smooth.

Lemma 5.1.— A) Letz € C. Then
s@)| < (1+|z)™
and
|z| < V2|s(z)!.

For all s there exists z with s = s(z).
B) Letz,w € G, Then

|s(z) —s(w)| < ex(1 + |z +w) 'z — wl.
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C) Lets, o € CN. Then there exist z and w in CN with s = s(z), 0 = s(w) and
|z —wl <Cls|, lols — o] .

Progf — The first inequality in A) is immediate with the /' norm instead of the 1.2
norm, which implies the bound in the /* norm. The components of z are the roots of

N

Z San/:’n = O’

n=0

which are contained in the open disc with the given radius by the theorem of Gerschgorin.
Part B is an immediate calculation. For Part C we study the dependence of roots on the
coefficients of a polynomial. UJ

5.2. The scattering data and holomorphic families of unbounded wave functions. — We have
seen that a holomorphic family of unbounded wave functions ¥ can be uniquely de-
scribed (up to a multiplicative constant) via a holomorphic function «(z); because of this,
we will identify the notations Bliw and B} . In the case of distinct eigenvalues z, the
associated soliton addition map depends only of k; = ix(z;). Suppose now that we have
multiple eigenvalues z; with multiplicity 7;. In view of Lemma 3.15, the associated soliton
addition map may depend on

8ja(zj-), J=0,n—1.
Thus we can use the equivalence relation
Definition 3.2. — For two holomorphic_functions o and & we say that
oa=a ( mod P,)
if there exists a holomorphic function q so that
a(z) — a(2) = (P, (2).

Then we can rephrase the above discussion as
Lemma 5.3. — Assume that « =& (mod P,). Then BEQ = BE&.

This equivalence relation will allow us to replace the holomorphic function « by
an equivalent polynomial with degree at most N — 1.

Lemma 5.4. — Let P, be the characteristic polynomial and o a holomorphic function in a
neighbourhood of z. T hen there exists an unique polynomial (remainder)
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so that
a=a«a (modDP,).

Furthermore, & depends holomorphically on the symmetric polynomials s.

Progf. — We consider a contour y around the zeroes z of P,. We must have

fyz/.a(z)P(—z)a(z) f=0, >0,

but only the first N such relations are independent. This yields
/z,a(z) /z,a(z) o J=0.N—1.
P(2) P(z)

The left hand side is determined by «, and depends holomorphically on the symmetric
polynomials in z (which are the coefficients of P,). This in turn uniquely determines

o
the first N coeflicients in the Taylor series for PE?
<
determines @(z). O

at infinity, which in turn uniquely

The N — 1 degree polynomial & can be viewed as our generalized scattering pa-

rameter, and is identified via its (complex) coefficients & = (ag, ..., ™),

N-1
a(x) =) 7.
J=0

This is endowed with the smooth topology of GN.

However, there 1s also an equivalent alternative choice, which we will give prefer-
ence to in this paper. Precisely, instead of working with complex polynomials of degree
N — 1, it is sometimes more convenient to work with real polynomials of degree 2N — 1.

If two real polynomials are equal modulo P, then they are also equal modulo P;
so they must” be equal modulo P,P;. Thus the above lemma concerning « is replaced by

Lemma 3.3. — Let P, be the characteristic polynomial and o a holomorphic function in a
neghbourhood of z. Then there exists an unique real polynomial

2N—-1

B=>_ B7
k=0

? Here we recall that all the zs in z are in the upper halfspace, so P, and P; have no common roots.
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so that
B=a (modP,)
Furthermore, B := (Bo, - . ., Ban—1) depends analytically on the symmetric polynomials s.

There is a (real) linear one-to one connection between o and f, which is analytic
in the symmetric polynomials s. Thus the topologies determined by the o, respectively
the B representations of the scattering parameters are equivalent.

5.3. The smooth soliton parameters. — Based on the previous discussion, it is natural
to define the phase space S{} associated to an open set U with compact closure in the
open upper half-space as

Sy ={(z.B);z€ C)

sym?

zCU, BERQN}

with the smooth topology given by the symmetric polynomials s for z and the smooth
topology in R*" for B.

It is easily seen that we have a smooth embedding of the N soliton set with pairwise
different eigenvalues

Sy’ C Sy,
which is provided by the matching

Thus, one can view SY as the completion of S" with respect to the above topology.
Our contention is that this is the correct smooth parametrization for extending the soli-
ton addition and removal maps as smooth inverse maps to spectral parameters z with
multiplicity.

Another symmetry which is readily seen at the level of k; is that «; are only uniquely
determined modulo . At the level of B, this yields the equivalence relation, denoted by
A, defined by

B, =B, iff B,(z)=Py(3) (modmi).
This relations is now z dependent. There are two interesting observations to make:

— This 1s a discrete relation, uniformly in z € U. Thus the local smooth topologies
on S and ST/A coincide.

— The dimension of the symmetry lattice depends on the multiplicities in z. This
corresponds to some periods approaching infinity as eigenvalues collapse.

In this section we carry out the first step of the analysis, and show that
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Proposition 5.6. — The soliton addition map
(1, (2,8)) = v =B} (1, 2, B) := BY, ()

is one to one in a suitable setting, and commutes with every flow of the NLS hierarchy whenever this flow
is a continuous extension of the flow on Schwartz _functions. Moreover we have the energy relation (trace

Jormula)

N
(5.2) E,() =E.) +2 ) mE.(2z),
k=1

and n particular

N
(5.3) loll2 = llull? +2) Imz.

k=1

Here for the flow of B we use the induced linear maps determined by the relations
(1.19) where for k we use the B representation k =iy 8,2". This is also explicitely spelled
out later in (6.2).

Progf: — The parameters B yield a unique well-defined holomorphic family of un-
bounded wave functions ¥, = v¥,(z, B) associated to u. Then by iteratively applying N
Backlund transforms to the pair («, ¥,) corresponding to the eigenvalues z, we obtain
the pair (v, ¥,) where ¥, is another unbounded wave function with the same parameter
B. By Lemma 3.14, it follows that a and thus B is uniquely determined by v modulo 7 Z.
This proves injectivity.

Conversely, let v be a potential with eigenvalues z, possibly with multiplicities.
Then by Lemma 3.14 applied to each eigenvalue there exists a unique polynomial o
of degree at most N — 1 which generates a family of holomorphic wave functions
associated to v. Following Lemma 3.16 we successively remove poles while propagating
back the unbounded family of wave functions, until after N steps we obtain a pair (, ¥,)
without any eigenvalues for £(«) in U. Then, by Lemmas 3.15, 3.16, (v, v,) is the image
of (u, ¥,) through the iterated Bicklund transformation. The assertion on the norms is
an immediate consequence of the trace formula (1.23). 0

6. The regularity of soliton addition and removal

With the setting of the previous section in place, we return to the question of the
regularity of the soliton addition map with multiplicities. As a consequence we obtain a
precise description of the pure soliton manifolds and the structure of the phase space and
its dynamics.
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6.1. Theresults. — Our goal here is to study the regularity properties of the soliton

addition and the soliton removal maps. We begin by describing our setup, which requires

the following elements:

— An open subset U of the upper half-space with compact closure in the open

upper half-space.
The set of N tuples z of complex numbers in U, up to permutations. We consider

it as an analytic manifold with the analytic structure given by the elementary
N

o Each z can

symmetric polynomials s in N variables, and use the notation C
also be identified with its characteristic polynomial

N
P, =[]G—w.

k=1

and also, equivalently, with the real polynomial P,P;.
The associated soliton phase space S} defined by

Sy ={(z.B) CC), x R™, zC U}/A.

sym
We identify B with the polynomial

2N—1

B =) B<.
J=0

The set A is a discrete equivalence relation: We identify B, and B, if for z; € z
we have

B,(z) —By(z) € mZ and

() =B (z) for | <m < m= the multiplicity of .

The set S} carries the natural analytic structure defined by the analytic structure
of the z and the Euclidean structure of the . The n-th flow acts on S¥ by

z=0, B =2""2  (mod P,P;).

This can be viewed as Hamiltonian flows on the phase space endowed with the
symplectic form

2N—1 N

w= Z ﬁk/\dZImz]H',
k=0 j=1
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generated by the Hamiltonians
N

Qn
Hy(z B)=——Im) 2"

n+1

J=1

The N pure soliton set MY of pure N solitons with spectral parameters in U.
There is a natural map

N
M > u— z,

whose fibers are denoted by M,.
The space V{; C H' of states with no spectral parameters in U,

Vi={ueH :0(Lw)NU=0¢}.
The space Vi; C H' of N soliton states with spectral parameters in U,
Vi={ueH :#0(L(w)NU)=N}.

There is the obvious natural map

N

sym?

Viou—>zeC

which is easily seen to be analytic.
The m-th Hamiltonian of the hierarchy is a sum

m/2

H,(u) =Y H,,@),

J=1

with
H?nz,?(u):/|u(”l)|2dx;

1 _
Hayp10() = / "3
1

The second index is half of the homogeneity in «. In H,,; there are m +2 — 2
derivatives distributed over the 2; terms. The m-th Hamiltonian defines a flow
on Schwartz space, and in particular on pure solitons M.

Hj is the Hamiltonian of the Schrodinger equation and Hj is the Hamil-
tonian of mKdV.

In this context we consider the soliton addition map

BT : V] x Sy — V,



MULTISOLITONS FOR THE CUBIC NLS IN 1-D AND THEIR STABILITY 215

and the soliton removal map
N . yN 0 N
B :V,— V| xS8.

In the previous section we have seen that these maps are inverse maps. Here we
study their regularity. We begin with the soliton addition map.

Theorem 6.1. — a) Let s > —1/2. The soliton addition map
Vi xSy (u,2z,8) > v=B(1,2zB) eV

of adding N solitons is smooth, uniformly on compact sets in B, for z € KN for a compact subset K C U.
b) The soliton addition map B is untformly smooth globally in u and B, for u restricted to a
bounded set in H* and z restricted as above.

This result provides the proper context to study the pure N-soliton set My}, which,
by Proposition 5.6, can be described as

(6.3) M =BT (0, 7).
For this set we will prove Theorem 1.5, which we restate for convenience in the following:

Theorem 6.2, — Let s > —%, U and N as above. Then the pure N soliton set M is a
uniformly smooth 4N dimensional Riemannian submanifold of H*.

The pure N solitons belong to all H® spaces, and using a different s will yield
an equivalent Riemannian structure in the metric sense. By construction there exists a
smooth natural diffeomorphism Sy — M}, which commutes with the first 2N flows.
This gives 8§ a smooth Riemannian structure.

It is also natural to consider the foliation of MY relative to the spectral parameter
z. It is not difficult to see that this is a smooth foliation, as we show later that z is a smooth
nondegenerate function on the entire space Vyj. We conjecture the following:

Conjecture 6.3. — The fibers M, provide a uniformly smooth_foliation of M.

The global structure of M, depends on the multiplicities of the spectrum. If all
eigenvalues are simple then it is diffeomorphic to (R x $")™. Moreover the induced dif-
feomorphisms obtained by choosing a function in M, and flowing it with the first 2N
flows are uniformly smooth.

The topology of the fiber is different if there are multiplicities: Some of the S!
components became real lines as the spectral parameters approach multiplicities. As a
consequence the smooth structure defined by the flow maps cannot give a uniformly
smooth parametrization as we approach multiple eigenvalues.
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All the complications above occur already for the case of two solitons, which we
will study the two soliton case in depth in Section 9. The two soliton manifold with a
double eigenvalue z is diffeomorphic to R* x S'.

For instance if n = 2, zp =7 and | 8| + | B3| > 1 then the soliton distance is about

R + i ~ log(—2(B, + iBs)).

Here R denotes the distance between bump locations, and 6 is the phase shift between
the two bumps. Hence (B,, B3) with the Euclidean topology cannot uniformly describe
the soliton distance.

We continue with the properties of soliton removal map:

Theorem 6.4. — a) The soliton removal map
Visv— BY(v) = (4,2 B) € Vi, x SY

of removing N solitons is smooth, uniformly on compact sets in B and z in a compact subset of UN. The
map commutes with the flows in the same sense as for the soliton addition map.

As a corollary of these two results, we have:
T heorem 6.5. — The soliton addition map
BY: V) xS} > V{
is a local diffeomorphism with respect to the smooth structure of H° for all s > — %

A natural question to ask here is whether the soliton addition and removal maps
are uniformly smooth globally, for « restricted to a bounded set. For this to be meaningful,
one has to use the phase space S} endowed with the Riemannian metric induced from
the pure N-soliton manifold M. We conjecture the following:

Conjecture 6.6. — Identifying Sty and MYy, the soliton addition and removal maps are uniformly
smooth globally,

B : V), x My — V¢, BY: VY - V! x MY
Jor w restricted to a bounded set in H* and the spectral parameters z restricted to a compact subset of U.

The remainder of this section contains proofs of these results, after a preliminary
discussion of symmetric functions.

6.2. Symmetric functions and elementary symmetric polynomials. —

Lemma 6.7. — Let U C G and V C X be open, where X 15 a Banach space. Assume that
f:UN x V — G is a continuous (C*, C*°, analytic) function, so that for every x € V
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(1) UN >z — f(z, x) is invariant under permutations.
(2) UN >z — p(z, x) is holomorphic.

Let s(UN) be the (open) range under the map lo the first N elementary symmetric functions. Then there
exists a continuous (C*, C*°, analytic) function f : s(UN) x V — G so that for every x € X

(1) §(UN) >s —>j~[(S, x) is holomorphic.
(2) f(s(2) =f(z, x).

Proof — Let UN" C UN be the set with pairwise disjoint complex numbers. The
map

U'sz—s

is locally biholomorphic, in which case the claim is trivial.

Let z € UN be a point where all the variables are identical. The Taylor series for
S at the special point converges uniformly in a neighborhood. The partial sums up to
degree M are symmetric polynomials fy; which can be written as

= qu(s).

The ¢\’s converge uniformly in a neighborhood of s(z) since the same is true for the fy;.
The limit is a holomorphic function / in a neighborhood of s(z).

If the z’s are grouped into separated clusters, we can do the same with the elemen-
tary symmetric functions for the clusters: Let U; C C be open sets with compact pairwise
disjoint closures. Let {z,},<x be N points in the union of the U; and (s;),<j<x be the el-
ementary symmetric polynomials. Let N; be the number of z’s in U;. We claim that the
map

()= (5,

m) 1<j<J, 1<m=<N;
1s holomorphic. To see that we note that an integration over a suitable contour yields

Y- iy — J(Z)d
" IQ;N],(‘Z’") wi ), 7

where {s'} and {1!} are algebraically diffeomorphic.
The inverse is given by

Z(—l)”snzN‘" ]‘[Zm< 1y's, 2",

m=1 n=0

These definitions immediately carry over to the setting with X. UJ
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6.3. A fust proof of Theorem 6.1(a). — Let u be as in the theorem, u; = u and uy = u
and z, € U.

By Lemma 3.1 there exists a neighborhood V € H*(R; C*) of u and a neighbor-
hood

V.,={z:lz—z0l<e}CU
such that the map

V X Vz =] (vl’ Vg, Z) - (e—RC.Zle’ chzXWr)
€ (L*NDH’ x H™') x (H™' x L N DH’)

is analytic with uniformly bounded derivatives. It is an immediate consequence that the
iterated Bicklund transform is analytic in the spectral parameters z, B and holomorphic
in #, uniformly for bounded w, z and § in compact sets.

This is weaker than the statement of Theorem 6.1 since we claim smoothness in
the elementary symmetric polynomials. To see this let

Vi(x, 21) = ¢ “Y(x, 21) + DY (v, 21),

and for z € \_7,

Y, 2)
Yo(x, 29) = 11—_ .
_1/f1 (xa 5)
The iterated Backlund transform is now analytic in («;, uy), z; =z and zy = z. Fix
(w1, u9), z) and zy pairwise disjoint. The set where the Wronskian vanishes,

{x : W(wl(x, zlg')9 W?(x’ Z:ka)) ;é O}’

is the complement of a finite set. By Theorem 3.9 the iterated Backlund transform is
symmetric under symmetric permutations of the z, and z, separately for these values of
x, and by continuity for all x.

By Lemma 6.7 the iterated Backlund transform is a holomorphic function of the
elementary symmetric polynomials separately in z; and z; - more precisely we have to
remove a small neighborhood of the set where some Wronskian vanishes. The derivatives
with respect to the elementary symmetric polynomials are bounded by the derivatives
with respect to z; reps. zy, hence we obtain a smooth dependence on the elementary
symmetric polynomials.

6.4. The key regularity lemma. — Here we turn our attention to a second proof of
Theorem 6.1, where we aim to provide a more algebraic argument. This proof depends
on a result on holomorphic functions, which is virtually independent from the problem at
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hand. Let U C {z € G : Im z > 0} be an open subset with compact closure in the open up-
per half-plane and W C X open. We consider functions ¥ : U x W — G, holomorphic
in both arguments and such that

[ (21, w)| < 2[¥ (22, wo)|
for |21 — 29| < 1 and |[|w; — we||x <K 1. Using the Cauchy integral we deduce that

(6.4) 187, (z, w)| < Cppy (1 +d7 ") Y (2, w,

where d is the distance from (z, w) to the complement of U x W. Let § > 0, ¢', ¢*:
U x W — G holomorphic with

(6.5) 6" (2, w)| < 8|Y (2, w)l, % (2, w)| < 8]Y (2, w)I.

Let Uy C UN the subset of pairwise disjoint tuples and Vy = s(Uy) resp V = s(U). We
define the Hermitian matrix M by
W (2 WY (25, w)

Z— %

M. =

and denote by m its inverse. Then we define the function g: Uy x W — C by
N
(6.6) g(s.w) =Y 0" (5 wymd’ (21, w),
Jik=1
where s denotes the elementary symmetric functions.
Lemma 6.8. — The function g has a unique analytic extension to UN x W. Moreover
107 (s, w)| < exy8(1 +d 7).

Here the power of d 1s controlled via the Cauchy integral and Lemma 5.1.

Proof. — At a given point (zy, wy) we divide both ¢; and ¥ by [¥ (20, wo)| and we
may assume that [ (20, wp)| = 1| in the sequel.
We substitute z; for z; and w for w and define

(WG ) - ¥ (g, w)

My =: =
Rk — &

which is a holomorphic function of z,z, w and w. Similarly we extend the function g.
Let C be the cofactor matrix of M. Then we can write

|
"~ detM

T

k]

m
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and

¢ (%, w)CL o' (3, w)
detM

Now we consider the symmetry properties of both the numerator and the denom-

g(s,8, w, W) = P*G)my ' (7)) =

inator. Permuting two values z; and z; exchanges to rows in M and permuting two values
% and z; exchanges two columns. Under either operation det(M) changes sign. Since

MC" = C™ = det(M)I

we see that interchanging z; and z; exchanges two rows in C and the whole sign of C. As
a consequence both detM and

¢2(zk)C @' (z),

considered as holomorphic functions of z and z, are antisymmetric in the z. Then we
can smoothly factor

¢*(z W)C$ (3, w) =Gz z,w, D) [ [ - [ [G - 2.
Jk Jk

The same applies for det M,
detM =H(z.Z, w, %) [ [z — 20 [ ]G - 2.

J7#k JF#k

Here the functions G and H are holomorphic functions in z and z, and separately sym-
metric in both z and z (this is the reason we separated the variables z and z in the first
place). By Lemma 6.7, every symmetric holomorphic function is a holomorphic function
in the elementary symmetric polynomials. Hence by a slight abuse of notations we will
write

G(z,z,w,w) =G(s,s, w, w), H(z, z, w, w) = H(s, s, w, w).

We still need to divide these two functions G and H. To do this we return to the diagonal
z =1z, W = w and claim that there we have

—

6.7) H(z,z, w, w) 2 1.
But there we can take advantage of the positivity of M. We can write M at w = Z as the
sum of M positive matrices which correspond to the components of the s,

M

Mjk _ Z W (Z])W (z1) _ Z

m=1 5/{_5
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Here, to insure nondegeneracy, we first rotate the coordinates so that all components
Y"(z;) are of comparable size, which we can do if m > 2.

Then
Y (z1) 0 0
: : " : Rk =&/ i
0 0 s Y (an)
Y(z1) 0 0
0 Vr(z0) ... 0
X . . . .
0 0 s Ym(aan)

and
l_[/'<k(zj — Zr) (Zj —Zr)

l_[j,k(zj — 1)

detM” =] [Iv"(z)I"

J=1

Since we have bound one of these determinants from below, we can also bound
from below the determinant of the sum, thereby proving our claim (6.7).
Now we write, again on the diagonal,

G(s,s, w, w)
dzw)= 2D

H(s,s, w, w)’
where both the numerator and denominator are smooth and the denominator is bounded
from below. The conclusion of the Lemma follows. ]

6.5. The pointwise regularity of soliton addition. — This 1s the first part of the second
proof of both part (a) and (b) of Theorem 6.1, where we consider the pointwise regularity
of the soliton addition map. We consider « € V% and (z, p) € SE, andletv = Bﬁ(u, z, B).
For arbitrary fixed x € R we study the dependence of v(x) on «, z, . Here v(x) is obtained
via the following steps:

(1) Since the transmission coeflicient T'(«z) has no poles in U, it follows that the left
and right Jost functions v¥;(«, 2) and ¥,(u, z) are uniformly independent (the
Wronskian is the inverse of T(z)), analytic in « and uniformly holomorphic
with respect to z.

(2) Given B € R*™, we produce a holomorphic family of wave functions by setting

v (u, z,B) = ¢ POy (u, 2) + PO, (u, 2).
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(3) Based on our interpretation of the soliton addition map in terms of the holo-
morphic wave function, it follows that

B (v, z.B) =B}, (u).

The latter expression can be viewed as the outcome of N Backlund transforms,
so it 1s analytic in the z;’s, in z and u, and in & (via V).

(4) If the z’s are distinct, then we can use the results in Section 4 to obtain an
expression for v — u as

N
V—u= Z 1/_/1(.@-, u)mjkl/fQ(zk, u),

jik=1
where m is the inverse of the matrix M given by

M. — Wz u)lﬁ(zj, )
" % — % ’

(5) Now we use Lemma 6.8 to conclude that this expression has an uniformly
smooth extension to the diagonal, as a function of s, B and u.

By the above considerations we have defined a soliton addition map BY on V{; x 8¢
which is smooth for fixed x. At this point we are still lacking uniformity both with respect
to x, u, z and P.

We now consider the question of uniformity. To start with, we need to describe
more accurately the Jost functions v, ¥,. Consider ¥, for instance. Taking out the expo-
nentials, we set 1}[ = ¢, for which we have the ode’s

L .79
(6.8) o=
Yi= iz} + oy,
The map
H 5 u— ¥ € C)(R)

is uniformly smooth in « (see Lemma 3.1), and also uniformly holomorphic in z. In a
symmetric way we set ¥, = ¢
With these notations, our holomorphic family of wave functions becomes

—izx

¥, with similar properties.

vy, z, B) — eﬂ'(B(Z)Jrzx)I/}l(u, 2) + gi(ﬂ(z)ﬂx)wr(u’ 2).

To gain uniformity, we first assume that B is in a compact set. Then the second
term above is leading if ¥ < 0 while the first term is dominant when x > 0. Suppose for
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instance that x > 0. Then we take out the second exponential factor, and redefine the
holomorphic family of wave functions as

¥, 2, B) = Yi(u, 2) + POy (4, 2).

Our choice of x now insures that for this family we have uniform regularity at x with
respect to all parameters. Then, by Lemma 6.8, we obtain the corresponding uniform
regularity for v(x), as stated in part (a) of the theorem.

Next we move to part (b) of the theorem. We fix z, and consider the question of
uniform regularity in ¥ and . Differentiating v — u we obtain a representation

3, (v — ) (¥) = 3,9 mr® + Y Fmd P — ¢ md, My,

and similarly for the B derivatives. For higher derivatives with respect to # and « we obtain
a similar but longer expansion but with more instances of m separated by differentiated
M. For each differentiated 3*M (in either u or B) we can separate the variables z and z
(e.g using the exponential representation) and represent them as rapidly convergent sums
(integrals) of terms of the form

M Ye(z) ® 3y e(Z).

By the Cauchy-Schwartz inequality, it remains to obtain a uniform bound for expressions
of the form

8k1/f]*g(z;) my, akl/fng(zn) .
For the two components of ¥ we have the regularity

ak[eﬂ(z)wl(u, Z)] — eﬂ('z)ﬂzxfk(z, 0,

where f* is uniformly holomorphic in z.
So we need to bound uniformly an expression of the form

BTG () my, HTEY (),

where / 1s holomorphic.

If we could simply discard the ¥, component of ¥, then we would factor out the
phase #@+ and then just apply Lemma 6.8. As it is, we can still use each of the two
components of ¥ to define its own non-negative matrix M', respectively M? so that
M = M' + M?. correspondingly we get m < m' and m < m*. Applying Lemma 6.8 to
each of these components, it follows that we could bound m on vectors of the form

bl(Z)wl, bQ(Z)‘/fQ,

with &y, by holomorphic. It remains to see that we can obtain a representation

FOYEL() = b (DY + by(2) Y2
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Cancelling phases this is equivalent to

F) =bi (W] + e PO2G) 4 by (2) (V] + e PO ).

Here we do not want 4, or by to depend on the exponentials, for that would likely make
them unbounded. So we strengthen the above relation to a system

bV} + by (DY} =1,
b)Y + by ()Y =0,

This is uniformly solvable since the Wronskian of lﬁ/ and 1&,, is constant and of size O(1)
for z € U, because u € Vll\}.

6.6. The H' regularity of soliton addition. — Theorem 6.1 claims uniform smoothness
for the soliton addition map as a map to H’ in two contexts, corresponding to part (a)
and part (b). At this point we know that, in both contexts, for each x the map

V%XSEB(u,s,B)—)v(x)—u(x)EC

is smooth, with appropriate uniformity statements. The next step is to prove similar H’
bounds for z— v and its linearization. To achieve this, we divide and conquer. We split the
real axis into unit intervals, and seek to understand the H* regularity within each interval.
For a reference point x, we study the H* regularity of « — v in the interval I = (x — 1, x).

We follow the analysis in the previous subsection, but working on unit intervals
instead of at a fixed point x. One can think of the construction as having two stages:

(i) From the data « to the renormalized Jost functions ¥, ¥,.

(i) From the renormalized Jost functions to v — u.

Aslong asu e V% and z € U, the map

H' s u— iy, ¥, e ' (D)

is holomorphic in z and analytic in «. Then the same argument as in the previous sub-
section shows that the soliton addition map

Vi, x SU3 (u,s,B) > v—ue H*' ()

is analytic, with the same uniformity statements as before.

The new difficulty we face here is in the transition from the local H' regularity to
the global H’ regularity. For this we need to gain the £* summation with respect to unit
intervals. We remark that this gain is not straightforward, i.e. it does not happen at the
level of 1/~/1, 1/~f,. Instead, the best we can say is that we have the localized bounds

79 Im 2(—
) s et < 5||€m5(y X)u(y)”H‘(foo,x)
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and

71 71 I —
||1/f1 (%) — 1/f1 (')”H“rl(x—l,x) <clle m <0 X)u(_y)”Hf(foo,x)’

with an implicit constant depending only on ||u[/g:. Similar bounds will hold for the lin-
earizations. Excluding finitely many intervals where « might concentrate, we can assume
that we also have smallness,

102 e e+ 10 () = PO 1 ety K L.

This in turn gives pointwise smallness, and thus a bound from below

HGIERT

Similarly, we will have

1200 > 1.

Hence, on the interval (x — 1, x) it is natural to compare the renormalized Jost functions
W; and w with lﬁl (x)ey, respectively 1# (x)eo. Thus, within the interval I we arrive at
a reference configuration which corresponds to a pure soliton. However, this 1s not the
soliton with parameters (z, f); that would correspond to having 1/7[1 =1 and 1/~f,,1 =
Instead B is readjusted to

B(x) =P+ %log(&} (0 /P2 (%)).

This also should be seen as a function of z and .
We denote by Q, the pure soliton with parameters (z,B). Then our analysis
above allows us to conclude that we have the localized bound

u=Q, o lwnm S llsech[8( — 1) ]u) g, 0 <8 < min{Im z}.

Similar bounds will also hold for the linearization.

To conclude, we need to show that the square summability in I survives as we vary
the soliton parameter B. The key property here is that B does not vary much, 1B — Bl ST
Hence it suffices to verify the property

> sup [1Quplhg S 1

1 1B-BISI

where the value of s is not important. But this is easy to see, as the pure N-solitons with
spectral parameters in U are uniformly bounded in all H* spaces, while the change in 8
corresponds to the flow along the first 2N commuting flows, so the B derivative of Q, g
is also uniformly bounded in all H® norms. In effect in the next section we prove that the
N-solitons are exponentially decaying away from at most N bumps, so the same applies
to the localized norms in the above formula.
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6.7. The multisoliton manyfold. — This subsection is devoted to the proof of Theo-
rem 1.5 resp. 6.2. We begin with the case s = 0, where the notations are simpler. The

argument for other H’ spaces with s > —% is similar, and is outlined at the end of the

section.
We recall that the family My} of pure N-solitons can be described using the soliton

addition map BY,
M} = {BY(0.s.B): (s.B) € SY)

as a subset of the set of N-soliton states VE
Vi={v=BY@s.B); ue V(. (s.B) eS}}.

On V{} we define the real valued map

6.9) F:Vysv—F)=FE() —2) Imz=|vl.— Y 2Imz,
k k

which gives the soliton free L? energy of v. In view of the trace formula (1.2), the map F is
obviously uniformly smooth, non-negative and it vanishes on pure solitons. Thus also its
derivative vanishes at pure N solitons. We claim that the following three properties hold:

(1) the N-soliton manifold can be described as
(6.10) M; = {v e V{ : DF(v) = 0},

(2) the Hessian of F evaluated at v =B (0, z, B) € MY is nondegenerate,
(6.11) D’F(v)[w, w] > G wll},, w € Range(D,B} (0, z, B)),

(3) the u differential of BY at z = 0 is nondegenerate,
(6.12) lwll: < CID,DYO, z, Bwl2, wel?

We proceed to prove these three claims. Since F vanishes quadratically at pure soli-
tons, we must have DF(v) = 0 whenever v 1s a pure soliton. Now suppose that DF(v) =0
with v = Bf (u, z, B). The trace identities imply that

(6.13) F(BY (1, z,B)) = llull;..
hence, differentiating in the w direction,
2Re/uw dx=D,(Fo B} (u,z,B))|.—o(w)

= DF(BY (. z. §))D, B (u, z. f)(w).
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which vanishes for w = « only if « = 0, or, equivalently, if DY (u, z, B) is a pure N soliton.
This implies the claim (6.10).
Moreover, we can also calculate the Hessian in (6.13) as

2|w|*=D2(F o B} (u, z,B))[w, w]
=D F(B} (v, 2 B))I[D.B} (v, z, p)w, DB} (u, z, B)w]
+ D,F(B(u, z, B)) DB (u, z, B)[w, w].
We evaluate this formula at pure N solitons, using the fact that DF vanishes there:
2|w|*=D.FoB}(0,s,8)[D.B}(0,z B)w, DB (0, z B)w]
= |D,BY (0, z, B)w|?

— 2D*Im s (DB} (0, z, B)w, D,B} (0, z, B)w).

The map to the elementary symmetric functions is given by a nondegenerate contour
integral of the transmission coeflicient, and hence it is uniformly smooth. Thus we obtain
(6.12), By Theorem 6.1 the two norms in (6.12) must be equivalent, so (6.11) also follows.

This gives important information on the uniformly smooth maps v — F(v) and
v — DF(v). Let R(z, B) be the range of D,DN(0, 2, B), which by (6.12) is a closed sub-
space of 1.7, with codimension 4N. By (6.11) D?F is positive definite on this subspace.
Thus D?F defines a linear map from L? to L? with a 4N dimensional null space. The re-
striction to R(z, B) defines a uniformly invertible operator. Then by the implicit function
theorem the set {v € L?; DF(v) = 0} is a uniformly smooth 4N-dimensional manifold,
which concludes the proof of the theorem.

6.8. Regulanty of soliton removal. — Here we give the proof of Theorem 6.4.

6.8.1. The spectrum. — Let v € V{} be as above, or equivalently, assume that £(v)
has exactly N eigenvalues (counting with multiplicity) in U. These are denoted by z = {z;}
and can be described as the poles of T, not necessarily distinct. We call

N N
=T o= 3
J=1 n=0

the characteristic polynomial. As seen in Lemma 5.1, the relation between the symmet-
ric polynomials and the roots is Holder continuous but not smooth. The next lemma
shows that these polynomials can be smoothly recovered from T, which in turn depends
smoothly on v away from the poles.

Lemma 6.9. — Let U C Q be open, X be a complex Banach space, W C X open and
S UxW—=C
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holomorphic. Let K C U be compact, wy € W such that f (z, wy) # 0 for z € K. Then there exusts
e > 0 so that f(z, w) does not vanish for z € IK, |w — wo| < €. The number of zeroes in K of
S (., w) is independent of w. Let (s,(w)),<x be the elementary symmetric polynomials of the roots. Then

B.(wy) > w — s5,(w) € C

is holomorphic.

Progf. — We may assume that dK is a union of closed nonintersecting positively
oriented C' Jordan curves y. Then

k L azf(é" U))
& _Z o2 f({,w) Teow %

Then each s, can be written as a polynomial in A, and vice versa. O

6.8.2. Regularity of soliton removal: finding the scattering data. — Next we consider the
question of recovering . For this we use the left and right Jost functions, and recall that
B(z)) is the proportionality constant between them at the poles, and should be accurate
to the order of the pole,

Yi(x, z2) + Palat Y, (x,2) =0(z—z)" for znear zj, x in a compact set.

To define B we fix some x € R and compare ¥,(z) and v¥,(z) at x. Each of these
two values depends analytically on z and also on v for v near vy.
Hence, near each »ZJO we find a ball B; where either we have |\IJZI((z, x)| >

é|\llz((z, x)| or |\IJZQ((,z, x)| > 11W,((z, x)|. To fix the notations assume the former.

Here the size 7 of each B; depends on the Lipschitz constant for |¢,|~'; in z at
the point x. These balls can overlap, and we identify them if the centers are much closer,
Le.

B]:B/C lf|Z]_Zk|<< 7,
and

2B;N2B, =0 if |z — 2| > 1.

We choose 7 so that these are the only alternatives. The same will hold not only for vy,
but also for v in a neighbourhood. Then we locally define the function 8 as

P20 — ¥ @)
v (2)

(or using the second component, or a linear combination, whichever works for v near
some given state vy). This is holomorphic near z;, with a smooth local dependence on
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v. By the Chinese remainder theorem (see Lemmas 5.4, 5.5) there exists a unique real
polynomial B(z) of degree at most 2N — 1, so that

B=B, (modP,P,).

This will define the scattering parameters f for v, in a manner that depends smoothly on
veH'.

We go one step further, and also define a corresponding holomorphic family of
unbounded wave functions by setting

¥(2) = Tu@ (e POY(x, 2) + PO (x, 2)).

s+1
loc

This will also depend smoothly in H;" on v € H’. This suffices for the local regularity, but
we also need to investigate more carefully what happens near +00. Consider or instance
a neighborhood of 0o. We can localize v there to v, which is now small in H’. Then
we can write the wave function ¥ as a wave function for ¥, with scattering parameter 8
which depends smoothly on v € H'.

6.8.3. Smooth soliton removal: finding the background. — Once the spectral and scat-
tering parameters are smoothly recovered, we can recover also v in terms of « following
the removal transformation. To see that we can start by density with the case of distinct
eigenvalues. In this case the iterated soliton removal maps are smooth with respect to u
and the result is independent of the order.

The case of multiple eigenvalues is obtained as a limit, using Lemma 6.8, since the
unbounded wave functions ¥ obtained above have a smooth dependence on « and are
holomorphic in z. This yields pointwise bounds. The H* bounds can be dealt with exactly
as in the case of the soliton addition map. This splits into two parts: (i) locally, which is
exactly the same as before, and (i1) near infinity, where, as discussed above, this is identical
to the corresponding argument for the soliton addition map.

6.8.4. Soliton removal: unaformaty for B in a compact set. — What changes here is that
the left and right Jost functions have a single bump which depends nicely on v. The
location of the bump depends only on 8,. Then we choose xy near this peak, which insures
that B depends uniformly smoothly on v, and also that ¥ has a similar dependence on v
away from the bump. The rest is similar to the soliton addition map.

7. The structure of solitons

Single solitons can be seen as bump functions, with uniform exponential decay
away from the center of the bump. Here we investigate the similar question for multisoli-
tons. Precisely, we will show that each N-soliton can be viewed as a collection of at most
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N unit sized bumps, with exponential decay in between and at infinity. Forthermore, each
of these bumps has to be exponentially close to a lower dimensional soliton.
Our main result concerning the structure of N multisolitons is as follows:

Theorem 7.1. — a) The N multisoliton solutions are functions with exactly N bumps (possibly
overlapping), and exponential decay away from these bumps.

b) If bumps separate into k groups at distance at least R, then the multisoliton can be approxi-
mately viewed as the sum of k multisoliton solutions, with an accuracy of O (™).

Proof. — a) Let Q) = Q, g be an N-soliton and P, its characteristic polynomial.
Denote by R = P,P;, which has real coefficients. Consider the action of the n-th flow on
Q, or more precisely on p. This gives

B=i2""'7  (modR).

It follows that the first 2N flows are linearly dependent when acting on Q.
Precisely, to any real polynomial

2N

R(z) =) 5(22)

J=0

we can assoclate the Hamiltonian

Then for R = P,P; defined above, we know that Q) is a steady state for the Hg flow. This

is equivalent to

DHR(Q) = 07

which shows that Q) solves a semilinear ODE of order 2N. The linear part of this ODE
is given by the operator R(D,) = R(%ax). So we can rewrite this ODE in the form

(7.1) R(D,)Q =N(Q=").

Equivalently, we can rewrite this as a first order system for the variables
y={DQ;;=0,2N -1},

namely

(7.2) dy =1Ay+ NQ),
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where the matrix A has R as a characteristic polynomial and N is polynomial and con-
tains quadratic and higher order terms.

The state y = 0 1s a fixed point for the system (7.2), and the eigenvalues for the
linearization around y = 0 are %iz;, neither of which is on the imaginary axis. Hence 0
1s a hyperbolic fixed point for this dynamical system. Hence, by the Hartman-Grobman
theorem, the dynamics around y = 0 are well described by the corresponding linearized
flow, up to a local Holder continous homeomophism with Holder continuous inverse.

Now we are able to complete the qualitative description of the solitons. We consider
the localized mass of Q in unit intervals I; = 7,7 + 1],

M, = / 1QJ? dx.
I

In intervals where M is small, all of the Cauchy data of ) must be small so the Hartman-
Grobman theorem applies. But the total mass is finite, so there can be only finitely many
intervals where M; is large. Outside this finite number of intervals, the soliton Q) must
follow the linearized dynamics and decay exponentially. This completes the proof of part
(a) of the theorem, modulo the counting of the bumps; we still need to show that, if €
1s small enough, then there are at most N regions where |Q)] > €. This will follow as a
corollary of the proof'in (b).

b) Denote by R >> 1 the smallest gap between two bumps. Then in between each
two bumps, we will find a smallest value for y,

b Se ™, k=1,K.

Away from x;, y will grow exponentially. We use the x; as sharp cut points for Q), splitting
it on the intervals I, = (x4, x,41) where xy = —00 and x| = 400,

Q=0+ -+ 0k, Q=1,Q

On one hand, we have the obvious energy relation

1QIE =D 1l

On the other hand, we investigate the relation between the transmission coeffi-
cients of Q) and those of Q);. We work with z away from the spectral parameters z of Q,

say on a contour y around z. For such z, the renormalized Jost function v, associated to
Q satisfies

Wil 21, dim g =T5! ).

Furthermore, around the points x; the coupling between the two components of the ¥,
equation (6.8) is exponentially small, therefore we also obtain the exponential smallness

P2l S 1 )l 21
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Next, for the same z € y we consider the corresponding renormalized Jost func-
tion ¥;, for Q); and the associated transmission coefficients Téjl (2). There the effective
evolution is in I;, with initial data

Wj,z(?@’) =0,
and terminal data

1%‘,1(9%1) = T;)} (2)e) + ceo.

Now on the interval I; we compare 1}1 and &7 1, which solve the same equation and have
nearly collinear data. Their ¢, components must be nearly proportional, so it immediately
follows that we must have the relation

_ lp 1 (%+1) _
T 1 — i J @) R )
Q; (2) 71#/1 (Xj) + (e )

Multiplying these relations, it follows that for z on our curve y we have
K
To' () =[] To @ +0(™).
7=0

This implies that the product on the right must have the same number of zeroes as the
left hand side, call them z, and further that the zeros of the left hand side z and z must
be close,

d(z,z) Se X,

for some new uniform constant c.
Applying the soliton removal map to Q); within the contour y we get

BYQ, = (4, %, B),

where z; are the poles of Tq;, which represent a subset of z. By the trace formula (1.20)

for Q; we get

1O11F> = llll}> + 4Imz;,
while by the trace formula for Q),

10JI7, =4Imz.

Summing up in the first relation and comparing with the second, we obtain

K

2 —2cR
> Nl S e
j=0
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A corollary of this is that each Q); must have at least an eigenvalue within y, or else it
would have to have a very small L.> norm. This implies that there can be at most N such
Q);, which completes the proof in part (a).

Finally, we define the multi-solitons

(7.3) Q,=BY(0,%,B).

By the uniform regularity of the soliton addition map, we have
1Q = Qll S e

so that
Q=2 Q+0u().

as desired. We note that the L? bound in the error can easily be upgraded to any higher
Sobolev norm by interpolation. This concludes the proof of the theorem. U

An interesting question which emerges from the proof of the above theorem is
whether one can lift the above correspondence to the level of the soliton manifolds. Above
we have defined a map

(7.4) MY>Q—T(Q):={Q}e][MY
with the property that

10> " Qillw Se™.

One could also argue in reverse fashion, namely start with the solitons Q and sum

them,
=30,

Then the same argument as in the proof of the theorem shows that v is a near soliton, in
the sense that its residual energy is small. Precisely, if

BNv = (u, z, B).
then we have

1
lulls S, s> ——.

2
Hence by the mapping properties of the soliton addition, it follows that the map

(7.5) xMY 3 {Q;} - T({Q;}) = Q:=BY(0,z B) e MV,
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1s a near addition in the uniform norm,

Q=" Qlliw Se™.

If follows that the two manifolds MY and Y MY are locally O(¢™®) close. Here
the product can be interpreted as a smooth manifold via the addition map, since the
manifolds MY are locally uniformly transversal; this is because the elements in their
tangent space are exponentially localized near the O(R) separated points x;.

But the two manifolds are also locally uniformly smooth; it follows that they must
also be close in any smooth topology:

Theorem 7.2. — Let Q) be an N soliton with R separated bumps, and let Q be as (7.3).
Then locally, near Q, respectively ) Q, the manifolds MY and Y~ MY are O(e™R) close as smooth
manifolds.

We note that this does not inply that either of the maps T, respectively I, are
uniformly smooth near identity maps between the two manifolds. This would require a
uniform regularity statement for the soliton removal map, which we wo not have. Never-
theless, we conjecture that such a result should be true.

8. The stability result

Here we prove the stability result using the regularity of the soliton addition map.
We first restate the result in a more accurate form:

1
Theorem 8.1. — Let s > ~3 and U a compact subset of the open upper half-plane. There

exist &g > 0 and C > 0 so that the following is true. Let v be a pure N-soliton solution for either NLS
or mKdV with initial data vy € M. If the initial data wy_for another solution w satisfies

8.1) lvo — wolln =€ < o,
then there exists another pure N-soliton solution v so that

(8.2) sup lw(?) — () [l < Cee.

teR

b) Furthermore, this result is uniform with respect to all N-soliton solutions with spectral parameters in

a compact subset of the open upper half-plane.

Here we remark that the spectral data for v are not necessarily in U, however they
must be in a small neighbourhood of U. The uniformity assertion corresponds to the fact
that constant C in (8.2) depends only on the compact set U.
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Proof. — We denote by z, B, the spectral, respectively scattering parameters for
vo. The transmission coefficient for vy is then given by

N -
=X
T, =]][—

1 L — ko

and has poles at z.

Away from the poles, the transmission coefficient depends smoothly on the input
function. Hence, if &, is small enough (depending only on U), it follows that the transmis-
sion coeflicent of w, has exactly N poles z in a small neighbourhood of U, and that z is
close to z,

d(za zO) 5 g,

where the distance is measured using the symmetric polynomials.
We now apply the soliton removal map to w,, denoting

Blj(w()) = (u()’ z, B)’
and define the initial data
Uy = BT(O, z, fB).

By the trace formula (5.2) in the trace theorem, the H' energy of wy splits into

N N
E,(wo) = E,(u) + Y Bu(z0) =: Fy(wo) + Y Bu(20),
k=1 k=1

where F;(wg) denotes the “no soliton energy” of wy. This is uniformly smooth in the
H’ topology, see [22] and also Theorem 1.1. It is also nonnegative and vanishes on the
N-soliton manifold My}, so it vanishes of second order on the N-soliton manifold MY. It
follows that

F,(wp) S €,

which reinterpreted in terms of u, shows that
E,(u) < €.

Since E; is positive definite for small data, it follows that
lluo s S €,

and by the uniform regularity of the soliton addition map,

lwy — Vollus Se.
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The N-soliton solution v with initial data v, to either NLS or mKdV is given by

5(0) = BY (0,2, (1),

where the parameter B(¢) depends on whether we consider the NLS or mKdV flow.
Denote by u the solution to NLS or mKdV with initial data %,. Since E; is con-
served, this remains small,

lu@ e < €.

On the other hand the soliton addition map commutes with the flows, so we must
have

w(t) =BY(u(t), z, B(1)).

Using our result on the uniform regularity of the soliton addition map in Theorem 6.1,
it follows that

lw® = 0Ol S M@l Se,

which concludes the proof of our theorem. 0J

9. Double eigenvalues

In this section w undertake a case study of double eigenvalues to gain some addi-
tional intuition and to provide some examples of multisoliton dynamics. For some early
computations in this direction we refer the reader to [29].

9.1. The asymptotic shifi due to interaction. — We begin with the case of two different
eigenvalues z| # z» and the z; waves for the Lax operator with trivial potential,

w Y1 RIX
1= — ;
e Yi+izix

with [Re y;| < 1. We assume that Re y; is large and choose

1
Yo = (€—2y2+iz2x> :

In this regime it is convenient to apply the iterated Béicklund transform. The second
intertwining operator (the one with respect to the index 2) is

_ (-2 0
DQ‘( 0 —i8—22>



MULTISOLITONS FOR THE CUBIC NLS IN 1-D AND THEIR STABILITY 237

) Im 2, 1 o~ (2—iz2x)
N 221 + o2 Re(ya—izox) e—(m—i@x) e—Q(RCVQ"FImZQX) :

We apply the second intertwining operator to ¥y,

6_2 Reyo—2Imzox
y1—iz1x \

( [(z1 — 29) +2:Im 29

1 + o2 Reyo—2Imzox
o Ve miax—y1tizix

— 2iIm zo
(9.1 Doy = : t
[(z1 —22) —2iIm 2o 1 + ¢—2Reyr+Im2v)
e—(yz—izQX) V! —1z1x

(3_2 Reyo—2Im zox

—2(Re yo+Im z9x) )
—Y1+iz1x

\ — 2¢Im 292 ] + ¢—2Reyr+Im2v) )

Without interaction the positions of the solitons would be the point x; where both
components of 1/; have the same size,

Rey;

X = .
Imzj

We assume without loss of generality xy < x;. We are interested in the case that the two
soliton function will consist of two separated bumps. We define their position as the point
where the amplitude has a local maximum, or, equivalently, where both components of
Dy, have the same size. The second soliton is far to the left of the first soliton if

—Reyo—Tm z9;
Im zoe™ "N L 21 — 29

I p —
DoV (x)) = (1 + O(&e—l{em—lmzzﬂ)) (Zl f?) ,
21 = 2l 21— 2

and due to the exponential factor 1519

1 —Z Im z:
(9.2) N In 121~ 2 + O(&e_RCVQ—IszXI).

Then

21Im z, |21 — 29l |21 — 2o

This gives the asymptotic shift due to the interaction when the solitons are well separated;
it is not difficult to work out the shape of the solitons in this case.

9.2. An algebraic computation. — In the sequel we seek for a more detailed under-
standing when the solitons are well separated with a separation independent of the dis-
tance between the eigenvalues, a much more involved task. We consider again two states
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Y, and ¥y associated to eigenvalues 2, 2o and consider the corresponding matrix M
Yivn o Yoy
M=l Yyt Yava

Q1= =2

Let m be the inverse of M. We evaluate the expression
9.3) w =29 m),

which arises in the definition of the Backlund transform in (4.5). Our first task is to com-
pute the determinant of M,

2

—1 ~ ) . .
detM = l_[ —— _(|Z1 — 2l [V Pl — 4Im 2 Im 29|/, 1ﬂ2|2)
=1~
2 -l
= [[——0a — 2l 1)’
TR T X
1y=1

+4Imz Im 2o (|91 P [Wal” — [¥1¥l?),
where we have used
9.4) |21 —ZQ|2= |21 —Z2|2+4Imzl Im z,.

We recall that we can choose

3
€Vj . 2 .
vi= <e—w) L y=—i) B i
k=0

Then we can rewrite the expression

2
D=- l_[(Zi — ) detM

ij=1

as
9.5) D = 4|z — 20|*cosh(2Re ;) cosh(2 Re y»)
4+ 16Im z Imz2|sinh()/1 — J/Q)‘Q
=2z — 52|2[| cosh(y| + 2)|* + | sinh(y; + y»)|* + | cosh(y;, — )/2)|2]

+ 2[121 + 2oI” — 2(z120 + Z120) | sinh(y; — )’2)}2-
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We can read off important parts of the structure. At the right hand side of the first equality
we see a sum of two terms, the first containing a factor |z, — zo|%, and the second a factor
|1 — y»|?. This vanishes quadratically exactly when z; = 2z, and y; = y, modulo 7, or,
equivalently, if ¥, and vy are collinear.

On the right hand side of the second equality we consider z;, ¥; and Z; resp. ¥,
as separated variables and see that exchanging (z;, 1) and (2, ¥») while keeping the
complex conjugates changes the sign.

In the complement of the set where det M vanishes we can write

2A
w=——,
D

where A is given by 4 times
(6*?1 , 6*772)

% sl =2 PImz (22 4e7277)  —ilmzy Im (2 —20) (" 4V
—iIm z; Im 29(Zo — 21) (7271 ¢~ 72—71) % lz0—Z112 Im 2o (V1 TV g1

We rewrite A as follows:

9.6) A =42 — 2 {Im 21 (exp(2iIm 1) cosh(ys + 1)
+ Im 25 (exp(2iIm 2,) cosh(y; + 1) }
—4iIm 2 Im 2{(Z1 — 2) (exp(y1 — 71 + 12 + 1)
+exp(—=y1 — Vi + e — )72))
+ @ —2)(expi+ 71+ v — 1) +exp(i — 71 — v — 1) }
=4z — 20 |2(Im 21827 cosh(2Re 1) + Im 206 ™72 cosh(2 Re )/1))
+ 8iIm z; Im zQ{(Zl — 29)" 2 sinh(7) — 1)
+ (21 — 22)e " sinh(y; — o) }
= |z, — 2o/ (2 Im(z; + z0) (eQiIm " cosh(2 Re ) + €™ cosh(2 Re )/1))
+ ((z1 — 22) + 21 — 22)) (¢" 7" cosh(ys + 1)
— ¢* " cosh(y1 + 71)))
+ 8iIm 2 Im 2o { (21 — 20)¢"" 7 sinh(y, — %)

+ (1 — Z0)e " sinh(y; — )}
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= |21 — 2*{2Im(z1 + 20) (¢ cosh(y1 — %)
+ ¢ cosh(y) — VQ))
—i(z1 — 20)¢ " sinh(y; — yo) — i(Z) — Zo)e" P sinh(p; — 1) }
+iflz1 + 2l — 22120 + 2120) ]
x {(z1 = 200" sinh(y1 — 75) + (21 — Zo)e " sinh(y; — )}

Both A and D are smooth. It is an easy consequence that w = —2AD™! is smooth
in the set {21 # 20} N {y1 — o ¢ imZ} and that it vanishes if y; — y» € imZ but z; = 2.

In order to resolve the apparent singularity at the zeroes of the denominator, we
view z; and z; as separate variables, and similarly for y; and y;. We first observe that both
A and D are odd with respect to the separate symmetries

(Zla Vl) <> (ZQ, yQ)a
respectively
(21’ 371) <~ (ZQ’ )72)'

Then their ratio is invariant under both separate exchanges. To capture the cancellation
allowed by this symmetry we introduce the auxiliary variables y, o

sinh(y, — y»)
O=—",
L1 — X2

9.7) 2y =1 + ¥

and cancel a |z; — z9|? factor. We obtain

Lemma 9.1. — With the notations in (9.7), the expression w in (9.3) can be represented in the
nondegenerate form

w200
D,
where
(9.8) Ao =2Im(z1 + 20) (¢ cosh(71 — 1) + ¢ 7 cosh(yy — »))
— oz — 22)"¢ " —iG(z — Z)%e
+i[l21 + 2ol* — 2(z120 + 2120) [{@e™” + e}
and
9.9 Dy = 2[| cosh(2y)|* + | sinh(2y)|* + | cosh(y; — y»)[’]

+2[12 + 2l — 22120 + 22 [l
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Assuming that z;, z9 are confined to a (small) compact subset of the upper half-
plane, s = 2, + 29, 5, = 2 + 23 we interpret this expression as a zero homogeneous form

w = w(, s, )
in the complex variables

= (@1, fa, fs, pg) = (cosh(2y), sinh(2y), cosh(y; — 1), @),

with smooth coeflicients which are symmetric functions separately in (21, 29) and (21, 29),
resp. smooth coeflicients in s; and s,.
For the function w we note the pointwise bound:

(il + TraD(pes| + lpal)
DS =

(9.10) | Wi

Wo,

which in particular shows that for unbalanced ©’s w must be small:
lwl~1 = (| + ol = sl + (14l

We also have similar bounds for the derivatives of w with respect to u,

9.11) 3% w] < wp.

One might be tempted to parametrize w as a function of z;, 29, ¥ and «, but
cosh(y; — y») can only be viewed locally as a smooth function of « for y; — 3, away from
(% + Z)mi. Thus it is better to think of these variables, together with z; + 29 and 2,29
as functions on a smooth complex manifold M of complex dimension 4, which is the is
cartesian product of the smooth Riemann surface

{(i, o) s uf — s =1}
and the three dimensional complex manifold (recall that (z; — z9)? = 25y — )
{(Mz, [y, 51, 52) € G*: ,ng - (252 — s?)pﬁ = 1},

which is smooth since 3 — (25, — s} — 1 is nondegenerate in a neighborhood of the
manifold.
We remark that on M we have the relations

lwl =1, ] = |pol = 1, i3] = 121 = 2ol lpall < 1.

Then we can bound

ol < (1 +2{i D1+ 2| pal)
ol =
||

if |21 — 29| < 1, which can only be large if || 4+ 1 ~ |y + 1.
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The function w above will describe the pointwise size of a soliton. Because of that,
the next question we want to address is where 1s w large. Heuristically we expect to have
two regions of interest

(i) The one bump case ||, || S 1 where the amplitude of w could get as
high as 2Im(z, + 29) = 4Im z,with 2z = z; + 2. This value is attained when
n=r.=a=0.

(i) Separated bumps || & || > 1, where we have amplitudes closer to
2Im zif z; — 2o 1s small.

We are particularly interested in understanding this in the (near) degenerate case,
when z; and z, are close but « is large and approximatively balances the cosh(4Re y) in
the denominator, so that w has size O(1). Toward that goal, we denote

(9.12) 0 = (21 — 29) coth(y; — y»),

which is bounded when « is large, and has limit £(z; — z9) as Re(y; — y») goes to 00.
Then we can rewrite Dy as

Dy =2cosh(4Rey) + Q[Izl + 2P = 2z120 + 21%0) + 02]|05|2-
Since
lo > =121 — 2* + O(lal ™),
it follows that
Dy =2cosh(4Rey) + 2|21 — Zo*|]* + O(1).
On the other hand we can rewrite the expression A, as
9.13) Ay = c e +c_ae™?,
where ¢, and ¢_ are bounded,
cy = i[lzl + 2" = 22120+ 212) — 21 — 22)2] +2Im(z; + 290)0,
- =i[la + 2 = 21z + 212) — (21 — 22)°] + 2Im(z; + 20)0.

Thus we get

(9.14) w = _2€2ilmy C+5(gQRCV + c e 2Rey < i )

= -+0
2cosh(4Rey) + 2|z1 — 20| | |? cosh(4Rey) + |a|?
With a slightly larger error we can further simplify this as

8i(Im 2)%(@e® + ae™?")

(9.15) =—
cosh4Rey + 8(Im z)?|«|

-+ 00z — 2D +0(@™).
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This has near maximum amplitude 2 Im z when
(9.16) cosh(2Rey) =21Im z|a],
and phase
/2 F (arga — 2Imy),

where the sign depends on the sign of Re y.
It is also interesting to check the asymptotic behavior of (9.14) as Re(y; — y») — o0.
There we can approximate

cosh(y; — o) ~sinh(y; — y») sgnRe(y) — 0).
This yields
—C_ae” +cpoe
w =
cosh4Rey + 8(Imz)?|a|?

+O(lz1 — 2?) + O(a™?),
where

cr = (8i(0Imz)” £4Imz(z — 20) sgnRe(y) — p)).

This gives factors of Im zIm z; respectively Im zIm zy at the numerator, which will select
the different bump amplitudes 2Im z;, respectively 2Im zy. Compared with the prior
computation we see the transition from the amplitude 2 Im z for one bump solitons to the
amplitude 2Im z; as the distance tends to infinity.

9.3. Two soliton states. — Separated two solitons are close to the sum of two 1-
solitons. We study the general pure two soliton solution and estimate the difference to
the algebraic sum of two solitons, whenever the two centers are far apart. This analysis
is new, nontrivial and interesting in the case of two close eigenvalues. Asymptotically the
eigenvalue parameters of the two solitons are the poles of the transmission coefficients.
But as soon as their distance is closer than In(2 + %), the interaction is visible and
we can see a transition regime via effective soliton parameters, which we describe. As
a consequence we obtain a uniform parametrization of the two soliton manifold across
multiplicities.

Following the pattern in the previous sections, we begin by considering y;, ¥, of
the form

(9.17) v =1(Bo+ Bz + Brz) + Bs3))

with real coefficients B;. Then in terms of the elementary symmetric polynomials s; and
52

2y = i(By+ Bi(zi + 22) + a2} + 22) + Bs (2] + 23))
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) 3 1
=1(Bo + Bisi + Boso + Bss (552 — 55?, )

n—re=1i(Bi(z1 — 2) + Bz} — 23) + Bs(z] — 23))

| |
=i(z1 — 29) (/31 + Bos1 + ,33(552 + 5%))

puy = cosh(2y), e =sinh(2y),
sinh(y) — y»)
g1 — X2 '

s =cosh(y1 —y»), a=

Then we can view the above w as

w:w(s, B)’ S:(zl+5295f+zg), B:(ﬂ09lglvﬁ2’ﬁ3)’

where for z we use the topology defined by the symmetric polynomials. For this function
we have

Lemma 9.2. — For z1, 29 in a compact subset of the upper half-space, the function w is a
ungformly smooth_function of (s, ). Furthermore, we have the uniform bound

(9.18) 9285w < wl,
where

_ (I +la|)cosh(2Rey)
~ cosh(4Rey) + |al?

Proof. — The proof is straightforward. On one hand we know that w is of the
same size as the one defined in (9.10). The bounds (9.10) and (9.11) and

195, ] S 112l

imply the uniform bounds. These bounds for ;; and w9 are obvious. Both cosh(y; — y»)
and o = sz(y‘iyz) are even and analytic as functions of z, and z;, and hence they are
holomorphic functions of 51 and 5. The bounds on derivatives then follow by Cauchy’s
integral formula on balls around s; and sy. 0

We now describe two soliton states. Relative to the (z, ) parametrization with
B; € R, this corresponds to choosing

Q,5(x) = w(z, B),

where

B=(Bo, B + x, Ba, B3),
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and the corresponding y;’s are
— 2 3
V= Z(,30 + (B + %0z + Poz + /33»Z})~
'To compare with our general set-up, the associated scattering parameters k; are
: 2 3
i =1(Bo + iz + Boz + Bsz))

In particular we have

(9.19) 2y =1(2B80+ (Bi + 0)(z1 + 22) + o (2] + 23) + Bs (2] +23))
and
(9.20) yo = DT — (B 4 x4 Bz + ) + Bs (8 + 1 + 2)).

K1 — X2
Next we consider the location of the two bumps for the 2-solitons. We begin with the
location of the single bumps for the corresponding 1-solitons with the same spectral and
scattering parameters, whose centers are given by x, xy determined by
Imk; Im(B15 + Bz} + Bs2))

9.21 Rey =0 x=— = :
(9.21) ey 5= "Tmyg, Imz;

For later considerations we denote their phase at the center of soliton by
(9.22) GJ:ﬂO‘i‘(IBl+9C]‘)RCZJ‘+/32RC§7-2+/33RC;;.
Then
v =i+ 5(x — %))
and

Z.91 — 0y + 21 (x — %) — 29(x — x9)
L1 — X2 '

Yo =

Recall that

o= sinh((z1 — 22)%0)
Rl — X2 ’

o=(z21—2) COth((Zl - ZQ)VO)-

The two bumps are centered (recall (9.16)) for |z; — 20| < Im z;) where
(9.23) cosh(2Rey) ~ |21 — 20|l

Here the expression Re y is linear in x, decreasing at a uniform rate, and vanishing at a
point xy, which is related to x; and x, by the relation

BoIm(z} + 23) + Bs Im(z] + 23

9.24 =—8, —
(9-24) 0 P Imz +Imz
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Im z, Im z,
= X1 X9
Im(z) + 29) Im(z) + 29)

which can be seen as the center of mass of the 2-soliton state.
We also define an averaged phase at the center by

Imz, Rezo —ImzyRez
(9.25) 20 = 6, + 0 + ——— — (1 — %),
Im(z; + 20)

in order to have
(9.26) 2y =i(20 + (21 + 22) (x — %))

Moreover, cosh(2 Re y) grows at uniform exponential rates away from xy. On the
other hand, @ has a smaller logarithmic derivative,

da .
— =0 = O(la||z1 — 2|+ 1).
0x

As a consequence, if |o(xp)| is large then there are exactly two unit size regions where
(9.23) (where we consider both sides as functions of x) is satisfied. Furthermore, in this
region the coefficients ¢; and ¢_ are slowly varying, as

0
2 = a2
0x

This implies that, with O(|ae™?|) accuracy, the maximum points of w are described by
the relation

(9.27) cosh(2Rey) = |21 — 2|l

To accurately calculate the roots of (9.27) it is useful to consider the value of « at
the center x,. This is determined by

. z1Imzo + 20 Im 2z
(9.28) (21 — 22) Vo0 Iz(zl—ZQ)VO(X0)=Z<91—92+ == 1<xQ—x1>),

2Imz

and in particular

Imz Imz
(9.29) Re((Zl - ZQ)Voo) = #(XQ — Xx7).
Imz
Thus we define
sinh((z1 — 22)¥00)
(9.30) Qo = —— ; 00 := (21 — ) coth((z1 — 22) Vo)

L1 — X2
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where Y 1s linear in B, and Bs,
Yoo = Yo(x0) =: @B + a3 Bs,

and where the coeflicients ay, a3 are symmetric functions in zj, 29, given by (denoting
21+ 20=22)

. Im(z + 23) Re(zo — z1) Im(z — 21)
9.31 w=1(z1+2z)—1———=—-2Imz—1 ,
9.31) r=ta+2) Im(z; + 20) 2Imz

. o Im(Z +2D)
9.32 as =1(22 4+ 2120 + 22) — 1——L =27
9:32) p=ilatanta) —iE )

3 i ) i )
=75 Re(z1+29) Im(21+22) — E[Im(ZH-ZQ)] + Z(Zl —22)
 3iIml(z1 4+ 2) (21 = 2)°]
4 Im(z; + z0) -

These can be checked to be linearly independent over R, for instance by verifying
that the following expression is nonzero (we write z; = x; + 1)

J=Im(z; + 20) Im(asas)
= Im(z, + Zz)[Im(Zl + 29) RC(Z% + z129 + 53) — Im(z? + zg)]
— [Re(z1 4 22) Im(z1 + 22) — Im (2] + 23) | Im (<} + 2120 + 23)

of 1 2
= (1 +9) (—§(X1 — X9)” — 2}1}2)
3
- 5())1 +99) (01 — x9) (11 — p2) (%1 + x9)

3 1
+ (X1 — x9) Oy —)/2)|:§(yl +99) (X1 + x9) + 5()’1 —99)(x — XQ)]

= — 2a(( — %)° + (01 +2)°)
= —2Imz Im 2z — 2%

This implies that

lvool 2 | Bal + |Bsl.

In particular we will be interested in Re((z; — z2)v00) (see (9.28)), which can be
alternatively expressed in the form

Imz Im 2z

Im (v — Xz)'

RC((Zl - ZQ)VUO) =
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On the other hand for the imaginary part we get

Im(z)22)
Im((Zl - ZQ))/OO) =0, —0,+ —IZ(XQ —Xx1).
2Im z
As above we distinguish two scenarios, still assuming |z — 29| < 1:

(1) Single bump case. This becomes
dist (yoo, i (21 — 20)7'Z) S 1

and corresponds to 2-solitons ), g which have two overlapping solitons. The
amplitude of w could get as high as 2Im(z; + 29), which value is attained at
x = xp when By = 5 = 0. In this case we have exponential decay away from
xo and the two soliton is close to a 2-soliton with z; = 2o since the 2-soliton
depends smoothly on s; and so.

(i) Two bumps case.

dist (yo0, 17 (21 — 20)'Z) > 1,

which corresponds to 2-solitons ), g which have two simple bumps, with am-
plitudes closer to the range between 2Imz; and 2 Im 2.

In the second case above, we seek a more accurate description of the location of
the two bumps, which are given by the relation (9.27), which translates to

sinh((z1 — z2) (Yoo + 1(x — xp))
X1 — X2 .

Cosh(Im(,zl + z0)(x — xo)) = lz1 — 2l

Based on the discussion above, this equation will have two roots, one above and one below
X0-
In a first approximation we evaluate the size of |x — x| for the two roots by

sinh((z1 — 22)v00)
g1 — X2

|x — xo| ~ log

In this region we take a Taylor expansion of Inc,
Ina =Inag +i(x — x9)on + O(|x — xo|*|ato] 7).

At the roots x this leads to

. In” Jary |
2Imzlx — x| =In |z — 29| + In2|ag) — (x = x9) Im 5 4+ O wl )
0

and finally to

xX—xg==

In |Z] — 22' +ln(2|a0|) i O<1n2 |O[()|>.

2Imz+Imoy latg |2
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This gives the approximate locations of the centers for the two bumps as

In |21 — 2| +1In(2]al)

9.33 Xt =t
(
2Imz+Imoy

with accuracy O(€) where

In* ||
<9.34) € = —2
|oxo |

We remark that when Re((z; — 29)00) >> 1 (which corresponds to x; — x9 > 1) we

can approximate
00~ 21 — 22, In(20) ~ (21 — 22) Voo — In(z1 — 22)
at the expense of allowing larger errors of size
¢ IR 2 (12— ) .
This yields with 2z, = 21 ~ 1(z 4 00), 2= = 20 & $(z — o)

| — 7 1
U n |z — zo| +In2(Jagl) 10
2Imzy

In? |a| + |21 —Z2|_2)
log |2

Then the larger solution can be associated to z;,

In|z; — 29| —In |z — 20| + Re[ (21 — 22) Y00l
2Im 29

X~ X +

Infz; — Zo| —Inz; — 2o
2Im 2o

=X

’

and the smaller one can be associated to z, using (9.24) and (9.29),

A In|z1 — 2| —In|z — 20| + Re[(z1 — 22) V0]
X9 ~ Xo —

2Im z;
Infz; — Zo| —Inz; — 2o
2Im z ’

=X —

These formulas agree with (9.2) and the ones in the introduction.
Our next objective is to determine the associated effective spectral parameters z*
and phase parameter 8%, These are determined also with € accuracy as follows:

(i) The imaginary parts Im z* correspond to the amplitudes of the two bumps,

2Im = ~ |Q(xi)|.
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(i1) The real parts correspond to the frequencies near the two bumps,
2Rez" ~ Q7 (x7)]Im9,Q(x").
(ii) The phases correspond to the arguments of Q at x*,
20* = arg Q(xi)
We now proceed to compute the three quantities. We recall that, with
cr =121+ 21" — 22120 + 2122) — (21 — 22)°] + 2Im(z) + )5,
- =i[la + 2’ = 2z + 2%) — (21 — 2)°] + 2Im(z + )0,

we have

(9.35) Q(x) = &mr @R 4 c_aem?ReY ( . )

= =+0
2cosh(4Rey) + 2|21 — zo[*|e|? cosh(4Rey) + |ao|?
For the amplitude near x™ we have ¢7>R°7 as the leading factor at the numerator, so we
further simplify this as
o cosh(2Rey)|o]
| cosh(2Rey)? + |21 — 2o|?|]?

Q: e?ilmyc‘

1
O ).
(Cosh(4Re y) + |0(|2)

Similarly, near x~ we have

Q= Lilmy i cosh(2Re y) ||
= . —
la| cosh(2Re y)? + |21 — Zo|?|ax|?

1
@) .
+ <Cosh(4Re v)+ |a|2)

At the bump center x* (the approximate center is accurate enough) we can also replace

o by oy given by

0y :=0(x) = (21 — 22) COth((Zl - ZQ)VOO)a
to obtain, with slightly larger € errors,
|e—|
Q)| &
) 2|21 — Zo|
Mz + 20 = 2(2120 + 2129) — (21 — 22)°] = 20 Im(z) + 29) 00

2[z1 — 2o .
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Here we can rewrite the expression at the numerator as (using again 2z = z; + 29)
4Im z(2Im z + Im gy) 4 2[(Re(z) — 29) Im(21 — 22) + 2Re 0y Im 2],
and, with € errors, we replace (Re z; — Re z9)(Im z; — Im 29) by Re oy Im oy to get

[2(2Im z 4+ Imoy)(2Im z — :Re oy)|
|21 — zol '

Qxy) ~

Taking the square norm we replace back | Re oy|* by | Re(z; — 29)|*. Then we get
(9.36) 1Q(x*)| = 2Im z + Im oy + O(e).
A similar computation yields

|Q(x7)| = 2Im z — Imoy + O(e).

Based on this, we define the imaginary part of the effective spectral parameter for the
bumps as

(9.37) 2Im z* = 2Im z & Imoy.
Next we consider the effective frequency parameter. Near x™ we have
ImQ'Q, =2Rez+Im(a 'd,r) + Im(c;laM) + O(e).

The last term has size O(€) and can be placed into the error. For the middle term we
compute

_ i~ ) cosh((a — ) _
sinh((z1 — 22)70) o

a '«

We can again freeze o to oy. This yields the approximate effective frequencies

o
(9.38) Fi=zt 30
Finally, we consider the phase, which at the maximal amplitude near x* respec-

tively x~ is given by
20* ~ 2Imy + arg(ar) + arg(eg).
We evaluate the three components. For y we have
QImy(xi) = 2(9 + (xjE — xo) Re,z).
For «, using logarithmic derivatives,

arg(o) ~ argag + (xjE — xo) Reo ~ argag + (xjE — xo) Reay.
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Finally, for ¢;, reusing some of the computations we did for the effective frequency, we
have

arg(cs) ~ arg(2:Im z = Re oy) = arg(ze — 2¢).
We conclude that the phase is
20+ ~ 20 £ arg(ag) + (v — x9) [Re(z1 + 20) & Re oy | + arg(zs — Z9),
which we rewrite as
(9.39) 20* = 20 £ arg(ay) + 2(x" — x9) Re 7= £ arg(z* — 2F).

One can now match this with the known asymptotics for separated x;, xy in [14],
see (9.38). There we have

Reoy =% Re(z) — 29).
— The expression coming from the last term
ImIn(z; — 20) or ImIn(ze — ;1)

is one part of what we expect.
— The term arg o, has two components, ImIn(z; — z9) which we expect, and

Im(z129)

m[(Zl »ZQ)VOO] |: ! 2+ Im(z, + z0)

(1 — x2)]-
The first term combines with the first term of 20 to give 6, or 6. The
second term combines with the second term of 8 and with the expression
(x* — x0)[Re(z) + 22) = Reoy] with x* replaced by x; or x; and oy as above,
and they all cancel.

— We are left with the extra error coming from the substitution x* by x; (or xy)
which is

Re z1 (v — X1),

and which does not appear in the earlier asymptotics. But this is simply a matter
of notations, i.e. in our computations the new phase is evaluated at x;, whereas
in [14] it is evaluated at x;. One could also choosing the center of mass as a
reference point, in which case the phase adjustment would be

(¥ —x0)2" +i(0F —0) ~ _% +Inog £+ 2(:* - 2F).

But this 1s a less stable computation.
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Summarizing the outcome of the analysis in this section, we have proved the fol-
lowing:

Theorem 9.3. — Let 0y and oy be defined as in (9.30),

sinh((z1 — 22)Y00) cosh((z1 — 22)Y00)
= . 00=(z21—z9)

(o7} . ’
21— 22 sinh((z1 — 22)Y00)

where

1 —2) R —_
Yoo = —QIrn.z—z'm(Zl ) Re(z = 2) By
2Imz

+ (—SIsz —2((Im2)* + i(a — 2)°

 3iIm(z(z — zz)z))ﬁg'

4 Im~

Let zy, x4 and 04 be defined by (9.38), (9.33) respectively (9.39), ..

4+ 2
i+ =KX —,
2

oy In|z1 — Zo| + In 2|0
+ — A0 QImzi I

argag + arg(z+ — 2¢)
5 .

0F =0+ (xy —xg)RezF £

Then Q s a sum of two solitons with a small error.

2629++21RC .Z+(X—X+) <2(x _ x+) )
sech| ———

Imz, Imz,

10_+2iRe z— (x—x_) - 1 2
n 2¢ sech 2(x — x_) 40 n’ |og| .
Imz_ Imz_ |atol?
The solitons are given as a function of x by the quotient of Aj in (9.8) and Dy in
(9.9) with y; and y defined in (9.17) and (9.19), ¥ in (9.20), yoo in (9.28), (9.31), (9.32), ag

and oy in (9.30), x; and 6; in (9.21) and (9.22), x; in (9.24) and 6 in (9.25).
In other words, the above approximation has errors which are not only exponen-

(9.40) Q) =

tially small in the distance between the bumps, but also uniformly small as z; — zo — 0,
and accurate enough to capture the leading order interaction between the two bumps.

9.4. A uniform parametrization of the 2-soliton manifold. — We have seen that the set of

pure 2-solitons is a uniformly smooth manifold in I.?, or more generally in H® for s > — %
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In this section we will use Proposition 9.3 to provide concrete uniform parametrizations.
We will also discuss nonuniform parametrizations. We begin by discussing several ways
we can smoothly parametrize the 2-soliton manifold.

a)

3 We

Using the variables

(z,B),

employed earlier in the paper in the general case of N-solitons. Here B describes
the correspondence between Q, o and Q), g using the first four flows. This is the
simplest description, but it is only uniform in the region || < 1. Here we need
to take a double quotient space for B, namely modulo ; € 7Z.

Centering the 2-soliton around the center of mass and phase® (xp, 6) (which can
be viewed as associated to the global translation and phase shift symmetries), we
can instead use the following set of parameters:

(Z, X0, 99 VUU)'

Here yy 1s linearly equivalent to By and Bs. In this case the quotient structure
decouples partially. Precisely, we have

6 eR (modm), Yoo € G (mod (7 —zg)_lﬂi),

but with the nontrivial gluing

T

) T
N i
— 292

2

@, Yoo + » Y0o)-

<1
By the set of parameters P of pairs:
(2, %0, 0, (21 — 22)%, o, o)
obtained by replacing the parameter Y by its hyperbolic functions,

sinh((z1 — 29) Y00)
oy = zl zQ 07 o = cosh((z1 — 22)¥m0).
11— 2

which lie on the smooth manifold
po— (21 — z9)°0g = 1.

Here we have one remaining symmetry

T
@, ag, o) — (9 + 5, —, —,U«0>-

use this terminology for convenience here, but the notion of center of phase does not seem to be well-defined

outside of the 2-soliton manifold.
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Alternatively, away from oy = 0 one can replace p( by oy given by

0o = (21 — 22) COth((»Zl - »ZQ))/OO)-

d) We can also parametrize the 2-solitons by the set of (approximate) effective
parameters

(9041) (Zf, Ry Xy Xy 0739%»)’

where 6, € R/(wZ), provided the solitons are well separated. Here we describe
the two soliton set for separated solitons by their approximate position and their
phases.

The set of pure two solitons is a uniformly smooth manifold by Theorem
6.2. The sum of two solitons with the effective parameters is clearly a uniformly
smooth manifold with the uniform parametrization by these parameters. Since
the Hausdorft distance between the set of pure 2 solitons and the sum of the
two solitons is close in I.? as well as in any other Sobolev space H* we see that
we obtain a uniformly smooth parametrization of the pure 2 solitons in the well
separated regime.

This will turn out to be uniform, but it is defined only for separated soli-
tons. We can also use half of the above parameters along with the center pa-
rameters

(Z, z—}-» x07 X+, 03 6-{—)9

which can be defined via the relations

X4tz

2 9
xyeImz +x_Imz
Xo = )

2Imz
0, +6_
6= +2 — (v —x9)Rez" — (v —x9)Re 2z~

b4
—arg(z+—z_)—§-

In order to describe a uniform parametrization we distinguish two cases.

I) The double bump region. This corresponds to |By|+|B3] < 1 in (a) or equiv-
alently to |yp| <1 in (b), to |og] <1 in (c) but is not covered by (d). Here matters are
simple because the uniform topology is used in the three cases (a), (b) and (c).

II) Separated bumps. This is the region covered in (d), where we the metric is
simply equivalent to the euclidean metric,

g=dz}, +dx,. + db;.
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We next recast this metric in terms of the parametrization in (c). We have

2z+ = 2z % 0y,
1In(4Im 2* + Re( — 07)) + In(2|a])

2
Y

b

=xy -
== 2Imzy

0. =0 +argay + 2x" Rez" £arg(" — 2F.)

We take the uniform coordinates (9.41) and the corresponding standard metric in these
coordinates - recall that search for uniform estimates for z,, zo in compact subset of the
open upper half-plane. We write the metric on an 8 dimensional set in a schematic fashion
as

A5 + d. + dbs,

and seek to express it in equivalent form in terms of the variables z, oy and . To be
more precise we set up some notation for this section. For a real function f df denotes the
differential and df* the quadratic form

O1,02) = dfFF () (1. p9) = (df () df (),
and similarly for vector valued functions F
dF* (31, 92) = {dF ()1, dF (x)p).

We identify maps to G with the corresponding map to R?.
We shall see in the end that the metric tensor is at least as large as the standard
metric. This will allow to neglect some terms. we write

dF ~ dG <= dF* ~ dG>

if the Gram matrices have small distance, i.e. ||dF'dF — dG'dG| < 1.
For z1 we have the obvious relation

dz* + dz. ~ d7* + do .

Next we consider x4, for which we harmlessly discard the middle component,

1 1 1
dys ~ dx id( n"’“') = dxy £ (1 dIn |ogg| — In|“°| a’Imzi)
m

Imz4 mZz 2 2t

We multiply the ‘4’ equation by Im z, the ‘-’ equation by Im z_ and add

1 1
21mzdx0—1n|a0|<1 dlmz+—I—dImz_)

mz, mz_



MULTISOLITONS FOR THE CUBIC NLS IN 1-D AND THEIR STABILITY 257

In |l
=2Imzdxg — ————— (2Im zdoy — 0pdIm 2).
mz, Imz_

Discarding the Im z4 denominators we are left with

(9.42) Imz_dx_ 4+ Im z,dx,
~ Im.z(ZHm2 z — Im? o)dxo —2In|og|(2Im zd Im oy — Imogd Im 2).

Next we take the difference to obtain
1 2 Lo
dx, — dx_ ~ m (2 Imz(lm Z— 2 Im o)dln oo
— In |a| (Im2 z_dImz_ + Im? zidIm z_)>,
and discarding the fraction

1
(9.43) ~ 21mz(lm2z— 11m20>d1n|a0|

( I
— 2In o] <<Im2z+ 1 Im? 60>dlmz — Imzlmaodlm(ro).
We repeat the same computation for 6. We can harmlessly discard the last term,
as well as the dx; component, leaving us with the equivalent form

1
db. ~ db + (dargoeo + ;’g|0l0|

dRC Zi>.

mgz4

Adding the =+ forms yields

1
9246 +ln|a0|<I

mz;

1
dRezy — EdRea)

In |ag|
=2d0 + ———(2ImzdReoy — Imoyd Re 2).
Imz, Imz_

Discarding the Im z; denominators we are left with
1
(9.44) d, +db_ ~2 (ImQ =7 Im’ ao>d9 +1In|ag|(2Im 2d Re oy — Im oyd Re 2).

On the other hand taking the difference we obtain

21n |o| 1
d0y — do_ ~ 2darg(ay) + ————— [ ImzdRe z — — Imoyd Re oy |,
Imz, Imz_ 4
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and eliminating the denominators

1
(9.45) doy —do_~2 (Im2 iy Im? Go)darg(ao)

1
+ 21n|a0|(1mzdRez— ZImaodReao).

Combining (9.42) with (9.44) and (9.43) with (9.45) we obtain the set of forms

1.
(9.46) e = Q(Im2 i3 Im’ (70) (Im zdx + id0) + In || (2 Im zdoy — Imoyd2),
respectively
5 | . 1
(9.47) o =2 Im*z— 1 Im* oy JdInay + 2¢1n |ap| | Im zdz — Zlmﬂodﬁo ,

which is equivalent to (dx, d6.),
At +dx’ 4+ do? +do* ~ e +é.
Then the correct metric is
(9.48) g=d7 +do; + ¢ +e.
Thus we can uniformly characterize the two soliton manifold:

Theorem 9.4. — The two soliton manifold is smoothly and uniformly parametrized by the
parameters (z, xo, B, 0, 00) endowed with the metric (9.48) in the range when |otg| > 1, and by the
parameters (2, xo, 6o, Ao, (o) endowed with the euclidean metric in the range when o] S 1.

9.5. Double solitons. — These are the limiting solitons where we have a double
eigenvalue. They are parametrized by the eigenvalue z and the flow parameters By, B,
B2 and Bs. To better describe the bump locations, we translate these into the alternative
set consisting of the spectral parameter z, the center of mass/momentum x,, 6 and yyo.

For the center (xo, €) it is easiest to use the formula (9.26), which yields

0 — 20 = o + iz + B’ + Bs2’.
Matching imaginary parts we get

xp=—pB1 —2Rezfy — (3 Re? z — Im? z)ﬁg,
and matching real parts,

0= ,30 - |Z|2,32 —2Re Z|Z|2,33~
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On the other hand by (9.31) and (9.32) we have
o =1/00=yp = —2ImzB; — (6 Re zIm z+ 2/Im” z) Bs,
and
a=-2ImzB; — (3Imz" 4 2/Im” 2) B5 + i(x — x)).

For simplicity we set xy = 6 = 0, which amount to a shift in x plus adjusting the phase.
We plug these values into the expression of Proposition 9.3 to obtain the corresponding
approximate spectral and scattering parameters

1
e =z+—,
* 2Y00
2In2 +InImz 4+ In|yy0]
Xi:xo 9
2Im zy
and
Rezy ! >
6, =06+ — (21n2+1n1mz+ln|yoo|)i§(argyoo+arg(zi—»€¢))-
+

These formulas are valid when [yy| > 1, which corresponds to |By] + [Bs] > 1.
It may also be interesting to write down the exact formula for the 2-soliton, namely
¢ 4+ ¢ + 2 Im z(ae® + ae?)
mgz 5 : s
| cosh(2y)[* + [sinh(2y)[* + 1 + 8| Im 2[*||?

(9.49) Q=41
with
200 = 2y = 2y50 + 2i(x — x0) = 2(ao By + a3B3) + 2i(x — xp).

We scale and apply a Galilean transform in order to normalize to z = ¢. Then
Yoo = —2By — 2if35. After a translation and a phase change we have xy =6 = 0 which
leads to B = Bs, By = Bo and with (9.19) y = 2x. Then o = =28, + i(x — 2f3), and the
normalized double soliton has the form
B 4(1 — 418,) cosh(2x) — 2(x — 23) sinh(2x)
B cosh?(2x) 4+ 4(467 + (x — 2B5)?)

(9.50) Q

b

which we plot for selected parameters. First we show real 2-soliton functions correspond-
ing to By =0, see Figure 1.

In the general case we plot real and imaginary values for a few values of By and
Bs, see Figure 2.
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Ba=2,83=0 1 Bo=pB3=2 -1

F1G. 2. — The real part is shown with a black line, the imaginary part by a blue line; color figure online

9.6. A description of the two soliton dynamics for NLS. — In this section we describe the
possible patterns for the interaction of two solitons with nearby spectral parameters along
the NLS flow.

Along the flow the two spectral parameters z; and z stay fixed, while the scattering
parameters k; and k9 evolve along the NLS flow according to

/%1 :sz’ kQZZzga
which expressed in terms of the B’s becomes
ﬁO:O’ﬁl :09/32: laﬂ?):Oa

1.e. B3 is the NLS time, which we redenote by ¢, and the others stay fixed. We set the
trivial parameters By and f; to zero, and we work out the formulas for the approximate
effective position of Proposition 9.3 in this case. We begin with the center of mass, which
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moves with velocity

_ ImG +2)
Im(z; +20)

The remaining interesting parameter is Y, which also moves linearly, with velocity
Yoo = ag,
where we recall that the coefficient g is given by

. Z.(Zl + 29) Im(2) + 20) — Im(,z% + Zg)
Im(z; + 20)

(Rez; —Rez9)(Imz; — Im 2
=—Im(z1+z2)—z( 1 9)(Im 2)‘

as

Imz; +Imz

Assuming that z; and 2, are close, this has a small real part, and an imaginary part
which is away from zero. Then we write ;) in the form

Yoo(t) = a+ aot,

where the complex parameter a is our remaining degree of freedom. We can use time
translations to further normalize «q, e.g. by choosing it purely real, and then periodicity to
insure that |a| < |z — 29| 7"
With these notations we have
sinh((z1 — 22)(a + lay))
1 — X2 ,
00(t) = (21 — 20) coth((z1 — 22) (a + tar)),

ay(f) =

and the approximate effective bump position is

Infz; — 2| +In2]ap (9]

x: (D) = x0(8) £ .
+(0) = x() Imz; + Im 2y £ 0y (?)

To understand the behavior of the two bumps in time, we need to look at the
location of the line

L: t— (21 — 22) Voo = (21 — 29)(a + tay)

relative to the imaginary axis, and, more importantly, relative to it Z. Based on this rel-
ative position we distinguish two main scenarios, with several interesting subcases each.
These are described in terms of the difference §z = z9 — z; of the two spectral parame-
ters.
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(a) The double soliton case, 8z = 0, which will be viewed both separately and as a
limit of the scenarios below.

(b) Split velocities, where L is fully transversal to the imaginary axis. This corre-
sponds to | Imé8z| 2 |Redz|. Depending on how close L gets to imZ we have
two subcases:

(i) Nonresonant, where d(L,iwZ) ~ 1, where the two bumps stay as far as
possible from each other, i.e. |log|8z|| at the closest approach.

(if) Resonant, where d(L, imrZ) < 1, and the bumps approach closer than the
above threshold. The double soliton case can be seen as a limit of this sce-
nario where « 1s fixed, and the closest approach is |log|al|.

(c) Split scales, where L is close to parallel to the imaginary axis. This corresponds
to | Iméz| <« |Redz|. Depending on how close L gets to ir Z we also have two
main subcases, and an interesting limiting case:

(1) Nonresonant, where d(L,wZ) ~ dy = |Imédz|/|Redz|, where the two
bumps stay as far as possible from each other, i.e. |log | Im §z|| at the closest
approach.

(1) Resonant, where d(L,iwZ) = d; < dy, and the bumps approach closer
than the above threshold. The double soliton case can also be seen as a
limit of this scenario where « is fixed and the closest approach is |log |a]].

(i11) Quasiperiodic, where we have Im 8z = 0 and L is parallel to the imaginary
axis, at distance d. There the soliton distance oscillates between log |a| and
loglz1 — 2l

We successively discuss each of these scenarios in turn.
(a) The double solitons z, = zo. — There we have
xo=—2Rez, Yoo = 2¢Im 2.
Hence after suitable space and time translations we can set
xo=—2tRez,
Yoo =2itImz+a, a€R.

Hence if |a| > | we have the approximate bump locations
1
4itTm z + 24’
2In2 +Inlmz+1In |2 Im z + 4
2Im 2z, ’

i+ =

X+ = Xo

The separation between the two bumps is O(In |y ), with a log |¢| minimum. The
trajectories of the bumps are depicted in Figure 3.
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t

[z[~In amin

+ 1000

F16. 3. — The path x4 () of the solitons for an eigenvalue z =7 of multiplicity 2. The (inner) red curve has ¢ = 2 and the
(outer) blue curve a = 100. Turning is smooth, as seen in the enlarged window. Color figure online

More general 2-solitons. — Now we consider the case of two different but close spec-
tral parameters. We use a galilean transformation and a translation to normalize so that
the center of mass is time independent at xy = 0, and set

Z4z5=-2

so that both z; and 2z, are close to i. To describe the dynamics we will use the small
parameter 8z = z; — Zo. This parameter will play a major role for in the region where
| Reag| S 1, which happens for a time range

1
Resz’

~
~

after which the interaction of the two bumps trivializes, in the sense that the two bumps
will evolve linearly but with a spatial shift as predicted by Proposition 9.3.

(b)(2) Split velocities | Im §z| < | Redz| and nonresonant dist(8zyng, iwZ) 2 1. — Then
solitons come together with their respective speed, until they reach distance —log|dz].
Then they exchange spectral parameters and move away. The effective scattering pa-
rameters are shifted between the asymptotes at £00 by In |z|.

(b) (1) Split velocities | Im 82| < | Re 82| and resonant dist(8zyno, imZ) = r < 1. — Then
solitons come together with their respective speed, until they reach distance —log|3z| but
then they continue to approach logarithmically for another —log  before turnaround. In
the limiting case z; = 2o then this reduces to only the logarithmic pattern which comes
up to minimal distance — log |a|.
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(c)() Split scales |Imdz| > |Redz| and nonresonant vy = dist(8zyoo, T Z) ~

Iméz
— Then solitons come together with their respective speed, until they reach distance

—log|dz| but then they continue to approach logarithmically until distance —logr, be-
fore turnaround; this pattern repeats until distance grows again above —log|dz|, for a
time T ~ 1/NRéz.

Reéz

(c)(i1) Split scales | Tm z| > |Nz| and resonant r = dist(8 zyo0, iTZ) S Tmss This 1s
mog

the same periodic pattern as above but it comes closer in exactly once, to distance —logr.
(c)(ir) The quasiperiodic solutions 3§z = 0. — In this case we can set
Yoo = 213z +a, a€R,
which leads to the time frequency
w=2Redz3z,

and the time period 27 /w.
Assuming that

1< lal Sla— 2l

the maximal distance from the center of mass axis is approximately log |z; — 29| and the
minimal distance is about log |a|. Else we get a uniform log |a| distance.

9.7. A description of the 2-soliton dynamucs for mKdV. — Here we are interested in real
solutions to

w + ., + 61°u, = 0.

In this case the spectrum is symmetric under the reflection on the imaginary axis z — —z.
Hence 1-soliton solutions correspond to pure imaginary eigenvalues :w with w > 0. Then
0 € /2Z, the unbounded 1w wave is

e—w(x—xu)—wgt
( ew(x—xo)—wBt ) ’
and the soliton has speed w? and the explicit form

w Cosh(w(x — Xy — wzzf)).

For the two soliton case we first specialize the previous formulas. We are interested in real
solutions with close eigenvalues, which we write as

212 =1(w £ p)
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with p? € R. Then we have
ko = w? + 3p7, Yoo = 21'(,02 - wQ),
y = —w[(x —x) — (w2 + 3/02)25]
V= Ve=1y = QP(X— Xp — t(Sw +p0 )) + i,

for some fixed constant p. With these parameters, the two soliton Q) is given by

— _ ZV _ 4_11)2
Q= -2 QWCOSh(Vl V) F; Slnh()/l V)

—2y h - 4_21)2 inh —
+e 2w cosh(y; — y») + p sinh(y; — )

/(4C05h2(2)/) + 2| cosh(y; — o) |* —
+8(2(w’/p%) — 1)|sinh(y; — y)[*).

Since we are interested in real solitons, the parameter n cannot be chosen arbi-
trarily. Precisely, there are three possibilities for real solutions:

a) Both eigenvalues are distinct and purely imaginary, p € (0.w). Here we have
four connected components, which up to symmetries are grouped in two sub-
cases:

(1) u € 2w Z, which gives the formula

4w cosh(2y) cosh(y; — y») — 4w?sinh(2y) p~ ! sinh(y; — y»)

92 cosh?(2y) + (8(w2/p) — 3) sinh(y; — o)

which corresponds to two bumps of opposite signs, and @ € w + 27 Z which
yields the soliton —() with two negative bumps.
(1) If u € 2 Z + 7 /2 then we divide by ¢ and get

4w sinh(2y) sinh(y; — y») — 4w? cosh(2y)p~! cosh(y; — »)
25inh*(2y) 4 (8(w?p~?) — 3) cosh’(y; — y2) '

which corresponds to two positive bumps, and @ € %n + 27 Z which yields —Q).

b) Distinct complex conjugate eigenvalues z, o = iw £ p for some p > 0. This is
the breather solution, which is time periodic in a moving frame. Then y is real
valued, so after a time translation we can set u = 0, and

4w cosh(2y) cos(y) — 4w? sinh(2y) 5~ ! sin(y)
2 cosh?(2y) + (8w?/p% + 3) sin®(y) '

Q=-—
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¢) The double eigenvalue 2-soliton, with eigenvalues z; 9 = tw, which is the tran-
sition between the regimes a) 1) and b) above. The formula for the 2 soliton is
obtained as limit of the formulas above.

Q= (4w cosh(QuJ(x — X — ))
— 4w (x — xp — 3tw?) smh(?(x — x) — w?)))
/(2cosh2(2w(x—x0 ))—|—8w (x—xo—?)tw )2)

Precisely, we can see the solitons in (a)(1), (b) and (c) above as a single, analytic
function of p%. If p? < 0 we have breathers, and if p? > 0 we have two soliton states with
eigenvalues :(w =£ |p|). By contrast, the solitons in (a)(if) do not connect to the double
eigenvalue and breather case. We briefly discuss the three cases further below.

Case ¢) The double eigenvalue z, » = 1w. — Here the center of mass evolves according
to

ko = w?,
whereas o is purely imaginary, and is given by
Gy = —2iw>.
After a time translation we can set
oy = —2itw?,
and then the two bumps are nearly symmetric around the center of mass, at distance

In{|¢t|w?)
Xi—Xo%IIZQT, |If| >> 1

The two soliton looks like a sum of two simple solitons unless the two are close. Several
time sections of the graph are sketched in Figure 1.

Case a) The 2-soliton z) » = 1w 9. — Here the center of mass evolves according to
wy + ws
1 2
Xo=wi 4wy — wiwy, = (T) + 1(11)1 — wy)*,

whereas in case (i) Yy is purely imaginary, and is given by
Yoo = —2iwwy,

but in case (ii) it is shifted b
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FiG. 4. — Tor reference, the dashed lines are the path for the double eigenvalue i. The solid line is the path of the two
solitons with z; = 0.0005 + ¢, z0 = —0.0005 + 7 and a = 10, which switches back and forth from affine to logarithmic

shape. The (straight) red lines show the asymptotic shift. Color figure online

In case (1), which corresponds to bumps of opposite sign, the solitons cross each
other and, relative to the center of mass, their centers move as in the similar NLS picture

in Figure 4 but with a smaller a.
In case (ii), on the other hand, the two solitons approach only to a minimum dis-
tance of log|w, — wy|, where they exchange the effective spectral parameters, and then

separate back.
Case b) The breather z; 9 = 1w £ p. — Here the center of mass evolves according to

kO - wQ - 3p29
which is the same as the speed of each of the two corresponding solitons, taken separately.
On the other hand yy is again purely imaginary, and is given by

Yoo = —2i(w” + p?).

Here this implies that
(21 — 22) Y00 = —41',0(11)2 + ,02),

which yields the period
b/

T=————,
2p(w? + p?)
which is presumably also the time scale on which the breather matches the double soliton.
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Fi6. 5. — Here a = 1. The dashed curve corresponds to the double cigenvalue z = ¢ for reference. The other curves
correspond to zp; = (1 £ 0.01)¢ F £ where £=0, 0.002, 0.004 and 0.016. Color figure online

The path of the soliton relative to the path of the center is periodic. If

diSt(]/Qo, ZT[Z) < |51 - z2|

then the two-soliton is close a 2 soliton for the double eigenvalue. In the opposite regime
the path is similar to Figure 5, relative to the uniform movement of the center.
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