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1. Introduction

This paper is the sequel to [I] and is devoted to proving some of the technical parts
of the isomorphism between I-’I\F(—M) and @(M). References from [I] will be written
as “Section [.x” to mean “Section x” of [I], for example. The notation from [I] carries
over to this paper and is summarized in the “Notation common to [I]-[III]” that appears
at the beginning of [I].

In [I] we defined the chain maps

@ : CF(S, a, fi(a)) — PFCy,(N),
W : PFCy,(N) — CF(S, a, f(a)).

In this paper we prove the following two results:

Theorem 1.0.1 (Quasi-isomorphism). — The chain maps ® and V are quasi-isomorphisms,

provided the monodromy map h does not have any elliptic periodic points of period < 2g and and rotation
number @ ¢ [— =, =

27 2¢°°

Theorem 1.0.1 is quite involved and takes up most of this paper. The condition on
f is a technical assumption which simplifies gluing and one should be able to remove this
condition with more work.

Theorem 1.0.2 (Stabilization). — ECH(M) ~ PFH,,(N).

By successively stabilizing the open book (S, A) and applying Theorem 1.0.1 to
the stabilizations, we obtain a sequence of stable Hamiltonian structures (o, w**) with
contact perturbations a*, for k£ > g, such that

ECH,, (N, a*) = PFH, (N, o, @*)
and the stabilization maps

ECCx(N, ™) = ECCoa(N, &),y > & Raly)
are quasi-isomorphisms, where

Ror : ECCo(N, a®*) — ECCy(N, o**?)

is a chain map inducing the continuation map. Then Theorem 1.0.2 follows from Theo-
rem [.2.5.6.
Theorem 1.0.2 1s proved in Section 5.

Notation 1.0.3 (Sub/superscripts *). — In this paper, as in [I], * is often used to
denote a variety of possible subscripts/superscripts (e.g., intersection numbers 7*(%) in
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Equation (3.2.3), curves v, and their domains F, as in Notation 3.4.1, and moduli spaces
M*(x) as in Notation 3.2.12).

Organization of this paper. In Sections 3 and 4 we prove the chain homotopy between the
chain maps W o ® and a quasi-isomorphism, as well as the chain homotopy between the
chain maps ® o ¥ and id. The necessary Gromov-Witten type calculations are carried
out in Section 2. Finally, Section 5 is devoted to proving Theorem 1.0.2.

2. Gromov-Witten type computations

This section is devoted to Gromov-Witten type calculations which are used in the
proof of Theorem 1.0.1. After a brief review of relative Gromov-Witten invariants in
Section 2.1, we treat a slightly simpler model situation in Section 2.2. We then tackle the
specific situations of interest in this paper in Sections 2.3 and 2.4.

2.1. Relative Gromov-Witten invariants. — Relative Gromov-Witten invariants were
introduced independently by Ionel and Parker in [IP1] and Li and Ruan in [LR]. The
reader can see also McDuff [M] for a review of the topic. Although we were heavily
inspired by their work, our definition is different from the original one.

Let X be a four-dimensional symplectic manifold and V C X a codimension
two symplectic submanifold with trivial self-intersection.! Throughout this section we
will fix an almost complex structure which is integrable (and therefore locally split)
on a neighborhood of V and generic elsewhere. We fix a primitive homology class
A € Hy(X;Z) such that A-V =d > 0 and denote by Mi’”(A) the moduli space of
J-holomorphic maps u«: (F,j,x) — (X, ]), where (F,)) is a genus g closed Riemann sur-
face and x = («y, ..., x,) 1s an ordered n-tuple of marked points. In practice, we will also
allow F to have boundary or constrain the evaluation at the marked points on some fixed
cycles in X which are not contained in V; straightforward variations on the theme are left
to the reader. Whenever there is no risk of confusion, the almost complex structure will
be dropped from the notation.

Since A is a primitive class, every J-holomorphic map in the class A is simple, and
moreover its image 1s not contained in V because A -V > 0. Therefore the standard
Fredholm theory for J-holomorphic curves applies and the moduli space M, ,(A) is a
smooth manifold of dimension

(2.1.1) dim M, ,(A) = 2g — 2 4 2(c;(TX), A) + 2n.

Definition 2.1.1. — We define a map evy : M, ,(A) — Symd(V) such that evy(u)
is the set of intersection points between u(¥) and V counted with multiplicity: that is, evy(u) =

! This simplifying condition will be satisfied in all our examples but is not strictly necessary.
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{(z1,dy), ..., (2, d)} such that {zy, . .., 2z} = u(F) NV and d; is the multiplicity of the intersection
pont z;.

This definition makes sense because of the local properties of J-holomorphic maps.
Note that evy 1s not sensitive to the cardinality of the preimage, e.g., it does not distinguish
between a unique point of I mapped to V with order two and two points of I mapped
to V with order one. This is undesirable, but in the examples the possibility of multiple
points of F mapped to the same point of V will be excluded by topological considerations.

In order to show that evy is a smooth map, we need the following weaker version
of the Weierstrass preparation theorem. Let D denote the ball of radius ¢ in R" centered
at 0.

Lemma2.1.2. — If for some €, 8 > 0 a smooth map ¥ : D" x Dj — C. satisfies the following
properties:

— Jor every t € D7 the map £,(z) = ¥ (¢, 2) 15 holomorphic, and
— fo(0) = 0 is a zero of order k,

then there exist 0 < &' < & and 0 < 8" < &8 such that on D%, x Dg, we can decompose ¥ (i, z) =
P(t, 2)Q(t, 2), where P and Q) are smooth maps which satisfy

— p(2) = P(¢, 2) s a monic polynomial of degree k in z for every t € D%, and
— Q(t,2) # 0 for every (t, z) € D", x Dj,.

In particular f; and p, have the same zeros with the same multiplicities for every ¢
and the coeflicients of p; depend smoothly on ¢. For the proof of this lemma see the proof
of [Hor, Theorem 7.51].

Lemma 2.1.3. — If every J-holomorphic map in M, ,(A) is graphical over V near its inter-
section points with V, then the map evy : M, ,(A) — Symd (V) s smooth.

The hypothesis that every J-holomorphic be graphical is strong and probably un-
necessary, but it will hold for topological reasons in all our applications.

Proof. — Take uy € M, ,(A) with evy(uy) = {(z1, d)), ..., (2, d)} and fix a smooth
parametrization D? — M, ,(A), { — u, of a neighborhood of «,. We will show that the

an
composition
D" — Sym‘(V), > evy(u,)
is smooth. Choose pairwise disjoint neighborhoods U, ...,U; C V around the points
Zis ...,z and identify each of them holomorphically with a disk D C C in such a way

that z; is identified with the origin. Since the almost complex structure J is locally split
and the J-holomorphic maps are graphical near V, after possibly making & smaller, in a
neighborhood of V we can identify the image of the J-holomorphic maps , for ¢ € D’
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with graphs of holomorphic functions f: U; = D; — C for i =1, ..., such that z; is a
zero of order d; for £ and the zeros of ;' correspond to the intersections of the image of «,
with V near z;. Then we apply Lemma 2.1.2 to obtain monic polynomials p; of degree d;
with the same zeros as /' and whose coefficients are smooth functions of ¢, after possibly
shrinking the neighborhoods ;.

The zeros of the functions /' (and the polynomials p!) give a map

t+> Sym” (U,) x --- x Sym?(U;) C Sym“ (V).
The holomorphic identifications U; = D3 give embeddings
Sym”(U;) < Sym“(C) = C*.

The identification Symdi (C) = C% comes from the correspondence between roots and
coefficients of degree d; monic polynomials and induces the smooth structure on the
symmetric product. Since the coefficients of | define a smooth map D” — G, the map
D! — Symd(C) defined by the zeros is also smooth. O

Let evx : M, ,(A) — X" be the evaluation at the marked points. The two maps
combine into an evaluation map

ev = (evy, evy) : M, ,(A) = X" x Sym’(V).

Definition 2.1.4. — If M, ,(A) is compact, the relative Gromov-Witten invariant
GWY 4 ., is the class

v, [M,,(A)] € Ho (X" x Sym*(V)).

In order to obtain numerical invariants, we will intersect ev,[M, ,(A)] with ho-
mology classes of the appropriate codimension. In practice M, ,(A) is rarely compact,
so we will need to either replace it by a moduli space with point constraints, or compact-
ify it by adding nodal J-holomorphic curves. Instead of developing a general theory, we
prefer to deal with this issue case by case in the applications.

2.2. Frst relative Gromov-Witten calculation. — This first calculation is a warm-up
for the following more involved ones, and will never be used in the paper. Let £ be
a surface of genus g > 1. We consider (X, w) = ¥ x CP' with a product symplectic
form. Let 7, and 7y be the projections of X onto ¥ and CP!, respectively. Let V =
¥ x {oo}, A=[Z]+ 2¢[CP'], g = g(¥) and n =g + 1. The moduli space M1 (A)
then has virtual dimension 8g 4+ 4 by Lemma 2.2.2 below; this is equal to the dimension
of X¢H x Sym*(V). Hence, given generic x = ((z1,01), - -+ (Zg41,911)) € X¢™ and 3 =
{(£},00),..., (z;g, 00)} € Sym*(V) we define

GI(Z,x,3) =#Hev ' (x,3),
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where # denotes the cardinality modulo 2.
Theorem 2.2.1. — For generic (x,3), G1(X,x%,3) = 1.

In the proof of Theorem 2.2.1 we will use a product complex structure J = j5 X jgp!
to carry out our calculations. This is legitimate because of certain automatic transversality
results, as explained in the next lemma.

First recall that M,(A) = M, (A) is the moduli space of J-holomorphic maps
u: (F,j)) — (X,]) in the class A, modulo automorphisms of the domain. Here F is a
closed surface of genus g and j ranges over all complex structures on F.

Lemma 2.2.2. — The moduli space M, ;11 (A) s regular and
dim M, .1 (A) =8g+ 4.

Proof. — Every curve u € M,(A) is embedded, since the projection 7 o « is a holo-
morphic map of degree one, and therefore a biholomorphism. Then, by the adjunction
formula,

(2.2.1) (1 (TX), A) = x(Z) +A-A=2+2.

Hence the expected dimension of M, ,,1(A) is 8g + 4 by Equation (2.1.1). Since every
u € M,(A) is embedded and (¢, (TX), A) > 0, Hofer, Lizan and Sikorav’s automatic
transversality theorem [HLS, Theorem 1] (first suggested by Gromov [Gr]) implies that
M, (A) is regular. Since adding free marked points has no effect on regularity, M, ;. (A)
1s also regular and is a manifold of the dimension 8g + 4. U

Let u € M,(A). Since 7 o u: F — ¥ has degree one, it follows that (F, ) is bi-
holomorphic to our chosen (X, j5;). Hence there is a one-to-one correspondence between
maps u € M,(A) and meromorphic functions (i.e., branched covers)

v=myou:X — CP!

of degree 2g. Meromorphic functions can be studied using the classical Riemann-Roch
theorem, which states that:

I(D) — {(K — D) = deg(D) + 1 —¢,

where D is a divisor on X, K is the canonical divisor, and /(D) 1s the complex dimension
of the space of meromorphic functions on X with poles at most at D.

Lemma 2.2.3. — If deg(D) =2g — | +m withm > 0, then [(D) = g 4+ m.

Proof. — Since deg(K) = 2g — 2, we have deg(K — D) < 0 and /(K — D) = 0.
Hence (D) =degD)+ 1 —g=Qg—1+m+1—-g=g+m. 0J
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Given (x,3) € X¢! x Smeg(V) we write M, (A, x,3) = v l(x,3).

Lemma 2.2.4. — If (x, 3) is generic, then M, .1 (A, x, 3) is compact.

Proof. — Arguing by contradiction, let u; € M, .11 (A, x, 3) be a sequence that con-
verges to a limit nodal curve « : F' — X. Since u is J-holomorphic, 7, o u is holomorphic
and one component of I must be biholomorphic to . Hence F is obtained from X by at-
taching spheres which are mapped by u to {2/} x CP', 1 <i < k. Moreover, k < 2¢ by the
positivity of intersections, since u(F) represents the homology class A = [Z] + 2g[CP']
and A - [X] =2g.

(1) Suppose that u(X) #V = X x {00}. Since A - [V] = 2¢ and the intersection points of
u(F) and V are (£}, 00), ..., (z’Qg, 00), we must have

(e Y CHZ s ).

We claim that the map u|s cannot exist. Let us write v =75 o u|x : ¥ — CP'. Then v
is a meromorphic function with poles at {2}, ..., z’Qg} \ {], ..., 2]}, subject to v(z;) =
forall :=1,...,g+4 1. Hence v € (D' — D"), where D' =2 + --- +,z’2g and D" =
2+ 42z By Lemma 2.2.3, (D' — D") <g. [Apply the lemma to D’ — 2], which has
degree 2g — 1. This gives us /(D" — 2[) = g. Then observe that /(D" — z]) > (D" — D"),
more or less by definition.] On the other hand, there are more constraints v(z;) = y; than
there are linearly independent functions. Hence v cannot exist provided {z1, ..., Z41}
and {y, ..., 741} are generic, a contradiction.

(2) Now suppose that «(X) = V. Then u consists of |5, together with 2¢g bubbles {2} x
CP',i=1,...,2 The set {2, ..., zfz’g} contains {zy, ..., %1} and may also contain
k <g—1 elements of {7, ..., 25,}. (Recall that the points z, Z. and y; are in generic
position.) We then apply the renormalization procedure of [IP1, Proposition 6.6] to the
sequence ¥; restricted to a neighborhood of V. After choosing suitable restrictions and
rescalings, the sequence #; converges to a nonconstant meromorphic function § : ¥ —
CP' which encodes how the curves #;(X) approach V. The function & has poles at most
atD" =2+ + z’Q’g and zeros at 2¢ — k> g+ 1 points of {2}, ..., z’Qg}. The details of
this argument are left to the reader. Since /(D”) = g+ 1 by Lemma 2.2.3, we have at least
as many constraints as linearly independent functions. This implies that & = 0, which is
again a contradiction. O

Proof of Theorem 2.2.1. — By Lemma 2.2.2 and Lemma 2.2.4, G, (x, 3) is the num-
ber of meromorphic functions v : ¥ — CP! with poles at 2}, .. ., 2y, such that v(z;) = ;
foralli=1,...,¢g+ 1. By Lemma 2.2.3, I(z] + - + z’Qg) =g+ l.aOn the other hand,
since there are g + 1 constraints v(z;) = ;, there is a unique solution for generic (x, 3).
This shows that G (x, 3) = 1. ]
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2.3. Second relative Gromov-Witten calculation.

2.3.1. Definition of the invariant. — Let ¥ = S, where S = S U D? is obtained by
capping off a page S of an open book decomposition with connected binding as in Sec-
tion [.5.1.2. Also recall the “point at infinity” zo, = {p =0} € S.

Consider (X, w), where X = ¥ x CP! and w is a product symplectic form. Let
V =V, UV, where V, = ¥ x {x} and x = 1,00. We take A = [X] + 2¢[CP'],
g=g(X) =g(S) and n = 1. We say that piecewise smooth simple closed curves @,
i=1,...,2g,in ¥ homotopic to @;, 1 =1, ..., 2g are in good position it £ \ (@, U - - - Uﬁ/Qg)
is connected and either of the following conditions is satisfied:

(PB1) each @ is smoothly embedded, 2o ¢ @ U - U@, each pair @, @, i # ],

Intersects transversely in at most one point, and no point in X belongs to
more than two curves; or

(Bo) the curves @, i =1, ..., 2g, all intersect at z and at no other point, and are
smoothly embedded away from z.,, where they are allowed to have a corner.

We will need Condition (35) in the proof of Lemma 4.3.4 and Condition (3;) in the
computation. Throughout this section we will assume that the curves @), ..., d , are in
good position and write @' = (@), ..., E’Qg). We will denote by [a@] x --- X E’Qg] the image
of @) X -+ X @, in Sym?* (V) using the identification ¥ = V,, given by the projection
X x CP' — X.

Lemma 2.3.1. — Ifa’ satusfies Condition (B1), then [, X - - - X @y, ] is a smooth submanifold
of Sym* (Vo).

Proof. — By Condition (P3;) and after taking complex charts near the double
points, it 1s enough to consider the case of two smooth simple curves y; : (—¢, &) = G,
1 =1, 2, such that y,(0) = y»(0) = 0 and (y,(0), (0)) is a basis of C. We define

[:(=&8)’ = Sym*(C), T(x))={n®,nod}k
Recall the identification

®:Sym’(C) > C*, P({z,w}) = (z+w, zw),
which defines the smooth structure on Sym2 (C). We have

DPol'(x,y) = (x) + 1), Vi)Y (»)).

Computing the differential of this map and checking that it is injective at (0, 0) is
straightforward and therefore ' : (—é, £)> — Sym?(C) parametrizes a regular surface

n Sym2 (C). 0
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We will use a product complex structure J = jz X jgpi on X x CP'. We recall the
moduli space M, | (A) and the evaluation map

ev = (evx, evy,, evy, ) : M, 1 (A) = X x Sym™(V)) x Sym™ (V)
defined in the previous section.

Defination 2.3.2. — For every 3 = {(z1,d)), ..., (2, d)} € Smeg(Vl) and generic @' in
good position, we define the relative Gromov-Witten invariant

Go(%,3) = #ev™ ({(200, 0} X {3} X [@ X -+ x @, ]),
where # denotes the cardinality modulo 2.

In the definition, the genericity condition on @’ is in the space of curves in good
position and depends on 3. Before proceeding, a couple of remarks are necessary. First,
neither the complex structure nor the placement of the point (24, 0) is generic. The
meaningfulness of this definition will follow from automatic transversality results for the
moduli spaces and the evaluation maps. Second, when Condition (35) holds, the con-
straint [@) X - -+ X Efzg] may be singular when one or more coordinates are equal to Zs.
While, strictly speaking, a cycle would be enough to define the relative Gromov-Witten
invariant (and the set in question surely is a cycle), a number of arguments are simpler
if we are allowed to use the machinery of smooth topology. The key observation here is
that we can still reason as if [@, X - -+ X @] were smooth because topological constraints
prevent the J-holomorphic curves in M, f(A) from passing both through (2, 0) and the
singular locus of [@) X - -+ X @,]. The main result of the section is the following,

Theorem 2.3.3. — For every 3 € Sym*(V \ {2o0}) we have Go (2, 3) = 1.

Recall from the previous section that the moduli space M, (A) is regular and can
be identified with the space of meromorphic functions ¥ — CP' with poles of total
degree 2g.

Lemma 2.3.4. — The evaluation map
(evx, evy,) : M, 1 (A) = X x Sym*(V,)

15 a submersion.

Proof — The first step of the proofis to show that evy, is a submersion. Each fiber
77 '(3), where 3 = {(z1,d)), ..., (2, d)} € Smeg(Vl), can be viewed, after identifying V,
with ¥, as the space of meromorphic functions ¥ — CP' with a pole of order d; at z;
fori=1,..., [ This space is an open dense subset of H (X, O(3)), where we identify V|
with ¥ and regard 3 as the divisor d,z + - - - + d;z;. By Lemma 2.2.3, H*(Z, O(3)) is a
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complex vector space of dimension /(3) =g+ 1 for each 3 € Smeg (X); the denseness of
77'(3) is a consequence of the fact that [(3') =gif 3 € Sym* ' (X) and 3’ <3 (i.e., 3 — 3
is effective). Hence evy, is the restriction of a holomorphic vector bundle

7:€— Sym*¥(%), # ') =H"(Z,03)

to an dense open subset of €. In particular, 7 is a submersion.

For (u,x) € M, (A) (here x is the marked point on the domain of u, which
we identify with ), let N, be the normal bundle of # and D, the linearized normal
Cauchy-Riemann operator on N,. Since « is an embedding, there is an identification
T9M,y1(A) =kerD, @ T, % and d, yevx (&, v) = &(x) +d.u(v), while d, yevy, 1,z =0.

Since evy, is a submersion, then by the discussion above, the pair (evx, evy,)
is a submersion if for every (u,x) there exists & € kerD, such that &§(x) # 0 and
d(,,,x)evvl (S, 0) =0.

We define an action of G on M, (A) as follows. For every (u, x) € M, (A), we
identify « with a meromorphic function ¥ — CP' with poles at evy, (), and we define

C X Mg,I(A) > (d, (u’ X)) = (u+a, X)

Let & € ker D, be the infinitesimal generator of this action. It is clear that £(x) # 0 (and
in fact & has no zeros) and that 4, ,evy, (§, 0) = 0 because evy, (v) = evy, (u+ a) for every

a e C. ]

For j € Syng (V) let us write

M1 (A, 200, 3) = 0™ ({(200, 0} X {3} X [@) X -+ X @),

The following statement is a corollary of the automatic transversality for the moduli space
M, 1 (A) (see Lemma 2.2.2), Lemma 2.3.4, and the dimension formula (2.1.1).

Lemma 2.3.5. — For every 3 € Sym* (V) and generic @' in good position, the moduli space
M1 (A, 200, 3) 15 regular and zero-dimensional.

Proof. — TFor every 3 € Sym* (V) the moduli space

M1 (A, 206, 3) = (evx, evy,) ™ ({(200, 0} X {31

is regular by Lemma 2.3.4. We consider the restriction of the evaluation map
eyt M1 (A, 2, 3) — Sym* (Vo).

If @’ satisfies Condition (B,), generically evy_ is transverse to [@; X --- X @y,] by the
standard transversality theorem since [@] X - -+ X dy,] is a smooth manifold.

The only issue which remains to be considered is the nonsmoothness of [@] X - - - X
Efzg] when @’ satisfies Condition (J35). In that case, the nonsmoothness is concentrated in
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the locus where at least one of the coordinates is equal to (2, 00). However, it is not
possible that u € M, | (A) passes through (2o, 0) and (2, 00) at the same time because
A - [{zo0} x CP'] = 1. Therefore, for every u € M, 1 (A), evy (u) is disjoint from the
singular part of [@) X - - - X @, ], and therefore we can still apply the standard transversality
theorem. O

Given @’ in good position, we define subsets &, (a’), By(a’) C Syng (X) as follows:
Let (@) be the set of elements 3 = {(z1,d)), ..., (2, d)} € Sym*(X) such that z; €
a, U-~-Uﬁf2€ Or Z; = Zoo forsome 1 € {1, ..., [}.

If @' satisfies Condition (1), then we set By(@’) = @. In order to define By(a’)
when @’ satisfies Condition (J3,), we first introduce the set D(@’) of divisors w; + - - - 4+ wy,
such thatw; € @ fori =1, ..., 2¢g and w; = 2z, for atleast one i. Then we define B,(a’) as
the set of divisors 3 of degree 2g which are linearly equivalent to a divisor of D(@"), which
means that there exist a divisor tv € D(@’) and a meromorphic function f : ¥ — CP!
whose associated divisor is tv — 3. Finally, we set

05(5/) - 61 (E/) U 052(5/)
Lemma 2.3.6. — For every 3 € Sym™ (X \ {250}) we have 3 ¢ & (@) for a generic .

Proof — If 3 € Smeg (2 \ {z00}), then 3 ¢ B, (@) is immediate for generic a’. Next
we show that 3 ¢ &y(a’) for generica’: Let [@] x - - - X E’Qg]oo be the subset of [@] X - - - X E’Qg]
where at least one of the coordinates is equal to z. Then 3 ¢ B,(’) if and only if the
linear equivalence class of 3, seen as a divisor, is disjoint from [a@] X --- X ﬁfzg]oo. The
linear equivalence class of 3 can be identified with the quotient of the space of nonzero
meromorphic functions on X with poles at most at 3 by the action of CG* by multiplication.
By Lemma 2.2.3 this quotient is CP¢, so it has real dimension 2g. On the other hand,
[@) x -+ % ﬁ’Qg]oo is a union of submanifolds of dimension at most 2¢g — 1, and therefore
generically these two subsets do not intersect in Sym*(X). U

Lemma 2.3.7. — If 3 € Sym*(V)) \ (@), then M, (A, 20, 3) is compact.

Proof. — Arguing by contradiction, let u; € M, (A, 2%, 3) be a sequence that
converges to a nodal J-holomorphic curve u : I’ — X. Recall the holomorphic pro-
jections 7 : X — ¥ and 7y : X — CP'. Since u(F) represents the homology class
A = [Z] + 29[CP'] and 7, o u is holomorphic, one of the irreducible components of
F" must be biholomorphic to £ and all other irreducible components must be spheres
which « maps biholomorphically onto {w;} x CP' for i = 1, ..., k. Moreover, since
A -V, =A.V, =2g, the positivity of intersections implies that £ < 2g.

(1) Suppose that @’ satisfies Condition (3;).
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If w; ¢ {z1, ..., z} for some 7, then the image of ¥ must contain V,; otherwise, by
the positivity of intersections, the total multiplicity of the intersections between «(I) and
V| would be at least equal to 2¢ + 1, contradicting A - V, = 2g. Hence the image of u
consists of V| and 2g bubbles {w,} x CP' for i =1, ..., 2g. Moreover one bubble must
pass through (2, 0) and the total number of bubbles intersecting @, U - - - U @, ,» counted
with multiplicity, is 2¢, which is impossible.

If w; € {z1, ..., z} for some 7, then there is an intersection between u(F') and V4
which does not belong to any of @, ... , @, since 3 ¢ &,(@) (i.e., no z; lieson @, U- - -Ua,,).
Hence the image of « consists of V, with some bubbles attached that map to {z;} x CP!
with multiplicity 4; for : =1, ..., . It is impossible by intersection reasons that such a
curve passes through (24, 0).

(2) Suppose that @’ satisfies Condition (3,).

Ifw; € {z1, ..., z} for some z, then again there is an intersection between u(F’) and
Vo which does not belong to any of @), ..., @, .» and this gives a contradiction as in (1).
If w; ¢ {z1, ..., 2z} for some ¢, then, as in (1), the image of u consists of V| and

2g bubbles {w,} x CP! with w; € @,. Moreover w; = z,, for at least one 7 because the
image of ¥ must contain (z, 0). Define the divisor to = w; + - - - + wy, on X. Applying
the renormalization procedure of [IP1, Proposition 6.6] as in Lemma 2.2.4, we obtain a
meromorphic function & : ¥ — CP' with divisor D(§) = tv — 3. Clearly tv € D(@’), and
therefore the existence of &€ contradicts 3 ¢ &, (). (]

Proposition 2.3.8. — For every 3 € Smeg (2 \ {200}) and generic @' in good position, the
relative Gromov-Witten mvariant Go(X, 3) 1s well-defined and its value does not depend on the choice
of @' in good position, complex structure on X and .

Proof — Fix 3 € Sym™* (T \ {z00}). By Lemma 2.3.6, 3 ¢ &(a) for a generic @’ in
good position and therefore by Lemmas 2.3.5 and 2.3.7 the moduli spaces M, | (A, 2o, 3)
are regular, zero-dimensional, and compact. This proves that Go(3, 3) is well-defined.

At first we prove invariance when Condition (J31) holds: in this case & (a’) = &,(a’)
and therefore Smeg (V1) \ &(2’) is connected because

Sym*(V1) \ 8(@) = Sym*(Z \ (@ U--- U@, U (z0))).

Then, if we have pairs

(1) E/O and 5/1 of generic 2g-tuples of curves in good position satisfying Condition
(%1):
(i) jo andj; of complex structures on %, and
(iii) 30 and 3, of points in Sym*(V,) such that 3, ¢ &(@)), i =1, 2,
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then we can find generic paths® @), j; and 3, interpolating between them, where @, is in
good position and satisfies Condition (), and 3, € Sym*(V)) \ &(a)).

Since we can repeat the proofs of the Lemmas 2.3.5 and 2.3.7 for paths, the invari-
ance follows in a standard manner.

If, instead, @' satisfies Condition (B,) and 3 € Sym*(V)) \ &(@), then we can
find an open neighborhood U of 3 and a small perturbation @] of @’ such that the good
position condition is preserved all along the deformation, the final 2g-tuple of curves
satisfies Condition (), and U N &(@)) = & all along the deformation. Then we can
prove the analogues of Lemmas 2.3.5 and 2.3.7 for paths where 3 remains in U, and again
the invariance follows in a standard manner. This concludes the proof of the proposition.

O

2.3.2. Case of T>. — We consider the situation where ¥ = T?. We suppose that @’
satisfies Condition (). By the correspondence between J-holomorphic curves in T? x
CP' representing the homology class A = [T?] + 2[CP'] and degree 2 meromorphic
functions on T? for a generic 3 = {z;, 22} C Sme (V1) \ 8(@") with z; # 2, the relative
Gromov-Witten invariant Go(T?,3) is equal to the number of meromorphic functions
v:T? — CP' of degree 2 such that v(z,) = 0, v(21) = v(22) = | and the poles are on
a.

Lemma 2.3.9. — If z1 # 2y, then every meromorphic function on T* with poles at z, and z
of order 1 can be written as oy + ogf , where a1,y € C, oy # 0, and f is a fixed function on T*
with poles at zy and zo of order 1.

In other words, / is unique up to a postcomposition by a fractional linear transfor-
mation CP! — CP' which fixes co.

Proof. — By Lemma 2.2.3, [(z;) = | and is given by the constants, and [(z; + z9) =
2 and one dimension is taken by the constants. The lemma follows. UJ

Lemma 2.3.10. — Go(T2,3) = 1.

Progf. — Degree two meromorphic functions on T? are branched double covers
T? — CP'. According to Lemma 2.3.9, a branched double cover v : T?> — CP" satisfying
v(20) =0 and v(z;) = v(29) = 1 is determined up to postcomposition by 1 € PSL(2, C)
which fixes 0 and 1; see Figure 1.

2 A complication here is that the smooth structure on Sym*(X) depends on the complex structure on X, and
therefore for different values of ¢ the symmetric product Sym*(X) could have different smooth structures, which are all
diffeomorphic but not through the identity. However they can all be put in a smooth fiber bundle over [0, 1] such that the
fiber over ¢ has the smooth structure defined by j;. The necessary modifications to the proof are standard but notationally
heavy, so we prefer to leave them to the reader.
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FiG. 1. — The branched double cover v of the torus T?. The branch points wy, ..., wy of v are indicated by o. (Color
figure online)

Let wy, ..., w,; € CP! be the branch points of v. Since z; and z, can be chosen
generic, we may assume that w; ¢ {0, 1,00} for : = 1,...,4 and are all distinct. Let
Cj be a simple closed curve which bounds a small neighborhood of an arc from w; to
w;. We may assume that Cy and Cys intersect only at 2 points y;, yo. Let @), @, be lifts
of Cg, Cos to T? such that #(z, N @) =1 and v(@, N @) =y;. We now impose the
condition 7 o v(z3) =1 o v(z4) = 00, where z3 € @), 24 € @), and 7 is a fractional linear
transformation which fixes 0, 1. This is possible only if z3, z; € v™'(y;) for i =1 or 2. On
the other hand, since y,, y9 are not branch points, z3 and z, must be distinct. Hence the
only possibility is {z3, 24} = v™'(32) and n € PSL(2, C) is the uniquely determined by
n(0) =0, n(1) =1, n(y2) = oo. This completes the proof of the lemma. ]

2.3.3. Reduction to a torus. — Now we reduce the computation of G9(%, 3) to the
case ¥ = T? by a degeneration argument. In this section we assume again that the curves
a’ satisfy Condition ().

Let =, = (S,Jz.), T € [0, 00), be a 1-parameter family of Riemann surfaces which
degenerate into a nodal Riemann surface

(o, W) =((Z_,n)U(XZy,ny)) /n_~ny,
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where ¥_ has genus one, X has genus ¢ — 1 and n = {n_,n;}/ ~. Let j5, and j5_
be the complex structures on 2 and X_ respectively. Topologically ¥, is obtained as
follows: Let ¥ be a separating curve in S and let ~; be an equivalence relation on S
such that x ~¢ y if ¥,y € y. Then X = §/ ~p. We assume that 2z, is disjoint from y
and is mapped to £_. We also assume that the curves in @’ are disjoint from y and that

o), &y are mapped to X_, while @, ..., &), are mapped to X,. Finally we choose 3 =
{z1,..., 20, € Sym*(V)\ & @) suchthatz; ¢ y fori=1,..., 2g, {21, 2o} are mapped to
Y _ and {zs, ..., 29,} are mapped to X,. We denote 3_ = {21, 20} and 34 = {z3, ..., 29}

Define product complex structures J, = js, X jept on X, x CP' and J. =5, X
Jjep on Xy x CP'. We denote P, = {n} x CP', which we see as a submanifold of both
¥, x CP! and X_ x CP'. We define the parametric moduli space®

M3 (A 2,3) = {0 7) | T €10, 00), ue M (A, 2.9) |

Proposition 2.3.11. — Let MZ’I(A, 20y 3) be the compactification of M;l(A, Zo0r 3)-
Then '

M (A 2000 3) = MELA, 200, 3) = M AL 20, 32) Xp, MIZ (A4, 30),

where A, =[Z,]14+ 2(g— D[CP'] and A_ =[XZ_]+ 2[CP'].

Progf. — By Gromov compactness, up to passing to a subsequence, (u,, T,) con-
verges to (uy, up, u_), where ux maps to X1 x CP! and u; maps to {n} x CP'. Let A
be the homology class in Hy(Z. x CP') represented by u., and let £[CP'] be the ho-
mology class represented by uy. A simple computation shows that Ay = [Z.] + £.[CP'],
where £y + k- 4 ky = 2g. The point constraints for u; imply that £y > 2¢g —2 and k- > 2
and, on the other hand, 4 > 0 and 4, = 0 if and only if «, 1s constant. This implies that
ky =2¢—2, k- =2, and uy 1s constant. By Lemma 2.3.7, u_ 1s irreducible, and therefore
ue MY (A, 2, 30).

By the positivity of intersections, the image of v_ must intersect P,, at a single point
w. Without loss of generality we can assume that w ¢ @, U - - - U, ,» since u_ is the unique

element of ./\/l]fl (A, 200, 3—) by Lemma 2.3.10. Since the Gromov limit of a sequence of
connected holomorphic curves is connected, «; must also pass through w, once we have
identified {n,} x CP! with {n_} x CP'. Then we can repeat the proof of Lemma 2.3.7
and show that u, is also irreducible, and therefore u, € Miﬁl,l (Ay, w, 34). This shows
that

M (A 200.3) = MEA, 2000 3) © MY (AL, Zoon 32) X, M (Ag 3.

¥ We do not know if @’ is generic for every t. The proper way to proceed would be to choose generic paths T + 3,
and 7 > @&, such that 3, € Sym*(V,) \ &(@,) for all 7. The caveat about the smooth structure of the symmetric product
explained in Footnote 2 also applies here.
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The reverse inclusion follows from what Seidel in [Se, Proposition 2.7] calls an
average specimen of the “gluing theorem™ type. O

Proof of Theorem 2.5.3. — We prove the theorem by induction on the genus of X.
The case g =1 follows from Proposition 2.3.8 and Lemma 2.3.10. If ¥ has genus g and
we assume that the statement is true for genus g — 1, we use Proposition 2.3.8 to modify
the curves @’ and the points 3 so that we can apply Proposition 2.3.11. Then

Go(X,3) = Go(2-,5-)Ga(X4, 54)
and G9(X, 3) = 1 by Lemma 2.3.10 and the inductive hypothesis. 0J

2.4. Thuwd relative Gromov- Witten calculation.

2.4.1. Definitions. — Let D? be the closed unit disk {|z] < 1} C C and let ¥ = S.
We consider (X, @), where X = ¥ x D? and w is a product symplectic form.

Recall a C S as well as its components a;, i = 1, ..., 2g, from Section 1.5.2.2; here
@ is an open arc, {Zs} = @ — @, and 2z, is the point at infinity. Then I3 =2 x dD? C X
is a Lagrangian submanifold of (X, w).* We write 7;, i = 1, 2, for the projection of X
onto the sth factor. Let A be the relative homology class

A=[Z]+2-[D’] € Hy(X, Lg),

and let (F,J, xo,x) be a compact Riemann surface (F,j) of genus g with 2g boundary
components, together with an interior marked point x, and boundary marked points
x = (x1, ..., X4), where x;, xo,,; are on the ith boundary component 9;F.

Again, we work with a product almost complex structure J =j5 X ip2 on X. Let
M, 14, (A) (resp. M, 0,0(A)) be the moduli space of holomorphic maps

u:(F, 7, x0,x) — (X,]) (resp. u: (F,)) = (X,]))

such that «(9;F) C I and u,([F]) = A, modulo automorphisms of the domain. We con-
sider the evaluation maps

(2.4.1) evx t My, (A) > X, (4, %9, x) > uxp);
(2.4.2) vyt My 1ag(A) = 15 x - x L, x L x - x 15,
(u, x0, %) > (u(x1), ..., ulxyy)).
and ev = (evx, evy). Let z=(z1, ..., 24o) be a 4g-tuple of points in ¥ such that z;, 20,4 €
a,i=1,...,2¢. Then we write

Mg,l,4g(A’ Zoo) = ev)zl (zoo’ O) and

* We also could have used Lz =a x 9D? C 9X, but we write Lz to emphasize that the holomorphic maps never
intersect {zo0} X 9D?.
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Mg,1,4g(A7 Koo Z)
—1
=ev ((Zoo, 0)9 (zh l)v ) (nga 1)7 (z2g+19 _1)9 ey (z4g7 _1))'

Definition 2.4.1. — The relative Gromov-Witten type invariant Gs(X, z) is the cardinality
modulo two of M 4,(A, 20, Z) for z generic.

Theorem 2.4.2. — If z 15 generic, then Gs3(2,z) = 1.

Proof. — The regularity and compactness for the moduli space M, | 4,(A, 250, 2)
are proved in Corollary 2.4.10 and Lemma 2.4.12, respectively. The independence of
G3(Z, z) of the almost complex structure and z is proved in Lemma 2.4.13, and finally
G3(X, z) 1s computed in Sections 2.4.4-2.4.6. ]

2.4.2. Transversality. — We recall the following automatic transversality result
from [HLS]; see Theorem 2 and Remark (1) following the statement of Theorem 2 in
[HLS]:

Theorem 2.4.3 (Hofer-Lizan-Stkorav). — Let (F,j) be a compact Riemann surface with
nonempty boundary, (M, J) be an almost complex 4-manifold, and L. C (M, J) be a totally real surface.
Let

up : (F,dF,j) = (M, L., ])

be a holomorphic map which sends OF to L. If uy is immersed and the sum of the Maslov indices of
uologr with respect to any umitary trivialization of uy TM s positive, then the set of holomorphic maps
u: (F,0F,)) = (M, L, )) near uy ts regular.

Remark 2.4.4. — Strictly speaking, Theorem 2.4.3 applies to the case where (M, J)
has no boundary. However, we note that Theorem 2.4.3 is a local result, i.e., only uses
an open neighborhood of the image of uy. The complex manifold (X = ¥ x D?,]) can
then be slightly enlarged to a product complex manifold £ x D, where D7, is a disk
of radius 1 4+ ¢, so that the theorem applies. We then note that any nearby curve in the
enlargement with boundary on Lz has image in X by considering the projection to D ,.

Using Theorem 2.4.3, we prove the following key result:
Lemma 2.4.5. — The moduli space M0,0(A) is regular and has dimension

dim M, o o(A) = 4g+ 2.

Proof. — Let u € M, 0(A), where u: (F,7) — (X, ]). Since « maps each 9;F to a
distinct I, there are no branch points of 7y o  along 9F and the curve « is immersed
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near dF. On the other hand, the restriction of 7, o u to wi(F) is a biholomorphism onto
its image. Hence « is an immersion on all of F.

The total Maslov index w(u) relative to the Lagrangian Iz, with respect to any
unitary trivialization of «*TX is:

p(w) = 2g - n({pt} x D*) + 2¢,(TX),

where {pt} x D? has boundary on I3 and u({pt} x D?) is computed with respect to a
trivialization of TX];yxp2. An easy calculation gives u({pt} x D?) =2 and ¢(TX) =
x(2) =2 —2g. Hence

(2.4.3) () = 2(2) + 2(2 — 29) =4 > 0.

The regularity of M, ((A) then follows from Theorem 2.4.3, in view of Remark 2.4.4.
Using the usual index formula for holomorphic curves with Lagrangian boundary, we
obtain:

dim M0,0(A) = —x (F) + () = —(2 —4g) + 4 =4g + 2,
This completes the proof of Lemma 2.4.5. O
Corollary 2.4.6. — The moduli space M\ 4,(A) ts regular and has dimension
dim M, | 4,(A) = 8g + 4.

Since the point 2., is not generic, we also need an automatic transversality result
for the evaluation map.

Lemma 2.4.7. — The evaluation map evx : M, 4,(A) — X is a submersion.

Proof: — Yor every (u, xo, x) € M, | 4,(A), the differential
d(u,xo,x)evx : T(u,xg,x)Mg,l,4g(A) — Tu(xo)X

1s surjective thank to the following two local deformations of (u, xy, x): (i) postcomposition
of u by a fractional linear transformation and (i1) variation of the point x. O

Corollary 2.4.8. — The moduli space M 4,(A, 20) @5 regular and has dimension
dim M, | 4, (A, 200) = 8g.

Next we consider the evaluation map at the boundary points.

Lemma 2.4.9. — For a generic z = (21, . . ., Z4,), the point

z, — ((zlv 1)’ cees (nga 1)! (z2g+la _1)’ R (54g9 _1))
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is a regular value of the evaluation map

%) :Mg,l,4—g(Aa Zoo) - L’,;l X X L’(l\r_)g X LE[ X - X g

a9 9
defined as restriction of the map _from Equation (2.4.2).

Proof. — We take the generic z to be a regular value of the composition of evy with
the projection

T o~ o~ o~ -~
I x - xlg, xLg x-- x5, 5@ X Xag, Xa X -+ Xay;

by Sard’s theorem the set of such z is open and dense.
We claim that if z is generic, then a regular value of 7, o evj is a regular value of
evy: In fact we decompose

T, xnlg =T, & T 9D

and observe that the directions tangent to dD? are covered by moving the boundary
marked points (since « is an embedding) and the directions tangent to the arcs @ are
covered by moving the J-holomorphic curve in the moduli space as long as z is a regular
value of 7T, o evy. ]

Corollary 2.4.10. — The moduli space M 4,(A, o0, 2) is regular and has dimension
dlm Mg,l,4g(A9 o005 Z) = 0

We consider now a slightly different moduli space. Let
A'=[Z]4 (2¢ — DID’] € Hy(X, La),

and let 2’ = (21, ..., Z9g—1, Z9g+1» - - -» Z4g—1) be a (4g — 2)-tuple of points such that
Zis Zog+i €a,i=1,...,2¢ — 1. We define the moduli space M, 149N, 200,2') In a
manner analogous to M, | 4,(A, 2, Z).

Lemma 2.4.11. — For generic z the moduli space My 1 4,_o(A, 200, Z') 15 emply.
Proof. — Tor generic z' the moduli space M, | 4,-9(A', 200, Z') is regular; the proof
is the same as the proof of Corollary 2.4.10. One can compute from the dimen-

sion formula that the virtual dimension of M, | 4,_9(A’, 25, 2') is —1. This proves the
lemma. [

Observe that the lemma is still valid if the unoccupied arc is any 4, instead of ay,.
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2.4.3. Compactness.

Lemma 2.4.12. — The moduli space M, | 4,(A, 200, 2) is compact for generic z.

Proof. — Let u; : F; = X be a sequence of curves in M, | 4,(A, 200, 2z) that limits
to u: I — X. The compactness of holomorphic curves with this kind of singular La-
grangian boundary condition has already been discussed in detail in Section 1.7.3 in the
SFT setting, but here the existence of the limit can be justified more easily as follows. The
Lagrangian boundary condition is the product of a Lagrangian submanifold in D? (i.e.,
9D?) and an immersed Lagrangian submanifold in ¥ =S (i.e., the arcs @). Since we work
with split almost complex structures, we can apply the Gromov compactness theorem on
the two components separately. On the component where the Lagrangian boundary con-
dition is smooth, this is of course classical, and on the component where the Lagrangian
boundary condition is immersed we apply [EES, Theorem 9.2]. It is true that the ref-
erence only considers disks, but the only new ingredient in the higher genus case are
domain degenerations, which happen at the source, and the necessary adjustments are
straightforward.

We will eliminate all possible degenerations in the limit to show that u €
M, 1 4g(A, 200, 2). Note in particular that we are assuming that all the points of z are
distinct.

(1) We first claim that the domain of « can have no irreducible component which is a disk.
Arguing by contradiction, suppose that « has a disk component «'. Since 7y © ;] r,) 1s @
biholomorphism onto its image for all 7, Im(«') = {z} x D? for some z. Also there is no
fiber component of u of the form ¥ x {pt} where ¢ € D?, since otherwise u cannot pass
through (2, 0) and be in the class A. The point z must then be an element of {z1, ..., 29,}
by considering the intersections of u with X x {1}. Similarly z € {z9,41, ..., 24¢}. This is
contradicts the assumption that all points in z are distinct.

(ii) Next we claim that #(3F) does not intersect {zo,} x dD?. Arguing by contradiction,
suppose that u(dF) N ({2} X dD?) # &. Since u cannot have a disk component {z,,} x D?
by (i), there exists a point z € ¥ — @ close to 2, such that u intersects {z} x D? at two
points: once near (z, 0) and once near {25} x dD?. Hence («, {z} x D?) > 2, which is
a contradiction. This also implies that « has no nodes along the boundary: since each ;
maps each component of dF; to a different I, such a node could only be at a point of
{250} x D2,

(i11) Finally we eliminate interior nodes. Since « has no disk components and sphere com-
ponents (the latter easily follows from 79(X) = 0), if « has an interior node, it must have
a component # : I' — X of genus < g. Since 7, o #'|;4) cannot map onto the genus g
surface ¥ — (a — N(zs)), we have a contradiction. ]
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Corollary 2.4.10 and Lemma 2.4.12 imply that M, | 4,(A, 2, 2) is a finite set, and
therefore the count modulo two

Gs3(X,2z) = #Mg,l,4g(A9 200> Z)
is well-defined, when z is generic.

Lemma 2.4.13. — The count Gs (X2, z) ts independent of the choice of product complex struc-
ture ] and z generic.

Progf. — Given J; and z; generic, : = 0, 1, we can connect them by generic paths
J: and z,, t € [0, 1]. We further assume that the path z, satisfies the following (generic)
properties:

(1) the number of parameters ¢ € [0, 1] for which two points in z, coincide is finite,

(2) atagiven ¢ € [0, 1] at most two points coincide, and

(3) if for some ¢ € [0, 1] two points of z, coincide, the remaining 4g — 2 are generic
in the sense of Lemma 2.4.11.

We define the parametric moduli space
MU LA 2o (2 = {(Lw) | 1[0, 1], ue MY, (A, 20, 2))
We prove the compactness of /\/lg’l}Ag(A, Zs0s {2:}). The proof is similar to that
of Lemma 2.4.12 and the only difference is that, when two points of z, (say, without
loss of generality, zo,, and z4,,) come together for some isolated 4 € (0, 1), a fam-
ily of J,-holomorphic curves «, could degenerate, as ¢ — #, into a nodal curve with a
disk component {zy,,,} x D? and one irreducible component «' : F' — X with 2¢ — 1
boundary components which passes through (0, 2o) and (21, 1), ..., (291, 1), (29541,
—1), ..., (z44-1, —1). The component #' however cannot exist by Lemma 2.4.11 and
Property (3) of the path {z,}.
The regularity of MU (A, 2, {z,}) follows from Corollary 2.4.10 adapted to a

& l.4g
generic 1-parameter family. The compactness and regularity then imply the lemma. [J

2.4.4. Reduction to a torus. — We now explain how to reduce to the case of a torus.
As in Section 2.3.3, we degenerate X; = (X,/x.), T € [0, 00), into a nodal Riemann
surface

(Boo, ) = (X, n) U (24, ny)) /o ~ng,

where ¥_ has genus one and X has genus g — 1 by pinching along a separating curve
y. We denote D,, = {n} x D?. Let j5 . andjy_ be the complex structures on X and X_,
and define product complex structures J; =5, X ip2 and J+ =J5, X ip2. Here we assume
the following:
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(i) Zeo, 2, and a are fixed for all T € [0, 00);

(ii) y is disjoint from z, @, @y, but intersects as, . . . ,'c?gg at two points each;
(i) i the imit Zeo, 215 225 220415 Z2g+2 € 2o AN 23, .+« 5 22gy 226435 + - - » g € 2.

Let A be the quotient of a at T = 0o. Let v; = 7y o u,, where 7 is the projection to D?.
We erte z_ — ('Zl’ 29, ZQg-‘rl’ ng-q-Q) and z, — (Z%, L) ngv z2g+37 LK) 'Zﬁl-g)~

(A, 200, Z) be the compactification of M Ued (A, 2s0, Z).

& 1.4

Proposition 2.4.14. — Let Mgl}éyg
Then

—— U} <}
M, A, 20, 2) = MU (A, 2, 2)
= MJ[IA(A—’ Zo0s Z-) XD, Mitl,o,4g74(A+, z,).

Proof. — Consider a sequence (u%, X ,, X;,) € M;il, 4 (A, 2o, ). We first note that
u" cannot degenerate as 7; approaches a finite 7,. This is as argued in Lemma 2.4.12.
Hence we may assume that 7, = o0.

Let u=u_ U uy U uy be the limit of 4% as 7; — 00, where Im(uy.) C Ty x D?, uy
has no components in Dy, and %, maps to D,, and let vy = 7y o uy.. By the argument
of Part (i) of the proof of Lemma 2.4.12, u cannot have disk components {z} x D?, since
otherwise they would introduce extra intersection points with

oo X {w} = (B LX)/ ~) x {w},

where w € int(D?). In particular, this implies that uy = &.

Let Fy be the domain of uy. By Part (ii) of the proof of Lemma 2.4.12, u_(dF_)
does not intersect {2z} X dD?. Let #(9F) be the number of boundary components of
F..

We claim that #(0F_) = 2 and #(0F,) = 2g — 2. First observe that #(0F_) > 2,
since two boundary components are needed to map to @, ¢ = 1, 2; similarly #(3F,) >
Qg — 2 since R8s e+ 5 R2gs R20+35 + + + 5 Rdg € Z+.

The restriction of v_ to each component C of dF_ is either a positive degree map
C — 9D? or is a constant map to a point w € dD*. If v_ maps C to a point w € ID?,
then z_ maps an irreducible component of F_ to a fiber ¥_ x {w}. This in turn implies
that »_ has disk components, a contradiction. Hence the restriction of v_ to each C is
a positive degree map. If #(0F_) > 2, then deg(v_|sr ) > 2. Similarly we obtain that
deg(vy|or,) > 2¢ — 2. This implies that deg((vy Uv_)|yr) > 2g, which is a contradiction.
Hence #(0F) =2 and #(0F_) = 2¢ — 2.

The above claim implies that

J- J
U— €M1,1’4(A77 zoo’zf), Uy EMgt1’0’4g_4(A+,z+),
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Moreover, the images of u_ and u, intersect D, at the same point because the Gromov
limit is compact. This proves the inclusion

_{Jr} -
Mg,1,4,(Aa Zoos z) — MU ) (A, Zoos z)

g & 1.4g

S M‘]lle(A—’ Zs0s Z—) XD, M§t1,0,4g74(A+, z.).

The opposite inclusion follows from the usual gluing argument. O

By the usual gluing argument we obtain the following:
Corollary 2.4.15.

G3(29 Z) = G3(2—9 zl) X G3(E+’ Z+).
Proof. — By Proposition 2.4.14 we have
Go(E,2) = # (M (A 2 z) xp, M (A7)

We have, by definition, #./\/ljlfl’ LA, 200, 2) = G3(T?, z_). Moreover, every curve u €
MJITIA(A_, Z0o» Z_) intersects Dy, at a unique point (n, w) € £_ x D2 Now we observe
that n plays the role of zy, for the arcs @ in . (i.e., it is the unique intersection point
of all the arcs). Moreover, we can assume w = 0 after an automorphism of CP' that
fixes +1 and —1. This means that, for every curve u_ € #MJITH(A,, Z0» Z—), there are
G3(Z4,z,) curves in Mif—l,o, 4g—4(At, z,) which intersect Dy at the same point as u_.

O

2.4.5. Two calculations on CP' x D?. — We now calculate two model situations
which are key ingredients in the proof of Lemma 2.4.19 below. Note that all the holo-
morphic curves on CP' x D? that are considered below satisfy automatic transversality;
see Hofer-Lizan-Sikorav [HLS, Theorem 2/].

Fix real numbers a > b > 0. Let S) be the set of pairs (v, w), where v; is a degree 1
holomorphic map D? — CP' (more precisely, is a biholomorphism onto its image when
restricted to m¢(D?)) such that v;(0D?) CR", v;(1) = a, vi(—1) = b, v;(0) = 00, and w
is a point in D? such that v;(w) = 0, and let C; be the set of points w for which there
is some v; with (vy, w) € S). Similarly, let S be the set of pairs (vy, w), where vy is a
degree 1 holomorphic map D* — CP' such that v5(dD?) C R, v5(1) = a, vy(—1) = b,
v72(0) = 00, and w is a point on D? such that vy(w) = —i, and let Cy be the set of points
w for which there is some vy with (vy, w) € So.

Let Ry be the restriction to D? of the radial ray which passes through 0 € D? and
makes an angle of § with the positive real axis.
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[

F1G. 2. — Rough pictures of curves C; and C; appearing in Lemmas 2.4.16 and 2.4.17. (Color figure online)

Lemma 2.4.16. — There exists 0 < 6y < % such that Cy C D? can be written as the image
of a curve which is parametrized by 6 € (w — 6y, w + 6,)), C1(0) = C, N mt(Ry) (here we are
abusing notation and using Cy for both the curve and its image), and

lim  C(0) =",  lim C;()=""".
0— (m+60)~ 60— (r—6)*

See Figure 2 for a rough picture of the curve C;.

Proof: — By the Schwarz reflection principle, a map v, with (vi, w) € S; extends
to a degree 2 branched cover CP' — CP' with two branch points which lie on R C
CP'. Hence v, admits a factorization

DL HL P S cP,

where H = {Im(z) > 0} is the upper half plane, f : D? = H is a fractional linear transfor-
mation, ¥,(z) = 2%, and g € PSL(2, R). In order for v, (0) = 00 and v, (w) = 0 to hold, f
must map the ray Ry through 0 and w to the line {Re(z) = 0} C H. We may set f(¢¥) =0
and f(0) = ¢; these conditions uniquely determine f = fy. We leave it to the reader to
verify that for each 0, there is a one-to-one correspondence between (v, w) € S with
w € Ry and w € R,y satisfying the following equality of cross ratios:

(2.4.4) (V1 0 fy(w), vy 0 fyg(1); vy 0 fo(—1), —1) = (0, b; a, 00).

Note that v; o f3(Rg) = [—1, 0] and that there is at most one w € Ry such that Equa-
tion (2.4.4) holds.

When 6 =7, 0,0/, (1) =00 and v, o f; (—1) = 0. Hence there is a unique w € R,
satisfying Equation (2.4.4). As 8 moves from 7 to %”, the points 1 o f5(1) and v, o fo(—1)
approach each other and become equal when 6 = 57” Hence there exists 0 < 6y < 7
such that there is no w € Ry for m + 6, < 6 < 57” and there is a unique w € R, for
7 <60 <m + 6. The situation of 8 € (5, 7] is symmetric. The lemma then follows. [J
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Lemma 2.4.17. — There exists a parametrization of Cy C D* by 0 € (7 %") such that

lim Cy@®) =1, lim Cy(0)=—1.
60— 5+ g_>3777_

See Figure 2 for a rough picture of the curve Cs.
Proof. — As in the proof of Lemma 2.4.16, vy can be factored as
p’4HS cp' S cP

where U5(z) = 2% and fz maps 0 to 7 and Ry to {Re(z) = 0,0 < Im(z) < 1} C H. Note
that there is a unique fractional linear transformation g such that g(—1) = oo, g(0) = b,

and g(00) = a. For each 0 € (7, 37”), there exists (vy, Co(0)) € Sy such that Cy(0) is in
one of the half-disks of D? divided by Ry U Ry. As a reference point, Cy(7r) is in the
upper half-disk. As 6 approaches 7 from above, the corresponding vy sends —1 and 1 to

arbitrarily close points. Hence lim Cy(0) = 1. Similarly, lign Cy(0) =—1. O
60— 5+ 9_>f‘7”_

The following lemma is immediate from Lemmas 2.4.16 and 2.4.17; the key in-
gredient is that the endpoints of C; and Cy alternate on dD?:

Lemma 2.4.18. — The total count of intersection points between Cy and Coy s 1 modulo 2.

2.4.6. Reduction to CP' x D?. — We now explain how to further reduce from T? to
S%. We pinch T? along three parallel, disjoint, essential closed curves y,, y», ¥3 to obtain
a “sausage”

(2'4’5) ((El’ wi, wé) U (22’ Wy, U)é) U (237 Wws, w/l)) / ~,

where ¥; >~ S?, i =1,2,3, and w, ~ w’, =1, 2,3. More precisely, pick an oriented
identification T? ~ R?/Z? with coordinates (x, ») so that g, = {y = 0} and @, = {x = 0}.
Then y; ={x = i}, Yo ={x= %}, and y; is obtained from {x = i} by applying a finger
move along the arc [%, l+e]x {é} so that 3 has two intersections y = % —e&, % +& with ay.
We also assume that z,, z3 € @, lie on {i <x< %} and 29, 24 € @ lie on {% —e<y< é+8}.
Then X, is obtained from the closure of the connected component of T? — U?_, y; which
is bounded by (copies of) ¥, and y», by identifying all of y; to w; and all of y, to wj;. The
other components ¥y and X3 are defined similarly. In particular, z,, € X3. See Figure 3.

Lemma 2.4.19. — Gs(T?%,2) = 1, wherez = {21, ..., 2}

Proof — We degenerate the Riemann surfaces £ = (T?,7,), T — 00, by pinching
along y; U 5 U y5. Then a sequence of holomorphic maps

u: (F,j) = (27 x D, Jr)
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i
T

73 az
7 Y2

Fic. 3. — The top diagram is the torus T?, where the sides are identified and the top and the bottom are identified. The
arrow indicates the projection of T? onto ) U Xy LI B3/ ~, given in (2.4.5). The components of @; = @;/ ~ which do not
contain points in the set {zy, ..., z4} are not drawn in X;. Also the two disks on the left and the right of the bottom diagram
are glued into Xs. (Color figure online)

n MJI’A(A, Zs0» Z) converges to a nodal curve (u;, ug, u3), where
ul-:F,-—>El~xD2, i=1,2,3,

and F; =F, = D?, F; = CP!. This is because z;, 23 € ¥, and 29, 24 € %9, and the total
number of boundary components Z?ZI #(0F)) is equal to two by the argument in Sec-
tion 2.4.4. Now, u3 must have image X3 X {0} since zo, € X3. The sets S} and S for
v, =myou;,t= 1,2, were determined in Section 2.4.5. The gluing of intersecting curves
u; and uy 1s given by the signed intersection number of C; and Cy, which is 1 modulo 2

by Lemma 2.4.18. O

Proof of Theorem 2.4.2. — By Lemma 2.4.13 we can write G3(X) = G3(Z, z)
for generic z. By Corollary 2.4.15, if £ has genus g, then G(Z) = G(T?)¢. Then
Lemma 2.4.19 implies that G5(X) = 1. ]

3. Homotopy of cobordisms I

In this section and the next we prove Theorem 1.0.1. The chain homotopies that
appear in the proof of Theorem 1.0.1 are induced by homotopies of cobordisms Wf
and Wf which are parametrized by T € R. In this section we treat Wf, leaving W;F for
Section 4. If = is understood (as it will be in the rest of this section), then it will be omitted.

We now give a brief informal description of W, leaving precise definitions for
later. The base B, of W, is biholomorphic to an annulus with one puncture on each
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boundary component; the neighborhoods of the punctures are viewed as strip-like ends.
As T — +00, W, degenerates to the stacking of W, “on top of” W_, where W, and W_
are used in the definitions of the chain maps ® and W. (This is the reason why there is a
+ in Wf) On the other hand, as T — —o0, W, degenerates to W_o, whose base B_«
1s (more or less) given by:

(3.0.1) B.ow=(Rx[0,1)uD)/~,

where D = {|z] < 1} C C and ~ identifies (0, 1) € R x [0, 1] with 1 € D and (0,0) €
R x [0, 1] with —1 € D.

3.1. Construction of the homotopy of cobordisms for W o ®.

3.1.1. Recollections. — In this subsection we recall some notation from [I].

Recall that S is a compact oriented surface of genus g with connected boundary
(a page of an open book (S, A)), S =S UD? is a closed surface obtained by capping off
S, A=h, :S— Sis an extension of £ which is dependent on the integer m > 0 as in
Section 1.5.1.2, and @ is the area form on S from Section 1.5.1.2 which is invariant under
f. Also 2y is the origin p = 0 of D? = {p < 1} with polar coordinates (p, ¢).

The mapping tori

N=(Sx[0,2])/(x,2) ~ (h(x),0), N=(Sx][0,2])/(x,2) ~ (Ax),0)

were defined in Section I.5.1. Let W=R x [0, 1] x S, W=R x [0, 1] x S, W =R x N,
and W = R x N; they admit symplectic fibrations with fibers diffeomorphic to S, S, S,
and S, respectively. We also have the symplectic fibrations 7g, : W, — B, g, W, —
B, and 7w : W_ — B_ from Sections 1.5.1.1 and 1.5.1.2, with fibers diffeomorphic to
S, S, and S, respectively.

The fibration W (or Wf) was used in the definition of CF (S, a, A(a)) and the fibra-
tion W’ (or W) in the definition of PFCy,(N). The positive end of W, and the negative
end of W_ agree with those of W and the negative end of W, and the positive end of
W_ agree with those of W'. The fibrations g . and 7g_ were used in the definitions of
the chain maps

@ : CF(S, a, fi(a)) — PFCy,(N),
W : PFCy,(N) — CF(S, a, A(a)).
3.1.2. Definition of the family (W,, m(7)). — For each r € [2, 00), consider the fi-

bration

7,:Rx N, - R x (R//Z),
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where
N, = (S x [0, 7])/(x, 7) ~ (A(x), 0)

and (s, f) are coordinates on R x (R/rZ). For each /, r € [2, 00), define Wu = 7'[7_1 B.)),
where the base B, is obtained by smoothing the corners of

{(—i<s<JUu{0<t<1}CRx R/7Z).
Next choose a function
(3.1.1) n=(,r:R—>[2,00) x[2,00),
which is obtained by smoothing

(1) = (t+2,2), fort=>0;
M =19,2-1), fort<0:

near T = 0. We then let W, =W, and B, = B, (). Let 3, : W, — B, be the projection
along {(s, 1)} x S.

3.1.3. Neck-stretching. — As T — 400, the cobordism W, approaches the con-
catenation of W, and W_; see Figure 4. On the other hand, for T < 0 we can view the
rectangle [—2, 2] X g, % — 7] C B; as a neck and by taking T — —00 we are stretch-
ing along this neck and degenerating the cobordism W, into a 2-component manifold
W_ o = W_Oo,l U W_OO’Q, which we describe now; see Figure 5.

The base of W_po = W_qo1 UW_9 is BLoo = B_o 1 UB_ 9, where B_ | is
obtained from {—2 <5 <2} U {0 < ¢ < 1} C R? by smoothing the corners and B_,, o =
[—2,2] x R. Here both R? and [—2, 2] x R have coordinates (s, 7). The component
B_w.1 has four strip-like ends: the ends s - +00, s = —00, { = 400, { = —00 will be
referred to as the top, bottom, left, and right ends. The component B_., o has two strip-
like ends: the ends { — +00 and ¢ — —o0 will be referred to as the left and right ends.
As usual, B_ is endowed with identifications of the compactifications of the strip-like
ends. More precisely, if the compactification IVS_OO,I is obtained from B_., | by attaching
{£oo} x [0, 1] and [—2, 2] x {£o00} and the compactification B,OOQ is obtained from
]3)_00,2 by attaching [—2, 2] x {00}, then we identify (s, £00) € ]v3_oo,1 with (s, Fo0) €
B_wo.

Let W,oo,i =B_ ;X Sfori=1,2. The 2-component building W_ o = W,Oo,l U
W_o0 is endowed with identifications of compactifications of the ends. The com-

pactification W_oo,l 1s obtained from W—oo,l by attaching {£oo} x [0, 1] x S and
[—2,2] x {Zoo} x S, the compactification W_OO’Q is obtained from W_OO,Q by attach-
ing [—2, 2] x {£o00} x S, and we identify (s, +00, x) € W_ | with (s, —00, x) € W_,. 5
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FiG. 4. — The bases of the family W,. The parameter 7 increases as we go to the right. The sides are identified in this
picture, as indicated. The location of ﬁb(r) is indicated by x

ol | x| ®

Fic. 5. — The bases of W_q 5 to the left and W,ocvl to the right

and (s, 400, x) € W_OO’Q with (s, —00, A(x)) € W—oo,l- We write mp___, : W_oo,i — B_
for the projection along S.

We write ¢/(B;), ¢/(B.), ¢/(B_) to denote the compactifications of B;, B, B_, ob-
tained by adjoining a point at infinity for each end s = £00. Similarly, we write ¢/(B_ 1)
for the compactification of B_, |, obtained by adding 4 points s = £00 and ¢ = F00,
and ¢/(B_n 9) for the compactification of B_, 9, obtained by adding 2 points ¢ = f=00.

3.1.4. Marked points. — We choose a 1-parameter family of marked points
m(r) = @'(0), W (2) = (=) + 2, (1) + 1)/2), 200) € W
Observe that the map 7 +— m'(t)isa smoothing of the function

(—‘L’,ﬁ), fort >0;
t= (0,3%), fort <0,

and therefore ﬁb(r) is always on the axis {t = (r(t) 4+ 1)/2} of involution for the involu-
tion (s, t) = (s, 1 —¢) of B, and always at a fixed distance from the lower component of

3B,. See Figure 4 for a schematic representation of B, and the placement of W’ (7).
The following also hold:
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(i) as T — 4oo, m(r) limits to m(+o0) = (M’ (+00), W (+00)), where
m’(+00) = (0, ) € B_ and W (400) = 200;

(i) as T - —oo, m(r) limits to m(—o0) = (M’(—o0), W (—o0)), where
m’(—00) = (0,0) € B_qo» and W (—00) = 2.

Convention 3.1.1. — In this section and the next, m will denote a l-parameter
family (as opposed to a single marked point).

Let us write £, for the locus {t = 4}, viewed as a subset of B;, B_, B;, as
appropriate. Of particular interest is L r)+1)/2, which passes through m'(t) € B, or

m’(+00) € B_.

3.1.5. Stable Hamiltonian structures and symplectic forms. — We first consider W,. The
stable Hamiltonian structure on N,(,) = (Sx [0, 7(v)]) / ~ 1s obtained from (d?, @) on S x
[0, 7(7)] by passing to the quotient, where @ is the area form on S from Section 1.5.1.2.
The 2-plane field is §; = kerdt = TS and the Hamiltonian vector field is R, = 9,. The
symplectic form Q, is obtained from the symplectic form ds A dt +® on R x S x [0, 7(1)]
by passing to the quotient R x N,y and then restricting to W,.

Next we consider W_o, = W,ow U W,OO,Q. Let w_x.; be the restriction of the area
form ds A dt on R? to B_o, and let w_oo 9 =ds Adt on B_o o = [—2, 2] x R. Then we
set ﬁ,oo,i = W_no; + ®. The stable Hamiltonian structure at the s — 00 ends of W,oo,l
are given by (d¢, w) and the stable Hamiltonian structure at the { — £00 ends of W_oo,l
are given by (ds, ®).

3.2. Holomorphic curves and modul spaces.

3.2.1. Lagrangian boundary conditions. — Recall that the monodromy map A = A, :
S — S depends on the integer m 3> 0. Also a = {a, .. ., dy,} is the extension of the basis
a={a,...,ay}to S so that @, = ¢; U a0, Ua, 1, as described in Section 1.5.2.2. We also
note that a depends on m.

We first describe the pushoff b of @ which also depends on m: Let

2
mK (m) =Y,

g0 = &o(m) =

where K(m) 1s a positive integer such that lim,,, ., K(m) = 00, and let b; be a g-close
transverse pushoff of @; which satisfies the following:

— 1in a neighborhood of 24, b; is obtained from @ by a —¢gy-rotation; and
— @ and b; intersect at three points x7, xfé and xz-#g (besides at zx); xfé € mt(S) and
pid xfg eS—S.

i1
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Fic. 6. — The arcs @, b;, 71(5,,), and Z(Z,) near Zoo

See Figure 6. We also write b; j for the portion of b; analogous to @;;. When we want to
signal that z, 1s an intersection point of @; and 4;, then we write it as ,zfo.

Let us write ¢ (g,;) for the ¢-coordinate of _the portion of @;; near z,, subject to
the condition 0 < ¢ (a,;) < 2m; similarly define ¢ (4;;), etc. Then, near 2.,

(3.2.1) 0 < ¢(bi)) <d@,) < Phb;) < ¢(A@,)) < c(m),

where ¢(m) — 0 as m — 00; cf. Section 1.5.2.2.

Remark 3.2.1. — 1In view of the choices of @;; and ﬁ(ﬁzj) from Section 1.5.2.2 and
the choices of &; j above, as m — oo:

— ¢(@,;) — ¢ (b;;) — O the fastest;
- ¢(ﬁ(ﬁl—z,-)) — ¢ (@;j) — 0O the next fastest;
— ¢(a;j) — ¢ (ay ;) — 0 the slowest if (z,7) # (7, )).

The symplectic fibration

g, : (We, Q) — (B, ds A db)

induces a symplectic connection, defined as the €2;-orthogonal of the tangent plane to
the fibers. We place a copy of a on the fiber g (s, 1) with s > /() and use the symplec-
tic connection to parallel transport a along dW-. (Note that dW, is equal to the vertical
boundary 3,W, := Ty, '(8B,).) This gives us a singular Lagrangian submanifold L:*. (Note
that @ is a singular Lagrangian submanifold of S with singularity z,, and is a union of
radial rays in a neighborhood of z.,. Hence the singular set of Ly ™ and its neighborhood
in L2 are obtained from those of @ by multiplying with the upper boundary of B;.)
Similarly, we place a copy of b on the fiber Ty, '(s, 1) with s < —I(t) and use the sym-

plectic connection to parallel transport b along W, to construct the singular Lagrangian

submanifold L%f. The Lagrangian submanifolds L3, L;I,’Jr, L%’i L%’*, etc. are defined
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similarly, where @ = {ay, ..., ay,} and @ = @ — {z;} were defined in Section 1.5.2.2 and b
and b; are defined analogously.

On (W_x, 2_4), we define the singular Lagrangian submanifolds as follows: Let
us write

8B—oo,l = ujrzlaiB—oo,la
where the boundary components, in order from ¢ = 1 to ¢ = 4, satisfy
s>0,t>1/2; s<0,t>1/2; s<0,t<1/2; ands>0,1<1/2.

Also let 3;W_o.; be the component of dW_,, | corresponding to 3;B_o. 1. Then we de-
fine:

—00,1 _ -

- Liﬁo = alB,ooJ X aon 81W,oo,1;
— ’] 3 e

LEOQO = 82B—oo,1 X b on 82W_oo’2;

B Lﬁ—(%c;lz — agB—oo,l D% E(B) on 83W_oo,1;

Loy = 0:Bocc1 x A@) on ;W .13

~ LY ={2) x Rx@aon dW_;
_ Lg"fﬂ ={—2} x RxbondW_q.,.

3.2.2. Almost complex structures. — Recall the space Jgy of admissible almost com-
plex structures ] on W from Definition 1.5.3.2, the space J; of adapted almost complex
structures J' on W’ from Definition 1.5.3.14, and the spaces Jyy, and Jiy_ of admissible
almost complex structures J . andJ_ on W, and W_ from Definition 1.5.4.1.

Definition 3.2.2. — An almost complex structure ] _ 0.9 01 W _o.2 75 admissible if the fol-
lowing hold:

(1) j—oo,Q is t-tnvariant, j_oo,Q(at) = —0,, andj_oo,Q(Tg) ="TS; and
(2) there exists & > O such that ] _ w02 Testricts to the standard complex structure on the subsurface
D? = {p <&} CS of each fiber.

The space of all acﬁni&siblejfoo’2 will be denoted by Jy__ .-

Definition 3.2.3. — An almost complex structurej_oo,l on W_qo.1 15 admissible if the fol-
lowing hold:

(1) the projection wy__, is J oo.12]—00,1)-holomorphic with respect to the standard complex
structure ] o1 on B_oo 15

(2) there exists € > 0 such that ] _, | restricts to the standard complex structure on the subsurface
D2 ={p <&} CS of each fiber;
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(3) there exist ] € Jiw and jfoo’g € Jw_, such that jfoo,l agrees with ] on W = R x
[0,1] x S, withj_ooi on [—2,2] x [3, +00) x S, and with (id x Z)*(T_OO,Q) on
[—2,2] x [-2, —00) x S.

If (3) holds, we say that jfoo’l is compatible with ] € Jy and jfoo‘Q € Jw_.,- The space of
admissible ]_ | will be denoted by Jry___,

Definition 3.2.4. — An almost complex structure J__ = j_oo’l U j—oo,Q o W_g =
W_oo.1 UW_. 5 is admissible g'fj_oo’ i €Jw . Jori=1,2 cmdj_oq1 is compatible with ] __ ,
The space of admissible ] will be denoted by Jw_,

Definition 3.2.5. — An almost complex structure J, on W, is admissible if the_following
hold:

(1) the projection 7y, is (], jr)-holomorphic with respect to the standard complex structure j,
on Be;

(2) there exists & > O such that ], restricts to the standard complex structure on the subsurface
DZ={p<e}C S of each fiber;

(3) if T >0, then], is the restriction of someJ’ € Jws

4) =0, then J, agrees with some ] € Jiz on W =R x [0, 1] x S and with some
J_OO 0 € Jw_o, on[—2,2] x [3,r(7) — 2] X S (provided r(t) > 5).

1f (3) holds, we say that], is compatible with]' € Ji and if ( 4) holds, we say that], is compatible
with] € Jw ana’_]_oo o € Fw_..,- The space of all admissible ], on W, will be denoted by Jry. .

Definition 3.2.6. — A family {J, € T, Jrer of almost complex structures is admissible if

there exist) € T, ] € s ), € .7W+,J e Jw and]__ —J_Oo . UJ_OO o € Jry_ such that
the following hold:

(1) J, converges to] . as T — —00;

(2) J, converges to] 4 andJ_ as T — +00;
(3)

(%)

|L<|L<|

3 ndJ are compatible with J' and J; and
4 J is compatible with ] andt]_oo o for T <0 and with ] for T > 0.

The convergence of almost complex structures is to be understood in the sense of neck-streiching as in

[BEHWZ, Section 3.4]. The space of all admissible {J, € Jry, }rer will be denoted by .

3.2.3. Some notation and conventions. — We now collect some notation and conven-

tions.

Notation 3.2.7 (Tuples and orbit sets). — When we write a tuple of aN A(@) asy or
an orbit set of N as y (with possible superscripts, subscripts and other decorations), it is
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assumed thaty C S and y C N. In particular, y and y do not contain any multiples of 2z,
or 8.

Notation 3.2.8 (Sections at 00). — The sections {p = 0} of W, W =R x N, W,
W, W_ and W_,; are holomorphic with respect to almost complex structures in Jy,
T j\T, , etc. They are called sections at 00 and are denoted by 0, 0., 0%, 0t , 0 and
O_O;OO’Z

Notation 3.2.9 (The intersection numbers n*(u) and n*“"(w)). — Let 80,4, be a closed
orbit of the Hamiltonian vector field 9, which lies on the torus

{p=po} CN, =S x[0,7])/(x, 1) ~ (A(x), 0)

for appropriate r and py > 0 sufficiently small and which passes through the point
(¢, p, d) = (0, py, ¢o). Since A= h,, 1s a %’—rotation on D?/Q = {p < 1/2} C D?, the orbit
89,40 Winds m times in the longitudinal direction and once in the meridian direction. The
point (0, pg, o) 1s with respect to balanced coordinates on N,; see Section 1.5.1.2. We
assume additionally that 6,, 4, does not intersect the projections of the Lagrangians of
W,, W+ and W_ to N,.

Recall from Section 3.2.1 that ¢ (a;;) is the ¢-coordinate of g;; near z4, such that
0<¢(a,) <2m. Alsolet gy = 2 he the constant appearing in the definition of b and

o nK(m) . o
let £; be a constant satisfying 0 < £, < ). We consider two possibilities for ¢:

by = ¢ (a;;) £e.
Comparing with Equation (3.2.1), we obtain:
(3.2.2) 0< b)) <@y <b@)) <5 <¢hbi)) < dh@)) < c(m).

We write (o)™ for the restriction of R x 8p0’¢0i to W,, where x =@, ', 7, +, or

—. For W_.;, we write

(0 )" =B i x {p=p0, ¢ =7 +2mk/m, k€ Z}.
Finally we define:
(3.2.3) nt @) = (@ (o)), @) = (@ (k)" ),

*,alt

where x = @,’, T, 4+, —, or (—00, 7). The two quantities »* and n** can be used inter-

changeably, except when T = —0o0; for the most part we will use »*.

_Notation 3.2.10 (Components of a holomorphic curve w). — Given a holomorphic curve
uin W, W/, etc., we write

i=7 U7 =7 U7 U UZ,
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where

— ¥ is a possibly disconnected branched cover of 6% ;

— %" is the union of irreducible components which do not branch cover 6% ;

— % is the union of components of @’ which are asymptotic to a multiple of & or
Zs at one or more ends;

— % is the union of the remaining non-fiber components of #’; and

— % is the union of fiber components of %, including ghosts.

If % is a multisection, then deg is the degree of % as a multisection.

The choice of hyperbolic orbit. By the definition of the monodromy map £, N is a negative
Morse-Bott torus; we denote the negative Morse-Bott family of simple orbits on 0N by
N. Let ¢, be the ¢-coordinate of y € N Also recall the orbit 8y = {2z} X [0, 2]/ ~ of
N.

Let J' € Jiw. Without loss of generality, we may assume that there is only one
holomorphic cylinder Z, in (W =R x N,T) from &, to any orbit y € A/, modulo R-
translation. Each Z, corresponds to a radial ray Ry, ={¢ =¢,, p > 0} C D?, which is
the asymptotic direction of 7pe(Z,) at the positive end. Here 72 : N — int(N) — D? is
the projection with respect to the balanced coordinates; see Section 1.5.1.2.

We now choose a hyperbolic orbit 4 and an elliptic orbit ¢ in /. The choice of
h = yg, 1s the same as that of Convention 1.6.6.4: / is generic and ¢, is close to — 27”, where

the integer m which appears in the definition of £,, additionally satisfies the conditions of
Section 1.5.2.2. In particular, the radial ray R, does not lie on the thin wedges from @;
to A(a;) for all 2. There are no restrictions on ¢ except that ¢ # A.

3.2.4. Holomorphic maps to W,. — Let (F,j) be a compact Riemann surface, pos-
sibly disconnected, with two k-tuples of boundary punctures q© = {¢/,..., ¢/} and
q =1{¢/,.... ¢ }on 0F =0, FUJ_F, such that:

(1) each component of I’ nontrivially intersects 0, F and 9_F;
(i1) each of 9, F and d_F 1s a union of connected components of dF; and
(i) on each component of 3, F (resp. 3_F) there is at least one puncture from q*
(resp. q~) and none from q~ (resp. q™).
We write F=F — q —q 3. F=0F—q"andd_F=0_F—q .
Let z = {7 (D)} Uy, p> 0, be a k-tuple of points of a N A(a), where £ < 28, Zoo

has multiplicity p, and D is the data at 2, with respect to @ N A(@). The definition of z
and the notion of data at 24, are given in Section 1.5.7. In particular, by definition, each

— . =
arc of {g;, ﬁ(@-)}?il is used at most once. Also let 2 = {z4 (D)} Uy, ¢ > 0, be a k-tuple
—

of points of b N A(b), where z,, has multiplicity ¢ and D’ is the data at z%, with respect
to b N A(b).
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Let ], € Jw,. If o F— (W,,],) is a branched cover of 05, then @ comes
equipped with data C (cf. Definition 1.5.7. 1) which is a map from ﬂ0(8+F) (resp. 7 (0— F))
to the set of arcs @ (resp. b;). In words, # is viewed as mapping each Component of 3, F

(resp. 9_F) to some La,-,- (resp. L7 7). Then C determines the data D and D’ at the
: ij

positive and negative ends.

We then make the following definition:

_ — _
Definition 3.2.11. — Let J, € Ty, z={AA(D)} Uy be a k-tuple of a N h(a) and
ﬁ J— —_——
Z = (DHYUY beak-tuple ofb N A(b).
A degree k£ multisection of (W¢, J,) from z to Z' is a pair (u, C) consisting of a holomor-
phic map
a=7d Vi (F=Tul",j)— W.,J],)
which is a degree k multisection of g, : Wy — By and data C_for @, and which additionally satisfies
the following:
(1) @0, F") CLL™ and ' (0_F") CLL7;
2) u maps each connected component of 8+F lo a dyfferent Lf’Jr and each connected component of
3_F 10 a different L (here we are using C to assign some L- or L%_’* lo each component

of 0. F);
(3) lim+ mr o w(w) = +00 and lim 7 o u(w) = —o0;
w—>g; w—)ql._

(4) u converges to a strip over [0, 1] X z near q* and to a strip over [0, 1] X Z' near q;
—
(5) the positive and negative ends of u which limit to zs, are described by D and D’.

Here g : Wf — R s the projection to the s-coordinate. o
A (W, ]J,)-curve from'y to y’ is a degree 2g multisection of (W<, ] ) satisfying n* (@) = m.
(Recall that the integer m is the integer on which the monodromy map h = h,, depends.)

Let Mj (z,2') be the moduli space of degree k£ multisections of (W.,],) from z
to z’ and let ./\/l_L (z,z'; m(7)) be the moduli space of degree £ multisections of (Wr,jr)
from z to 2’ and with a marked point mapped to m(7). By a slight abuse of terminology
we call this the moduli space of multisections passing through m(t).

We write

My, (@.2):=((r.0) | T € R, ue M; (z.2)),
./\/l{L}(z, Z;m):={(t,u)| TR, uc Mjr (z,z'; m(1))}.
Notation 3.2.12 (Modifiers). — For any moduli space M, (x9), we may place modi-

fiers x as in M (x9) to denote the subset of M, (xy) satisfying *. Typical self-explanatory
modifiers are I =z, n* = m, and deg = £. Note that the degree can be inferred from *,.
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The following is a list of non-self-explanatory modifiers:

T = no component of u branch covers ¢ with possibly empty branch locus.
s = all the components of % are simply covered.
urr = the curve  1s irreducible.

3.2.5. Holomorphic maps to W_o,. — We first discuss holomorphic curves without
ends at 2.

Definition 3.2.13. — Let J_, | € Ty _,» Y1 € Sasia)s ¥2 € Spas ¥3 € Sposw) and
Vi € Shia),hiw). (Recall that an element of S, fay s a tuple of intersection points a; N A(a;), where
each a; and each A(a;) is used at most once; the other S, . are defined analogously. In this definition all
the tuples are k-tuples.)

A degree £ < 2g multisection % of (W—oo,l ,j_oo’l) with ends yy, yo, y3, y4 5 a holo-
morphic map

u: (F,j) — (W—oo,laj_ooyl)

which is degree k multisection of g__ | : W_cot = B_oo.1 and which additionally satisfies the_fol-
lowing:
(1) w(dF) C L;?OI U Lg;o’l U Lg(%c;l3 U LE_(;i and T maps each component of dF 1o a

. —00,1 1 —00,1 1 —00,1 —oo,1 |
different L, 1™ L 5™ Ly oo O Ly a0

(2) u converges to a strip over [0, 1] X yy as s = 400;[—2, 2] X yq as t = +00; [0, 1] X
ys as s = —00; and [—2, 2] X y4 as t = —00.

A (W_Ooyl,jfoo’l)—curve with ends y, ..., yy is a degree 2g multisection of (W _oo.1,
J o) satisfying n* (@) = 0.

We will use the convention to list the ends of a multisection % of W_oo,l In counter-
clockwise order, starting with the top end.

Definition 3.2.14. — Letj_oo’2 € Jw. ., andy,y € Spa. A degree k < 2g multisec-
tion % of (Wfoo,%j—ooz) with ends 'y and 'y’ @5 a holomorphic map

u: (F7]) — (W—OO,ijfoo,Q)
which is degree k multisection of g__ , : W _so.s = B_oo.o and which additionally satisfies the fol-
lowing:
(1) w(dF) C L;ZOQ U Ll;O_O’Q and T maps each component of ¥ to a different L;fQ ora
different Lgojz 5

(2) u converges to a cylinder over [—2, 2] Xy as t — +00 and to a cylinder over [—2, 2] X y'
ast— —oQ.
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A (W_oo’g,jfooj)—curve with ends y and y' is a degree 2g multisection of (W _o0.2, ] 00.2)
satisfying n* (u) = m.

Note that the definition is not symmetric in y and y’; the ¢ = 400 end is always
written first.
Next we discuss holomorphic curves with ends at zo. For s =1, ..., 4, the data

—
D, at 2% (cf. Section 1.5.7) corresponding to the s end is given by

—> M Y . . bs
DJ = {(ZJ,Z’.].Y,Z) - (ls’e’jj’e)}ézl.

When s =1, D}:ﬁ"f = {(ii’e,ji’g)}il:l and D = {(i1.¢.J1.0)},_, specify the initial points on
E(ﬁiu 4 ,) and terminal points on @, , ;, ,, respectively; the cases s = 2, 3, 4 are analogous.

We then extend the definition of a degree £ multisection u of W_, | to include
those with ends z, = {z&(Bs)} Uy, s=1,...,4, by attaching data C to & (cf. Defini-
tion 1.5.7.1) and modifying Definition 3.2.13 in the same way Definition 1.5.7.2 modifies
Definition 1.4.3.1. Degree & multisections of W_o, o with ends z = {,z/]oo(?)))} Uy and
7z = {7 (7_5’)} Uy’ are defined similarly.

Let Mj—oo 1 (z1,29,23,24,) be the moduli space of degree £ multisections of
(W_oo, 1 ,jfoo) ) with endsz,s=1,...,4,andlet Mj_ooz (z, ') be the moduli space of de-
gree k£ multisections of (W_y 9, J_., ,) with ends z and 2". Also let ./\/lj_m2 (z,Zz; m(—00))
be the moduli space of multisections as above passing through m(—00)).

We define the extended moduli spaces M}_ﬁ: 1 (z1, 29, 23, 2,) and M};‘ig(z, Z') in

a manner similar to that of Section 1.5.7.11. The precise definitions will be omitted.

3.2.6. Indices. — We now discuss the Fredholm index ind(%) and the ECH index
I(@) of a W,-curve 7: F — W, from y to y' (i.c., when % = @). The discussion will be
brief since all the key ingredients have already been discussed in Sections 1.5.5 and 1.5.6.

We remark that, once again, ind(%) and I(%) do not take into account the point
constraint m(7) and that the condition “passing through m(7)” is a codimension 2 con-
dition; more precisely, adding a marked point increases the dimension of the moduli space
by 2 and constraining the marked point to m(7) reduces the dimension by 4.

Let W, be the compactification of W, that we identify with W, —{s>l(r)+ 1} —

{s < =Il(r) — 1}, where [(7) is given in Equation (3.1.1). Let i T — W, be the com-
pactification of u, where I is obtained by performing a real blow-up of F at its boundary
punctures. We also define

Zyy={l(r)+ 1} x [0, 1] x y) U ({=i(r) — 1} x [0, 1] x y)

(L5 ULE) NWo).
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The trivialization t* of TS along Z, , is defined in a manner similar to that of Sec-
tion 1.4.4.2:> First we define the tr1v1ahzat10n " of TS|, U@+ (resp. TS|, 7 I, 1)

along the @ (resp. b; i) by choosing a nonsingular tangent vector field along @, (resp. b; ;). We
then parallel transport 7* along W, and extend * arbitrarily to {/(t) + 1} x [0, 1] Xy
and {—/(7) — 1} x [0, 1] x y'".

Let Qs+ (%) be the relative intersection form given by intersecting uand a pushoff

of % in the direction of J* along BW,. Then
(3.2.4) 1@ = 010 TS, 7) + Que () + o (y) — e (y) — 26,
(3.2.5) ind(@ = —x () + 26/ (@ TS, %) + e (y) — po (y) — 28,

These index formulas are obtained by adding the index formulas for holomorphic curves
in Wy of [I]. The index inequality holds as usual:

(3.2.6) ind(@) + 28 (@) < 1(@),

where §(%) > 0 and equals zero if and only if % is an embedding.
In the general case when %' # @, modifications can be made as in Section 1.5.7.5
and one can easily verify the following:

(3.2.7) I(o}) =ind(c}) = —1;
(3.2.8) (o) =ind(6) =0
(3.2.9) I(c%) =ind(c2) = —1.

The Fredholm and ECH indices for W,oo,i-curves can be defined and computed
similarly. We now prove the following:

Lemma 3.2.15. — If there exists a W _ o g-curve % with 1 = 2 and ends 'y and 'y, then
y= {xg(i)}?il andy = {xf,i(i)}?il, where j (1) 15 odd and k(2) s even_for all 1.

In other words, y is a summand of the top generator ®53 € HF(a, b) and y’
is a summand of the top generator ®f; € HF(b,a). We remind the reader that our
convention is that y and y’ do not contain 2.

_ Progf — The proof'is similar to the index calculation of Lemma 2.2.2. Let 4 be a
W_w.9-curve; note that #*(z) = m by deﬁnition_. First consider the situation where % is in
the homology class consisting of a copy {pt} x S of the fiber and 2g trivial strips. Then

ind({pt} x S) = —x(S) + 2¢;(TS) = —(2 — 20) + 2(2 — 29) =2 — 2g.

> Here we are writing t* instead of 7 due to the notational conflict with 7 € R.
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The strips contribute O to ind and there are 2g intersection points. Hence
) =(2—-29+0+212g9) =22+2

when y’ =y. The only way to lower I(%) to 2 is to take y = {x;#(l-)}?il andy = {xz(i)}?il SO
that all the j(z) are odd and all the £(z) are even. ]

3.2.7. Regularity. — We now discuss the regularity of the family {J,};cr.

Defination 3.2.16.
M J o o € Jw_, is regular of all the moduli spaces M}’m (z,2') are transversely cut
’ : —00,2
out.
(2) J o1 € Fw_., s vegular if all the moduli spaces MP (=, ..., z4) are transversely

—00,1

out out a_nd the res_trictionsj_ 0.2 and ] of J oo, 10 the ends are regular.
) Jeoo =J e UJ s0 € Jiw_, is regular if, o @re Tegular fori =1, 2.

Definition 3.2.17. — The family {J, }rer € T is regular if:

1) all the moduli spaces ./\/l%’e“?(z, z') are transversely cut out;

(
(2) the resm;ctionj of ], to the positive and negative ends is regular;
(3) J; and J_ in the himit T — +00 are regular; and

(4) J_.. in the limit T — —00 is regular.

Let Z * be the space of regular {J,} € T. As usual, we have:

Lemma 3.2.18. — The generic {J.} € T is regular; provided no points of (@ N A@)) — {200}
are fixed points of h.5

Proof. — This is analogous to the proof of regularity for J +» with one caveat: the
family {J.} is not sufficiently generic to achieve the transversality of negative index hori-
zontal sections, where by a horizontal section we mean the restriction of a cylinder over
an orbit that passes through a fixed point y of 4. The additional assumption on the fixed
points of A eliminates the horizontal sections besides 04, which we do not consider be-
cause of the superscript 7. 0

Next we discuss the regularity of moduli spaces passing through m. Since the point
constraints M(7) are nongeneric, we need to introduce a perturbation of the family {J_ }:

6 Here (and henceforth) we make this additional assumption on £, which we are free to do.
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Defination 3.2.19. — Let ¢ > 0 and let {U, };cr, U, C W,, be a_family of open sets such

that U, J_ﬁ(r). Then a family {I ?},eR of almost complex structures on (W, } is (e, {U,})-close to
a regular {J .} of:

- j? =jr on W, —Uy,;

- j? is e-close t0 ], on Uy ; and

- ij is &-close to V] on Us,.

Here the e-closeness is measured with respect to a family {g;};cr of Riemannian
metrics which is defined as follows: Let % be an s-invariant metric on R x Ny such that 4,
viewed as a metric on R x [0, 2] x S, is also ¢-invariant on R x [1, 2] x S. There is an
extension of 4 to &, on R x [0, 7(t)] x S which is s- and -invariant on R x [2, r(t)] x S.
We then view /%, as a metric on R x N,(r) and define g; as the restriction of 4, to W, C
R x N,).

Let p(t) C mt(B;), T € [—00, 00], be a family of points, where:

— the cardinality #p(7) is finite and independent of T € [—00, o0];
— p(7) 1s smooth for T € (—00, 00);

— lim;, 4o P(7) exists and equals p(+400);

— lim,, _« p(7) exists and equals p(—00).

In order for lim;_, ;o p(7) to be defined we require the existence of C > 0 such that, for
all T > 0, p(7) 1s contained in a C-neighborhood of 9B;. Then p(7) can be viewed as a
subset of By U B_ and we are asking lim;_, ;o p(7) = p(+00) in By UB_. lim,_, _ p(7)
is defined analogously.

— p(400) is a nontrivial union of points of w¢(B.) and mt(B_); similarly, p(—00)
is a nontrivial union of points of mt(B_«,) and mt(B_w 9);
— for each t € [—00, 00], ﬁb(r) ¢ p(7).

We will use the following specific open sets U;: For T € R, let U; be an open 4-
neighborhood of K, = 7y '(p(1)) — {p < 28}, where 8 > 0 is arbitrarily small. Then let
Ui and Ky be the limits of U, and K; as T — *00. When we want to emphasize
(e, Uy) or (8,8, p(1)), we write J. (e, Uy) or J (e, 8, p(r)) for Jo, Uss.p(e for Uy, and
Kp(t)’g fOI‘ KT.

We define a degree £ almost multisection u of (Wf,j?) in the same way as a degree £
multisection of (Wr,jr), with the following difference: % 1s a degree £ multisection when
restricted to

TRt :Wt - JTB_j (Vr) — Bt - Vr’ V‘L’ =Tp_ (U‘E)’

but % is just a degree £ map when restricted to 75 ' (V) — V. The moduli spaces of
almost multisections are defined in the same way as the moduli spaces of multisections,
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with J_? replacing J.. If {K, # m()} is a family of compact sets of W,, then the modi-
fier {K;} means that the image of % in W, intersects K;. We stress the fact that, unlike
the basepoint m, the modifier {K;} is not meant to define a moduli space with a point
constraint at K, but only to select a subset of the moduli space.

and mod-

0 . . SV 70
Almost complex structures J ___ ., almost multisections on (W_o, ;, ]~

00,17 OO,i)’

uli spaces of almost multisections are defined similarly.
Definition 3.2.20. — The family {J.} is {K, }-regular with respect to ® if all the {J. }-
holomorphic maps in ./\/l' oL (2, 2 W) are regular, .e., their linearized Cauchy-Riemann operator,

laking into account the vanaz‘wn of domain complex structure and the parameter T, is surjective.

If {] }is {K, }-regular with respect to T, then M ”}t &) (2, 2, W) is an open subset

of MT_m(z z';m) and is a transversely cut out manifold.

Lemma 3.2.21. — A generic family {J ?} w5 {K }-regular with respect to m.

Proof. — The proof is similar to the combination of Theorems 3.1.7 and 3.4.1 of
[MS], with modifications as in Proposition 1.5.8.8. 0

The following can also be proved using a standard regularity and compactness
argument:

Lemma 3.2.22. — If{].} is a generic family, then for e, 8 > O sufficiently small, there exist a

generic family {J ? (&,8,p(1))} which 1s {Ky (s} -regular with respect to ™ and disjoint finite subsets
T, Ty C R with the following properties:

(1) © €T\ if and only if there exists v, € ./\/l' ”'“nd__l(z Z') for some z and Z.

(2) t €Ty if and only if there exists v, € ./\/lJ' A(“;{K(’}))md (z,Z; ™) for some z and .
7 (e.d.p(r

Moreover, for each T € T; there is a unique such irreducible curve V..

Sketch of progf. — The existence of discrete sets T and Ty as in the lemma follows
from Lemmas 3.2.18 and 3.2.21. Note that the only section which is not transversely cut
out is the section at infinity o}, which is excluded from the moduli space by the modifier
T.

The finiteness of 77 and 7; relies on an SFT compactness result which will be dis-
cussed in the next section; see Equations (3.4.1) and (3.5.1). If either 7} or 7s is infinite,
then there exists a limit ], __-holomorphic building of the same total index by SFT com-
pactness. However, since ], are regular, at least one level in the building will have index
which is too low to exist. O
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By shrinking Z, we assume that all {J.} € Z satisfy Lemma 3.2.22.

3.3. Proof of half of Theorem 1.0.1. — In this subsection we prove that ¥ o ® is an
isomorphism on the level of homology.
In the next several paragraphs we briefly recall the chain complexes

(CF(S, a, A(a)),d), (CF(S,a,A(a)),d), (CF(S,a,k(a)),d),

from Sections 1.4.9.3 and 1.6.6, where the first and third have isomorphic homology
groups; the quotient map

g:CF(S, a, fi(a)) - CF(S, a, fi(a));

and the maps 5), W, and W’ from Sections 1.6.6 and 1.7.1.

The chain complex CF(S, a, fi(a)) is generated by the set S, ) of 2g-tuples of in-
tersection points of a and A(a), where each'y € S, 4) intersects ¢; and A(a;) exactly once,
and the differential " counts I = 1, degree 2g multisections of W =R x [0, 1] x S. The
chain complex CF (S, a, Ai(a)) is the quotient of GF(S, a, fi(a)) under the equivalence
relation ~ which identifies y ~ y" if y’ can be obtained from y by successively replacing
x; by xL or x. by x; for any ¢ =1, ..., 2g; the map ¢ is the corresponding quotient map,
which is a chain map. Here x; and «, are intersection points of ¢; and #(g;) on 9S given in
Section 1.4.9.1.

The chain complex CF (S, a, A(a)) is a variant of CF (S, a, A(a)) (with isomorphic
homology groups) generated by 2g-tuples of intersection points {2 ;}icz Uy of @ and
A(@) with Z C {1, ..., 2g}, where:

— Zxo can be used more than once, but is always viewed as an intersection point of
a; and A(a;) and hence is written as 2y ;;

— writing y = {)'};ezc where Z° = {1, ..., 2g} — Z, there exists a permutation o of
Z° such that y! € a; N A(a, ;) for all 1 € Z°.

The differential 9 counts I = 1, degree 2¢ multisections 7=@ U %’ of W with #*(@) < 1
such that @ has empty branch locus; see Definition 1.6.6.1.
The map

@ : CF(S, a, fi(a)) — PFCy(N),
defined in Section 1.6.6, is a variant of the map @ : C'F(S, a, i(a)) — PFCy,(N) and
(®({200,i}iez U y).y),

counts I =0, degree 2g multisections of W+ with #* < |Z| from {ze0,i}iez Uy to y.
The map

W' PFCy,(N) — CF (S, a, fi(a)),



232 VINCENT COLIN, PAOLO GHIGGINI, KO HONDA
defined in Section 1.7.1, counts I = 2, degree 2g almost multisections of (W_,jﬁ) (ct.
Definition 1.5.8.3) with »* = m that pass through m(+4-00). The map

W : PFCy,(N) — CF(S, a, fi(a))

1s then given as the composition g o W',
The following is proved in this subsection:

Theorem 3.3.1. — Suppose m >> 0. Then there exist maps
H', ©,: CF(S, a, fi(a)) — CF(S, b, (b)),
V:CF(S, a, A(a)) - CF(S, b, A(b)),
which satisfy the following:
(3.3.1) Wod—0,=OH+H3)+d 0V,
where 1, defined in Equation (1.7.1.1), satisfies:
91 ({200} UY) = {6} Uy + () Uy’

Jorallv=1,...,2¢ and is zero for any other generator. (Here 2z ;, x;, and x. are for the basis b.)
Postcomposing with q (for the basis b) and writing H = g o H' and ® = q o O, we obtain the chain
homotopy

(3.3.2) Wod—0O,=0H+ Ho,
where ® induces an 1somorphism on homology.

To go from Equation (3.3.1) to Equation (3.3.2), we observe that ¢ o 9, =0 and
qod' =0dogy.

Since © is an isomorphism on the level of homology, so is W o ®. In view of
Corollary 1.6.6.7, W o ® is also an isomorphism on the level of homology.

Progf. — We prove Theorem 3.3.1, assuming the results of Sections 3.4-3.9. In
Steps 1-3 we consider the situation where the holomorphic curves %in W, are asymptotic
to some y € S, 4 at the positive end. In Step 4 we describe the modifications needed
for the situation where % 1s asymptotic to some z = {2o;}icz Uy at the positive end and
7 is a subset of {1,...,2g} with |Z] > 0. Steps 1-4 prove Equation (3.3.1) and hence
Equation (3.3.2). In Step 5 we prove that ®, induces an isomorphism on homology by
further degenerating W_, ;.

Suppose m 3> 0. Choose p(t) and {J,} € 7°. Yor sufficiently small €, § > 0 (which

depend on the choices of m and {jt}), there exists {jf (e,8,p(1))} so that Lemma 3.2.22
holds.
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Fix y € Sa 4a), Y € Sb.sm) and abbreviate

—9 pf— — I=2,n"=m,{Kp(),s} ;) —
M=M= (g yiim), ME0d = M- 709 (y, v/ ).
U?(s,a,p(r»}(y y:m) 0% e.8,p(0))) (y,y:m)

Let M be the SFT compactification of M. The limit SFT buildings can be de-

scribed in a manner analogous to Definition 1.7.3.1 and the proof of existence follows the
same steps as that of Proposition 1.7.3.2. This is because:

— the ends of W, and W_oo,l- are basically the same as the strip-like ends of W+
and W_ and

— the Lagrangian boundaries of W, and W,oo,i are locally identical to those of
W, and W_.

The main point is that for each component of the limit SF'T building the boundary punc-
tures either map to points on the singular Lagrangian or to Reeb chords, including chords
OVer Zso.

Let 9M = M — M be the boundary of M. If U C [—o00, +00], then we write
duM for the set of U4, € 3 M where %y is a building which corresponds to some 7 € U.
By Lemma 3.2.21, we may take M@} to be regular.

Step 1 (Breaking at +00). Recall the definition of a bad radial ray R from Definition 1.7.7.10.
We now enlarge the class of bad radial rays as follows: Let (J, )oo be the limit of (J,),, as
m — 00. Let

]_[ MEO)’O?) (Y9 88))/) = {Cl ey Cr}a

y,ﬁgv’

where the disjoint union is over all y and 88)}’ with /; > 0 and (/) 1s the “trivial” partition
of [.” Let f: : R/2[Z — C be the asymptotic eigenfunction corresponding to the end 53
of C;. (We remark that C,, ..., C, and f; also appear in Section 1.7.7.2, but denote similar
but different things.) We then add the radial rays which pass through

i) li=1,...,rn0<t<2l;t=3/2mod 2}

to the class of bad radial rays. We can still assume that R is a good radial ray.

Recall the set Oy of orbit sets constructed from P (the set of simple Reeb orbits in
mt(N), together with £ and ¢) which intersect S x {0} exactly £ times. We then have the
following:

" Note that the orbit §, is degenerate when m = oo and the moduli spaces with §; at the negative end are treated
in the same way as in Section 1.7.7.4.
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Lemma 3.3.2. — 3 400)M C A UAy,? where

_ I=0 1=2,n*=m /= .
Al - ]_[ (Mjﬁ(e,é,p(+oo)) (y’ Y) X Mj?(s,&,p(ﬂ)o)) (V, Yy, m(+oo))) 5

YG@Qg

I=1,n"=m—15 1=0,7*=0 1
Ay = _ °(y, & x M2 8oy, U
’ L <MJ$<s,a,p<+oo)> (3 807) 3 Mo ey Q07 (e U YD)

/! J
80Y.{z00}Uy

X M}:l,n*ZI({zoo} Uy//’ y/)) ,

vy = {x/l} xy" for somex]l: and Ay = & otherwise. The disjoint union for Ay ranges over all 8oy such
that'y € Oy, and all {zoo} Uy such that'y' can be written as {x.} Uy" for some x.. Here we have

omitled the polential contributions of connector components and we are wriling x) := x; and x;} := ..

1

We will explain the moduli spaces that are involved in Ay: f;, is a nonzero normal-
ized asymptotic eigenfunction of §, at the negative end such that fgo(g) lies on the good
radial ray R, . Used as a modifier, f;, stands for “the normalized asymptotic eigenfunction
at the negative end & is f5,”. If

—_ = 1=0,n*=0 %
u=uJud e M3" 80, {2z} U YY),
19 .8 p(roey 20V 1200} VYD)
then % consists of ' = o and a curve @’ from y to y” which is arbitrarily close to a curve
with image in W_. If

ie M}:l,ﬂ*:l ({zoo} U y//’ y/)’
theny' = {x/l} Uy” for some 7, and % consists of one thin strip from 2 to xi and 2g — 1
trivial strips.

Remark 3.3.3. — As in the proof of the chain map property for ¥V from Sec-
tion 1.7.2, the point constraint of passing through m(+4-00) is converted to an asymptotic
constraint of the normalized asymptotic eigenfunction being f;, when a section at infinity
0 1s present.

Lemma 3.3.2 will be proved in Section 3.4. Gluing the pairs in A, using the
Hutchings-Taubes gluing theorem [HT'1, HT?2] (see Section 1.6.5) accounts for the term
W’ o @ in Equation (3.3.1).

Gluing the triples in Ay accounts for the term 0, o V. This is similar to Sec-
tion 1.7.12, and the details will be omitted. For each triple (v;,v_,v_; ) € Ay, where

8 Lemma 3.3.2 and its later analogs are compactness statements, which is why we write “C” even when equality
holds. The equality will follow from the discusson of gluing, which appears later in this step.
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the nontrivial component of v_; ; is a thin strip from 2z, ;¢ to x;, there is another triple

(V4,v_,v", ) € Ay, where the nontrivial component of v* | | is a thin strip from 2.1 to
/

X

1

Since M®r@.) s regular but M — MBr@.) is not a priori regular, it remains to
verify the following:

Claim 3.3.4. — For €,8 > O sufficiently small, then there exists a truncation M' of M
containing M{K*’(” 3} and whose boundary, when restricted to a neighborhood of T = 400, is A; U Ao,
where #Ay = #AZ mod 2.

Note that there are two types of boundary points: (1) points of the SFT' compact-

ification and (ii) boundary points of a manifold with boundary. (i) gives A; and (ii) gives
Ay.

Proof. — There exist ¢, § > 0 sufficiently small such that v_ passes through K, s
whenever (v,,v_) € A,. Hence if 7 € M is close to a curve in A, then 7 € M%),
This accounts for the term A; in the claim.

Next suppose that % € M — ME»©s) for T near +00. By the argument of
Lemma 1.7.2.3, % is arbitrarily close to a building of type Ay and M is obtained from M
by truncating ends that are close to Ay. Then, by the adaptation of Theorem 1.7.2.2 to
our case, Ay := d M’ — A satisfies #A, = #Az mod 2. O

Step 2 (Breaking at —o0).
Lemma 3.3.5. — 0(_oe)M C A3, where

A3 = L[ <Mfgo,n*:0 (y, o, y/’ E(YA;))

J 0,1(8,8,p(=00))
Y2,¥4

1=2,n*=m —
x MZ™ ,yo; m(—00)) | .
10 atepioop T Y2 T ))>

Here the union ts over all yo, y4 such that y, = {x](l)} -, and y, = {xlk(l)}l 1> where j(2) s odd and
k(2) 1s even.

Lemma 3.3.5 will be proved in Section 3.5. Gluing the pairs (v, Uy) in A3 accounts
for the term ®j in Equation (3.3.1). The map ®j is given by:

@/ # I 0 n*=0 , , /’ Z ,
o). y) Z 2 (edn(eoo L, 3 y2. ¥ Alys)
Y2,¥4
where yy, y, are as in Ag. Write O 5 for the sum of all y, from Lemma 3.3.5 and write

O 5®) for the sum of all fA(y,) from Lemma 3.3.5. Theorem 2.4.2 can be rephrased as
(verification left to the reader):
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Theorem 3.3.6. — Suppose y4 = {xj(l)} c, andyy = {xlk(l)}l 1> where j (1) 1s odd and k(1)
is even. Then

# IZQJZ*:M Yo m(— =1 mod 2.
MJ?m,g(s,S,p(—oo))(yA‘ y2; M(—00)) mod 2

The argument of Claim 3.3.4 gives:

Claim 3.3.7. — For €,8 > O sufficiently small, the restriction of 9 M’ to a neighborhood of
—00 s Ag.

Step 3 (Breaking in the muddle).

Lemma 3.3.8. — 0(_ o, +00)M C Ay U A5, where:

A= [ (MPgy) x M= yim);

U7 (e.8,p(x)}
y”esa,ﬁ(a)

A = (lel)n*znz , ///; m) x MI=1 ,/,’ , ) ‘
’ L ReesponTY ™ ;T oY)
WGS], )

Lemma 3.3.8 will be proved in Section 3.6. Using the technique of [Li, Prop. A.1
and A.2], we can glue each of the pairs in Ay and A;. This gluing accounts for the term
H +H7J in Equation (3.3.1), where the map H' is given by:

(H (y) y Z # I l,n*:m (y’ y/’ ﬁ)

{]r (&,8,p(T))}
teTIUTy

Claim 3.3.9. — For €, 6 > O sufficiently small,
IM =A, UA, UA; UA, UA,.

Step 4 (Additional degenerations). In this step we give the necessary modifications for

M — MI 2,0 =m+|Z| :
02 e.8.0(0) (2 y m),

where z = {200,;};,ez Uy, y and y’ are tuples in S, and Z C {1, ..., 2g} with |Z| > 0.
The following is proved in Section 3.7:

Lemma 3.3.10. — 04000 M C A, where

, I=1,n*=m+|T|— 1./, . T
x= 1] (M o)

J1 (8.8.p(+00))
S0y, {z00}Uy”

1=0,7*=0

- 80V, {200} UY”
J?(s,s,moo))( 0¥ {2} Uy)
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I=1,n*=1
x M " ({2} VY, y')) ,

Iy = {xJL}\ xy" for some x]l and Ay = & otherwise. The disjoint union for Ay ranges over all 8oy such
thaty € Oy, and all {zoo} Uy such that'y' can be written as {x.} U'y" for some x.. Here we have
omitled the potential contributions of connector components and we are writing x) := x; and x} := ..

IfZ # & (ie., |Z| > 1), then ®(z) = 0 by Lemma 1.6.6.5 and we have W o ®(z) =
0; this is consistent with the analog of A; being empty. On the other hand, gluing the
triples in A}, accounts for the term 9, o V.

Next, the following is proved in Section 3.8:

Lemma 3.3.11. — 0;_ooy M C A}, where:

Ar=]] (Mfo’"*:‘zl 0@ yo. ¥ A(ys)

- JZo0,1(8:8.p(
% M}i’ﬁzzpem» (¥4, y2; ﬁ(_oo)))
and the summation ts over yo and'y, as in Lemma 3.5.5.
We define:
(©@).y) =) #MZ""H (zye.y . Alya),

J_oo 1(&,8,p(—00
Y2:¥4

where ys, y4 are summands of O ; and O 7
The following 1s proved in Section 3.9. The corresponding gluing accounts for the
term 0'H' + H'3 in Equation (3.3.1) when |Z| > 1. Here the map H' is given by:

<H/(Z), y/> — Z #MI 1,n —m+|I|( y : —)

Uf (&,8,p(1))}
e U7,

Lemma 3.3.12. — 0(_oo +00)M C A, UAL, where:

’ I=1,2*<|Z / I=1,n*<m+|T .
A= [ [ (M, 2y x M =Ty )

Uf (£.8,p(1))}

z

Al = (MI 1, n*=m+|Z| ST X MI Lo o ) )
= 1 02 e pnt Y ¥y
///65b ()

- I=1,n*<|T . \ . . . b . . ..
Moreover, 1f v, ) € /\/lj "=z, 2'), then either (1) vf’l is a thin strip and U, | 15 a union of trivial

. e _ . .
strips, or (ii) U, | = @ and 0, | has image in W.

As before, the analog of Claim 3.3.9 holds.
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ol
|

Fic. 7. — Degeneration of the base B_ ;

Step 5 (The map ©). The map O is defined as follows:
0, : CF(a, fi(a)) — CF(b, A(b)),
(O(2), [y']) = Z #M}j’lezl (z,y5.y, Alys)).

y2.y4.Y' €ly’]
where yy, y; are summands of O ; and O, 7). [t is clear that ©g = g 0 .

Lemma 3.3.13. — The map O induces an isomorphism on the level of homology.

Proof of Lemma 3.3.13. We degenerate the base B_, 1 as given in Figure 7. Slightly
more precisely, we take B_, | ./, T’ € [0, 4-00), which is obtained from

(—2<s<tU{0<t<],s<QU{r'<ti<T+1,5s>-2JCcR*=C

by smoothing the corners and use the complex structure j_o ;. induced from the
standard complex structure on G; then B_ | 20 = B_x1 and j_oo 11720 =J-c0.1- Let
W_co.1./ = B_ao.1.r X S and define the almost complex structuresj_oo’l’r, on W_ 1. in
the same way as on W_, | with j_o | replaced by j_ao 1 ¢'.

The 1-parameter family (W_qo 1+, ] ;) induces a chain homotopy between
®, and the composition Oy o O, where:

—oo, 1,7

O : CF(a, Ai(a)) — CF(b, A(a)),
@3 : CF(b, Ai(a)) — CF(b, A(b))

are defined by by counting holomorphic multisections of A x S, where A is a triangle (i.e.,
a disk with three boundary punctures), which are asymptotic to the top generators O 5 €
CF (b, a) and O%@ 5@ € CF (Z(E), E(E)), respectively, at one of the vertices. Usually in
the definitions of chain maps such as ©1 and g we require O ; and O 75, to be
cycles. In our case they are not, but we have workarounds. In the ®1 case we must
consider one undesirable type of breaking which can a priori occur as we vary t’: a two-
level building %; U %y, where

— % is an index I = —1, " = |Z| curve in W_o, | o with ends z, Y5, Y, ﬁ(y‘;);
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~ W e M (y,, y}); and
— yo and y, dlffer by replacing one xi(l-) by xg(i) where j(2) 1s odd and £(z) 1s even.

One can verify that the only possible component of % which has left end x% and which
satisfies n* < |Z|, projects to the quadrilateral Q) with edges @, b, A(b,), A(@) in Figure 6.
However, the component corresponding to Q) has ECH index I = 0, which is a contradic-
tion. The index calculation basically follows from the fact that () has three angles smaller
than 7 and one larger. This implies that undesirable breakings do not exist and that all
the breakings contribute toward the chain homotopy.

Both ®1 and ®3 — and hence ®; — induce isomorphisms on the level of homol-
ogy. U

This completes the proof of Theorem 3.3.1, assuming the results from Sec-
tions 3.4-3.9. UJ

3.4. Degeneration at +00. — In this subsection we study the limits of holomorphic
maps to W, as T — 00, i.c., when W, degenerates into the concatenation of W with
W_ along the ECH-type end, in order to prove Lemma 3.3.2.

We assume that m > 0; €,6 > 0 are sufficiently small; and {Tr} eZ”

7 (e, 8, p(0))} satisfies Lemma 3.2.22. FiX y € Sa sas ¥ € Sp.sy and let

and

M=M= (yyim), M= M (y,ysm(n).
{J?(s,«s,pm)}(y y:m ' J?(e,a,pm)(y y;m(@)
We will analyze 900 M.
Let %, ¢ € N, be a sequence of curves in M such that 4, € M., and lim 7, = 400,

1— 00

and let
(3.4.1) Uoo = (V11 U---Uv_1 )UV_U @ 1 U---Uvp,) Uvy U@ U---Uvy,)

be the limit holomorphic building, where each v, is an SFT level (recall Notation 1.0.3
regarding the use of subscripts *), the levels are ordered from bottom to top as we go from
left to right, v_, ;,j =1, ..., ¢, maps to W; U_ maps to W_; D Voj,)=1,...,0b, maps to W’;
v, maps to W,; and 511],] =1,...,a, maps to W. Here we are allowmg the possibility
that a, b, or ¢ = 0. For notational convenience, sometimes we will refer to v as v 4 or
Vypand V_ as v_; . or V.

Notation 3.4.1. — We will be using the conventions established in Section 3.2.3
(and in particular Notation 3.2.10).

— We write F,, ¥/, ¥ for the domains of v, 7, 7.
— We write p, for the covering degree of V.
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— Ifv,, is a union of components of a level v, and v, is a union of components of
a possibly different level v,,, then we write Uy, > V,, (resp. Uy, > Us,) to indicate
that the level v, is above (resp. equal to or above) the level v,,.

Since ghost components can be eliminated by the discussion in Lemma 1.6.1.8 they
will not be explicitly mentioned in the rest of the paper.
We have the following two constraints:

(3.4.2) (@) =Y nt(0) =m;
(3.4.3) @)=Y 1(v,) =2,

where the summations are over all the levels v, of u.

Outline of proof of Lemma 3.3.2. The proof of Lemma 3.3.2 follows the same general outline
of Sections I1.7.4-1.7.11: First we calculate the contributions to n* of the ends that limit to
multiples of z, or &y in Section 3.4.1 and obtain lower bounds on the ECH indices of the
levels v, in Section 3.4.2, under the assumption that there are no boundary points at z.
Boundary points at 2, are treated in Sections 3.4.3 and 3.4.4. The main new difficulty is
to show that I(v,) > I(v),) + 1(v)) for v, > v, ; this uses the more complicated version of
the ECH index inequality given in Lemma 1.5.7.21. We then use Equations (3.4.2) and
(3.4.3) to obtain Lemma 3.4.21, which describes the case when v, U % = & for all levels
v, and Lemma 3.4.25, which gives a preliminary list when v, Uv? # & for some v,. The
renormalization argument from Sections 1.7.8-7.10, given in Lemma 3.4.28, eliminates
all the possibilities with the exception of Case (2,) of Lemma 3.4.25 when v/, U 7% # &
for some v,.

At this point the reader ts strongly encouraged to review Section 1.5.7 on holomorphic curves with
ends at Zoo.

3.4.1. Intersection numbers. — In this subsection we give the analogs of Lemmas
1.7.4.1-1.7.4.5 for Us € O100)M:

Lemma 3.4.2.

(1) IV has a negative end E_ that converges to 8}, then n*(E_) > m — p.
() IV has a positive end E.. that converges to 8}, then n*(E,) > p.

Proof. — This is analogous to Lemma 1.7.4.1 and is proved in the same way. [

Definition 3.4.3. — An end £ is nontrivial if it is not an end of a trivial cylinder or trivial
strip.
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Convention. In this paper we assume that an end of a holomorphic curve is connected,
unless stated otherwise.

Recall the sequence @ € M., with 7; = 400 and its limit SF'T building %, given
by Equation (3.4.1). Let G; be the domain of . Fix & € {1, ..., 2g}. The following
Lemma 3.4.4 describes the breaking/“SFT limit” of the component of %,¢. which maps
to L;’L',”L, into a sequence ofpathsg;, .. ,gll,go,g?, ... ,g{?,gj CIm(v,;),;>0,*=0,1, &,
as T; — OQ.

Let 3, B, (resp. 3, W) be the s > 0 boundary of B, (resp. W,) and let Cij,J =0, be
the data for v J3 see Section 1.5.7.2 for the definition of the data C, ;. Then we have the
following, whose proof is immediate.

Lemma 3.4.4. — Guven a sequence u; and a chowe of k € {1, ..., 2g}, the components of
ui|y¢;, which map to L%Jr converge uniquely (in the “SFT sense™) to a sequence of paths

(3.4.4) Lo s 8580 8ls ey
which satisfies the following:
(1) g =v1,;(f") where j = 0, x =0, 1, D, and f* 15 a (connected) component (yfaFlJ,

where ¥, is as given in Notation 3.4.1. B
(2) If S is a component of O ., then g]-l CRx{l} xw andgj-o CR x {0} x a(®) of
J>0andg C L} ifj=0.

(3) If )" us a component of F, J» then f* and also g come with extra data C, ; which assigns:

ij.l,&.l = Lz, =R x {1} x @,

ak,|
J§O’é§o = Lz, ) =R x {0} x A@,).

ﬁ),goHU

ak‘///’
Jor some [, ', " =0 or 1.

. . _ 1 . 0 . . .
.For convenience we write g = g, = &- We say an element g is frwial if the corre-
sponding /* satisfies (3).

Defiition 3.4.5 (Continuations). — If g* is any element of Sequence (3.4.4), then Sequence
(3.4.4) 15 the continuation of g* along 0. B, and the terms to the night of g in Sequence (3.4.4)
Jorm the continuation of ¢* in the direction of 9, B,.

Lemma 3.4.4 and Definition 3.4.5 play an important role in the proof of
Lemma 3.4.7, which is a refined version of Lemma 1.7.4.2, where the ends are con-
sidered collectively as well as individually. The proof strategy will usually be referred to
as the continuation argument.
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Let py > 0 be small and let T3, be the projection of

(3.4.5) D, :={p < po} C W—int(W) or Dy :={p < po. Is| > l(r)+1} C W, —int(W,)

to Dio ={(p,®) | p < po} C S along the stable Hamiltonian vector field R, which was
defined in Section 3.1.5.

Remark 3.4.6. — 7y maps the tersection of R x 8, 4+ (which appears in the
definition of #* in Equation (3.2.3)) and one of ®; or ®, to m equally spaced points on
oD?

PO "

Lemma 3.4.7. — Suppose U'IJ U E?J- # & for somej > 0. Let E_;, 1=1,...,q, be the
negative ends of Uleﬁﬁt’j that converge to zoo and let £, ;, 1 =1, ..., 1, be the positive ends of Uj‘-l;ol 5? J
that converge 10 Zoo.

(1) For each 1,
(3.4.6) n(E_) >k — 1> 2g,

where the constant ky ts as given in Section 1.5.2.2.
(2) If there are no boundary points at Z, then

(3.4.7) n*(U_ E_ DU UL ELD) >m—py,
where p, = deg(v',.), and
D2 — (UL, (€0) U (U, (1)
consists of at most py thin sectors.

Recall that a sector & of Dio from ¢, to ¢, is the map

[07 /00] X [¢0a¢l]_)Df;09 (,0, ¢)I_)pei¢,

or its image (by abuse of notation). A tun sector (also referred to as a thun wedge in [1]) is the
smallest counterclockwise sector from @;; N Df)o to A(a;;) N Dio for some 1,7 and has angle

2

Following Definition 1.7.4.4, a point p € 8F;’ is a boundary point at z if V.(p) €
L@ — Lza) U (La —13) =R x {0, 1} x {20} for k= (1,5),j > 0,and v, (p) € Ly — LI
for x = 4.

Proof. — We consider the T2, -projections of the positive and negative ends of v, ,
J > 0, and the positive ends of v o that limit to 2.
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(1) Given a nontrivial negative end &_ ; limiting to 2., its projection can be written
as:

o, (E-0) = S (A(@), ay.r),

where G(A, B) denotes the smallest counterclockwise sector from the radial ray A to the
radial ray B. Then Equation (3.4.6) follows from Remark 3.4.6 and the fact that the angle
between Z(ﬁk,g) and @y 1s at least Mz—l) as defined in Section 1.5.2.2. (This is more or
less the same as Lemma 1.7.4.2(2); in fact “> 2¢” in the statement can be replaced by
“>ky—1>2¢7)

(2) We start at a nontrivial negative end of some v, limiting to z,,, which we call
&_ 1 without loss of generality. Then

nD%U (gf‘l) = G(Z(ﬁkl,/l )’ 5/@»/2)'

We analyze the continuation

(3.4.8) g;‘ll—l,l’""gll,l’g(),l,g?,l’""gt(z),l

ofgjlh1 D 9;€_ in the direction of 9, B,. Here 0;£_;, k=0, 1, is the ¢ = k£ boundary of
E_ i, and f¥! corresponds to gi! as in Definition 3.4.5.

(1) Suppose there is some 0 <j <, such that gj{l is nontrivial. Let 7o > 0 be the first such

occurrence in the continuation. Then ' ,, has some nontrivial end which we call &, i,
such that

702, (Ex1) = & @y 15 AT, 1))

This 1s because all the terms of Equation (3.4.8) are assigned Ly, or L;@ and all the terms

1 I
between g, | and g; | correspond to the same Ly, , .

(i1) On the other hand, if gj{l is trivial for all 0 <j <7, then we set jo = 0 and Z(ﬁkm) =
(@, 1,) and skip &(@y,.,,, (@, ;,)), which is a thin sector.

Next we consider the continuation

0 0
&p+1,20 2842

of‘gg,2 in the direction of 0, B,. Here éfg,? D 3p&,.1 if (i) holds; and j, = 0, go.0 = 0.1, and
Jo.2 =Jo,1 1f (11) holds. There must exist some nontrivial gfg, J > J2, and we write j5 for the

first such occurrence in the continuation. Then Uf i has some nontrivial end which we
call £_ o, such that

e, (E_9) = G(Z(akg,lg)’ p,.1,)-
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Continuing in the same manner, we eventually return to £_ ;, and the sectors
(3'4'9) G(ﬁ(akl,ll )9 5/{2,/2)9 G(E/CQ,ZQ’ ﬁ(akg,/g))9 S(H(akg,/g)’ a/g4’/4), ey

with some thin sectors of type &(ay, s, Z(ﬁ,@ 1.biy)) omitted if they correspond to (ii),
sweep out a neighborhood of 2z, in Dio, possibly more than once and with the possible
exception of p, thin sectors. This proves (2). U

We remark that, a posteriori, the sectors from Equation (3.4.9) sweep out a neigh-
borhood of 25, only once in view of Equation (3.4.7).

Lemma 3.4.8. — If p € Y. is a boundary point of V., at zeo, then n* (U, (N(p))) > ky —
1 > 2g, where N(p) C ¥, is a sufficiently small neighborhood of p.

Progf: — The proofis the same as that of Lemma 1.7.4.5. UJ

3.4.2. Bounds on ECH indices. — The goal of this subsection is to show the nonneg-
ativity of I(v,) except when v, = v, under the assumption that there are no boundary points at
Zs0; see Lemma 3.4.14. The main new difficulty is to show that I(v,) > 0 for v, > v,;. If
U, > U, and U, UD" # &, then we need to apply the version of the ECH index inequality
in the presence of ends that limit to 2., (Lemma 1.5.7.21). To apply Lemma 1.5.7.21, we
need to verify a certain “alternating property” for the ends of v, that limit to z.; this is
the content of Lemma 3.4.13.

Remark 3.4.9. — The ECH index in the presence of ends that limit to z., was
given in Definition 1.5.7.3. Although the definition of the ECH index involves a groomed
multivalued trivialization T (Definition 1.5.7.5), by Lemma 1.5.7.20 it is independent of
the choice of groomed multivalued trivialization and we may write I; (v,) or I(v,).

Let A, = aDg x [0, 1] for 0 < & < py small and let 7 ;.5 be the projection of

W or the positive end of W, to [0, 1] x S. The following is a corollary of the proof of
Lemma 3.4.7:

Corollary 3.4.10. — The intersection ¢ := 1y 11,5(U;E— ) N A, is groomed and the sets Py
and P\ of mitial and terminal points of ¢ alternate along (0, 27r).

Note that we will ofien view Py and Py (and analogous defined points on A) as subsets of 9D?.

Definition 3.4.11. — A cycle Z = (31— 30 —> -+ —> 3y — 31) on ID* =R/27Z is
a sequence of points 3; € R/27 Z, together with chords in R/27Z from 3; to 3i1,° where the indices
are taken modulo k.

¥ By “chord” we mean a path with positive derivative in the R-direction.
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The continuation method from Lemma 3.4.7 gives a cycle
Z =10 311> = 50— 3k —> 310)s

satisfying the following:

(1) the cycle winds around R/27Z once;

2) P.= {315, ..., 3r} for t=0, 1 and each point of P; appears only once in Z; and

(3) the chords correspond to the sectors listed in (3.4.9) as well as thin sectors of
type S(ayp .y, E(EW/)) that are skipped in Step (i1) of Lemma 3.4.7.

%
Nextlet D 4 ; be the data at z for the & end of v, ; and let P4 ; o and P4 ;| be the

—_—
initial and terminal points on A, determined by D . ;. Then we write

//
L PL

1

(3.4.10) Pyi=Py;

1j’i,
/ - // =7/
where P, ;; corresponds to v} ; and Py ; ; corresponds to v ;. Note that

(3.4.11) P+J_1ai == P—,j,i and P/ == P/

+y—1,1 —y—1"

Definition 3.4.12. — Let P be a finite subset of S' = R /27 Z. Denoting an element of S' by
an equivalence class [c], where ¢ € R, if [a] # [b] € P, then we write [a] <p [b] if there exist ' € [a],
b € [b] such that d < b' < ' + 21 and there are no representatives of P in the open interval (d', 0').

Observe that the relation <p is not symmetric, 1.e., [a] <p [b] does not necessarily
mmply that [0] <p [a].

Lemma 3.4.13. — For each x = (%, )), Pio C Py and P,y C Py and the pownts of P o
and P, | alternate along (0, 27r).

Progf. — The proof is by induction on the level; see Figure 8 for an example. We
will inductively define P > P" 5 P® 5 ..., i =0, 1, and the corresponding cycles
ZO ZW . and show that the following hold for each j =0, 1, ...:

(70) the points of Pg) and P?) alternate along (0, 27);

G1) Py =Py CPYLi= 0,13

(/2) there is a partition of P_ ; _; o UP_; _; | into pairs of type {po, p1}, p; € P_j—;;,
such that p, <piypt P13 in particular, the points of P_j ;o and P_; _;, alter-
nate along (0, 27);

. y 1 .
53) Py =P C P i=0,1;
(74) there is a partition of P;J()_j_l’o U P/+,jo—j—1,1 into pairs of type {po, p1}, p; €
4 ) ) Ll : : /
P+J0_j_1,z-: such that pg <Pg+1>up<1;+1> p1; in particular, the points ofPJrJ-O_j-_LO and
P, .1, alternate along (0, 27).
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(0) o 12

P P jo.i PZ josi
(0) . . 1"

P, Py jo—1,i L
(1) . . 1/

P; P_jo-1, P*,jo*lvi

FiG. 8. — Each rectangular box, with the sides identified, is A; the top is dD? x {1} and the bottom is dD? x {0}. For each
figure, P} ; and P} | are the sets of initial and terminal points of the arcs drawn, where the arcs are always oriented from
bottom to top. The extra dots are drawn only for reference. The kth row corresponds to Step £. The solid and dashed arcs
in the left column together indicate Z© and 2. The dashed arcs are potential arcs whose endpoints give pairs of points
in P}, and P}

+4,1
Note that P—zj()—j,i = P+J()—j—1,i n (]1) and P’ =P

io—j—1,i " i—-1; 0 (3) by Equa-
tion (3.4.11).

Step 1. Let vy j, be the highest level which has a negative end at z, let PEO) =P, 1=
0,1, and let Z© = Z. The construction of Z@ (following the proof of Lemma 3.4.7)
immediately implies (00)—(02).

Step 2. We consider the positive ends of v j,_; that limit to z,.. There is a partition of

" io—1.0 Y P41, into pairs of type {po, p1}, p; € P, _, ;, such that p, <poup® Po, Le.,
there is a chord p; — po in Z@. Let Pf»l) = PEO) — P ., andlet ZW be obtained from

Z© by inductively replacing q — p; — po — q' by q — ¢/, given by concatenation. This
makes sense since each point of Pl(»o) appears only once in Z®. Then P(()l) U P is the
set of (alternating) points of ZV, each point of Pl(-l) appears only once in Z1, and Z
winds around R/27Z once. Hence (10) follows from the description of Z(. Similarly,
since P’ =P, ;i — P and (02) holds, (03) and (04) follow immediately.

+go—1,2 +go—1,2
Step 3. We consider the negative ends of vy j_; that limit to 2. There is a partition of
PZ,jU—I,O U PZJo—l,l into pairs of type {po, 1}, p; € PZJo—I,i’ such that pg <P61)UP(11) p1, Le.,
there is a chord' Po— in ZW. Since P_;_;, = P. ., UP’. _ and (04) holds, (11)
and (12) follow immediately.

Repeated application of the above then implies the lemma. 0J

Lemma 3.4.14. — If fiber components are removed from U, and there are no boundary points
at Zeo, then:
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(1) the only components of V., with negative ECH index are the branched covers of 0
(2) the ECH wndex of each level v, # V. is nonnegative; and
(8) I(W,) = 1V} ) + 1)) for 0 <j < a, with equality for j > 0.

Proof. — The proof is analogous to that of Lemma 1.7.5.5.

(1) If a component ¥ of 4y is a branched cover of some ¢% with possibly empty
branch locus, then, by Lemmas 1.5.7.15 and 1.5.7.16, I(v) = 0 with the exception of
I(v) = — deg(V) if U covers o L. For all other components v (i.e., those that do not branch
cover any o), the regularity of {J.} and the ECH-type index inequalities imply that
I(v) > 0.

(2) for vy, 1 <j < b. By [HT'1, Proposition 7.15(a)] and the regularity of .}, we
have I(v;) > 0 for 1 <j < b, where equality holds if and only if vy, ; is a connector.

(2) and (3) for v, ;. We claim that I(v,;) > 0 for 0 <j <« and I(v,;) > I(i/l,j) +
(v} ;) for 0 <j < a, with equality for j > 0.

Suppose z,, does not appear at an end of v, ;. With the possible exception of
fiber components, v, is simply-covered and regular since there is at least one HF end.
Hence the claim follows from the regularity of {J.} and the usual index inequality (Lem-
mas [.4.5.13 and 1.5.6.9).

Suppose zo appears at an end of vy ;. Let ¢i; (resp. ¢ ;, ¢Z ;) be the groomings
corresponding to the & ends of vy ; (resp. V) ;, U ;) at 2o, such that:

(1) =l U
(a9) ¢_; has wmdmg w(c_;) > 0and ¢, ; has w1nd1ng w(cy ;) < 0;
(a3) ¢ = n[O,l]xS(gf) NA; and ¢ = l]xS(ng) N A, where EJ (resp. g ) is the

set of positive (resp. negative) ends of v v1 j converging to Zoo.

Recall that the matchings defined by ¢, ; do not need to coincide with the matchings in

the data 5)#]- at Zo for the &= ends of v} j; only their endpoints do. What (a3) says is that
we are requiring ¢/, ; to coincide with the data at 2 for v - On the other hand, in view
of (o)) the data at 2, for v v1 does not necessarily coincide with ¢,

By Lemma 3.4.13, the sets Py ;o and P, of initial and termlnal points of ¢4
alternate along (0, 27r). Hence, by the version of the ECH index inequality given by
Lemma 1.5.7.21,

(3.4.12) I(ﬁ’{z].) > ind(U/{z/-) > 0.
Also, by (1) and an easy unwinding of the definition of I(v, ),
(3.4.13) I(v,) > 1(5/1 )+ I(W{’ ) for j>0;

moreover, equality holds for j > 0 since U1J and v v1 do not intersect (if they did, then
Zﬁ n*(V,) > m). Finally, I(v] ) =0 forj > 0 by Lemma 1.5.7.15; together with Equa-
tions (3.4.12) and (3.4.13), thlS gives I(v; ;) > 0 for j > 0. This proves the claim.
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(2) and (3) for v_; j and v_. The case of V_;;, 1 <j < ¢+ 1, (this includes v_) is
similar, and the lemma follows. 0

3.4.3. Boundary points at z~. — In this subsection we describe the necessary mod-
ifications when %, has boundary points at 2.
Let us suppose the following:

(S) There is only one boundary point v € F at 2z, and ﬁ;’o ) e{(0, )} xacC
W=Rx[0,1] x S.

We are assuming (S) for notational simplicity; the general case of multiple boundary
points at z 1s treated in exactly the same way (except for more complicated notation).

For the purposes of computing the Fredholm and ECH indices, we make the fol-
lowing modifications which allow us to use the considerations from Sections 3.4.1, 3.4.2,
and 1.5.7. We view the base B =R x [0, I] with the preferred point (0, 1) as a two-
level building consisting of a disk B} with three boundary punctures and a disk Bj with
one boundary puncture. (What we are doing here is bubbling off a neighborhood of the
point (0, 1) € B when taking the limit %, — u.,.) All the punctures are viewed as strip-like
ends: the punctures of B are called the positive, left negative, and right negative ends,
corresponding to the positive end, (0, 1), and the negative end of B, and the puncture
of Bj is called the positive end and is identified with the left negative end of BS. See
Figure 9. We write 9B} = LI}_,9,BS, arranged in counterclockwise order, such that d,B3,
d,B7, and 9B correspond to R x {1} and 93B} corresponds to R x {0}. The cobordism
W = B x S decomposes into WT =B x S and Wz =B x S, the Lagrangian submani-
fold R x {1} x a decomposes into 9B} x a, dBj x a, and 9,B] x a, and the Lagrangian
submanifold R x {0} x A(a) corresponds to d;B] x A(a). We identify the positive end of
WT with [0, 00) x [0, 1] x S, the left negative end with (—oo, 0] x [%, 1] x S, and the
right negative end with (—00, 0] x [0, 3] x S.

Denote the sections at infinity of Wo 1= l 2, by 02! =BY X {2o0}. A curve v*O 1n

—Ol

W decomposes into vy 'U vy * where v vS = =74 U v‘” ,1=1,2,is a curve in W v,

*0
"

is a possibly branched cover of ol and v*0 * is a union of constant sections B] x {pt},
pt€a.

(R) We view the chords at the positive ends of 5;;)2 and the left negative ends of
ﬁ:&l , including 2, as Reeb chords in a Morse-Bott family and, for the purposes
of calculating Maslov indices, we pretend that the Morse-Bott family has been
perturbed so that 2., 1s the bottom generator of each @;,. In particular, at z,, we
assume that, when we go around the boundary of WZ in the counterclockwise
direction, each g, is rotated slightly in the negative ¢-direction by a Hamilto-
nian isotopy.

We emphasize that v>"' Uv v, ® is essentially the same thing as U, described in a slightly different way.

*0
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ol
=l
\&9/\

a

F16. 9. — The dot in the left-hand picture is the preferred point (0, 1)

The reader can verify that, with our convention (R),

ind(02) =0,i=1,2, I@2*)=0,
3.4.14) , ” y
10;*") =ind@;*") =0, ind(@) =ind(@;"").
We apply the continuation method to vy, 0 <j < a, (1,7) # %, = (1,Jy), and
:=1,2: We adapt the definition of a continuation along 9,B,; in a natural way

—o,1

v*() ’

by replacing gj}) by gj-; 19825 g]-}){ f, which correspond to 9,B], dBj, 9:B7, respectively, in

Equation (3.4.4). As in Lemma 3.4.7, start with a nontrivial negative end &, of some v, j,
o] 1 e . . 1/2 . . .

or v*bl hm.mng to 25 and continue the Correspondllng gjl1 , gj;’] ,or g / f in the direction of

9, B, until some g;! ¢ 07 is reached. Suppose & is the end of some component of %
. . v x * . * . .

which “lies between” g;} and some & We then switch from g}! to &, and continue. This

g_ives a sequence of sectors of type & (4, ay.r) (corresponding to the left negative end of
WT; here if (k, /) = (K, ['), then we view the sector as the full 27 sector), &(A(a,), ay.r),
or &(ay y, h(a;,)), and hence a unigue cycle

Z=0GI—>3—=> =% 3)

that winds around R/27Z once. Note that if there is a boundary point at 2z, then there
1s at least one sector of type & (a;, ay.r).

We leave it to the reader to make the proper generalizations of Z when we do not
assume (S); o =+ or (—1,jp), | <jo < ¢+ 1; and/or the boundary point at 2z, lies on
L;@, L;r, L, LE(E): or L%.

Let Ag“’b] be the annulus {p = &} C [a, b] x Dfm. Writing % = (1, o), let Bﬂ'm

H H .. . . .

Dy_j,, Dg—_j, be the data at z of the positive, left negative, and right negative ends,

and let P 10 and Py _ j, 1 (resp. Pr_j, 0 and Pr_; 1/9) be the initial and terminal points
—

of A2 (resp. AL”!1/2)) determined by Dy, (resp. Dg_ ). We also decompose P, ; =
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P, UP/,, *=(L—,5), (R—,j),or (+,), as before so that P ; corresponds to Ei’l’/ and
0,1,"

P ; corresponds to v;,
The following definition does not assume (S).

Defination 3.4.13. — A boundary point v € dF,,, %o = (1,70), 0 <jo < a, at 2 _falls into
one of three (mutually exclusive) types:

(Py) v, =2;
(Py) v, # ? and all the vertices of Z lie on arcs of type @y, or all the vertices of Z lie on arcs
of pe h(ay.1);

(Ps) v, # @ and Z has vertices that lie on ares of both types @, and A(Gy,).

The boundary points v € OF,, %o = (=1,70), 1 <jo < ¢+ 1, at 2o are classified similarly.

The following is a strengthening of Lemma 3.4.7 when ] ;Y i j # @ for some
J > 0 and there are boundary points of type (P3) at z.:

Lemma 3.4.16. — Suppose 711]4 U E?J # D forsome]>0.Let E_;,i=1,...,q, be the
negatie ends of quzlitli ; that converge to zoo, let E1 1, 1 =1, ..., 7, be the positive ends of Uj‘-lz_o1 ﬂjf J
that converge to zoo, and let E!, 1 =1, ..., s, be the neighborhoods of the boundary points of type (Ps).

Then
(3.4.15) n((U_ E_ DU WU ELDUWULE)) =m—p,.
Proof. — Similar to that of Lemma 3.4.7. 0J

Lemma 3.4.17. — If py, ..., p, are the boundary points of type (P1) and (Py) and N(p;) C
F, is a small neighborhood of ;. then Y n* (V. (N(p;))) > m.

Proof. — (Py) follows immediately from the description of Z; (P,) is similar. O

3.4.4. Bounds on ECH indices, part II. — In this subsection we give bounds on ECH
indices in the presence of boundary points at z.. _

For simplicity we are still assuming (S). The ECH indices of v are defined in a
manner similar to that of Definition 1.5.7.3.

Lemma 3.4.18. — If U, , v, # @, (S) holds, and the boundary point at z is of type (Ps),
then there exist contributions 1. > 0, I~ = 2, and Ix_ > 0 from the ends that limit to 2o, at the
positive, left negative, and right negative ends, such that
(3.4.16) 1(v,) = 12" + 102" ) + 1+ 1 - + I

Progf — The calculation of Ij _ is similar to the ECH index calculations of Sec-
tion 1.5.7 and in particular that of Lemma 1.5.7.22.



HF=ECH VIA OPEN BOOK DECOMPOSITIONS II 251

17 17

1 3 3 37 3%
!

3 3h 3 sl

N

FiG. 10. — ¢;_ U¢{_ for v of type (P3). Here ¢{ _ is the strand in the front

First observe that Py_ 1/ = P1_ ;1. For simplicity suppose that the only chord
of Z corresponding to a sector of type &(a, ay ) is 37 —> 35. Observe that there are
no points of Z between 3} and 3;, since otherwise Z winds more than once around
R/27Z. Hence PY_ /o ={3\}, P 10 =185:37, .-, 3 L, Pl = {35}, and Py _ ) =
{31,37,...,3/}, where Pr_ 1,0 =Pr_ 1 is written as {3}, 35,3/, ...,3,} in cyclic order
around R/27Z, and the projection of the left negative end of 5:;)1’” that limits to 2z
intersects Al/2! along an arc ¢/ with winding number w(¢] ) =0 or 1, depending on
whether &(a;, ay ;) 1s a large sector; see Figure 10. The left negative ends of 5:;)]’/ that
limit to z., give a grooming ¢; _ on AE/QQ’I] such that the winding number w(c¢; ) =0 or
—1 and ¢; _ connects 37 to 37, ¢ =1, ..., s, by vertical arcs. Then the writhe of ¢; _ U¢]_
is +1 and resolving the positive crossing of ¢; U ¢/ _ yields a grooming ¢, by vertical
arcs from Pr_ 1/ to P 1.
We now consider the disk D corresponding to resolving the positive crossing that

we “append” to the left negative end of i:(’)l as in the proof of Lemma 1.5.7.22. The disk

D contributes 1,0, 1, and 0 to Q, ¢1, 1, and the discrepancy: Q) is equal to the writhe
+1. The calculations for p assume convention (R). Suppose w(c; ) = w(c{_) =0 (the
case w(c;_) = —1 and w(cf_) =1 is similar and is left to the reader). Then w of the
positive ends of D are 1,0,...,0 and p of the negative ends are all 0. The discrepancy
contribution at the negative end of D is zero since ¢, _ is a grooming by (almost) vertical
arcs. Hence I} _ = 2.

Finally, since I(U,,) = L(3) + L(3?) and 1(T3%) = 0, we have I(v,,) = 1)) =

103" +1@2") + L + I~ +Ig_. Lemma 3.4.14 implies that I, > 0 and Iy_ > 0. O

Remark 3.4.19. — In general, each collection of boundary points of type (Ps) that
map to the same point on the base contributes at least 42 towards I. The proofis similar
to but slightly more complicated than that of Lemma 3.4.18, and is left to the reader.

The following is a strengthening of Lemma 3.4.14 in the presence of boundary
points at Zs:

Lemma 3.4.20. — If fiber components are removed from oo and the only boundary points are
of tope (Ps), then
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(1) the only components of V., with negative ECH index are the branched covers of o ;
(2) the ECH wndex of each level v, # V. is nonnegative; and
(3) For0 <j <a,

(1@ )41 ifbp,,=0;
LT) =177, 1’ -

W1 2 {nvu) FI@)+2 ifbpy, > 0.
Here by, is the number of boundary points of type (P3) on V..

Proof. — We explain the modifications that need to be made when there are
boundary points at z., in view of Lemma 3.4.18 and Remark 3.4.19. We assume (S)
for simplicity. The cycles Z“7 are defined as in the proof of Lemma 3.4.13, for j > j.
We define Z¢0-1 = Z0=0) and Z@7) as Z@00 with 3| — 3, replaced by 3). Then

Z@=0h=D) js obtained using Z“7 7 instead of Z“). Also, P} _ i X = a,”,”, is ob-
tained from P7 ; . by replacing 3} by 3,. The rest of the argument of Lemma 3.4.14
carries over. U

3.4.5. Case of vV, UV’ = @ for all v,.

Lemma 3.4.21. — If Us, € 3400 M and v, U, = for all levels V. of Uoo, then a =
¢c=0;I(vy) =0, I(v_) = 2; vy is a Wi-curve; v_ s a W_-curve; and there may be connectors
Vo, 1 between.

Proof. — Suppose that %y, € 9)400)M and v, UV = & for all levels v, of %,,. Then
there is a point q € int(F_) and a sufficiently small neighborhood N(q) C F_ of q such that
v_(q) = m(o0) and n*(v_(N(q))) > m. By Equation (3.4.2) and Lemma 3.4.8, there are
no boundary points at zo, and the only possible fiber component passes through m(co).
Hence every level D, * # —, has image inside W', W, or W, and v_ is a W_-curve or a
degenerate W _-curve by the analog of Lemma 1.7.5.2.

The ECH index of each level # v, and which has no fiber component is non-
negative by Lemma 3.4.14. Since v, is a W_-curve, I(v;) > 0. On other hand, by the
previous paragraph, if there is a fiber component, then it is a component of v_. We claim
that I(v_) > 2, with equality if and only if v_ is not a degenerate W_-curve. Indeed, if v_
is not degenerate, then I(v_) > 2 by the point constraint (this is the only place where we
use the fact that 4y € 9j100)M) and the ECH index inequality, and if v_ is degenerate,
then I(v_) > 4, as computed in the proof of Lemma 1.7.5.5.

The lemma then follows from Equation (3.4.3). In particular, degenerate W_-
curves are not allowed. 0J

3.4.6. Preliminary restrictions when v, U V" # & for some V. — We now consider the
case where v, UV # @ for some level v,.
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Lemma 3.4.22. — If v, UV" # O for some level U, of s, then:

(1) p— =deg(@’) > 0;
(2) Uso has no boundary point of type (P1) or (Py);
(3) Uso has no fiber components and no components of V', that intersect the interior of a section at

infinity;
(4) each component of ﬁn_l pJ=1. = is a thin strip from zo to some x; or x. with 1 = 1;
(5) each component of O is a section of W_ — W_ from 8y to some x; or ¥, with 1 = 1;
(6) each component of ig s J =1 b, which has a positive end at a mulliple of 8o s a

cylinder from 8¢ to h or e with1 =1 or 2;
(7) the only boundary poinis at 2o are type (Ps) points of V) ;,j =0, ..., a.

Proof. — The lemma is a consequence of Equation (3.4.2). Suppose v, Uv" # @ for
some level v,.. Then ii # @ for some v, and each end of ﬁi that limits to some multiple
of zo or &y contributes positively to n* by Lemma 3.4.2 and the proof of Lemma 1.7.4.2
(also see Lemma 3.4.7(1)).

() If v = @, then the restriction of v” to a neighborhood of m(+00) contributes
m towards n*(v_). This contradicts the discussion from the previous paragraph, proving
(1)-

Since v’ # &, some UgJ,j'z lI,....,b+1,o0r U?J,jz l,...,a, has a negative end
at z or a multiple of §,. By Lemmas 3.4.2(1) and 3.4.16, it follows that:

(3.4.17) Y n@) =m—2,

V>V

where we are counting contributions from the ends and the boundary points of type (Ps).

(2)—(7) are consequences of Equation (3.4.17). We explain (2) and (3), leaving the
rest to the reader. By Lemma 3.4.17, the neighborhoods of the boundary points of type
(Py) or (Py) contribute at least m towards n*(v)) in total. Also, a non-ghost fiber component
or a component of vV, that intersects the interior of a section at infinity contributes m
towards n*. They both contradict Equation (3.4.17). U

Lemma 3.4.23. — If v, UV" # O for some level ., then the following alternative holds:

(a) either some E(t) qeJo=1,.... 041, has a negatwe end at a multiple of &, i which case
EBJO = 2,0, =" = @ for all levels U, > vy, and v, ; # @ for all levels V' < ; <
Vg jps 0

(b) no UgJ, J=1,...,b+ 1, has a negative end at a multiple of 8y, in which case V., # &

Jor all levels v <V, <V, and ) ;U U?’j # O for some ] > 0.

Progf: — This follows from Lemmas 3.4.2(1) and 3.4.16 by observing that either
case contributes at least m — 2g towards #* and that it is not possible to have both since
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m > 2g. It is also not possible to have multiple occurrences of negative ends of U;, 27 >0,
that converge to some multiple of 6. 0J

3.4.7. List of possibilities when v, U V" # & for some V. — We first start with a useful
definition.

Definition 3.4.24.

(1) Let X, U---UX, be an r-level split almost complex manifold with cylindrical ends, ordered
from bottom to top, and let

v=v;U-.-Uv,, Im(Ui) C Xi,

be a corresponding r-level holomorphic building, where each level has finite energy. If € is
some collection of positive ends of v,, then the holomorphic building hanging from £
is the union of irreducible components V;, for which there exist irreducible components v;,

i=1dy+ 1, ...,r, where the imit of a positive end of V; agrees with the limit of a negative
end of Viyy foralli =1y, ..., v — 1 and a positive end of v, is contained in E.

2) X U---UX, ) tsan (r+ 1)-level split almost complex manifold, v =v,U---Uwv,,
is a corresponding (r + 1)-level holomorphic building and &€ is some collection of negative
ends of V,41, then the holomorphic building hanging from & is defined similarly.

(8) If Xy U---UX, s an r-level split almost complex manifold, v =v, U ---Uv, s a
corresponding r-level holomorphic building and & is some collection of negative ends of v,
then the holomorphic building sitting above & is the union of irreducible components
V;, for which there exist irreducible components V;, 1 =1, ..., iy — 1, where the limit of a
negative end of V; agrees with the limit of a positive end of V;_\ for all i =2, ..., 1 and a
negative end of 0y is contained in £ .

4) fXgU---UX, s an (r 4+ 1)-level split almost complex manifold, v =vy U ---Uwv, 1s
a corresponding (r 4 1)-level holomorphic building and & s some collection of positive ends
0f Vo, then the holomorphic building sitting above &€ s defined similarly.

Lemma 3.4.25. — If v, U: # O for some level V., then V' # B, there are no boundary
points at 2o, and Us, contains one of the following subbuildings:

(1) A 3-level building consisting of a component ﬁgyl with1 =1 fromy to 8oy’ ; V=0 ;
and a thin strip.

(2;) A 3-level building consisting of a component of Ei withl=1,1=0,1, fromy ory” to
Soy'; V' = o; and a thin strip.

(3) A 4-level burlding consisting of a component Ojﬂi with1 =0 from'y to 8%y'; Vo =0L;
a component of Ug,l which is an 1 =1 ¢ylinder from 8 to h; V' = o; and a thin strip.

(4) A 4-level burlding consisting of a component of ﬁi with 1 =0 fiom'y to 83y'; v, | with
=0 and deg = 2; V' = 0 ; a component of 0* which is an 1 = 1 curve from 8 to
some x; or x,; and a thin strip.
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1,2
% 0 0L —pop+1f \0, 1
T H l:‘:
Rx N 1 0i\1 0 0 0
w_ 0 0 0 0\1 0 0
s total
_ = Po,b+1
W 1 1 1 1\ |o 1\1
(1) (2) (3 (4) (5) (6

)

FiG. 11. — Schematic diagrams for the possible types of degenerations. Here e represents &y, o represents 2, O represents
a possible location of a branch point and x represents some x; or x,. A vertical line indicates the restriction of a trivial
cylinder, a dotted vertical line indicates a trivial cylinder, a double vertical line indicates a degree 2 branched cover of a
trivial cylinder or a restriction of a trivial cylinder, and a triple vertical line indicates a degree p > 2 branched cover of a
trivial cylinder or a restriction of a trivial cylinder. The labels on the graphs are ECH indices of each component. All the

)

thin strips of 5{1 j are drawn on the same level for convenience

(5) A > 3-level building consisting of a component of Ui with1 = 0_from y to 83y'; vy | and
v with1=0 and deg = 2, where V), | = @ is possible; and two thin strips.

(6,) A > 4-level building consisting of a component of 5?)1 with 1 =1, 1 =1,2, from 'y
o {zZL. YUY 0 <poo<por < Zpos1 <75 I@;) = —po,p+1, I(%J) =0
Jorg=1,...,b; Ei with 1 = 2 — 1 which has no negative ends at a multiple of 8y;
Do.s1 — po.1 cylinders OJFUgJ,j' e{l,..., b}, with 1 =1 each_from 8y to h; po.1 — po.o
components of V° with 1 =1 each fiom 8 to some x; or x,; and po.q thin strips. The total
ECH index of the building hanging from the negative end of U, is po 1.

Here we are omatting levels which are connectors. If there 1s more than one thin strip, then the thin strips
could be on the same level or on different levels.

See Figure 11.

Proof. — The lemma is a consequence of Equations (3.4.2) and (3.4.3). By Lemmas
3.4.20 and 3.4.22(2), (3), all the levels v, besides v have nonzero ECH index, the only
components of %y, which have negative ECH index are the branched covers of 6}, and
I(v,) > I(E']J) +I(5’1’J) or I(E’IJ) +I(U’1’J-) +2for 0 <j < a, depending on whether bp, ; =
0 or > 0. In particular, all the components of %, which are left out of the subbuildings in
(1)~(6,) and are not drawn in Figure 11 have I > 0.

By Lemma 3.4.22(1), v # &. By Lemma 3.4.22(2), (7), there are no boundary
points of types (P}) and (Py) and no boundary points of type (P3) except for v/ pJ=
0,...,a. Cases (1)+(5) have no boundary points at 2z, (since the ECH index would add
up to more than 2) and Case (6,) may have boundary points of type (Ps).

First suppose that some 53 jo»Jo € {1,..., b}, has a negative end at 8} for some
p > 0. This is the situation of Lemma 3.4.23(a) with j, € {1, ..., b}. In this case, all the
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components and levels have nonnegative ECH index. Each component of v% < v, de-
scribed in Lemma 3.4.22(4)—(6) satisfies I > 1 and there must be p > 0 such components
since Vg j, has multiplicity p at §,. We then have the following contributions towards I:

(a) Zaﬁ w0, [(v?) > p and there is at least one thin strip.
(b) 1(v5,) > 1 since Ty, is nontrivial.

Then p =1 and all the components and levels besides those of (a) and (b) satisfy I = 0.
We are in Case (1).

Next suppose that E(ﬁ),b = ﬁi has a negative end at 8. This is the situation of
Lemma 3.4.23(a) with j = b+ 1. Since v/, = @, all the components and levels satisfy
I>0. Here Ui cannot have any multiple of 2z, at the positive end, since otherwise we
contradict Equation (3.4.2). Since I(v%,) > 0 and ) ’ [(v?) > p, either p= 1 and we
are in Case (2,) or p =2 and we are in Cases (3)(9).

Finally suppose that no Ug jJ=1,..., 041, has anegative end at a multiple of 4.
This is the situation of Lemma 3.4.23(b). We have the following contributions:

T<T

(0[) degiﬁr :p(),b-i-l and I(U/-i-) = _ﬁ(),b-',-l-

(B) By Lemma 3.4.22(4)—(6), the holomorphic building hanging from the negative
end of iﬂr satisfies Zv* <5, I(v, U ﬁi) > po.s+1, and equality holds if and only if
there is no cylinder from §; to e.

(¥) I =2 components of Ug , from 8y to ¢ can be eliminated by observing that it
is followed by an I = —1 component of v from ¢ to some X; or xg, which 1s a
contradiction.'”

(8) Some ﬁ? Jjo»Jo = 0, must have an end at zo (or some boundary point of type
(P3) must have a neighborhood) which projects to a large sector of Df)o. Since
ﬁim generically lies on a codimension 1 stratum of some ind(iﬁI jo)-dimensional
moduli space, the large sector contributes an additional +1 to the Fredholm
and ECH indices, cf. Lemma 1.5.7.21.

(¢) If bp is the number of boundary points of type (P3) and bp > 0, then the con-
tribution to I is at least 2.

(), (B), and (y) together give:
IW,)+ Y I, Uv)=0.
V<V
Now, 1(5/1/1/) > 1 for each j > 0,'" (§) contributes at least 1 to I, and (&) contributes at least

2 to Iif bp > 0. Hence bp =0, a = 1, and we are in Case (6,), t =1, 2. U

10 Strictly speaking, J_ is the restriction of a Morse-Bott J'. To give a proper treatment of regularity, we must perturb

J using an arbitrarily small Morse function to obtain (J')¢ and then restrict (J') to W_.
1 Recall that we are ignoring connectors.
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3.4.8. Elimination of some cases when v U 0. # @ for some v,. — The goal of this
subsection is to eliminate all but one of the possibilities (namely Case (2;)) given in
Lemma 3.4.25 and to prove Lemma 3.3.2.

Definition 3.4.26. — If w : X — X' is a branched cover and B (1) is the branch locus of 7,
then we define

b(m)= ) (deg(x) — 1),

xeB(r)

where deg(x) is the degree of the branch pont x. We also write b(u) = b(T, o u), where T, is the
projection to the base B, B', etc., and refer to it informally as “the number of branch points of u.”

Let&_;,i=1,...,¢q, be the negative ends of UJ‘-‘:J?J that converge to z,, and let

E,i,i=1,...,7, be the positive ends of Uj‘-l:_olﬁjf‘j that converge to z5 as in Lemma 3.4.7.

Lemma 3.4.27. — Suppose we are in Case (6,) of Lemma 3.4.25. Then ) -, b(V.,), includ-
ing branched points of connector components, is equal to the number of negative ends &_ ;. Moreover, fFis
the surface obtained by gluing all the domains of V', then ¥ is a connected planar surface whose compact-
tfication (afler filling in the interior and boundary punctures) has a single positive boundary component,
L.e., coming from levels 0, j, ) =0, ..., a, together with some number of negative boundary components,
v.e., coming from levels V_y j,)=1,...,¢c+ 1.

Proof. — Suppose we are in Case (6;) of Lemma 3.4.25. We claim that we may
make the following simplifying assumptions after rearranging some levels:

) V1, 18 a connector;

) all the ends £_; are negative ends ofﬁﬁi,g;
) all the ends &, ; are positive ends of ﬁi ;
(4) all the branch points of v, lic on v .

(1
©
3

Note that in Lemma 3.4.25 we omitted connectors, but in the present analysis we need
to keep track of connectors which are branched covers. Since the lemma is of topological
nature, we may assume that all the connectors between v, and v, ; have been merged
and, after renaming, the connector level is v ; and the old v, ; becomes v, ». This gives
(1). (2) 1s immediate and (3) can be arranged by topologically moving up/down the ends
&, if necessary. (4) can be obtained by pushing all the branched points of v, from the
lower levels to v/ |; this operation is possible because v- <, does not have a negative

end that limits to z in Case (6,). Note that this operation does not affect:

— the total Fredholm index Zi; ind(v,); and
— the topological type of F.

As a consequence of (1)-(4), each component of v, < v, is an unbranched cover of the
appropriate 0.
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We now compute the Fredholm index of v | : F,., = W using the Fredholm index
formula

ind(@) ) = —x @) + pi1 + e (0),) + 20 (@, DTS, 1);

see Equation (I.5.7.2). Recall we are writing p, = deg(v.,). The groomed multivalued
trivialization 7 is defined as follows: Let G ; be the sector of Dio given by T2, (Ex). I (i)
and its analogs occur in the proof of Lemma 3.4.7, then we add the thin counterclockwise
sectors & (ay, ., ﬁ(ﬁkm)), etc. to the set {& ;}. The sets {& ;} and {S_ ;} correspond to
the data 5), and 5)+ at the negative and positive ends of 5/1’112 and we let T be the
induced groomed multivalued trivialization.

By a calculation similar to that of Lemma 1.5.7.15, 61((5/1’1)*'1‘5, 7) = 1 and the
ends of V] | contribute the following to . (V) ,):

— 01f &_ is a small sector;
—1if &_ is a large sector;

—11f &, ; is a small sector; and
— —2if &, ; is a large sector.

Hence ,uT(U’M) = —p;,; — 1. Since X(Fm) =p1— 5(6/1,1% we obtain:

(3.4.18) ind(i/lyl) =b@ ) —p)tpat+(=pa—D+2
= b(i/lyl) — (i —D.

Next we claim that 0F, ; is connected. Indeed, if 0F, ; is disconnected, then the
method of Lemma 3.4.7 implies that the union of all the & ; covers D? 'more than once;
this contradicts Equation (3.4.2). The claim in turn implies that b(v| |) > p1 1 — 1, since
otherwise I ; is disconnected and 0F,; will have more than one component. Hence
ind(v| ;) > 0; moreover, if ind(v ;) > 0, then ind(v' ,) > 2.

We claim that ind(U'H) > 2 is not possible. Indeed, we add up the Fredholm indices
of all the remaining components as in the proof of Lemma 3.4.25:

() ind(@},) > 1 and ind(V,) = —py;

(b) > ~ind(V) > p,, where the summation is over all components ¥ of % that are
hanging from the negative end of v’ ;

(c) alarge sector of D? contributes an additional +1 to the Fredholm index; and

(d) all the other components of %y, have nonnegative Fredholm index.

(a), (b), (d) are clear, and (c) was explained in Lemma 3.4.25. The total of (a)—(d) is >
2, which is an index excess of 42, and the claim follows. The claim then implies that
ind(v} ;) =0, b(v} ) =p1.1 — 1,and I, | is a disk.

12 Note that the plus and minus signs are switched. This is due to the fact that, for example, {S_ ;} gives the data for
the negative ends of v 5 that limit to z.,, which agrees with the data for the positive ends of v} ; that limit to 2.
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Finally, since F is diffeomorphic to a surface obtained by gluing ¥, | and p; | sur-
faces which are diffeomorphic to B, or B,, it must be connected and planar, and its
compactification is as described in the lemma. UJ

Lemma 3.4.28. — Suppose m>> 0. If 0. U V% # O for some level ,, then Cases (1), (2y),
(3)—(6;) of Lemma 3.4.25 are not possible. This leaves us with Case (2)).

Proof. — Arguing by contradiction, suppose there exist sequences m; — 00,
&,6; —> 0, and ﬁg‘ — Uis, Where ﬁj € M(mi), Uino € 8{+OO}M(WH), M(mi) is M with re-
spect to the family {j? (&, 8;, p(1); m;)}, and U falls into one of Cases (1), (20), (3)—(6;).
We consider a diagonal subsequence %; := u;).

Cases (1) and (2) are eliminated by an argument similar to that of Case (2) of

Theorem 1.7.10.1 and Cases (3)—(5) are eliminated by an argument similar to that of
Cases (3)—(6) of Theorem 1.7.10.1.

Case (6;). Suppose for simplicity that b = 1, including connectors.

o As in the proof of Theorem 1.7.10.1, for i 3> 0, we consider a truncation u; : X; —
W, of % (i.e., a restriction of % to a neighborhood of ¢}}) such that there exist real num-
bers

Roi<Ri;<Rg;<Rs;, Ry, <—=Ur), Rs;>(1)
and a map
i X —> By N{Ry; <5 <Rg;},

such that the restriction of 7; to JTZ-_I({R]-J- <s=<Rjy1:}),7=0,1,2, is a degree py;
branched cover. Here o < po.1 < po.2. We project u to Dfm c S for py > 0 small us-
ing balanced coordinates and then apply the ansatz from Equation (I.7.8.1) to obtain
w; . Zi — C.

Applying the method of Section 1.7.8, we rescale w; by a positive real constant and
take the limit m; — 00 to obtain a 3-level holomorphic building

Weo = w_Uwy; Uw,.

We write w,, : ¥, — CP' for the components of the building w,, and 7, : %, — c/(B,)
for the corresponding branched covers, where * = +, —, or (0, 1), and B;; =R x S'.
We may also use subscripts (0, 0) and (0, 2) to mean — and +. Note that deg g ; = p.
By Lemma 3.4.27, the surface X, obtained by gluing the X, is connected and planar.
The next few paragraphs are devoted to the description of w, and m,.

Suppose for simplicity that £_, ¥, ,, and ¥, are connected. Starting from the
bottom, w_ and m_ satisfy the following:

(io) w_(3X_) C{p=0,p >0}
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(ii.) w-'(400) is a single point and w_ (=" (+00)) = o0;
(ii-) w_(zp) = 0 for one of the points z, € n:l(ﬁb(oo)); and
(iv_) w_|sux_) 1s a biholomorphism onto its image.

(i-)and (iii_) are clear, (ii_) follows from the fact that X, (and hence 2_)is connected and
planar, and (iv_) is a consequence of Equation (3.4.2). Let us write f, = 7, o w; ', where
defined. Then /- maps the asymptotic marker R (c0) for oo € CP', corresponding to
the radial ray R, to the asymptotic marker Ls,5(400) for 400 € ¢/(B_), corresponding
to the half-line L4 /2, by the Involution Lemma 1.7.9.3.

We then move up to wy 1, which satisfies the following:

(io,1) woyl(n(;ll(—oo)) ={d=0,dy,...,d}, where d: € R*" and d; < d;, ;
(i1g,1) Tr(fll (+00) is a single point and wy (7'[(;11(—1—00)) = 00;
(itig,1) wo,1 is a biholomorphism; and )
(ivo.1) fo.1 : CP' — dl(By,;) maps R, (0) to L3/3(—00).

The placement of the points do, . .., d; in (iy,;) follows from observing that v° consists of
I = 1 components from § to x; or .. In particular, the asymptotic eigenfunctions of v* at
the positive end are close to constant functions with values on R* C C. (ii, ;) follows from
the fact that X is connected and planar and (iiig,;) follows from Equation (3.4.2). (ivo,)
is a consequence of the fact that /= maps R (00) to L3/9(400). Then f; | maps R, (00)
to Ls3/9(400) by the Involution Lemma 1.7.9.4.

We now describe the construction of w in some detail. By translating
77 (B N Ry < s <Ry}
down by T, we obtain the branched cover
7 EF > BiN{Ry, — T, <s<Ry,;,— T}

and the holomorphic map w;" : £ — C. We may assume that Ry, — T; — —00 and
Rs; —T; — 400 have been chosen so that there is no sequence of branch points of JTZ-+
that limits to s = 00 as ¢ — 00. Indeed, the branch points that “escape to s = £00”
properly belong to a different level. Then wy is the limit of w;", after suitably rescaling
by positive real constants.

Let B = {(.J) = @) }zzl be the data at the positive end of w,.. For ¢ 3> 0, the
component of w;" |(nf)*1({s:Rs,i—Ti}) corresponding to (7, ;) — (4, /) 1s arbitrarily close to
a normalized asymptotic eigenfunction ¢; from Z(Ew;i ) to @, ;,, after multiplying by some
positive real constant. (Here ¢ is an eigenfunction of an asymptotic operator and we are
not making any a prior: assumptions on the corresponding eigenvalues.) Now we claim
that some ¢, must sweep out a large sector of D?, since otherwise Im(w;") cannot pass
through the origin, contradicting the “continuity” to wy ;. In the limit : — o0, ¢, will
sweep out an angle of 27.

The top level w; satisfies the following:
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(iy) wy(r ' (=00) ={d] =0,d),...,d }, where & e R*" and d]" < d}, ;
(iiy) wy(0X4) C{p=0,0<p <00}

(iiiy) w4 maps some point of 7! (400) to 0o;

(ivy) fi maps Ry (0) to L3/5(—00); and

(v4) wy 1s a biholomorphism onto its image.

The placement of the points &, ..., d,;: in (i;) follows from observing that Eg’l consists
of I =1 components from &, to 4 and that R4, — Ry as m — 0o by our choice of %
from Section 3.2.3. (ii;) and (iii;) are immediate consequences of the construction of w;
from the previous paragraphs. (ivy) is a consequence of the fact that f; ; maps R (00)
to 23 /2(+00). We now apply the Involution Lemma 1.7.9.5 to conclude that f; (00) =
L35 N 0B,. Note that the Lemma 1.7.9.5 applies because the compactification of X is
a closed disk by Lemma 3.4.27. This contradicts (i1, ). We have eliminated Case (6,). [

We are now in a position to prove Lemma 3.3.2.

Proof of Lemma 3.3.2. — Suppose U, € j400M. By Lemma 3.4.21,if v, Uv* = &
for all levels v, of %y, then 4y, € Ay If D, U Ei # & for some level v,, then uy 1s as given
in Lemma 3.4.25. Now, by Lemma 3.4.28, the only possibility left is Case (2,), which
implies that u,, € As. O

3.5. Degeneration at —oo. — In this subsection we study the limit of holomorphic
maps to W, as T — —00, i.e., when W, degenerates into W,oo,l UW_q.o. This will prove
Lemma 3.3.5.

We assume that m > 0; &,8 > 0 are sufficiently small; and {j .} E 7% and

{j?(s, 8, (7))} satisfy Lemma 3.2.22. Fix y € S, 4a), ¥ € Sb.aw) and let

M — MI:Q,n*:m }(y’ y/, ﬁ), Mr — MI:Q,H*:m (y, y/; ﬁ(f))

02 e.8.p(0) 7 (e.8.p(0)
We will analyze 9;_oj M.
Let %, ¢ € N, be a sequence of curves in M such that 4, € M., and lim 7, = —o0,
1—> 00
and let
<3.5.1) ﬂoo = vg U (ELJ U.--uU UL,a) UUI U (UR,l U--- UER’[,)

U@ U---Uvp)U@rU---Udr,),

be the limit holomorphic building, where each v, is an SFT-type level, v; maps to W_oo s
J=1,2;v; and Ug ; map to [-2, 2] x R x §; Vg ; and vr; map to R x [0, 1] x S. The
levels in the first row, called the horizontal levels, are arranged in cyclic order from left to
right, the levels in the second row, called the vertical levels, are arranged in order from bot-
tom to top, and v, 1s between vy, and vr,;. The terms “horizontal” and “vertical” refer
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to the positions of the levels in Figure 5, and do not imply a difference in the geome-
try. Both refer to fairly standard SF'T' degenerations and the existence of the limit %, 1s a
consequence of the SFT compactness discussion from Section 1.7.3 with minimal change.
For notational convenience we refer to v, as vy, .41, Ur.0, UB.c+1, OF UT,0, and Uy as Uy, Or
VR 11+ As usual, we write p, = degv..

Terminology. Thin counterclockwise sectors in G from b; j to g;j and from E(Z,' j) to Z(ﬁi J)
will also be referred to as thin sectors.

Outline of proof of Lemma 3.3.5. The initial steps of the proof are similar to those of Sec-
tion [.7.4-1.7.11 and Section 3.4. However, the authors were unable to prove that I(vy,;)
and I(vg ;) were nonnegative when v} # &, since we could not sufficiently control the
groomings in order to apply the ECH index inequality (Lemma 1.5.7.21). Note that
Lemma 3.5.2(4) specifically excludes the case U} # &. Sections 3.5.3-3.5.6 are intended
as a substitute, and involve ideas from tropical geometry (see for example Parker [Pa]).

3.5.1. Continuation argument. — We discuss the continuation argument in the cur-
rent case; this is similar to but more complicated than those of Sections 3.4.1 and 3.4.3.
Suppose that ¥, UD% # & for some level U, of 7, For simplicity we assume that there are
no boundary points at z«; we leave it to reader to make the appropriate modifications
when there are boundary points at 2.

Case 1. Suppose that U7, ;U i j 7 @ for some j > 0. We start at a nontrivial negative end
&, of some vy, 71 > 0, limiting to z,,. We consider the continuation

1 1 0 0
gi—1,10 81108115 - D+1,1: 81 15 - -+ 84

of the t = 1 boundary of &£ in the direction of 3, B,. Here Definition 3.4.5 needs to
be adapted in the obvious way to the breaking of a component of #;|y¢. as 7; — —00,
where G, is the domain of %. The components g_,_; | and g1, correspond to T, and
the components g1, j = —a, ..., b, correspond to vy ;, j =a,a—1,...,0, and Vg, j =
b,b—1,...,1,1n that order. There are three possibilities:

(1) there is some 37'1,17 0 <j <j1 — 1, which is nontrivial;
(1) all the gjl)l are trivial but some g | is nontrivial;
(111) all the gjl’l and g are trivial.

Cases (1) and (ii1) have already been treated in the proof of Lemma 3.4.7. If we are in
Case (ii), then the nontrivial component g ; contains the s = 2 boundary of a right end &,
that limits to zo,. We then consider the continuation of the s = —2 boundary of &, in the
direction of 0_B;. The details of the continuation are left to the reader, but in the end the
sectors Tz (&) will sweep out a neighborhood of z., with the exception of thin sectors.
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Case 2. Suppose that v ;U v ;=@ forallj > 0. Then v} = @. Consider the horizontal
levels:

<3.5.2) 51 - ER’(), ceey ERJ,, 62, ELJ ceey vL,a+1 == Ul.

Suppose that v, U 0% # & for some horizontal level v,. Let U, be the leftmost level in
Equation (3.5.2) such that v has a right end &, at z,,. The sector T2, (&) is not a thin
sector and we apply the usual continuation argument to the levels of Equations (3.5.2).

Case 3. The case where V7 U ﬁgw = @ for all j > 0, v, Uv* = @ for all horizontal levels

Uy, and Uy ;U 7 ;7 @ for some j < ¢ is treated similarly.

Let Z = (31 — --- — 3 — 31) be the cycle constructed using the above continua-
tion argument. Boundary points of type (P}), (Py), and (P3) are defined in the same way:
for (Py) all the vertices of Z lie on arcs of the same type (Type a, Type b, Type A(a), or
Type A(b)), and for (Ps) the vertices of Z must lie on arcs of more than one type.

3.5.2. Some restrictions on Us. — The following are analogs of Lemmas 3.4.16,
3.4.20, 3.4.21 and 3.4.22.

Lemma 3.5.1. — Suppose that V. UV" # @ for some level U, of o If Eiyi=1,..., ¢,
are the ends of all the 0*. that converge o 2o and E!,i =1, ..., r are the neighborhoods of the boundary
points of type (Ps), then

q

D wEVHY w(E)=m—2.

=1 =1

Lemma 3.5.2. — If fiber components are removed from s, and the only boundary points at z
are of type (Ps), then the following hold:

(1) the ECH index of each V., is nonnegative;

(2) the only components of U, which have negative ECH index are those of V', i.e., the branched
covers of o %1

(3) the ECH index of each level Uy j, Vg ; # V| is nonnegative;

4) if v, = @, then the ECH index of each Vy_;, Vg ; # V1, Vo is nonnegative;

( 1 J» URyj 8

(5) there is an additional contribution of bp, + 1 towards 1, where by, is the number of
boundary ponts of type (Ps) on V.

Proof. — (1) and (2) are consequences of the index inequality. (3) and (4) follow
from the proof of Lemma 3.4.14. In the proof of (4), the vertical levels v, ,, ..., V) o and
the arcs @, A(a) are replaced by the horizontal levels given by Equation (3.5.2) and the
arcs b, @. (5) is argued in the same way as Lemma 3.4.20. U
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Lemma 3.5.3. — If iy, € O_o)pM and U, UV". = & for all levels U, of U, then Ui
satusfies the following: a=b=c¢=d =0;1(v;) =ind(v,) = 0 and 1(vy) = ind(Vy) = 2; and
V) 15 a W_oo, | -curve and vy 1s a W_og o-curve.

Progf — Similar to that of Lemma 3.4.21 and is omitted. 0

Lemma 3.5.4. — If 0, UV" # @ for some level U, of oo, then:

(1) po = deg(vy) > 0;
(2) there s no boundary point of type (P1) or (Py), t.e., the only boundary points at z~, are of

bpe (Ps);

(3) Uoo has no fiber components and no components U;’ that intersect the interior of a section at
infinaty;

(4) each of vy,;, ) =1,...,a, and Vr,j = 1,..., b+ 1, consists of thin strips and trinal
strips; i particular, vy j, g =1,...,a, and Vrj, j=1,...,b+ 1 have no boundary

points at Zx.

Proof. — (1), (2), (3) We have the following contributions towards 7*: (1) the restric-
tion of v, to a neighborhood of m(—00) contributes m if v, = &; (2) boundary points
of type (P)) or (Py) contribute at least m in total; and (3) a fiber component or a compo-
nent of U, that intersects a section at infinity contributes at least m. All cases contradict
Lemma 3.5.1.

(4) Arguing by contradiction, suppose that some level vg j, 1 <j < b, has a com-
ponent which is not a thin strip or a trivial strip. (The case of vy, 0 < jo < a, only differs
in notation.) Here vy j, may have a boundary point of type (Ps).

We claim that the following hold:

) n*(Vg ) =mand n*’“Z‘(URJO) >m— 2g;

) Efm # & and some end of ﬁ%zm corresponds to a large sector;

) v, =®andﬁa"j:®f0raﬂj>0;

(d) no left end of Vg j, limits to a multiple of z«; in particular vy o =9

(e) there are no boundary points of type (Ps);

(f) the ECH index of each vy, 1 <j <4, and Vg, 1 <j < b+ | is nonnegative
and I(ERK/},) = 2.

Recall the definition of " from Section 3.2.3.
We first prove (a). Consider the projection

m5:[—2,2] x Rx S — S.

Since we are only dealing with compactness issues, we may assume without loss of gen-

. 70 . . .
erality that J___ ,(¢, 8, p(—00)) is a product complex structure and the projection 7y is
holomorphic. Since Vg j, has a component which is not a thin strip or a trivial strip,
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Im (75 © Uy j,) must contain the complement of all the thin strips between the 4; and the
a;. This proves (a).

We now prove (b)—(f). If (c) does not hold, then there is some negative end £ of
Uleﬁgr ,; thatlimits to zo and n*(£) > & — 1 3> 2¢. This is a contradiction of (a). If (d) does
not hold, i.e., a left end of Dy j, limits to a multiple of 2, then in view of (c) there is some
right end & of V% to the left of Dy j, that limits to 2, and satisfies n*(£) > ky — 1 > 2g.
This 1s a contradiction of (a). (e) is a consequence of (d). (b) follows from (a) and (e) by
excluding some possibilities using (2), (3). Finally we prove (f). By Lemma 3.5.2(4) and
(c), the ECH indices of vy, j=1,...,4, and Vg, j=1,...,b + I, are nonnegative.
Since Elﬁw) has a large sector by (b), its ECH index is increased by one. Hence I(vg ) >
2.

We now return to the proof of (4). By (d), the right end of Vg j, limits to a mul-
tiple of zs. By (a), cach component of ¥° # ¥’ to the right of Tk Jjo must be a thin
strip and the projection to S of the union of all the ends of 5? limiting to 2. 1s a

union of thin wedges of type &(b;,, 7 j). Using Figure 6 one can verify that such a

(NE)
curve 5? does not exist. This implies that ¥ = & and that the ECH index of v,
is > 0. Finally, since the ECH index of each thin strip is 1, the analog of Equa-
tion (3.4.3) for our case, Lemma 3.5.2, and (f) together imply that no component of
v, # V) to the right of Vg can be a thin strip. This is a contradiction and (4) fol-

lows. O

3.5.3. Truncations. — In the rest of Section 3.5 until the proof of Lemma 3.5.13,
we consider the case where v, U 7% # & for some v,. We have ), # @ in view of
Lemma 3.5.4(1).

In Sections 3.5.3-3.5.5 we consider the case v} = &. By Lemma 3.5.4(4), i, has
no boundary points at Zec.

Defination 3.5.5. — Let X be set and € > 0 be a positive real number. Then two_functions
S, g: X — G are g-approximate 3’

f() =gl <e-lg)]  and |f(x) —g)| <e-|/(¥)]
Jor all x € X.

We now define the following sequence of truncations, analogous to those which
appear in the proof of Theorem 1.7.10.1.

Defimition 3.5.6. — With respect to the above assumptions on u; : GZ- — W,l., an &;-
truncation of u; with 0 < g; < % i the restriction of u; to a subsurface X; C G; which satisfies
the following: Furst write

3, % =09%; — (s, ow)” (3By)
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8;121' = 821 n (T[Bri o ﬁl‘)il(ani).

Then
(T1) % (%)) s contained in a 2&;-neighborhood of 3 ;
T2) ifu;(x) is contained in an = -neighborhood of 6%, then x € X;;
( 5 eig N
(T'3) Ty, O U; maps each component ¢ of 9,%; to some t = const and 9,%; to {s = £2};
(T'4) there exist constants r(t;) — 2 > RZ(-I) > 0> R?H) > 2 and a decomposition E; =

Zl.(l) U---u EZ-(L) such that
5 = (m, 0w (12,2 x R RPN %,
and each

0% B — [-2,2] x [RVT RY]

i

B
w5 a branched cover with possibly empty branch locus;
(T'5) for each component ¢ of 9, %;, Ty, © U, is S5-approximate to a positive multiple &; of a

. . . —t - —t . .
normalized elgeizfunctlon o1 ;)=0,...,a 00V ;,) =0, ..., b;moreover, for all
¢, max, |7TD%O ou;| =&,

Here
Tz, 7, (=2, 21 < [RITV, R N {p < po) — Dy,
is obtained by projecting out the d,- and R ~directions.

From now on we assume that w;|s,; is a sequence of €;-truncations, where &, — 0 and REI) —
RV = 00 asi — 0.
Let 7; be the map obtained by postcomposing

_ +1 1
y, 0% 1 X — [—2,2] x [R{T, RV]
with a —%—transla‘[ion in the ¢-direction, and let w; = Ty, © Ulx,. Also let
v om )+l ey @+l
R =R, -y R =R, -y

Notation. When we want to distinguish the ¢-coordinates for B_,; and B_ 9, we write
t; for the t-coordinate for B_, ;. Note that 7; can be viewed as a map to B_,» with
(s, lr)-coordinates.

Lemma 3.5.7. — If 1 >> 0, then Z; ts a disk with > 2py boundary punctures.

Progf. — This 1s a consequence of (T5) and the following:
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V) #*(uils,) = m;
(i) w;(z0) = 0 for some 7y € (g, © 7))~ (W'(1));
(iii) @; maps each component of 7; ' ({s = 2}) to a different R,y and each com-
onnent of ﬁi’l ({s = —2}) to a different component of R,
(V) W;jliu(s,) 1s a biholomorphism onto its image.

Here ¢ (a,) is the ¢-coordinate for a,, etc. O

3.5.4. Large-scale behavior of E;. — When taking the limits of 7; and w;, we are
simultaneously stretching in two directions % and log p. In this subsection we study the
large-scale behavior of the map

E,=(hoR,logpow,): T, — [R;,R]] x [—00, 00)

as { — 00. We use coordinates (¥ = #,)') on [R}, R;’] X [—00, 00). The goal is to con-
struct a “tropical curve”

Ei . Fl'_) [_1’ 1] X [Oa di]a

with some @; > 1 which approximates E; when viewed from “far away”; see Figure 12.
Here T'; is a finite graph whose topological type is independent of z > 0. The analysis 1s
of the same type as that of Parker [Pa].

Step 1. We start with the following lemma, which is a consequence of Gromov compact-
ness and which describes the behavior of w; and 7; for large 7.

Lemma 3.5.8. — Guven € > 0 small, afler passing to a subsequence and possibly shrinking
g; > 0 subject to the condition R" — R — o0, there exist constants L. > 0, k, k' € Z* such that
Jor each 1 there exist:

— disjoint compact subsurfaces Ky, . .., Ky C X, and
— components Cyy, ..., Gier of X; — UK which are strips

such that:

(1) 7~rl~|K?./. is a branched cover over [—2, 2] X [1;;, T + L] for some t; and 7T; has no branch
points outside Ky, . .., Kies

(2) K is digjoint from 0, %;;

(3) there 1s a component K such that (0, —o0) € E;(Ky;);

(4) for each j, the sequence {W;|x;}2,, after rescaling by positive constants, limits to some W, -

(5) Wilc, is &-approximate to a multiple of 1=, where Ay € R— {0} is =+ times the angle
of a sector of type & (by. 1, ap ) (here :I:}r comes_from the fact that s € [—2, 2]);

(6) Bi(Cy) is e-close to a line segment {y = hjx' + B | ¥ € ty o T,(Cy)}, where B; is a
constant;
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(7) there exists d. € R such that, for each component ¢ of 9,%;, ' o E,(c) ts e-close to d. and
max,y o 8;(c) =d..

Proof. — (1)—(5) follow from Gromov compactness, once we observe using the ECH
compactness theorem (cf. Section 1.3.4) that there is an upper bound on the number of
branch points of 7; which is independent of 7 and m >> 0. (6) follows from (5). (7) is a
consequence of (6) and (1'5) in Definition 3.5.6. U

Step 2. We now construct the “tropical curve” B, : T, = [—1,1] x [0, 4], where (x, ) are
coordinates on [—1, 1] x [0, 4;]. We first define the map
E:T;— [R7,R]] x [—00, 00),

where I'; = (Vr,, Er,), Vi, = Vr,, U Vr,, is the set of vertices, Er, is the set of edges, and
the following hold:

(1) Vr,,;1s in one-to-one correspondence with the set {K;;, ..., K;.} and Vr, ,isin
one-to-one correspondence with the components of 9, 2;;
(2) the set Er, is in one-to-one correspondence with the set {C;j, ..., Ci};

(3) &’ maps the vertices corresponding to K; and the component ¢ of 9, %; to
(¥',)") = (15, max(log p o W;1x,)) and (4, 0 Fi(c), max(log p o W.));

and each ¢ € Er, to a straight line segment.

9o
obtained by postcomposing E/: I'; — [R;, RF] x [y, d'1 by an affine transformation

Note that E] has image in {yj; <)’ < d}}, where y;; = max(log p o W[, ). The map & is

[R7, R [, d1— [—1,1] x [0, ],
where d; > 0 is chosen so that max,cr,., [A}(¢)| = 1, where A} : Er, = R maps e to the slope

of B:(e).

Lemma 3.5.9. — Fix £,8 > 0 small. Then, afler passing to a subsequence, the map B,
satusfies the following:

(1) MaX,ep;. [Al(e)| = 1;

(2) fA;: Er, — Rmaps e — Ay, where e corresponds to Cj and A 1s as in Lemma 3.5.8(5),
then A’ and a constant multiple of A; are &-approximate;

(3) y‘E/FZ C Er, is the set of edges e such that |\.(e)| < 1 — &, then |\.(e)| < K/m for some
constant K > 0 which is independent of m > 0 and 1;

(4) each vertex of V., ;, has the same number > 1 of adjacent edges whose interiors have larger
x-coordinate and whose nteriors have smaller x-coordinate;
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—0o0

R 0 Ry

3

FiG. 12. — The top figure represents [—2, 2] x [R;, R}], where x indicates the location of W’ (z,) after translation and
the shaded regions are K;;. The bottom is a schematic diagram for the image of E; which becomes the image of g, “when
seen from far away”. The dots along the line ' = d; correspond to the endpoints of V., and the shaded regions are

6 (K;) x log p(; o 7 (K;)). When viewed in [—1, 1] x [0, &1, the edges with the largest slope (in absolute value) satisfy
[A}| & 1 and the remaining edges have much smaller slope when m 3> 0. (Color figure online)

(5) yo Ei(p) =d; forall p € Vr,.;

(6) there 15 a vertex qo € Vr,; corresponding to Ky (cf. Lemma 3.5.8(3)) such that
o Ei(go) =0;

(7) thereis a path ege, . . . e,y consisting of edges such that X(¢;) > 1 =36 forj =0,...,1—1,
ey starts at qo, and e,y ends near (1, d;) or (—1,d;), and d; > 1 — 6.

Proof. — (1), (4), (5), and (6) follow from the construction. (2) is a consequence
of Lemma 3.5.8(5) and (3) follows from (2). (7) follows from the construction, Lem-
ma 3.5.8(5), and the fact that T must have a large sector by Lemma 3.5.4. UJ

See Figure 12 for an example. The following lemma is immediate from the con-
struction.

Lemma 3.5.10. — Afier passing to a subsequence, we may assume that the following do not
depend on the chowce of 1:

— the graph T;, the function A;, and the set Eir- ;
— guwen an edge Er, with endpounts p, q, whether x o Bi(p) = x 0 Bi(q) and whether y o
Bi(p) =y o Ei(9).

In view of Lemma 3.5.10, we may write I' = (Vr, Ep) for I'; = (Vr,, Er,).
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F1G. 13. — Schematic diagrams for the possible types of degenerations corresponding to Lemmas 3.5.12 and 3.5.13. Here
o represents z,, or z4, O represents a branch point, and 4 represents an end with a large sector. Double dotted lines
indicate multiple covers of 6. The labels on the graphs indicate the components and their ECH indices. If there is more
than one O or 4 in a diagram, then we interpret it as one of the possible locations for O or A

Finally, we orient the edges p — ¢ € Er so that yo B:(¢) —yo &,(p) > 0; we denote
the corresponding orientation by 0. Given p, ¢ € Vr, we write p = ¢ (resp. p = ¢g) to mean
yo 8i(p) —yo Bi(¢g) >0 (resp. = 0) for all 7.

3.5.5. Thecase V) = &, U, # &. — We continue to assume that V| = &, v, # @.
See Figure 13(1). We write & to mean “is close to”.
We start with the following useful lemma:

Lemma 3.5.11 (Comparison Lemma). — Suppose m > 0, ¢ = 1(m) > 0, and € = e(m) >
0 is small. Let ¢ — ¢ be an edge of T such that |\.(e)| ~ 1 and let

5/:(1012)"‘ A Dis1)

be an oriented path of T' from py to priy such that py < q <X ¢ X pry1 and 0 < |X(f)| < K/m for
J=1,...,k Then

lxo Ei(¢) —xo Ei(p)| <K'/m,
where K is independent of m and 1.

Note that, by Lemma 3.5.9(3), 0 < |A/(f)| < K/m if and only if [A](f;)] is not close
to 1.

Proof. — The horizontal variation ZJI;I |xo Ei(pﬁl) —x0 Ei(pjﬂ is bounded above
by 2 times the maximal covering degree of E’LJ-,]' =1,...,a and Eiw,j =1,...,b+1,
which we denote by KC. (Here the 2 comes from the width of the interval [—1, 1].) On the
other hand, since p; < ¢ < ¢ < p+1, we have:

lxo Bi(g) —x0 Ei(g)| ~ |y o Bi(g) —ro0 Ei(g)]
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k
<D I - xo Bilprar) — x0 Eilpy)
j=1

.....

where K’ = 2KK. O
Given (xp, ) € [—1, 1] x [0, 4], let

ligyy = {x=10,0 <y <0}

be a line segment oriented in the positive y-direction. Next choose an orientation 0 of
I so that the oriented edges of E,(I") are pointing in the positive x-direction and write
I'=(.%). (This is different from the orientation o used previously.)

Consider the weight function

Wi ([—1,1] x [0, &]) — E«(T") - Z*°,
which is defined as follows:

(1) W, is locally constant; L
(2) Wi(x, ) is the signed intersection number (Z;(I"), /. ,) for generic (x, »), with
respect to the orientations (d,, d,) for [—1, 1] x [0, 4;] and 0.

The function W, is well-defined by Lemma 3.5.9(4).

Lemma 3.5.12. — If m >> 0, then there is no Uso € 3(—ooyM such that V|, = & and vy #

Progf. — The proof we give is not the most efficient, but carries over more easily
to other situations. We choose m >> 0 so that 0 < K'/m < 1.

¢l—1

Let 8 = (gp — --- = ¢) be the oriented path from ¢, to ¢, € Vi, given by
Lemma 3.5.9(7), i.e., such that |A/(¢)| ~ 1 for each i and each edge ¢, j =0, ...,/ — 1.
We may assume that x o B,(g) = £1 in view of Lemma 3.5.4(4), since the only end £
ofﬁiJ,j' =1,...,a+1,or Uf{’j,j =1,...,b+ 1, whose JTD%U-projection 1s a sector with

angle > 77 is an end of T, = Ei’ﬂﬂ.

We claim that, for each /[y =0, ...,/ — 1, there is an oriented path

, N Jr
== > i)

such that p < ¢, <X q+1 = prr1 and 0 < |A(f)| < K'/m for j = 1,..., k. Arguing by

contradiction, if the claim does not hold, then E,(I") N {y =0} consists of only one point
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(x0,90) € Ei(%) N{y =y} for any constant y, in the interval (yoi,-(qlo),yog,-(qloﬂ)). This
means that there is an integer x such that W;(x, y9) = k for —1 < x < xy and W;(x, ) =
k £ 1 for 1 > x> x;. This contradicts W;(—1, y9) = W;(1, ) = 0, which is due to the
fact that all the exterior vertices p € V., satisfy y o E;(p) = d; by Lemma 3.5.9(5).

The claim, together with the Comparison Lemma, implies that

lx o Ei(gis1) — xo Ei(g)| <K'/m

foreach £=0,...,/— 1. Hence,

-1
Do Eigi) —xo Eilg)| < IK'/m <1
k=0

for m > 0. This contradicts Lemma 3.5.9(5) with 4, > 1. 0

3.5.6. ThecaseV| # &, U, # &. — In this subsection we consider the case v} # &,
v, # @. For simplicity assume that there are no boundary points of type (P3). Some of the
possibilities are given by Figure 13(2) and (3).

We outline the necessary modifications in the current case:

(1) We consider the truncation % : ¥; — W,. of % so that (T'1) and (T2) in Defini-
tion 3.5.6 hold. (T4) becomes:

(T4') there exists a decomposition X; = El-(l) U..-u Zfl) such that each 7y, o %0
is a branched cover with possible empty branch locus over a component of

B;; which is cut up by (possibly multiple) arcs of type t = R with 2 < R <
r(t;) —2and s=R' with R" < —3 or R’ > 3.

(T5) is slightly modified so that the normalized eigenfunction is that of v* for any .

(2) Given & > 0 small, there exists L. > 0 so that the analog of Lemma 3.5.8 holds;
here we restrict X, to |s| < L, while keeping the same notation. To the list of compact
subsets K; of Lemma 3.5.8 (viewed as subsets of B;, instead of [-2, 2] x [R}, R;r]), we
add the compact subset K;; of the following type, which we call “type v,

Ky =B, N{ls| <L, |t—1/2] <L}.

(3) After suitable translations, contractions of components of 7y '(K;) to points,
and rescalings, we obtain the “tropical curves”

BT = [=1,11/(=1~1) x[0,d],

where the equivalence relation ~ is consistent with contracting each component of
Ty, ! (K;) of type v, to a point and the graph I' = (Vr, Er) 1s independent of 7.

[ (4) The set Vi of vertices admits the decomposition Vi, U Vr,, where Vr; is in
one-to-one correspondence with the set of components of 7y 1 (K;) and V., is in one-to-

one correspondence with the set of left and right ends of i?l pJ=1...,a+1 and 5?{ o
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J=1,..., b4 1, that limit to z+. There is a subset Viﬂy ;. C Vr; consisting of vertices which
are not initial points of any oriented edge; V7. ; is obtained by contracting components of
Ty, '(Ky) of type U, to points.

l (5) In Lemma 3.5.9, (1)~(3) and (5) still hold, in (4) we replace Vr; by Vi, — V.,
and (6) becomes: there is a vertex ¢, € Vr,; corresponding to K, which satisfies Z,(¢) =
(0,0).

(6) The weight function W, is now a function
Wit (=1, 11/ ~) x [0, d]) — E«T) — Z=°,
1.e., it is periodic in the x-direction.

Lemma 3.5.13. — If m>> 0, then there is no lso € 3—ce)M such that V', # & and vy #

Proof. — The proof is similar to that of Lemma 3.5.12 and uses the Comparison
Lemma.

Suppose that there are no boundary points of type (Ps). Let 8 = (g9 — - - - = q1)
be a maximal oriented path which starts from ¢, has |A;(¢)| & 1 for each edge, and ends
at some ¢; with x o Ei(c],) = #1. We claim that, for each [y =0, ...,/ — 1, there is an

oriented path

’ N Ji
== 5 i)

such that p; < ¢;y <X @41 <X pry1 and 0 < [AJ(f)| < K'/mforj=1,..., k. Indeed, using the
same notation as that of Lemma 3.5.12, there is a point (xy, o) and an integer k such that
Wi(x, 99) =k for —1 <x < xy and Wi(x, »9) =k £ 1 for xy < x < 1, which is impossible
by the x-periodicity. The claim gives a contradiction as in the proof of Lemma 3.5.12.
Suppose there are boundary points of type (Ps). Then, by Lemma 3.5.4(4), there
are no boundary points of type (Ps) on vy, j=1,...,a, and vgj,j=1,...,b+ 1. The
maximal oriented path § from the previous paragraph has y o E;(¢;) which is much larger
than y o &; of the endpoint of another path. This is a contradiction. O

Proof of Lemma 3.3.5. — Suppose Uy € 9(—oe)M. If U, U Ei = @ for all levels v,
of Uw, then, by Lemma 3.5.3, uy 1s a 2-level building v, U vy, where v} 1s a W_4 ;-
curve with I =0 and vy is a W,Oo,g-curve with I = 2 which passes through m(—00). By
Lemma 3.2.15, yy and y, satisfy the conditions of A;.

On the other hand, it is not possible that v/ U v # & for some level U, by Lem-
mas 3.5.12 and 3.5.13. [

3.6. Breaking in the middle. — In this subsection we study the limit of holomorphic
maps to W, as T — T” for some T € (—00, 00). This will prove Lemma 3.3.8.
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We assume that m > 0; €,6 > 0 are sufficiently small; and {L} € Z* and
{T?(e, 8, p(1))} satisfy Lemma 3.2.22. Fix y € S, (a)s Y € Sh.sigw) and let

M=M= (yyim), M= M (y v m(n).
U?(s,a,p(m}(y y:m ’ J?(s,a,p(r»(y y;m(®)
We will analyze 9(_oo,00) M.
Let %, i € N, be a sequence of curves in M such that & € M, and lim 7; =T,

. . . 1—> 00
and such that its limit

U =W_ 11 U---Uv_ )UD U@ U---U7;,)

is a holomorphic building in 9;1yM, ordered from bottom to top, where each v, is an
SFT level, v_;,j=1,...,¢,and v, )= 1,...,a, map to W and vy maps to Wr.
Sometimes we will refer to vy as v_; .4 or vy .

The following are analogs of Lemmas 3.4.20-3.4.22, stated without proof.

Lemma 3.6.1. — If fiber components are removed from s, and the only boundary points at z
are of type (Ps), then the ECH index of each level v, # v is nonnegative,

I(U’u) + I(E’I/J) +2 bp;>0,
Jor 0 <j < a, and the only components of u, which have negative ECH index are the following:

(1) branched covers of % ; and
(2) at most one component v of Uy, with I(v) = —1.

Here (2) occurs when T' € T and v € M;&Y’(m;:d;;; (z,Z'), as described in Lemma 3.2.22(1).
Jr(€,0,

I(EIJ) > {

Lemma 3.6.2. — If iy, € 3(_co.00)M and v, U ﬁi = & for all levels V. of Uno, then Usg s
one of the following:
(1) a=0,c=1;vp 50 Wy -curve with 1 = 1 which passes through m(1"); and v_, | s a
W-curve with1 =1; or
2) a=1,c=0;v,, 15 a W-curve with 1 = 1; and vy 1s a Wy -curve with 1 = 1 which
passes through m(1").

Here either T € Ty and there is a component of Vo which is in

+,5,0rr,ind=1,n*=m /o=
N ,z,m(T
MJ% (£,8,p(T") (2,2, m(T))

Jrom Lemma 3.2.22(2), for some z, 2; or T’ € T| and there is a component of Vo which does not pass
through w('1") but is in

+,s5,0rr,ind=—1,n*=0 ’
=0 —_ (Z, z )
Jpr (8,8, p(17))

JSrom Lemma 3.2.22(1).
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Lemma 3.6.3. — If v UV # @ for some level V,, of tiso, then:

(1) po = deg(@,) > 0;

(2) Uso has no boundary point of type (P1) or (Py);

(3) Uoo has no fiber components and no components of V., that inersect the interior of a section at
infinity;

(4) each component of FEI pJ =10 e is athin strip from zoo to some x; or x; with 1 = 1;

(5) the only boundary poinis al 2o are type (Ps) points of VY ;, ] =0, ..., a.

The following is the analog of Lemma 3.4.25:

Lemma 3.6.4. — Ifv. UD: #£ @ jg)r some level V., then there are no boundary points at zs
and Uy, contains a subbuilding consisting of 0} , with 1> 1; V) » 1 =) < a, which branch cover 0 ;
v, with 1 = —p which is a degree p branched cover of GOTO/; Uj‘-zlﬁn_l j which ts a union of p thin strips;
and possibly the following:

- EE) with positive ends at multiples of zo and no negative ends at multiples of 2005 and

=V 1 S5 <a with I(ﬁ? ;) = 1 and (positive or negative) ends at multiples of Zoo.

Here at most one component of v,y satisfies 1 = —1 and the remaining components of U, satisfy 1> 0.

Progf. — We explain why there are no boundary points of type (P3); the rest of the
proof is similar to that of Lemma 3.4.25. A boundary point of type (Ps) contributes +2
towards I by Lemma 3.4.20, there is a large sector which contributes +1, and some v, j,
J > 0, contributes 41, for a total of I = 4. Since there is at most one component which
contributes negatively to I, namely a component of v, with I = —1, we have a total of
I > 3, a contradiction. U

See Figure 14 for some possibilities. Observe that in the current case there is at
most one component of U, with I = —1 whereas there are none in Lemma 3.4.25.

Lemma 3.6.3. — For each interval [T, 'T'], there exists m >> O such that there is no sequence
of curves u; € Mo, v, = 1" € [T, T, that limls to U for which v, U ﬁi % & for some level V.

Progf. — This is similar to Case (6,) of Lemma 3.4.28. We apply the usual rescaling
argument with m — o0 and obtain w, : Xy — CP' and a branched cover 7, : ¥y —
c/(B) such that:

) wy(@) C {§ =0, p > 0} U{oo};

(i) wy(z0) = oo for some point z € JTO_1 (4-00);
wy(z1) = 0 for some point z; € JTO_I (ﬁb(T’));
Woliu(s,) 1s @ biholomorphism onto its image.

= = =

(iii

~

(iv
Let us write_f; = 75 o w; ' where defined. We now apply the Involution Lemma 1.7.9.6.
Using the notation of Lemma 1.7.9.6, let X, be the compact Riemann surface with
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S

S|

F1G. 14. — Schematic diagrams for some possible types of degenerations. Here o represents z,, O represents one or more
branch points and x represents some x; or x.. A vertical line indicates a trivial cylinder or a restriction of a trivial cylinder,
and a triple vertical line indicates a degree p branched cover of a trivial cylinder or a restriction of a trivial cylinder. The
labels on the graphs are ECH indices of each component

boundary whose interior is biholomorphic to wy(i2¢(%)) and let ¥y =c(Byp). We then
extend f; to a holomorphic map ¥, — X,. By the Involution Lemma 1.7.9.6 and (i), (iii)
and (iv), f; maps the point on X, which corresponds to 0o € CP" to L,y 1y/2 N dcl(Br).
This contradicts (ii). O

We are now in a position to prove Lemma 3.3.8.

Proof of Lemma 3.3.8. — Suppose lis, € 0(_oo.+o00)M. By Lemma 3.6.2, if v, U D" =
@ for all levels v, of Uy, then %y, € Ay or A;. By Lemma 3.6.5, for any T' > 0, there exists
m 3> 0 such that if %, € d_1.13M, then ¥, UD" = @ for all v,.

It remains to consider the case where there exist sequences m; — 00, &;,8; = 0,
T, — oo, and U — Ui, Where %; € M™%, € 9, }./\/l(’"') M is M with respect to

the family {]T (&;, 8, p(1); m))}, and %, satisfies V, UT v* # & for some *. We then take a
diagonal subsequence #;;. The proofs of Lemmas 3.4.28 and 3.5.13 carry over to give a
contradiction. O

3.7. Degeneration at +00, part Il. — In Sections 3.7-3.9 we study the limit of holo-

morphic maps to W; whose positive end is of the form z = {2 ;};cz Uy, 1.e., we are in
Step 4 of the proof of Theorem 3.3.1.

Let us write

M= /\/lI 2 <m+\I|( ,y;m), and
U‘[ (&,8,p(1))}

1=2,n* <m+|Z|
= m
M. MJ, (£,6,p(1)) 2.y ),

where |Z| > 1.
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Let %y € 0400M be the limit of z; € M., where 7; = +00. We use the notation
from Section 3.4 for the levels and components of %y, and write p, = deg(v.,) as before.
We now have two constraints

(3.7.1) (@) =Y n(W) =m+ |L[;
(3.7.2) @) =) 1(v,) =2,

where the summations are over all the levels v, of u.

Outline of proof of Lemma 3.3.10. The proof is similar to that of Lemma 3.3.2, with the
following differences: The proof of Lemma 3.7.10, which is the analog of Lemma 3.4.22,
is more involved and the proof of Lemma 3.7.4, which is the analog of Lemma 3.4.14,
uses a slightly more complicated notion of an “almost alternating” pair (P, o, P, 1).

3.7.1. Continuation argument. — First observe that Lemma 3.4.2 carries over ver-
batim. The analog of Lemmas 3.4.7 and 3.4.16 hinge on the continuation argument:
Let&_,,i=1,...,¢, be the negative ends of Uj’-‘zlﬁﬁt’j that converge to zo, and let &, ;,
t=1,...,r, be the positive ends of Uj‘-:ol Eﬂi ; that converge to z. Suppose that ¢ # 0 (i.e.,
some &_; exists) or not all £, ; project to thin sectors. Also for simplicity we assume that
there are no boundary points of type (P3). By assumption, we may start with an end £_;
or &, ; that projects to a non-thin sector. The continuation argument (i.e., the proof of
Lemma 3.4.7) carries over with one modification: When we are considering the continu-

ation

0 0
ngJrl,Q’ e ’ga,Q

0

of g o, 1t 1s possible that g}?Q is trivial for all jo + 1 <j < a. In other words, there is no

nontrivial negative end £_ o such that
jTD%U (g—,Q) == G(H(ﬁkg,h)’ ﬁ/q,h)

—
for some (&4, ly). This happens when (3, l3) — (43, [3) belongs to the data D at the
positive end of E’M. In this case we set j3 = a and @, ;, = @, and skip S(A(ay, 1), Uy .1)-
The rest of the argument is the same.

3.7.2. Bounds on ECH indices. — The goal of this subsection is to show the non-
negativity of I(v,) except when v, = v, under the assumption that there are no boundary points
at Zso.

Let A, = 8D§ x [0, 1] for 0 < & < pp small and let 7, ;.5 be the projection of
W or the positive end of W, to [0, 1] x S. Let ¢’ be the grooming on A, corresponding
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Q1 Q1 R Q1 Ri

Qo l;%o Qo éo Qo

Fic. 15. — The rectangular box, with the sides identified, is A,. The grooming ¢’ connects Qy to Q; and the grooming
¢’ connects Ry to Ry. The vertical lines corresponding to Q; (resp. Qy) are the intersections (@;; N dD?) x [0, 1] (resp.

(Z(E,J) n 8Df,) x [0, 1]). The dotted lines, together with some solid lines, give the main cycle Z,,;,. There are also two
auxiliary cycles of Z,, corresponding to the middle and right arcs of ¢’

—
to the data D', , at 2z _f)or the positive end of ¥} , such that the winding number w(¢)
is zero. Here the data D’,_, satisfies (D, )" = (Djna)f"’m. Let ¢ = g 11,5 (U:E_ ) NA,.
By Section 3.7.1, ¢” is groomed and the sets of initial and terminal points of ¢” alternate
along (0, 27r). We then define Py and P, as the initial and terminal points of ¢’ U ¢”.

Remark 3.7.1. — It is possible for initial/terminal points of ¢’ to also appear as
initial/terminal points of ¢”.

Definition 3.7.2. — A pair of points (qo, q1) C 9D? is a thin pair if qo = ﬁ(ﬁid) N aD?
and qy = a;; N OD? for the same i, j. A pair (P, o, Py 1) consisting of disjoint finite subsets of (0, 277)
with the same cardinality is almost alternating along (0, 2) if each P, ;, 1 =0, 1, admits a
splitting Py ; = Q. ; U R, ; such that the pair (R, 0, Ry.1) 15 alternating along (0, 277) and there is a
partition of Qy o U Q. 1 tnto thin pairs (qo, q1), i € Oy

By definition, (Py, P,) is almost alternating along (0, 27r). See Figure 15 for an
example.
Section 3.7.1 gives the main cycle

Zmain = (30 — 51 — > 5/f—l — 30),

where {31, ..., 3} can be decomposed into an almost alternating pair and the cycle winds
around R/27Z once. If we apply the continuation method to the positive ends of v ,
then we also obtain a union Z,,, of auxiliary cycles of the form (30 — 31 = 3¢), where
(30, 31) 1s a thin pair and the chords are short chords from 3, to 3,_;, =0, 1. The sets of
initial and terminal points of Z,,;, U Z,,, are Py and P;.

Let 5)i j be the data at z,, for the &= end of v, ; and let P ;o and P4 ;, be the

. .. . . . ﬁ .
initial and terminal points on A, determined by D . ;. Then we write

D %
Poi=P,;,UP,
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where P, ;; corresponds to v, ;and P . corresponds to v ;- For convenience we write
P_ .=V 1 =0, 1, for the endpoints of ¢". Also let Q} and R} be the thin and

—,a+1,0
alternating parts of P} as given in Definition 3.7.2.

The following lemmas are analogs of Lemma 3.4.13 and 3.4.14:

Lemma 3.7.3. — If Uy has no boundary point at 2, then, for each x = (£,)), P.o C Py
and P, C Py and the pair (P, o, Py.1) s almost alternating along (0, 277).

Proof. — Similar to but slightly more complicated than that of Lemma 3.4.13. We
set Pl(»o) =P; and Z© = Z,, where * = main or aux. Then P_ ;= P . C PZ(O) and
the pair (P_ .40, P— ,41.1) 1s almost alternating. In (j0)—(;4) we replace “alternating” by

“almost alternating”, jo by a 4 1, and (j2) and (j4) by:

(/2) there is a partition of P_ ,_j 10 UP_ ;1 into pairs of type {po, i}, pi €
P_ .14, such that pg <Rg>uR§” p; or {po, 1} i1s a thin pair of Qg) U Q@; in
particular, the points of P_ ,_; | g and P_ ,_;;;; almost alternate along (0, 27);

(j4) there is a partition of P\, ., UP, ., into pairs of type {po, p1}, p; € P, ,_ .,

such that p, <RuHDRU+D P1or {Po, p1} 1s a thin pair of QgH) U QEJH); in par-

ticular, the points of P, ,_ 0 and P ;1 almost alternate along (0, 27).

We inductively define Pf-j) and ZY as follows: For each pair {po, p} of P” U

’ +,a—J,0
P71 if (pr = Ppo) is a chord of ZU-D_ then we remove (p; — po —> p1) from ZU_;

. -1 . .
otherwise, in Z, =1 we replace ¢ — p; — po — q' by ¢ — ¢/, given by concatenation.

main

Then Pg) and Pij) are the sets of endpoints of Z, P-4

main aux”

The verification of (j0)—(j4) 1s left to the reader. U

Lemma 3.7.4. — If uy, has no fiber components and there are no boundary points at z,, then
the ECH ndex of each level 0, # V. is nonnegative, the only components of U which have negative
ECH index are branched covers of 0 5, and 1(v; ;) > 1(v) Dt I(v} DJor0<j<a

Before embarking on the proof of Lemma 3.7.4 we encourage the reader to review
Section 1.5.7.10 and in particular Lemmas 1.5.7.22 and 1.5.7.23.

Progf. — Similar to the proof of Lemma 3.4.14. The levels vy, 1 <j < b, satisfy
I(vy;) = 0 by [HT1, Proposition 7.15(a)].

In order to treat the case of v;;, 0 <j < a, we use Lemma 3.7.3 and Lem-
mas 1.5.7.22 and 1.5.7.23 to compute I(v, ;). Let

n[oyl]xg:W:[—l, 11x[0,11xS—[0,1] xS

be the projection along [—1, 1].
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We claim that there exist representatives él, ég, ég C W such that the following
hold:

(0) CUGyisa representative ofi/l’j, Cyisa representative ofi/{J, C cl-1,1]x
[0, 1] x D2, and Cy C [—1, 1] x [0, 1] x D

(1) c1 =T, X5(01 l=x1) C Agjo, ¢ = ¢ is groomed, and the endpoints of each
component of ¢} forms a thin pair;

(2) the components of 7y 1,5(Cil;=+1), 1 = 2, 3, corresponding to z,, are con-
tained in Ag; let us write cii for their unions;

(3) ¢3 Ucq and ¢; Uc; are groomed;

(4) u)(c2 Uc )=0or —1,and w(c,; Ucy) =0or I

(5) ¢y Ues satlsﬁes the first condition of (G}) from Section 1.5.7.10 and ¢, U ¢5
satisfies (G3) from Section 1.5.7.10.

We first choose a representative Cs of v ; such that (2) holds for z = 3 and
¢5 = 70,1155 (Ue.0) N A,

where &, ; are the £ ends of v} J that limit to z.. We then choose the representative
él U é? of U’l as follows: Let él =[-1,1] x CT so that (1) holds and the endpoints of

¢ = ¢; are partitioned into thin pairs of (P+] 05 P/+,j,1)- Let ég Cc[-1,1] x [0, 1] x Dg
be a disk of the type used in the proof of Lemma 1.5.7.15, such that (2) holds for : = 2,
églszil = c;c, cac are groomed, w(c;) =0or —1, w(c;) =0 or 1, and the endpoints of c;c
are alternating along (0, 27r). This is possible by (j4) in the proof of Lemma 3.7.3. (3)-(5),
in particular the fact that adding ¢3 to ¢; — and similarly adding ¢; to ¢; — leaves the
grooming property invariant, follow from the proof of Lemma 3.7.3.

We now prove that I(v; ;) > 0 for j > 0; the verification of I(v, ;) > I(v} ks I(_” )

for 0 < < ais similar and is left to the reader. First observe that I(C ) =0and I(C 9) =

where the latter follows from the proof of Lemma 1.5.7.15. Also I(Cg) >0 by the ECH
index inequality. Next observe that (Cy, Cy) = —1, where [ s the degree of C;. Hence the
contribution of C; N C, to I(v1 7) is —2/. We now apply Lemmas 1.5.7.22 and 1.5.7.23,

where we split into ¢, and Cy UCs instead of T ”1 and V7 .. ;- Observe that go = 0 (resp. ¢o =
1) in Lemma 1.5.7.22 corresponds to ¢ = —1 (resp ¢ = 0) in Lemma 1.5.7.23. One can
verify that the extra contributions to I from the rightmost terms of Equations (1.5.7.10)
and (1.5.7.11) add up to at least 2/. Hence I(v, j) > 0 for j > 0.

The case of V_; j, 1 <j < ¢+ 1, is easier and will be omitted. O

3.7.3. Boundary poinis at z~,. — In this subsection we describe the necessary mod-
ifications when %y has boundary points at z.,. We use the notation from Section 3.4.3,
with some modifications: The continuation method gives rise to a main cycle Z,,,;,, which
winds around R/27Z once and a union Z,,, of auxiliary cycles. Also, in Definition 3.4.15
we replace Z by Z .-
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1

1 31 3 33 ---3s 3

. \ )
\\\\\

31 5% 33 ---ds 3

=
<

7

1 31 37 85 - 3p.,

(ii) ‘
|

|
A 77
31 31 32 "'3p*0

N[

Fi6. 16. — ¢;_ U ¢f_ for v of (i) type (Ps) and (ii) type (Py). Here ¢/ _ is the strand in the front

Lemma 3.7.5. — If Uy, has no fiber components, then the ECH index of each level U, # V. is
nonnegative, the only components of Uy which have negative ECH index are branched covers of o, and
there exist constants 8 ; such that

(3.7.3) [(v)) =1} ) +1@])) + 81,
Jor 0 <j < a, where:

(1) tf there is a boundary point of type (P3) on 0, j, then 8, ; > 2;
(i) of there is a boundary point of type (Po) on VU ;, then 8, ; > 2py ;, where p, = deg(v,);
(111) otherwise, 8y ; = 0.

We remark that we have not tried to obtain the best lower bound, just one that
suffices for our purposes of eliminating boundary points at zx.

Proof. — Let v be a boundary point at z,, on v,, with %, = (1, ). We compute
the extra contribution I;_ to I(ﬁibl) that comes from the left negative end at z,, as in
Lemma 3.4.18.

(1) Suppose t is of type (P3). We assume (S) from Section 3.4.3 for simplicity. First
observe that Py_ j 1o = Pr_j 1. By (S), Z4in has only one chord 3} — 3 corresponding
to a sector of type & (@, ay ). Hence we have:

/! i / / / 1 "
Pr_iap=01 Pjp=00 505,23}
/! / / U i 1 4
Pr_a=6) P =6 808,--05 )
where Pr_j 10 = Pr_j 1 is written as {3},...,3,,3/,...,3/} in cyclic order around
R/2nZ; sce Figure 16(i). Note that 3, ...,3_, are points of Z,, but not Z,,,; oth-

erwise Z,;, winds more than once around R/27Z. The projection of the left negative
end of 5:;)1’ that limits to 2z, intersects Al'?!! along an arc ¢/ with winding number
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w(c{_) =0 or 1, depending on whether &(a;, ay ;) is a large sector. The left negative
[1/2.1]

ends of ﬁibl’/ that limit to 25 can modified to give a grooming ¢; _ on A, ;" such that
the winding number w(¢; _) =0 or —1 and ¢ _ connects 37 to 37, 1=1, ..., ¢, by vertical
arcs.

We now consider the disk D that we “append” to the left negative end of 5:(’)1 as
in the proof of Lemma 1.5.7.22. The writhe of ¢; _ U ¢/_ is equal to s — 1. Resolving
the (positive) crossings of ¢; _ U ¢/ _ yields a grooming with vertical arcs from 3! to 3/;
this corresponds to a disk D whose contributions to Q, ¢, are s —1,0,5s — 1. [The
calculations for p assume (R) from Section 3.4.3. For example, if w(c;_) = w(¢]{_) =0,
then p of the positive ends are 1 for s — 1 arcs and O for the rest and p of the negative
ends are all 0.] The discrepancy contribution to I'is > 0. Hence I} - =2(s — 1) > 2.

In general, each collection of boundary points of type (P3) that map to the same
point on the base contributes at least +2 towards I; this is analogous to Remark 3.4.19.

The cycles 2“7 and Z@9) are defined as before, for j > j,. We define Z; () —

ZEP | gl = Zjht) and ZU ) a5 20D \yith ;,1 — 3 replaced by 3. Also,
Prin*x=a,"is obtamed from P . by replacing 3] by 3.. The rest of the arguments
of Lemmas 3.7.3 and 3.7.4 carry over.

(i) Suppose t is the only boundary point of type (Py). In this case 3} = 3, and

Zmain = (5/1 - 5/1) Thel’l:

Pl =11 Pijae=00 3.k
P/[/‘ JOl_{é/l}’ P/L J01—{51,---,5;*0}-

Also ¢} _ is an arc from 3| to itself with w(c/_) =1 and ¢]_ consists of p,, vertical arcs
from 37 to itself; see Figure 16(ii).

In order to groom ¢; _ U ¢/ _ so that the result ¢ satisfies w(c) = 0, we switch the
(positive) crossings of ¢; _ U ¢f _ while keeping the same endpoints. This gives rise to D
which is a union of p,, + 1 disks. The total contributions to Q), ¢|, i, and the discrepancy,
are 2p,, + 1,1, —=2,0. [Again recall (R) from Section 3.4.3. The writhe of ¢, _ Uc¢]_ is
2p,, which contributes 2p,, towards Q). The writhe of ¢/ and its pushoffis 1, which con-
tributes an additional 1 towards Q. w of the positive (resp. negative) ends are 0, ..., 0, —2
(resp. all 0).] Hence I;— = 2p,,.

We also obtain a lower bound of 2p,, in the general case of more boundary points
of type (Py); the details are left to the reader. UJ

The following analog of Lemma 3.4.16 is a consequence of Section 3.7.1:

Lemma 3.7.6. —SupposeU/IJUEIL # D for somej>0.Let E_;,1=1,...,q, be the

negatwe ends of Ur_ v that converge to Zoo, let &, i, 1 =1, ..., be the positive ends of U:_ 1vl J

llJ



HF=ECH VIA OPEN BOOK DECOMPOSITIONS II 283

that converge to Zoo, and let £, 1 =1, ..., s, be the neighborhoods of the points of type (Ps). Then
(3.7.4) nt(E_) =k — 1> 2

Jor each i, where the constant kq is as given in Section 1.5.2.2. If ¢ # 0 (i.e., some E_ ; exists) or not all
E..i project to thin sectors, then

(3.7.5) n (UL E_ ) U WU EL)UWU_ED)) =m—py,
where py = deg(V',). Moreover,

Dy — (ULt (E-0) U (U 7o (E4.0) U (Ui 7 (ED)

consusts of at most p thin sectors.
The following is the analog of Lemma 3.4.17:

Lemma 3.7.77. — Ifpy, ..., p, are the boundary pownts of type (P, ) and (Py) and N(p;) C F,
is a small neighborhood of p;, then Y _"._, n* (V. (N(p,))) > m.

3.7.4. Asymptotic ewgenfunctions. — Fix m > 0 and let u; — Uxo € 0j400)M.

Lemma 3.7.8. — There is n0 Uog € 3400y M such that:

(@) forall v, > v, deg(v,) = py > 1, 0% = @, and v, NV = @; and
(b) Ug’ , 18 a union of py cylinders from & to h.

Proof. — Arguing by contradiction, we restrict % to a neighborhood of % and
further restrict it to the components that are close to V',. After projecting to DIQ)0 using
balanced coordinates, applying the ansatz given by Equation (I.7.8.1), rescaling, and taking
the SFT limit with m > 0 fixed, we obtain a holomorphic map w, : £, — CP' together
with the branched cover . : ¥ — ¢/(B;). By (a), w; maps each component of 0% to a
distinct thin sector &({¢p = ¢ (@;) + 1, A(a; ). By (a) and (b), the image of w, cannot
contain 0o € CP'. Hence, by the open mapping property, w, maps each component of
X, to a distinet &({¢ = ¢ (@) + Z}, A@G;,)).

From now on assume without loss of generality that p, =1 and ¥, = B,. We
identify ¢/(B.) with the closed unit disk D={z <1} by sending 400 to 1 and —oo to
0.

The Lagrangian boundary condition for %;, when projected to Dio using balanced
coordinates, descends to the boundary condition w, (¢9) € Ry, where the map ¢ :
0D — {1} — S! = R/27 Z satisfies the following:

'3 This complicated expression is the result of using balanced coordinates instead of 77 .
00
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- lim o) =@ (@,;) + % and im ¢(c") = ¢ (A(@,)) = $ (@) + 2 for some
(20, J0);

— @(e”) € (0, 27) is a nondecreasing function of § € (0, 27); and

— @poig=1 0@, where ip: 0D — {1} S 0D — {1} is the reflection across the x-axis
and i, : S' = S! is the reflection across Ry, where ¢y = ¢ (;, J) T+ 3_2

Lemma 3.7.9. — The holomorphic map w,. : D — CP' satisfies the following:
(i) wy(l) =0 and w, (%) € Ry for ¢ £ 1;

(i) w4 (0) € Ry, and wy maps Ro U Ry o Ry,;

(i) Im(wy) C S({¢ =@ (@) + T}, A@;,;,));

(iv) wy s a biholomorphism onto its image.

—

Moreover, w. is the unique holomorphic map D — CP' which satisfies (i), (iii) and (iv), up to
multiplication by a positive real constant.

Proof. — (1), (111), and (iv) are immediate from the construction. To prove the
uniqueness statement, suppose there exists W, satisfying (i), (iii) and (iv). Then we con-
sider z—: as in Section 1.7.9. It is easy to see that =+ is a positive real constant on D and
has no zeros or poles on D, hence is a constant map. (i1) then follows from the uniqueness,
Observation 1.7.9.1, and the fact that 7, and 7; extend to involutions of D and CP'. Here
we are viewing S' as the unit circle in CP'. 0J

The proof of Lemma 3.7.8 now follows from the first part of Lemma 3.7.9(11):
Suppose Ug) , 1s a cylinder from §, to 4. Then by the choice of 4 from Section 3.2.3 we

have a contradiction, since the asymptotic eigenfunction of ig’ , at the positive end §; is a
constant ¢ € Ry—_oz/n- ]

3.7.5. Preliminary restrictions.

Lemma 3.7.10. — Ifm > 0 and U € (100) M, then the following hold:

(1) Uoo has no fiber components;
(2) there is no level U, such that v, NV, # & and v, NV, C int(V,); and
(3) Uso has no boundary point at zx.

Proof. — First observe that “not (1)”, “not (2)”, and “not (3)” are mutually exclusive
by considerations of n*.

(1) Arguing by contradiction, suppose that %, has a fiber component 7 : F — W,.
The fiber component v satisfies n*(V) > m.
We first claim the following:

(a) The only ends of ¥ that limit to multiples of z,, or 8, are positive ends.
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(b) All the positive ends £ ofiéz/-,j =0, ..., b, that limit to &) satisfy n*(&;) =r.

(c) All the positive ends ofﬁrliJ,j =0,...,a,and Uj_lzj,j =1,...,¢, that limit to 2z,
project to thin sectors under 7p; .

(d) puy = oy 1104 2 Vs

(a) Arguing by contradiction, let £_ be a negative end of some v* that limits to a multiple
of zs or 8. Then n*(E_) > 2¢ by Lemmas 3.4.2(1) and 3.7.6. Since n*(v) > m, such
a negative end £_ cannot exist by Equation (3.7.1). The arguments for (b) and (c) are
similar and (d) is a consequence of (a)—(c).

Next we have the following contributions towards I:

(B1) 1V = —post1-

(B2) Ub UO 1s a union of pg ;41 — po.1 cylinders from § to & or e and

b
ZI(E&J-) 2 po.p+1 = Por-

J=1
(Bs) v 7% is a union of po.1 — po,o sections from §; to x; or x; and
L(V") = po.1 — po.o-

(Bs) Ui_ 1v 1; 1s a union of py o trivial strips and

Z I(vﬁ_l,j) = po.0-
J=I

(B5) If the fiber v is a component of U,, then v and the intersection v N (v, — V)
contribute 2g + 2 > 4 towards I.

(Bs) After removing any fiber components, all the levels # v have nonnegative
ECH index, I(v") > 0, and I(v,) > I(v),) + I(v);

(B1)—(B4) are clear.

We now prove (f5). Suppose that U is a component of v,,. If v, has a bound-
ary point at z, then a neighborhood of the boundary point contributes n* >> 2g. Since
n* (V) > m, we have a contradiction of Equation (3.7.1). Hence v/ does not have a bound-
ary poimnt at zn.

When v is an interior fiber, (85) follows from Equation (1.7.5.6).

Next suppose that v'is a boundary fiber, Le. ,9(F) {p} x S, where F is the domain
of Vand p € 0B,,. If (p, 20) ¢ v(aF), 1e. v(aF) consists of 2g slits along a, for example,
then the Fredholm index of ¥ is:

ind(@) = —x (F) + u. (0F) + 26, 3*TS, 1)
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=—-2-49+0+22—-29 =2,

where T is a partially defined trivialization of TS along @ which directs Ta. Since there
are 2g arcs of %; that are pinched to points when taking the limit, v and the “pinched
points” contribute a total of 2g + 2 towards I.

Now suppose that (p, z») € V(3F). Suppose that v = @ and that %, = (1, ) with
J > 1. By considerations of n*,

e
(*) all the components of the data D . of the positive and negative ends of v,, are
of the form (z,7) — (2,).

—>
Let 7 be a groomed multivalued trivialization which is compatible with D ; andlet ¢, =
¢ C A =10, 1] x 3D? be the corresponding groomings. Then a 7y-trivial representative
C of YUV, satisfies

[C1=[[-1,1] x <] +[S] € my(zy, 2, T0),

where z, = {zi‘g (Y_D)i)}. (B5) then follows from the calculation for a closed interior fiber
v when v} = @ and *¢ = (1,5) with j > 1. The general case follows by incorporating
considerations of the previous paragraph and is left to the reader.

(Bs) follows from Lemma 3.7.4 by observing that the proof carries over when
fibered components are removed from #: Removing interior fibers and boundary
fibers with (4, 200) ¢ V(3F) do not affect groomings. If 7, has a boundary fiber with
(p, 200) € V(IF), then (*) holds, which also is sufficient.

Summing (8;)—(Bs), the total ECH index is > 4, which contradicts Equation (3.7.2).
Hence (1) follows.

(2) Arguing by contradiction, suppose there exist sequences m; — 00 and %; —> Ujeo,
where u; € MY %, € Oy o) M ™ and M ™ is M with respect to my, such that each
Ui has some 4, such that v, N/, # @. Unless indicated otherwise, we fix /> 0
and suppress [ from the notation.

The same argument as in (1) implies that (a)—(d) hold. Since n* (&) = m+|Z| < m-+
2¢, there is only one intersection point of v, and v} , which we denote by t = (", 200).

(2A) Suppose that %) = +. As in the proof of (1), the holomorphic building hanging
from the positive end of V', has total ECH index > 0 — this is obtained by adding all the
ECH index contributions from (8,)—(B4). We also have (B;) instead of (8s):

(B;) v, NV, contributes 2 - m(t) towards I, where m(t) > 1 is the multiplicity of t.

Hence Zﬁ* I(v,) > 2 - m(r). This implies that m(xr) =1 and p; = degﬁﬁr = 1. The sum
of the ECH indices from (8,)~(Bs), (B5), (Bs), and I(v"}) > 0 is at least +2.

We claim that p_ > 1 by considerations of #*. Indeed, if v = &, then there exist a
point q € mt(F_) and a sufficiently small neighborhood N(q) C F_of g such thatv_(q) =
m(4o00) and 7*(v_(N(q))) > m. This is a contradiction.
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Since p. =1 and p_ > 1, it follows that po; =1 for all j =0,...,6+ 1 by (d).
For the purposes of applying the rescaling argument, we may assume that 4 = 0. By
restricting #; to a neighborhood of ¢}, taking the limit of a diagonal subsequence ),
and applying the rescaling argument, we obtain a 2-level holomorphic building w; Uw_,
where wy : ¢/(By) — CP' satisfy the following:
i) w_(3B.) C {$=0,p > O};
i) w_(m’(4+00)) = 0 and w_(400) = 00;
(i) w. (9B}) C {$ =0, p > O);
(iv) wi(—00) =0 and w, (") = o0;
(V) W4 |imesy) 18 @ biholomorphism onto its image.

—

Then, by the Involution Lemma 1.7.9.3, w_ maps the marker 23/2(+oo) to 7.37, (00)
and w, maps the ray L35 to the ray R,. This gives rise to two constraints for v’} : ¢/
is restricted on L35 and the derivative of U/fr at t in the Di(]-direction is also restricted.
Hence I(E/jr) > 2 and the total ECH index is at least 4, a contradiction.

(2B) Suppose that *¢ = (1, jy) for some 1 < j; < a. Summing the ECH indices using
(B1)—(B4), (B:), (Bs), and I(ﬁ:o) > 1, the total ECH index is at least 3, a contradiction.
However, we want to do slightly better so that the argument carries over in the case of
Lemma 3.9.2: The rescaling argument with m; — 00 gives w, : ¢/(B;) — CP' satisfying
the following:

i) w,(@B,) C {$=0,p > O};

(i) wy(—00) =0 and w, (+00) = o0;

(i11) w4 maps the marker E‘g/Q(—OO) to Rn (0);
(1v) Wi,y 1s a biholomorphism onto its image.

===

By the Involution Lemmas, w;l maps Ro (0) to ,Cg /2(—00). This contradicts (iii).
(2C) Suppose that x; = (0, jo) for some 1 <j, < b. We replace (B5) by:

(By) Ifj > jo, then each positive end of Eg ; thatlimits to §, contributes an additional
+1 towards L.

(By) All the other components of ig j» 1 =J <o, are cylinders from §, to & or e
withI=1 or 2.

(B3) is a consequence of the argument of Lemma 3.7.8: there is an independent condition
imposed on the asymptotic expansion of each positive end of ig ;j with 7 > jy that limits to

8o. (B3) is clear. Summing the ECH indices using (B1), (85), (By) (Bs), (Bs), (B3), (Bs), and
I(EZO) > 1, the total ECH index is at least 3, a contradiction.

(2D) Suppose that %y = —. In a manner similar to (2C) we replace (B3) by:

(8;) Each positive end of v* that limits to 8, and is not the end of a section from
8y to x; or x. contributes an additional +1 towards I.
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(B;) All the other components of v* are sections from & to x; or &, with I = 1.

Summing the ECH indices using (81), (B2), (B5), (B5), (B4), (B5), (Bs), and I(v”) > 0, the
total ECH index is at least 2.

Suppose that v/ # m’(4+00). Then the rescaling argument gives w_ : d/(B_) —
CP! which satisfies the following:

1) w_(0B-) C{¢p =0, p > 0};

i) w_ (M’ (+00)) =0 and w_ (") = oo;
w_(400) C{¢p =0, p > 0}; and

W_ |y 18 @ biholomorphism onto its image.

.~
=

(111
v

~

Here (iii) follows from considering the continuation of w_,, to upper levels w, ,, and
Tm (here w, , 13 the limit of w; for m; > 0, without taking m, — 00) and the fact that
Wy 0 Xy — CGP! must map 3%, to a thin sector near {¢ =0, p > 0}.

By the Involution Lemma 1.7.9.3 and (i)-(iv), ! must lie on Ly U L35 and the
map w_' maps the marker R (00) to the marker L, or L35 at t’, as appropriate. This
gives rise to two constraints for v” . Hence I(v”) > 2 and the total ECH index is > 4, a
contradiction.

Now suppose that t/ = m’(400). Since passing through m’(400) is a codimension
2 condition, we have I(v”) > 2. The total ECH index is > 4, a contradiction.

(2E) Suppose that %o = (—1,p) for some 1 <jy <¢. Then (B;)—(Bs) hold and the
rescaling argument with m; — 0o gives w_ : £ — CP' and 7_ : £_ — ¢(B_) such
that:

w_(0X_) C{p=0,p>0}

w_(29) = 0 for some z € 7~ (W' (+00));
w_(z) = oo for some z, € T~ (—00);

w_ (="' (+00)) C{p =0, p > 0};

W_|in(x_) 18 a biholomorphism onto its image.

PN
—_ =
20 Bl
=. =
—_ = = Z

=

Here (iv) follows from the considerations similar to those of Lemma 3.7.8, together with
(a)—(d). By the Involution Lemmas, 7_ o w_', where defined, maps the component of
{Im(z) = 0} passing through 0 to Ls/. This contradicts (iii).

(3) Suppose there is a boundary point v € 0F,, at zo.. Then the neighborhood of
E;/O (v) contributes at least £y — 1 > 2¢ towards »* by Lemma 3.4.8. We remark that a
priori there could be more than one boundary point at 2.

(3A) Suppose that v’ = . Then there 1s a point q € mi(F_) and a sufficiently
small neighborhood N(q) C F_ of q such that v_(q) = m(4-00) and »*(v_(N(q))) > m.
This is a contradiction.

(3B) Suppose that v # @ and v, = &, i.e., tis of type (P;). Then there exist
restrictions %; _ and %, of % such that % _ is close to V' after translation and passes
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through M(7;), % , is close to U} after translation and nontrivially intersects 0%, and the
images of %; — and %, are disjoint. This is a contradiction since we have an excess of n*.

(3C) Suppose that v # @, v, # &, and % = (1,5),j =0, ..., a

We claim that (a)-(d) from the proof of (1) hold, where we are only considering
levels v, < v,. Indeed, if (a)(c) do not hold, then the sum of #* of the ends i1s > m — 2g by
Lemmas 3.4.2 and 3.7.6, a contradiction. (The situation of iﬁ_lz/- is not explicitly covered
by Lemma 3.7.6, but the same proof works.) (d) is a consequence of (a)—(c). The claim
implies that (B8;)—(B4) hold.

Next we claim that there must be a boundary point at z,, on v;. Arguing by
contradiction, if there is no boundary point at z., on vy, then a rescaling argument
similar to (2B) gives w, : ¥, — CP' and 7, : ¥, — ¢/(B,) such that:

i) wy(3Z,) C (p=0,p > 0);

(1) w4 (z9) =0 for some 2, € n;l(—oo);

(i) w (7, (—00)) C {p =0, p = O);

w, (z1) = oo for some z; € n;l(—l—oo);

W |in(z,) 18 @ biholomorphism onto its image.

= 2=

(iv

(v

~

Here (ii1) follows from observing that:

(By") There is no component of ﬁg ; which is a cylinder from § to e.

Indeed, v contributes at least 2 towards I by Lemma 3.7.5, I(U;:O) > 1 if % #£ 4+, and

a component of ﬁg ; which is a cylinder from 8y to ¢ contributes I = 2. Together with
(B1)—(Bs), the total ECH index is at least 4, if there is a cylinder from §; to ¢, a contradic-
tion.

By the Involution Lemmas, 7 o wjrl, where defined, maps 7%(0) to ﬁg/g(—oo),
a contradiction. Hence there must be a boundary point at z,, on v. A similar argument
implies that a boundary point at zo must lie on L35 and project to a large sector.

By Lemma 3.7.5, the boundary points at z,, contribute at least 2 towards I. In
addition, the constraint of lying in L5,y contributes 1 towards I and the large sector
condition contributes 1 towards I. These add up to at least I = 4, a contradiction.

(3D) Suppose that v # &, v, # &, and g = (=1,)),j=1,...,c+ 1.

We would like apply the argument from (3C) and (2E). The slight complication is
that we may have ends of Uﬁ_l J that limit to zo, but map to non-thin sectors. In particular,
there may be components of Fﬁ_l ; have at least two ends that limit to zo but has ind =1
and it is not a priori clear that (8;) holds.

We claim that:

(B;) Each positive end of Uﬁ_l j»J=1,...,¢ that limits to z contributes +1 to-
wards I.
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For ease of notation assume that ¢ =1 and py o = 2 during the proof of the claim. Ap-
plying the rescaling argument without taking m — 00, we obtain w_ : ¥_ — CP'! and
w_:%_ — ¢[(B_) such that:

(i) w_(z) =0 for some zy € w~" (M’ (+00));
(i) w_ maps the negative ends of X_ to sectors & (b, A(by 1)).

We now make crucial use of the fact that the sectors (‘5(5/@,, Z(Zkgﬂ)) corresponding to
the negative ends of X_ have different angles, provided the sectors are not both thin
sectors; this follows from the definition of a from Section 1.5.2.2. Since each thin sector
corresponds to a thin strip of Uﬁ_m which contributes I = 1, let us assume that there are no
thin sectors in (it). We use coordinates (s, t) € (—00, ¢] x [0, 1] for the two negative ends
E_1, E_5 of T_ which agree with the coordinates (s, {) on B_ and write w' :=w_|¢_,.
Then w' (s, #) & ;"7 where A; > Ay > 0 without loss of generality; ¢|, ¢y # 0; and the
approximation gets better as s = —00. On the other hand, suppose that ind(iﬁ_m) =1
and ﬁﬂ_l’l is connected and has two positive ends £, ;, i = 1, 2, that limit to z,. Here
&, ;s to be paired with £_ ;. We use coordinates (s, ') € [¢/, 00) x [0, 1] for the positive
ends &, ; which agree with the coordinates on B=R x [0, 1]. Then &, approaches z
much faster than &, , does, as ' — +00. This is inconsistent with our description of w_,
when we change coordinates s = s+ ¢ for some ¢. Hence each end &, ; should be allowed
to move independently and each positive end of Uﬁ_u that limits to z., contributes 41
towards I.

(B;) replaces (B4). We now take the limit m — 0o and argue as in (3C), which
implies that the boundary point at z,, must be on v_ and gives a total ECH contribution
of at least 4. U

3.7.6. Thecasev # @.

Lemma 3.7.11. — If m>> 0, Uy € 3300 M, and V' # &, then no negative end qugJ,
1 <j < b, is asymptotic to a multiple of 8.

g

, 040>
which has a negative end asymptotic to a multiple of 8, say 8, . Since the negative
end of T, ;, contributes at least m — ¢, towards n*, the following hold:

Progf — Arguing by contradiction, suppose there exists some v, 1 <j <0,

(1) at most one Eg j»J > 0, has a negative end asymptotic to a multiple of §o;

(ii) only one negative end of U, o limits to a multiple of ;

(i) poo <po1 <+ = poj—1 < pojy + qojo and pojy < pojor1 < = Post1;
(iv) if £ is a positive end of Eg’j, J = 0, that limits to ), then #*(€) =r; and

(v) U]‘lei{l ; isaunion of py o > 0 thin strips.
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By Lemma 3.7.5, all the components besides v, have nonnegative ECH index. We
have contributions (B,), (Bs), (B4), (Bs) as in Lemma 3.7.10, as well as the following variant

of (By):

~

(By) Yor 1 <j <y, ig ; 1s a union of cylinders from §, to % or ¢ and

Jo—1
Z 1(0; ) > oy + oy — bo.1-

J=1
(Né’ ) Yorjo+1<j5<b, Ug ; 1s a union of cylinders from §, to % or ¢ and

b

Z 1)) = poset = Pojpt1-

J=jo+1

(BY) 10, ) > pojost — bojy + 1.

(B;) and (BZ’) are immediate from #*(, ) =M= oy (,B;” ) follows from the proof of

Lemma 3.7.8, which implies that each positive end of Eg o that limits to §, additionally
contributes one constraint.
$0,o 4904,

Since vy j, does not satisfy the partition condition at 4 , a straightforward

. . . - £0.jo 1490, .
calculation which takes into account the braiding near 8, """ gives:

(3.7.6) 1(0o,p) = 1y ;) + LV ;) + 2P0 -

Summing the contributions of (8,), (B5)~(BY), (Bs), (B), and Equation (3.7.6), we
obtain:

(3.7.7) ZI(U*) > oo + 2P0 + 1.

Here ¢, > 1 by assumption. If pyj, > 0 or pg .41 > 0, then Zv* 1(v,) > 4, a contradic-
tion. On the other hand, if py j, = - - - = po 441 = 0, then I(ﬁglm) > 2 by the usual rescaling
argument (cf. Cases (3)—(6) of Theorem 1.7.10.1). In this case the right-hand side of Equa-
tion (3.7.7) can be increased by one and ) ; 1(v,) > 3, a contradiction. O

Lemma 3.7.12. — Ifm > 0, liog € (100 M, V_ # D, and V', has a negative end asymp-
totic to a multiple of 8y, then U € Al.

Here A is as given in Step 4 of the proof of Theorem 3.3.1.

Progf. — This is similar to Lemma 3.7.11. The contributions of (8;), (Eé), (Bs), (Bs),
and Equation (3.7.6) with jo = b+ 1 add up to ¢4 + 2p...
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If py >0, then } o 1(v,) > ¢4 + 2p4 > 3, a contradiction.

If p =0, then ¢4 + 2p4 > 1. By the usual rescaling argument, the negative end of
ii that limits to &, additionally contributes 41 to I. Hence if Zi* I[(v,) =2, then ¢, = 1.
This implies that %, € Aj,. O

Lemma 3.7.13. — Ifm>> 0, Uy € d(400) M, and V' # @, then U, € A.

Proof: — Consider Uo € 3j400) M such that v # &. By Lemma 3.7.10, there is
no boundary point at z., no fiber component and no v, such that v, N v, # @. By
Lemmas 3.7.11 and 3.7.12, if Ugd«o, 1 <jo < b+ 1, has a negative end asymptotic to a
multiple of &, then 7, € Aj.

It remains to consider three possibilities, all of which satisfy poo < -+ < po.ss1:

(1) Some iﬁ_lzj(),jo =1,...,¢+ 1, has a positive or negative end & at z, such that
() > m/2.

(2) Some E? jo»Jo=10,...,a, has a positive or negative end £ at z, such that
(&) > m/2.

(3) Some Ug jo»Jo=0,...,b, has a positive end & at a multiple of §, such that
n*(E) > m/2.

It is clear that (1), (2), and (3) are mutually exclusive.

(1) 1s eliminated in a manner similar to (2E) of Lemma 3.7.10 and (2) in a manner
similar to Case (6;) of Lemma 3.4.28.

(3) In this case, (a)—(c) in the proof of Lemma 3.7.10 hold, with the exception of the
level Uy j,. Observe that vj, i 7@ and Ug jo consists of:

— cylinders from &, to ¢ or £ which contribute I =1 or 2 each; and

— a curve Eg with one positive end Slj which is asymptotic to §; and satisfies

1
Jo
n* (51ti ) = m+ ¢, and other positive ends which in total are asymptotic to §; and
satisty n* = ¢9.

We compute the contributions to the ECH index from the ends of v, oY Ug o that
limit to multiples of §, at the positive end. Here is the list of such ends:

the union &’ of positive ends of V], o>
E! satisfying n*(E) =m + ¢1;
— the union &} of positive ends of Ug J, that correspond to punctures of Wy j,+1;

— the union &} of all other positive ends.

We use the formula:

(3.7.8) ind(@) + (i @ — (@) — w. @) <1,
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where the notation is as in Section 1.3.4 and the equation follows from the adjunction
inequality and [Hu2, Lemma 4.20]. The end 5{1 has contributions i, = ¢, , = 1, and
w; = 1 — ¢;. Moreover, since the vanishing of the leading asymptotic eigenfunction cor-
responding to the end EF is a codimension two condition which contributes 2 to the Fred-
holm index, the extra contribution to I from & lﬁ i8¢ — 1 — (1 —¢)+2=2¢. The contri-
butions to I from £ and &5, arising from a writhe computation, is 2(deg & + deg &) =
2(poj, + degf,’g). Finally, the contributions to I from & is deg&F by the argument of
Lemma 3.7.8.

The total ECH index of all the levels is > 2¢; + 2poj, = 4, a contradiction. ]

3.7.7. Thecasev = &.

Lemma 3.7.14. — If m > 0, then there is 10 oo € 9(4.00) M such thatv' = &.

Progf. — Arguing by contradiction, suppose there exists 4o, € d(400}/M such that
v’ = &. By Lemma 3.7.10, there is no boundary point at z«, no fiber component, and
no v, such that v, NV # &.

The point constraint gives #*(v”) > m and I[(v”) > 2. This immediately implies
that (a)—(d) in the proof of Lemma 3.7.10 hold. In particular, (8;) from Lemma 3.7.10
holds.

If po.p+1 > 0, then the proof of Lemma 3.7.8 gives us a contradiction. Hence
Poss1 = 0. If a positive end of v’} limits to 2o, then a component ¥ of v, must be a
section of W, from z,, to % or e. However, by the choice of £ from Section 3.2.3 and
the proof of Lemma 1.6.6.5, sections of W, from z,, to & cannot exist, leaving us with
the possibility that v is a section from z,, to e. Hence I(v) > 1 and the total ECH index
is > 3, a contradiction. On the other hand, if v/ = ﬁi, then I(v, ;) > 1 for some j > 0,
which is again a contradiction. U

Proof of Lemma 3.3.10. — Lemma 3.3.10 follows from Lemmas 3.7.13 and 3.7.14.
0

3.8. Degeneration at —oo, part II. — Let Uy € 0j_oej M be the limit of u, € M.,
where 7; > —00.

Lemma 3.8.1. — If Uy has no fiber components and v, = &, then the ECH index of each
level 1s nonnegative.

Proof. — The proof is similar to that of Lemma 3.5.2 and uses the considerations
of Lemma 3.7.5. O

3.8.1. The case U; =0.
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Lemma 3.8.2. — If s, € 0j_o)M and vy = @, then:

(1) Uoo s a 2-level building consisting of v, with I(vy) = 0, vy with 1(vy) = 2, and E]’ =0
Jorj=1,2;

(2) the left and right ends of V| (= left and right ends of Vo) do not limit to zoo;

(3) oo has no fiber component;

(4) Uso has no boundary point at zx.

Progf — Suppose that v, = &. First observe that
(3.8.1) " (02(N(q))) = m,

where q € FQ 1s the point such that vy (q) = m(—00).

We also have 1(vy) > 2: If %y, has a fiber component v, then ¥ must pass through
m(—o0) and I(vy) > 2¢+2 > 4 by an argument similar to that of Lemma 1.7.5.5. On the
other hand, if %y, does not have a fiber component, then I(vy) > 2, since passing through
m(—o00) is a generic codimension two condition.

(1) We claim that v, = &. Arguing by contradiction, if | # &, then at least one

of ﬁﬁL o J=0,...,a has aright end & that limits to zs. On the other hand, the end Ex
satisfies
3.8.2) " (Er) = ko — 1> 2g,

which contradicts Equation (3.8.1). This proves the claim.

The claim and Lemma 3.8.1 imply that each level of %, has nonnegative ECH
index. Hence I(vy) =2, 1(v)) =0,anda=b=c¢=d=0smce alevel vy j,j=1,...,q,
is not a connector if and only if I(vy, ;) > 0 (and the same holds for vg ;,j=1,..., b, vy,
J=1,...,c,and vy ,)=1,...,4d).

(2) If vy has a right end &g that limits to 2z, then &g satisfies Equation (3.8.2), and
we have a contradiction of Equation (3.8.1). If vy has a left end that limits to 2., then v,
has a right end & that limits to z,, and satisfies Equation (3.8.2) (since v, = &), which is
again a contradiction.

(3) Since I(vy) = 2, we cannot have a fiber component.

(4) A boundary point at z, contradicts Equation (3.8.1). U

3.8.2. ThecaseV|, =@, v, # Q.
Lemma 3.8.3. — Ifm > 0, then there is n0 Uy € 0(_oo)M such that v, = & and vy, # &.
Progf. — Arguing by contradiction, suppose there exists 4o, € d(—o}M such that

V| = @ and v, # &. The analog of Lemma 3.5.1 holds, i.e.,

q 7

> €+ Z (E)=m, Y a"E)+ Z n(EN > m— 2g,
=1 =1

=1 =1
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where £, 1=1, ..., ¢, are the ends that limit to 2z, and £/, i =1, ..., r, are the neighbor-
hoods of boundary points of type (Ps) of all the iﬁLJ,j =0,...,a and ﬁi,j,j =0,...,b
The conclusion of Lemma 3.5.4 then holds by an almost identical argument. The proof
of Lemma 3.5.12 then carries over without modification. U

3.8.3. ThecaseV| # 3,0, # .

Lemma 3.8.4. — Suppose V| # @ and vy # . Let E;, i =1, ..., q, be the ends of all the
O that limit 1o 2 and let E,i=1, ..., 1, be the neighborhoods of the boundary points of type (Ps).
Then one of the following holds:

@ Y &)+ " (E)=m—2g.

(b) Each end &; is an end Q][U%J,j =1,....¢,0r E?FJ,]' =0,...,d, that projects to a thin
sector of type S(ay j, Z(ﬁi/z;)) or &(by 7> Z(El—/d-/)). In particular, &; is not a lefi or right
endqfﬁi, where x = (L,7),7=0,...,a,0r (R,)),j=0,...,0b.

Progf. — We apply the continuation argument. If some &;, i =1, ..., ¢, does not
project to a thin sector (of type & (ay 1, A(ay ;)), 6([_714/177, (b 7)), or G(Zi/dv, ay j)), then the
sectors 7T (&),i1=1,...,q, and T2, (&),i1=1,...,r, will sweep out a neighborhood
of zo, with the exception of some thin sectors, implying (a).

On the other hand, suppose that all the ends &;, 1 =1, ..., r, project to thin sectors.
We claim that there are no thin sectors of type G(ZZ-/J/, ay ). Indeed, the number of left
and right ends of all the v* that limit to zo, must be equal and the right ends cannot map
to thin sectors. This gives (b). UJ

Lemma 3.8.5. — If us, € 0j_c}M, V| # D, and vy # O, then:

(1) s has no fiber components;
(2) if V. satisfies V., NV, # & and U, NV, C int(V,), then x = 1 and p, = 1;
(8) Uso has no boundary point of type (P1) or (Py).

Progf. — 'This 1s similar to the proof of Lemma 3.7.10 and uses Equations (3.7.1)
and (3.7.2).

First observe that if %, has a fiber component, a boundary point of type (P,)
or (Py), or some v, NV, # & with v, NV, C nt(v,), then we are in the situation of
Lemma 3.8.4(b). It is not hard to verify that I(v,.) > O for all * with the exception of v;.

(1) Suppose 4x has a fiber component v. Then we have the following contributions
towards I:

(B1) 1)) = —p1 = — deg(v)).

(B) 25 1) =pr.

(B3) If the fiber v is a component of U,, then v and the intersection v N (v, — V)
contribute 2g + 2 > 4 towards I.
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The argument is similar to that of Lemma 3.7.10(1). This gives a total of I > 2, which is
a contradiction.

(2) Suppose v, NV, # @ and v, NV, Cint(v, ). If %9 # 1, then I(v} ) > 1 and
the intersection points contribute at least 2p,, > 2. If ¥g = 1 and p,, > 1, then I(v ) > 0
and the intersection points contribute at least 2p,, > 4. Combined with the ECH contri-
butions from (f;) and (Bs), we have a contradiction.

(3) If 4 has a boundary point of type (P,), then the argument from (3B) of
Lemma 3.7.10 implies an excess of n*. If 4y, has a boundary point of type (Py), then
the analog of Lemma 3.7.5 implies that the boundary points at zo contribute 2p,, > 2;
there is also a large sector which contributes an additional +1. Combined with (8,) and
(B2) we obtain a total of I > 2, a contradiction. U

Lemma 3.8.6. — If m>> 0, oo € dj—o0)M, V| # O, and vy # O, then there is no level
U, such that v, NV, # & and U, NV, C int (V).

Progf. — Arguing by contradiction, suppose that v, NV} # @ and v, NV, C
nt(v,,) for some V. Then # = 1 and p; = 1 by Lemma 3.8.5(2). By Lemma 3.8.4(b), we
have pr j =1 and pr j = 1 for all j. Hence we may assume that a = b = 0. Equation (3.7.2)
then implies that c=1and d = 0.

By the rescaling argument with m — 00, we obtain a 2-level building w; U wy,
where

ws : dl(B_s9) = CP',  w, :cd(B_y ) — CP',

and (1)—(viii), given below, hold. Here ¢/(B_ 9) is obtained from B_, » by adding the left
and right points at infinity, denoted ¢ = £00; similarly ¢/(B_ 1) is obtained from B_ ;
by adding s = 00 and ¢ = £00. The map w, satisfies the following:

(i) wy (@' (—00)) =0;

i) wy(dcl(B_oo,2)) C {¢p =0, p > 0} U {oo};

(i11) wo(t = —+00) =00 and wy(t = —00) C {¢p =0, p > 0} (or vice versa);
(1v) Wolimm_,, ) 18 @ biholomorphism onto its image.

s~
= =

The map w, satisfies the following:

(v) w(t=—00) =0 (or w;(t = 4+00) = 0; for simplicity assume the former);
() w1 (el(B_se,1)) C {d =0, p > 0} U {ool;
(vii) w,(tr) = 0o, where vt € v} N/;
(Vill) w|imB_s ) 18 @ biholomorphism onto its image.
In view of the above, we consider the “tropical curves”

8,:T—[-1,11/(=1~1) x[0,d]
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as in Section 3.5.6. The proof strategy of Lemmas 3.5.12 and 3.5.13 carry over to give us
a contradiction; this is due to the disparity in the growth rates of the left and right ends
of u; when restricted to [—2, 2] x [1 + L, r(t;) — L]. ]

The combination of Lemmas 3.8.5 and 3.8.6 give the following, which is the analog
of Lemma 3.5.4(2),(3):

Corollary 3.8.7. — If m>> 0, Uy € d(_o}M, V| # &, and Vy # B, then there is no fiber
component, no boundary point of type (Py) or (Py), and no intersection point v € V., NV, such that
tev, NV, Cmt(v,).

Before embarking on the proof of Lemma 3.8.11, we prove Lemma 3.8.8, which is
the analog of Lemma 3.5.4(4) and is a bit involved.

First we recall and modify some notation from Section 1.5.7. We use the convention
thatx=(L,y),j=1,...,a,0r (R,j),j=1,..., 6+ 1. The data 5)*,¢ at 2o, for v, is given
by a p = p, 1-tuple of matchings

(3.8.3) {@,g) = Gg)s -y (z}'],];) — (4, 5p)}s

where 4,7, € {1,...,2g}, ji,7, € {0, 1} for k=1, ..., p and 4 # 1, ¢, # ¢ for k # [. Here
%

the subscript + (resp. —) in D, 4 refers to the left (resp. right) end, (7, ;) corresponds to

by +, and (3, Ji) corresponds to g, ;. We write

Yeddpd Uk *

= = =
D*»i = D*,i U D*,i’

— —
/ " =/ =/ :
where D', , and D7, correspond to the ends of v}, U}, respectively.

Lemma 3.8.8. — If i € 3_oyM, V| # @ and V) # D, then every component of V°,
*x= (L), =1,...,a,00(R,y),j=1,...,b4 1, 5 a thin strip.

f

*(

Progf. — Arguing by contradiction, suppose there exists v; which is not a union

of thin strips; we take xp = (R, 1) without loss of generality. Then the following hold:

(a) n*(¥%) =mand 0"} ) > m— 2g;

(b) each component U ofUE}J«,j =1,...,d,or U%J,j =1,...,¢, 18 a thin strip with
Zoo at the positive end and 1(v) = 1;

(c) each component ¥ of D%, % % %o, is a thin strip with z at the left end and
1) =1;

(d) each component v of E:lt limits to z only at the left end and the top end, the
left and top ends project to thin sectors, deg(v) = 1, and (V) = 1.

(a) follows from the argument of Lemma 3.5.4(4)(a) and (b) and (c) follow immediately
from (a). (d) The assertions about the ends of v follow from (a). This then implies that v



298 VINCENT COLIN, PAOLO GHIGGINI, KO HONDA

projects to the domain bounded by b, Z(Zi), and Z(El—) in S, in view of the positions of the
arcs b; > @ijs A(b; j), and A(a: ;) from Figure 6.

We now analyze the ends of 5&0 at Z In more detail. Let /. and /- be the number
of left and right ends of EEU at Zo, and let bp be the number of boundary points of type (Ps)
on v,,. In view of (c) and (d), the total number of left ends of v, that limit to z,, besides
those of Uio 1s [ — [;. By (a slight modification of) the continuation method, we obtain
a cycle Z consisting of 2/_ 4 bp chords, where [_ of the chords are of type G (@, ZW/),
[ of the chords are of type G(Zk,/, ay ), bp of the chords are of type &(a;, ay ) or
S‘S(Zk,g, Zkf’,r), and we are eliding the chords from E(EM) to @, and chords from Zk,l to
by).

Let us write p, = degv.,, ¢, = deg?’, and 7, = degv_. We have ind(ig[)) > 2 since
there 1s an end that limits to z, or a boundary point of type (Ps) that projects to a large
sector. Then I(EEO) > 2 by the ECH index inequality (cf. Lemma 1.5.7.21) and consider-
ations of Z.

(1) Suppose that v, # &. We claim the following:

Claim 3.8.9. — 1(v,,) > I(U;()) + I(ﬁf{)) + 04, where 8,, > 2 1f bp > 0 and 6., = 2p,
ifbp =0.

Proof of Claim 3.8.9. — Each collection of boundary points of type (P3) that map
to the same point on the base contributes at least +2 towards I by the argument from
Lemma 3.7.5. The inequality for bp > 0 then follows.

Next assume that bp = 0. Also assume that [, = /_, since otherwise there exist thin
strips of v, from (c) or components from (d), all of which contribute > 0 to I, yielding a
total of I > 3, a contradiction. Let (s, #5) be coordinates on [—2, 2] x [—1, 1]. Let

é{—l,l]’ é/[/—l,l] - [—2, 2] X [—1, 1] X g

be representatives of v, and v, and let ¢/, ¢, be groomings on A, = oD? o X [—2,2]
and A, = BDE x [—2, 2] corresponding to CE—1,1]|f2=i1 and CE/—1,1]|f2=i1’ such that the
following hold:

- =¢ and w(c,) =0;
— ¢, is obtained by intersecting 77_j o), 5-projections of the ends of v}, with A,.

Here 7;_, 9,5 1s the projection [—2, 2] x R X S — [—2, 2] x S. We also remark that, for
sign consistency with the computations in Section 1.5.7, we use the standard orientations
on A,y and A, but view ¢/, | and ¢}, to be at the negative end and ¢’ and ¢” | to be at the
positive end during the proof of this claim. By the above description of Z:

— w(c)=0or —land w(c” ) =0or I;
— the endpoints of ¢/ | and ¢” | agree and are alternating.
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We now extend C[fu], C/[L 1.1 by concatenating with

él[lﬁ]’ éﬁg] C[-2,2] x [1,2] x S,
éf*lfll’ é( o1 C[=2,2] x [-2, 1] x S

such that the ends of (v]/[fg,Q] U (V]/[L 9.97 are groomed and have zero winding number. Writ-
ing t for the writhe, Lemmas 1.5.7.22 and 1.5.7.23 imply that we have an additional
contribution of at least

2p, =2(0(c/, Uc) =, Uc”)))
towards I. O

By Claim 3.8.9, I(v,,) > 4. Since the ECH indices of the other levels add up to at
least 0 in view of (b), (c), and (d), we have a contradiction.

(2) Suppose that v, = @. Then there are no boundary points of type (Ps) by def-
inition. Since 1(v,,) = I(v},) > 2, the only nontrivial levels besides v,, and v, are v,
J=1,...,¢, which consist of thin strips and trivial strips. Again we have [, = /_, since
otherwise there exist thin strips of v, from (c) or components from (d), all of which con-
tribute > 0 to I, yielding a total of I > 3, a contradiction. Let us write /,, := 1/, =[_. We
claim the following:

Claim 3.8.10. — 1) > 2+ L,,.

Proof of Clavm 3.8.10. — Let us first consider the case where:

(1) mso UEO |F§0 is a diffeomorphism onto its image, which contains S —a — b;

(2) 530 limits to zf;é’ Uy’ to the left and to zf;g Uy” to the right, where y' =y".

—
If we choose a multivalued trivialization T to be compatible with D7 . (cf Sec-
tion 1.5.7.3), then

ind(@}) = —x (F% ) 4+ deg V%, + 1. (V%) + 201 (V5 )T, 1)
=—(1—-2— (degﬁf” —1,) + degﬁfo + (L, +1)+2(1 —29)
=2—-2¢+ Qdegﬁio.

b

+» Where

Hence I(EEO) >2—2¢042 degﬁiu. We also have I(EEU) > (0 and (v° EEO) =degv

*(

(, ) 1s the algebraic intersection number. Summing the contributions, we obtain:
(3.8.4) 1(@,,) =1@) + 1)) + 2(v%,, 7))
> 92 — 20+ 2degv’ + 2degv

*0

b

*0

> 2 + deg "

*0
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In general, the cases with smallest ECH indices occur when elements of y’ are of
type xf; or x and elements of y” are of type 5. This has the effect of decreasing the
lower bound in Equation (3.8.4) by the cardinality of y’. Hence 1(v,,) > 2 4 [,. O

Since /,, > 1, we have 1(v,,) > 3, which is a contradiction. ]

Lemma 3.8.11. — If m>> 0, then there is n0 loo € 9_oc)M such that V| # & and vy #

Progf. — Corollary 3.8.7 and Lemma 3.8.8 imply the analog of Lemma 3.5.4. The
proof of Lemma 3.5.13 then carries over with no change. 0J

Proof of Lemma 3.3.11. — Suppose U € d(—oq}M. If U, = &, then we are in the
situation of Lemma 3.3.11 by Lemma 3.8.2. On the other hand, Lemmas 3.8.3 and
3.8.11 imply that v, = @. 0J

3.9. Breaking in the middle, part II. — Liet Uso € 0(—oo.+00)M be the limit of z; € M,
where 7; — T".

Lemma 3.9.1. — If Uo, has no fiber components, then the ECH index of each level U, 7 v ts
nonnegative and the only components of U, which have negative ECH index are the following:

— branched covers of 001;/ s and
— at most one component U of vy with I(v) = —1.

Proof. — Similar to the proofs of Lemmas 3.7.4 and 3.7.5. O

The following lemma is analogous to Lemma 3.7.10.

Lemma 3.9.2. — Ifm > 0 and i € (oo, +00) M, then the following hold:

(1) oo has no fiber components;
(2) there is no level v, such that v, NV, # & and v, NV, C int(V.); and
(3) Uso has no boundary point at zx.

Proof — (1) Arguing by contradiction, suppose that %y, has a fiber component v.
Then n*(V) > m and v can be eliminated by arguing as in Lemma 3.7.10(1), in view of
the following contributions towards I:

() 1(@y) = —p

(vo) Ui 1U 17 1s a union of py trivial strlps and ZJ | (7" 1]) = fo. .

(vs) If v is a component of U,, then ¥ and the intersection v N (v, — V) contribute
2¢+ 2 > 4 towards 1.



HF=ECH VIA OPEN BOOK DECOMPOSITIONS II 301

(ys) After removing any fiber components v, all the levels # v have nonnegative
ECH index and I1(v;) > —1 by Lemma 3.9.1.

The sum of the above ECH indices is at least 3, a contradiction.

(2), (3) Similar to (2) and (3) of Lemma 3.7.10. Observe that the sum of ECH
indices of the levels was at least 4 in all the cases of Lemma 3.7.10 that were not ruled out
by other means; in the present case the sum will be at least 3. (Note that the ECH indices
added up to only 3 in (2C) of Lemma 3.7.10, but we do not have levels vy ;,j =1, ..., b,
in the current situation.) [

Lemma 3.9.3. — If Uiy € 3(—co,+00)M and 0y = D, then Us, is one of the following 2-level
buildings:

(1) vy with1 =1 from z to some z' consisting of
(1) one thin strip and trivial strips or
(ii) one nontrivial component of V' | with image in W and trivial strips;
and Vo =V, with1 =1 and n* <m+|Z| fiomz toy .
(2) vy =y withl =1 and n* < m+|Z| friom z to somey”; and v_, , with1 =1 fromy"
y'.

Proof: — Suppose that v, = @. Since passing through m(T") is a codimension two
condition, we have (V) > 1. Hence there can be only one other nontrivial level — either
vyyorv_;; —andI(vy; ;) > 1. By Lemma 3.9.1, I(vy) = I and I(vy, ;) = 1. Moreover,
n*(Vx1,1) < |Z] since n*(vy) > m. This means that there are no components Ei that limit
to Zx at the negative end and all the positive ends &£, that limit to zy, satisfy n*(€,) = 1.
The lemma follows. O

Lemma 3.9.4. — For each interval [='T, 'T'], there exists m >> O such that there is no sequence
of curves u; € My, v; — T" € [T, T1, that limits to U for which v, # &.

Progff — This is similar to Lemma 3.6.5 and will be omitted. U

Proof of Lemma 3.3.12. — 'This 1s argued in the same way as Lemma 3.3.8. Sup-
POSE Uog € I(—oo.+00)M. If Uy = &, then Lemma 3.9.3 implies that 4. is as described
in Lemma 3.3.12. On the other hand, by Lemma 3.9.4, for any T > 0 there exists
m 3> 0 such that U = & in Uy € 9_1 4+11/M. The possibilities where m; — oo, T; — 00,
Uj —> Uiro € dx)M are treated in the same way as in Lemmas 3.7.14, 3.8.3, and
3.8.11. U

4. Homotopy of cobordisms II

In this section we consider the homotopy of cobordisms corresponding to ® o W.
Many of the constructions for W_ are similar to those of W_ with minor modifications.
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We first give a brief description of W, = W:_r (If F 1s understood, as it will be in
the rest of this section, then it will be omitted.) The base B; of W, is biholomorphic to
an infinite cylinder with a disk removed. As T — 400, W, degenerates to the stacking of
W_ “on top of” W,.. On the other hand, as T — —o00, W, degenerates to W_q,, whose
base B_, 1s given by:

(4.0.1) B_o=(Rx (R/2Z))UE)/~,

where E = {|z] < 1} C C and ~ identifies (0, 2) e R x (R/2Z) with 0 € E.

The degeneration for T — —o00 can be described in an equivalent way as a neck-
stretching along a stable Hamiltonian hypersurface which is the preimage of a boundary-
parallel loop in the base.

4.1. Construction of the homotopy of cobordisms for ® o W.

4.1.1. Defiution of the family W,. —Let [ € (0,00) and r € (0, 1]. Consider the
fibration

7:RxN—Rx (R/2Z),

where N is viewed Zi(g x [0,2])/(x,2) ~ (A(x),0) and (s, f) are coordinates on R x
(R/2Z). We define W;, = 7' (B,,), where the base B,, is obtained by smoothing the
corners of

R x (R/22)) — ((=1/2,1/2) x (3 —=1)/2,(3+71)/2)).
Next choose a function
(4.1.1) n=(r:R— (0,00) x (0, 1],
which is obtained by smoothing

(t+1,1), fort=>0;
(¢%,¢%), fort <0;

no(t) = {

near T = 0.

We then define W, = Wn(r) and B; = B,(). Let mg, : W, — B, be the projection
along {(s, 1)} x S.

As T — 400, the cobordism W, approaches the concatenation of W_ and W_.
See Figure 17. On the other hand, as T — —o0, the cobordism W, can be viewed as
degenerating to W_ o = (W,Oo’l I_IW,OO,Q) / ~, which we describe now: Consider the base
B o= (Bocy UB o)/ ~, where B_og =R x (R/2Z), B_oy =E = {[z] < 1}, and ~
identifies (0, 2) € B_,.; with 0 € B_, 5. We also identify the asymptotic markers 9, at
(0,2) and {x=0,y > 0} at 0. We then set W_oo 1 =7 ' (B_s,1) and W_gq0 = B_o 2 X S,
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T T
S S
() C

Fic. 17. — The bases of the family WT The leftmost diagram represents B_o, 1.c., T = —00, and the parameter t

increases as we go to the right. The location of m’(t) is indicated by x

and identify 0,3 5 x) ~ (0, x), where (0, 2 5 X) € V_V_oo,l and (0,x) € W_oo’g. We write
TTB_ o - W_00 ; = B_; for the projection along S.

The alternate description of the degeneration as T — —o00 mentioned at the begin-
ning of the section relies on the conformal equivalence between annuli {¢' < |z] <1} C C
and finite cylinders [7, 0] x S' for T < 0. The details are left to the reader.

4.1.2. Marked points. — We choose a 1-parameter family of marked points
m(r) = (@'(1). W (1)) = M'(2), ) € W,

for T € R, such that the following hold:

1) m ’(7) is on the segment {s > /(r) ,i= };

(i) as T — 400, m(r) limits to m(+oo) = (M’ (+00), W (+00)), where
M’ (+00) = (0, 2) € B_ and W (400) = 2o0;

(i) as T — —oo, m(r) limits to mM(—o0) = (M’ (—00), W (—00)), where
m'(—00) = 4 € B_yop and W (—00) = 2.

Remark 4.1.1. — Here is a slightly more detailed description of the convergence
of the marked points: For 7 > 0 we take ﬁb(r) = (%’5, O). For 7 < 0 we define sets

Q; =B; — B_ ;77 and maps
. Q — RQ, v (5, 0) =2¢" (s, t— %) .

The images t,(Q);) form an exhaustion of a set ), obtained by smoothing the bound-

ary of R* — ((—1,1) x (=1, 1)). Let u: D* — {0} = Q_ be a diffeomorphism which

is holomorphic in the interior. By smoothing the boundary of R* — ((—1, 1) x (—1, 1))

symmetrically, we choose u so that the i 1mag1nary axis is mapped to the axis { = 0}. Let
u(4) = (5-0, 0). Then for T < 0 we take W’ () = 7" (-0, 0) = (5500, 3).
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4.1.3. Stable Hamiltonian structures and symplectic forms. — We first consider W,. The
stable Hamiltonian structure on N = (S x [0, 2])/ ~ is obtained from (d¢, @) on S x [0, 2]
by passing to the quotient. The 2-plane field is §; = TS and the Hamiltonian vector field
is R; = 9,. The symplectic form €, is the restriction to W, of ds A di + @, defined on
R x S x [0, 2] and sent to the quotlent R x N.

Next we consider W_,,. For W_OO , = N the Hamiltonian structure is (d¢, @) and
the symplectic form is Q_, | = ds A dt + @. The symplectic form on W_q, o =B_y0 X S
is a product symplectic form Q_q 9 = @_q.0 D @, where w_q, 5 is the standard area form
on the unit disk.

4.2. Holomorphic curves and moduli spaces.

4.2.1. Lagrangian boundary conditions. — Consider the cobordism (W,, ©,). We
place a copy of @ on 7' ("2, 3
3,W, := 7~1(dB,) using the symplectic connection Q, to obtain LL. Similarly, we place
a copy of @ over 1 € B_y, and parallel transport along dB_, 5 to obtain 1** =

dB_ 2 X a. The Lagrangian submanifolds L., L%, L7 are defined similarly. Note that the

Lagrangians close up because the monodromy of the fibration 7. : W, — B, is trivial
along 0B;.

) and parallel transport along the vertical boundary

4.2.2. Almost complex structures.

Definition 4.2.1.

(1) An almost complex structure J, on W, is admissible if], is the restriction of some J' €
Tir. In this case ], is said to be compatible with J'.

(2) An almost complex structurej_oo’l on R x N is admissible ?fj—cxm € Jw-

(3) An almost complex sz‘mcturej_oo’2 on B_o9 x S is admissible if it is a product complex
Structure.

The space of admissible .., ] _ oo.1 and]_ 00,9 Will be denoted by Ty, Ty, and Ty __ ,, respectivel).

Defiution 4.2.2. — A famuly . € T )eer of almost complex structures s admissible i

there exist ]| € Jow, ] € jw,JjL ceJw..) € Iw.,J w1 € I, and J_ o2 € Jw_.., such
that the following hold:

(1

. converges to (]_Oo I,J_Oo 9) S T —> —00;
(2) J, converges to (]+,J ) as T — +00;

3 andj are compatible with J' and J; and
(4 J is compatible with ' =] _ 0.1

|L<|L<|L<|

)
)
)
)

For T — +00 the convergence of almost complex structures is to be understood in the sense of neck-
stretching as i [BEHWZ, Section 3.4]. For T — —00 we gave two equivalent descriptions of the
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limat: one as nodal degeneration and one as a neck-stretching. If the limit is viewed as a neck-stretching,
then the convergence of the almost complex structures us again as in [BEHWZ, Section 3.4]. If the limut
us viewed as a nodal degenemtzon then] 1 s the G} limat of], and] 1 18 the pullback by the
uniformization map w of the C° limit of the restriction of ], to Q. afler applying the rescaling map
t; see Remark 4.1.1 for the definitions of W and .. Sirictly speaking, the limat produces almost complex
structures on W_q a1 — (0, 3)) and W_o 2 — ({0} x S), but they can be extended over the

missing points. The space of all admissible {J, € T+ }rer will be denoted by T.

4.2.3. Notation and conventions. — We will be using the notation and conventions
from Section 3.2.3, with the exception of intersection numbers 7* ().

Intersection numbers. Let 8, 4, be a closed orbit of the Hamiltonian vector field 9, which
lies on the torus {p = po} C S x [0, 2]/ ~ for p, > 0 sufficiently small and which passes
through the point (¢, p, ¢) = (0, po, ¢o). We assume additionally that §,, 4, does not in-
tersect the projections of the Lagrangians of W,, W, and W_ to N.

We then write (o))" for the restriction of R X §,, 4, to W,, where x = @, , 7, +,
— or (—o0, 1). For W_OO’Q we write

(07" =Bz X {0 = po, ¢ = do + 37/ 2m + 2mk/m. k € Z}.

Finally we define »*(u) = (u, (G:O)T), where x=0,", 7,4+, — or (—o0, 1).

4.2.4. Holomorphic maps to W,. — Let (F, j) be a compact Riemann surface, pos-

sibly disconnected, with 2¢ boundary components and two sets of interior punctures

pr={,.. pk+} andp™ ={p/,.. p,: } such that each component of I has nonempty

boundary, at least one puncture frorn p", and at least one puncture from p~. We write
F=F—pt—p .1

Definition 4.2.3. — L], € Ty and levy =]y, v =T1(y))" € O,.
A degree k multisection of (W, ],) from y to y' is a holomorphic map
s (1)) > (We.J,)
which is a degree k multisection of g, : W, — By and which additionally satisfies the following:
(1) u(dF) C L%,

(2) u maps each connecled component of IF lo a different 1.7 ;
3

(3) lim+ mr o u(w) = +00 and lim 7g o u(w) = —o0;
wapi w%plf

(4) u converges lo a cylinder over a mulliple of some y; near each puncture p; so that the total
multiplicity of y; over all the p;s is m; (and similarly for p7 ).

Here g : W, — R is the projection to the s-coordinate.

1 Observe that I has no boundary punctures.
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A (W,,],)-curve from y to y' is a degree 2g multisection of (W, ) satisfying n* (@) = m.

Let Mj (y,y") be the moduli space of degree k£ multisections of (W.,],) from y
to Y’ and let ML (y,y; m(7)) be the moduli space of curves with a point constraint
m(7); as usual, they are called moduli spaces of curves passing through m(t). Topological
considerations based on the intersection numbers #* imply that the forgetful map

M=y, Y () — M=, v)
is injective.
We write
M,y ¥)={T, vt eRue My (y,y)},
Mg, v m) ={(r,w) |t eRue My (y,y;m(z))}.

4.2.5. Holomorphic maps to W_s,. — We now describe the curves in W_ ;.

Definition 4.2.4. — Let]_ € Fy ., and lety =T]y",y' = [Ty e O,. A de-
gree k multisection of (W_no 1,]_ so.1) from 'y to y' is a holomorphic map

a: (B, ) = W, Joot)

which is a degree k multisection of w5___ , * W _se.1 = B_oo.1 and which is asymptotic toy and y' at
the positive and negative ends. Here (¥, ) is a punctured Riemann surface. A (W_ug | ,j_oo’l)—curve
from y to y' is a degree 2g multisection of (W—oo,l’j—oo,l) satisfying n* (u) = 0.

Definition 4.2.5. — Lez‘jfoo,2 € Jw._,.,- A degree £ multisection of (W_oo,g,jfow) i
holomorphic map

7 (F.)) > Wooo2,J _o09)

which is a degree k multisection of 7ws__ , * W_so.0 = B_oo9 and which additionally satisfies the
Jollowing:

(1) (F,7) is a compact Riemann surface with k boundary components;
(2) u maps each component of OF to a different Lz_ioo’Q.

A (W,ooyz,j_ooz)-curve is a degree 2g multisection cy’(W,ooyg,j_oo’Q) satisfying n*(u) = m. A

degenerate (W_oo,g,j_oo’g)—curve consists of 2g copies of B_oo o X {pt} and a singular fiber {0} x
S.

Let Mj _ (y,y") be the moduli space of degree 2g multisections of W_so15)_ so.1)
fromy toy’,let Mj _ be the moduli space of degree 2g multisections of (W_oo,g,jioo’z),
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and let ./\/lJ (m( 00)) C MJ be the subset consisting of multisections satisfying a
point constralnt at m(—00).
We define the evaluation maps

evg,) - /\/ljioo’1 (v,¥) = Sym*(S), evg,: ./\/ljm,2 — Sym*(S)

as in Definition 2.1.1, by intersecting the holomorphic curves in My (y,y’) (resp. in
M;__ ) with the fiber of the fibration W_oo.1 = R x R/2Z over (0, 2) which we identify
with S (resp. with the fiber {0} x S). Given 3 € Sym*(S), we define

M @Y. p) =g ) My (v, ¥,

M @) =evg,) C M,

Mj G m(—00) =M (m(—00) NM; ().
In order to highlight the special role of the point z., we will write

3_ 7()4-7]...;;1’

where 1, € Z=°, 1 ..., e 7" iy + -+ 1 = 22, §o = Zoos and ¢1,...,8 €S — {zx0).
Also, for sake of brevity, we will denote 3 = Sym?*(S).

4.2.6. [n_dices. — We now b_rieﬂy discuss the Fredholm index ind(%) and the ECH
index I(z) of a W,-curve u: F — W, from y to y’. This is similar to Section 3.2.6.

Let W, =W, — {s > @ + 1} —{s < @ — 1}, where /() 1s given in Equa-
tion (4.1.1). Let % : I — W, be the compactification of %, where I is obtained by per-
forming a real blow-up of F at its boundary punctures.

The trivialization t* of TS along L} is defined as in Section 1.4.4.2: We pick a
point p € 3B, define 7* of TS| ;! along a by choosing a nonsingular tangent vector

field along @, and then parallel transport T* along 3W,. We also choose t* along y and
v

Let Q- (1) be the relative intersection form given by normalizing u near s =
:i:(/(t) + 1) as in [Hul, Definition 2.4] and intersecting % and a pushoff of % Here the

pushoff along 8WT 1s in the direction of Jt*. Then
(4.2.1) 1@ = o1 (0 TS, 7) + Qe (@) + e (¥) — e (¥) — 26,
(4.2.2) ind(@ = —x (F) + 26, @ TS, ) + pto () — s (y') — 42,

These index formulas are obtained by adding the index formulas for holomorphic curves
in W of [I]. In deriving Equation (4.2.2) from Propositions 1.5.5.2 and 1.5.5.5 we should
observe that every term in the Fredholm index formula is additive except for the Euler
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characteristic: if a surface I is obtained by gluing surfaces I, and F_ along 2g strip-like
ends, then x (Fy) + x (F-) = x (F) + 2g. The index inequality holds as usual:

(4.2.3) ind(w) + 26 (w) < 1(w),
where §(%) > 0 and equals zero if and only if % is an embedding. We also have
(4.2.4) (o) =ind(oy) = —1.
The Fredholm and ECH indices for W_q, ;-curves can be defined and computed

similarly.

Remark 4.2.6. — The Fredholm and ECH indices for W, and W_OOJ- do not take
into account the point constraint m(r) and the condition “passing through m(7)” is a
codimension 2 condition. Moreover, the indices for W_w,i, 1= 1,2, do not take into
account the constraints j3.

We now have the following:
Lemma 4.2.7. — Let u be a W_o o-curve. Then
[ = 2[B o2 X {pt}] + [{pt} x S] € Hy(W_g 5, 8B_oc 9 X S),
u consists of O < k < 2g copies of B_oo.0 X {pt} together with an irreducible component in the class

(28 = B)[B_co 2 X {p}] 4 [{pt} X S], and L(u) = 4g + 2.

Proof — Let m5: W_qo.0 — S be the projection along B_, . Since J__OO’Q is a split
complex structure, 75 is a holomorphic map. Hence if @ is a W_, o-curve, then 75 0 %
either maps to a point on some @ or to all of S. The lemma follows by listing all the
possibilities. 0J

We also have the following, which is stated without proof.

Lemma 4.2.8. — Let u be a degree 2g multisection of (W_oo!g,j_ooz) satisfying n*(u) = 0.
Thenw =4 UW’ consists of u which is a degree k cover of 0 .°°* and W’ which is the union of 2g — k

copies of B_oo.0 X {pt}, and 1(u) = 2g.
4.2.7. Regularity.
Definition 4.2.9. — The family {J,};er € T is regular if

(1) M% }(8gy, 88y") is transversely cut out for all 8y, 8y’ € @, k< 2g;

(2) the restriction J' of ], to the positive and negative ends (the restriction 1s independent of T) is
regular; and
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(3) J_ and] + i the it T — +00 are regular.
Let Z° be the space of regular {J.} € 7Z. As usual we have:

Lemma 4.2.10. — The generic {J,} € T is regular.

We also introduce the perturbations of {J.} to ensure that passing through m(z) is
a generic condition. Let p(7) € B; be a family of points such that:

lim p(r) =p(+00) €B_,  lim p(r) =p(~00) € B

and p(t) # m’(1) for all T € [—00, 00]. We then define the families {U, = Uesp)s

(K, = Kys), and {0 =] (e.8,p(1))} as in Section 3.2.7. Also, the modifier {K,}
means “passing through K, for an appropriate 7.”

Definition 4.2.11. — The family {J ?} s {K;}-regular with respect to m if the moduli
spaces ./\/lg{;(’}((Sgy, 8oy’ ™) are transversely cut oul.

The following lemmas are analogous to Lemmas 3.2.21 and 3.2.22:

Lemma 4.2.12. — A generic {J ?}reR w5 {K; }-regular with respect to m.

Lemma 4.2.13. — If{] .} is a generic family, then for €, 8 > O sufficiently small, there exist a

generic family {J ? (&,8,p(1))} which 15 {Ky (s} -regular with respect to W and disjoint finite subsets
T1, T C R with the following properties:

(1) t© €T, if and only if there exists v, € M}’S’m’indz_l 80y, 81y") for some 84y and 87y’

(2) T €Ty if and only if there exists v, € M}g’(’;’;’ {:(’r})’)ind:l (8hy. 8ly’s ™) _for some 8y and
87y'.

Moreover, for each T € T; there s a unique such trreducible curve .

4.3. Proof of the other half of Theorem 1.0.1. — In this subsection we prove the “other
half” of Theorem 1.0.1, i.e., ® o W = on the level of homology, assuming the results of
Sections 4.4—4.5.

We make the following simplifying assumption, which is possible by Theo-
rem [.2.5.2.

(T7)9, All the elliptic orbits of the stable Hamiltonian vector field corresponding
to h:S = S that intersect S x {0} at most 2g times have linearized first
return maps which are e-rotations with 0 < |¢| < § with respect to some
trivialization.
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The partition conditions for £-fold iterates of such elliptic orbits with £ < 2g are particu-
larly simple and have the form (1, ..., 1) or (k).

Theorem 4.3.1. — Suppose (7)o, holds. If m >> 0, then there exists a chain homotopy
K : PFCy,(N) — PFCy,(N),
such that the following holds:
(4.3.1) opcno K+ Ko dpeyp =P o W 4 4d.

Proof — Suppose m 3> 0. Fix p(z) and choose {J,} € 7%, Yor sufficiently small
&,8 > 0 (which depend on the choices of m and {].}), there exists {I?(e, 3, p(t))} such
that Lemma 4.2.13 holds.

Fix y,y" € Oy, and abbreviate

M= M%:?Z<Za,=pn2r>)}(y’ v, Mol = Mil_f(:a_p”ér{)l){: o yim.

Let M be the SFT compactification of M and let 3 M = M — M be the bound-
ary of M. As in the Wri case, the limit SFT buildings can be described in a manner
analogous to Definition 1.7.3.1 and the proof of existence follows the same steps as that
of Proposition 1.7.3.2. The main point is that for each component of the limit SF'T build-
ing the boundary punctures either map to points on the singular Lagrangian or to Reeb
chords, including chords over z..

If U C [—00, +00], then we write dyM for the set of Uy, € 0M where %y is a
building which corresponds to some t € U. By Lemma 4.2.12, we may take MFr@) to
be regular.

In view of the considerations from Claim 3.3.4, we assume that all of M. is regular.

Step 1 (Breaking at 4-00). The following is proved in Section 4.4.

Lemma 4.3.2. — 00} M C Ay, where

7 (6.8, p(+00))

A= ] (MI=2’”*=’" (y,y;ﬁ(+oo))x/vl}j0(y,y’)).

Y€Sa i)
Gluing the pairs in A; accounts for the term ® o W in Equation (4.3.1).

Step 2 (Breaking at —o0). The following lemmas are proved in Section 4.5.

Lemma 4.3.3. — 0_o} M C Ay LI As, where

Ao = M= (.
? ~ L ( J?W(s,a,p(—oo))(y v:3)
y€Oyy,5€3,70=0
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I=4g+2,n*=m ,  — .
P oo )

1=20+2,n*=m ’ 1=2g,n*=0

A= ] M Y IM; :

3 A ﬁw,l(&a’p(_m))()’ YoM T G)
Y. €0y4.5€3,10=1

I=20.n*=
Notethatlfvge./\/l 2gn7=0

(3), then vy =B_ 9 X 3.
Lemma 4.3.4. — Gluing the pairs in Ay accounts for the term id in Equation (4.3.1).

Lemma 4.3.5. — Gluing the pairs in As gives a total of O mod 2.

Step 3 (Breaking in the middle). 'The following is proved in Section 4.6.

Lemma 4.3.6. — 0(_ o 400)M C Ay LA5UAG ULA;7, where

Av= ] (M7 oy @ x M0 Y))

{J; (e.8.p(0))}

Y//€62g
A: < //XMlln_m //’ /;a);
s= LI (M7 oy < Mg oo oy m
Y”EOQg
=21 =m—1f5 1" I=—2,n*= ” "
A‘ - <M ’ 0 ) 8 X M 8
o= L1 (9, 8¥") x Mz 0 (0", 80y
Y”sVWEOngl

MI 2,1 _1(80)//”, e,y///)) :

[=2,n" =m—2,f5 2., 1=—3,n*=0 2 Q2,1
v= 1T (v (y, 82y") x M= 52y, 8
7 | (v, 8y x Mo 0, oY 80y
Y”,Y’”E(')zg&

MI 3,n*=2 (83 ///’ E/Zyw)> )

Gluing the pairs in A4 and A5 accounts for the terms dpcy o K and K o dgcpy in
Equation (4.3.1).

Lemma 4.3.7. — Gluing the triples in Ag and A; gives a total of O mod 2.

This completes the proof of Theorem 4.3.1, modulo the results that will be proved
in Sections 4.4—4.6. O

4.4. Degeneration at +00. — In this subsection we study the limit of holomorphic
maps to W, as T — 400, i.e.,, when W, degenerates into a concatenation of W_ with
W, along the HF-type end. Th1s will prove Lemma 4.3.2.
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We assume that m > 0; €,6 > 0 are sufficiently small; and {L} € Z* and
{T?(e, 8,p(1))} satisfy Lemma 4.2.13. Fix y, ¥’ € @Qg and let

M=M=y yim), Me=METTE (p,ym).
U?(a&p(r))}(yy ) ’ J?(s,s,pm)(yy )

We will analyze 94, M.
Let %, i € N, be a sequence of curves in M such that ; € M., and lim t; = 400,

1—> 00
and let
U = (V-1 U---Uv_; )Uv Uy U---Ury,)Uv_U(v,;U---Uv;,)

be the limit holomorphic building in order from bottom to top, where each v, is an SFT
level, v_;;,7=1,...,¢, maps to W; v, maps to W,; Vo,,J = 1,...,b, maps to W; v_
maps to W_; and 7, j,j =1, ..., a maps to W'. Here we are allowing the possibility that
a, b, or ¢ = 0. For notational convenience, sometimes we refer to v, as v_j .41 or Vg and
V_ as Vg q1 OF V).

As before, we have the following constraints:

(4.4.1) n* () = Zn*(v*) = m;
(4.4.2) @)= 1(v,) =2,

where the summations are over all the levels v, of u..
The following is the analog of Lemma 3.4.21, with a similar proof (omitted):

Lemma 4.4.1. — Ifv, U Ui = O for all levels Vs of Uso, then a=b=c=0;1(v;) = 0;
I(v.) =2;v, s a Wo-curve; and v_ s a W_-curve.

Lemma 4.4.2. — If 0, UV~ # @ for some level U, of i, then:

(1) p— =deg(@’) > 0;

(2) some v\, jo > 0, has a negative end E_ that limits to 8} for some p > 0 and satisfies
(E) > m— p;

(3) Uoo has no boundary point at zoo;

(4) Uoo has no fiber components and no components of V', that intersect the interior of a section at
infinity;

(5) each component of Egll-, 1 <j <b,isathn strip;

(6) eac/z_component ﬁi wsann* =1,1=0 or 1 section from 2o to h or e which is contained
n W+ - WJ,_,

(7) each component @[Uu_l’j, 0 éj <c¢usann*=1,1=1 or 2 ¢ylinder from 8 to h or e
which s contained in R x (N — N);
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(8) h appears at most once at the negative end of ﬁj_l’l .

Progf. — The proof'is based on Equation (4.4.1). First observe that:

(*) either there is a negative end &_ that limits to &) for some p > 0 and satisfies
n*(E-) > m— p by Lemma 3.4.2; or

(**¥) there is a negative end £_ that limits to z5 and the sum of 7*(&;) over all

the ends &; that limit to 2z and #*(€!) over all the neighborhoods &’ of the
boundary points at 2, 1s > m — 2g.

(1) If (*) or (**) holds, then v’ # @, since otherwise the neighborhood of m(+00)
contributes m towards 7*(v_).

(2) 1s a consequence of (1) and is a subcase of (*¥). In particular (**) does not hold.
(3)~(7) follow from (2). (8) follows from the definition of the ECH differential. U

Lemma 4.4.3. — If 0, UV # @ for some level U, then Tin, cannot have the following
subbuildings:

(1) a degree one component of Ui Jrom zso to by and
2) V', which has degree p, and v, | which is a union o o cylinders from 8 to h.
+ gree p 1,1 b+ oy

Proof. — 'This is due to the positioning of 4, given in Section 3.2.3. (1) was proved
in Lemma 1.6.6.5. (2) is due to Lemma 3.7.8: the usual rescaling procedure with fixed
m > 0, together with Lemma 4.4.2, gives rise to an SFT limit w, : ¥, — CP!, 7, :
¥+ — cl(B;), where 2 consists of p copies of ¢/(B;) (and hence 7 is a trivial branched
cover) and the restriction of w; to each component of X, satisfies the conditions of
Lemma 3.7.9. U

Lemma 4.4.4. — If 0. UV" # O for some level v, then V' # @ and s, contains one of
the following subbuildings:

(1) A 3-level building consisting of F?l with1 =1 and a negative end 8yy'; V' =0 ; and a
thin strip of 0y ;.

(2) A 3-level building consisting of Erli,l with1 =1 and a negative end 8yy'; V' = 0 ; and a
component of Ei with I =1 from 2 to e.

(3) A 4-level building consisting of ﬁ?’l with 1 =1 and a negative end 8yy'; V. = 0 ;

v, =0 and a cylinder component (yfiﬁ_mfmm 8o o e.

Here we are omatting levels which are connectors.
Progf. — The lemma is a consequence of Lemmas 4.4.2 and 4.4.3, the positivity

of the ECH indices of all the components with the exception of v, and the conditions
given by Equations (4.4.1) and (4.4.2). U
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Lemma 4.4.5. — Ifm>> 0, then there is 10ty € 3(100)M such that v, V0% # & for some
level V.

Progf. — The proofs to eliminate Cases (1)—(3) of Lemma 4.4.4 are similar to those
of Theorem 1.7.10.1 and will be omitted. 0J

Proof of Lemma 4.3.2. — 'This is a combination of Lemmas 4.4.1 and 4.4.5. U

4.5. Degeneration at —00. — In this subsection we study the limit of holomorphic
maps to W; as T — —o00. This will prove Lemma 4.3.3. ~ B
We assume that m > 0; ¢,6 > 0 are sufficiently small; and {J,} € Z “ and

{j?(e, 8, p(1))} satisfy Lemma 4.2.13. Fix y, ¥’ € (52g and let

M :MI_:Zn*:m , /,m , M :MI:Zn*:m , /,ﬁ )
@ eapon Y™ ‘ Pepey VY
We will analyze 90y M.
Let %, ¢ € N, be a sequence of curves in M such that 4, € M,, and lim t; = —o0,

1—> 00

and let
U =W_1 1 U---Uv_ )UD, U U (@ U---UT;,)

be the limit holomorphic building in order from bottom to top, where each v, is an SFT
level, v_,;,j=1,..., ¢, maps to W; v; maps to W_q,;; and v, ;,j =1, ..., amaps to W'.
Sometimes we refer to U, as V_j 41 or v} .

We write v, =0, Uv”, v/ =% U, where:

— U, is the union of branched covers of a section at infinity;

i

*

multiple of §, or pass through 3 =22¢/" - -+ ¢/ with ry > 0; and

— - is the union of components that are not in v, and are asymptotic to some

— v is the union of the remaining components of v,,.

Remark 4.5.1. — 'The best way to prove the existence of the limit for T — —00 is
probably by regarding the degeneration of W, as a neck stretching as mentioned at the
beginning of Section 4. Strictly speaking, in the limit T — —00, there exist levels between
v, and Uy, i.e., levels that map to R x S! x S. By considerations of #*, these levels are
connectors (i.e., map to R x S! x {s#}) and will be ignored until we consider gluing. From
the point of view of nodal degenerations, these intermediate levels correspond to curves
mapped to the fiber over the node of B_.,, equipped with meromorphic functions a la
Tonel and Parker [IP2, Section 5].

The following are the analogs of Lemmas 4.4.1 and 4.4.2:
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Lemma 4.5.2. — [fEﬁk U Ei = O for all levels vy of Uoo, then a = ¢ = 0; 1(v,) = 0O;
I(vy) =4g+ 2; and vy 1s a W_ o-curve.

Progf — Suppose v, Uv? = @ for all levels U, of %,. The following are immediate
from considerations of n*:

(1) Dy is a W_g 9-curve or a degenerate W_,, o-curve; and
(2) v, =7 and n*(v,) =0 for * = (—1,)), 1, and (1,)).

(1) implies that I(vy) = 4g + 2 by Lemma 4.2.7. Note that:

(3) a degenerate W_, o-curve consists of a fiber component with ind = 2 — 2¢ and
2g components of the type B_ o X {g;} for some ¢, € @, each with ind = 1, for
a total of I(vy) = 4g 4 2.

Since there are 2g codimension two gluing conditions between v, and vy, it follows that

(4.5.1) > 1@ =4g+2,

where the summation is over all the levels *. Hence a = ¢ =0, I(v,) = 0, and each com-
ponent U of U is a branched cover of a trivial cylinder with possibly empty branch locus.
(Here we are assuming without loss of generality that the almost complex structure on
W—oo,l iSJ_oo,l'> o~
We eliminate degenerate W_q, y-curves as follows: Since we may assume that Oy,
is disjoint from @ x {1} C S x {1} by genericity, the gluing condition for v, and ¥, is not
satisfied in view of (3). O

Lemma 4.5.3. — Ifv. UV # @ for some level V,, of liso, then:

(1) po = deg(v,) > 0;

(2) Uoo has no boundary point at zo0;

(3) Uoo has no fiber components and no components of V', that intersect the interior of a section at
infinaty; and

(4) vy is the union of 2g — po copies of B_so 0 X {pt}, and I(vy) = 2g.

Progf. — (1)—(3) are analogs of Lemma 4.4.2 and (4) is a consequence of Lem-
ma 4.2.8. U

The following is the analog of Lemma 4.4.4.
Lemma 4.5.4. — If U, UV. # & for some level V., then Uy # & and Uy is a union of
components B_og 0 X {pt}, and U, contains one of the following subbuildings:

(1,) A 2-level building consisting of 5? with 1 =1+ (deg(?f) — 1), 1 =2, 3, which passes
through 3 with multiplicity ro = 1; and Vy = 0.5 with 1= 1.
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v1 -2 1 D2 7777777
=23 l—/az """ li/ rrrrrrrrrr
(1) @)

4

~
Il
—
a

; 0 -21 0 —21 0 o 2
SOV
h,e h e h e
(3:) (4) (5)
FiG. 18. — Schematic diagrams for the possible types of degenerations. The dotted lines indicate the section at infinity.

The quantities —2 and —4 along the intersections of v, and v, indicate the reduction of I due to the gluing conditions.
For simplicity we are assuming that deg ¥’ = 1 in (1,) and deg ¥’ = 2 in (2)

(2) A 2-level burlding consisting of U? with 1 =4 + (deg(UﬁI) — 2) which passes through 3
with multiplicity ro = 2; and Uy with 1 = 2 which is a branched double cover of 0 >>">.

(3,) A 4-level burlding consisting (y‘?ﬁi)l with1 =1 or 2 and a negative end at 8o; V) = 0 .°>"';
Uy = 0.°°%; and a cylinder ofﬁ{l’lfmm So tohorewithl =1 or2.

(4) A 4-level building consisting of ﬁﬁt’l with 1 =1 and a negative end at §3; V) = 6> ; a
cylinder ofﬁﬁ1 Jrom 8o to hor e with 1 =1, 2; Uy, = 6 .°%%; a cylinder OfEﬁ_Mfrom o
to h with1 = 1; and a cylinder of V" | from hor e o e with1=1, 0.

(5) A 4-level burlding consisting of ijfyl with 1 = 1 and a negative end at 83; 0, with 1= 0
which is a branched double cover of 62" ; Uy with 1 = 2 which is a branched double cover
of 0..°%%; and two cylinder components of Uj‘f:ﬁﬁ_l J
2.

(6) A 5-level building consisting W?Q with1 =1 and a negative end at 8} ; v, =R Xx8y;a
component W% with 1 =1 which is a cylinder from 8y to h; v, = UC;OO’I; v, = 00200’2;
and a cylinder (y‘Uj_Mfrom 8o to hwith1=1.

Jrom 8y to hoor e, each with1 =1 or

We are omutting levels which are branched covers of trivial cylinders. Moreover, each gluing condition
reduces the sum of ECH indices by 2.

See Figure 18.

Progf. — The proofis similar to that of Lemma 4.4.4 and we only provide a sketch.

We have v, # @ by Lemma 4.5.3(1). By Lemma 4.5.3(4), v, is a union of compo-
nents B_o» X {¢:}, ¢ € @, and 1(vy) = 2g.

First suppose that v} = &. Then ﬁff passes through ((0, 3), 200) exactly once and
TTB_ o, © itf has a -fold branch point (here a “1-fold branch point” is a regular point) at
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(0, 2) for some £ > 0, where B oo, - W_oo’l — B_.1 1s the projection along S. The k-fold
branch point at ((0, g), Zso) contributes 2k towards ind(ﬁ?) and each of the remaining
2¢ — k intersection points with {(0, %)} x S passes through some @ and contributes +1
towards ind(ﬁﬂi).

We restate the ind calculation from the previous paragraph in terms of ECH in-
dices I'(v,) and I'(vy) when:

(I;) vy, vy are viewed as curves in the fibrations
Woeer = ({(0,3/2)} x ) = B_o 1 — {(0, 3/2)},
W_so2 = ({0} X S) = B_n — {O);

(Io) {(O, %)} x S is in one-to-one correspondence with a Morse-Bott family of or-
bits, viewed as orbits at the positive end of v, ;

(Is) the orbit corresponding to z is viewed as a negative elliptic orbit, i.e., an el-
liptic orbit with Conley-Zehnder index —1 with respect to the framing coming
from the Morse-Bott fibration, and the orbits corresponding to ¢, are viewed
as hyperbolic orbits.

Then I'(vy) > 0, I'(v,) = £, and I'(v}) = 0, and the ECH index of the curve ¥ obtained
by (pre-)gluing v, and vy is given by:

I(0) >T'(v)) +T'(v9) = 0+ (k+ 0) = £

This implies that £ < 2, giving us (1,), 1 =2, 3, or (2).

Next suppose that v} # @&. Then the ECH index 1(D) of the curve ¥ obtained
by (pre-)gluing v} and v, is —k, where &£ = deg(v|) = deg(vy). Hence (3,), i = 1,2, and
(4)-(6) follow from enumerating all the possibilities, subject to the condition that # appear
only once at the negative end of v_ ;. U

Lemma 4.5.5. — If m > 0, Ty € 0(_oo) M, and v, UV # & for some level v, then the
only possibility s Case (13).

Proof. — Cases (15) and (2). We will eliminate Case (15); Case (2) 1s similar. We apply
the usual rescaling argument with m >> 0 fixed to obtain a function wy : B_,, 9 — CP!
satisfying the following:

(2) wy(0) = o0

(1) wo(5) =05
(ilp) wo(dB_pe.9) C R - ? @D for some (%, [);
(ive) ws 13 a biholomorphism away from 0B_ ».

We now observe that ws is uniquely determined by (iy)—(ivy), up to multiplication by a
positive real constant. This implies that:
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(Vo) wy maps the asymptotic marker 9, at 0 € B_,» to the asymptotic marker
RN-HP(ﬁk.z)(OO)'

Here z = x + w» 1s the complex coordinate on B_ 9. (Vo) translates into an asymptotic
condition for 5? at ((0, %), Zs0). Hence I(U:lt) 1s at least 3.

Cases (3;), (4)—(6). We will eliminate Case (3;); the remaining cases are similar. The
rescaling argument gives wy U w;, where wy is as in the previous paragraph and
w; : cdl(B_s.1) — CP! satisfies the following:

(i1> wl(oa %) = O and w1(+oo) — +OO,
(ii}) w; is a biholomorphism.

(v9) implies the following asymptotic condition for w;:
(ii1;) w; maps the marker d; at (0, 3Y to the marker 7'2n+¢(ak,)(0).

Hence w, is uniquely determined by (1;)—(iii;) up to multiplication by a positive real con-
stant.

As a consequence of the uniqueness of w; up to multiplication by a positive real
constant, the following are uniquely determined:

(a) the asymptotic eigenfunction of i?yl at the negative end dy;
(b) the asymptotic eigenfunction of Un_l’l at the positive end p;

(a) 1s determined by the image of the asymptotic marker L; /2(4+00) at +00 € dl(B_o1)
and (b) by the radial ray that contains w,;(—00). (a) and (b) give rise to one constraint

each on 5?1 and ﬂﬁ_l,l. Hence I(Etli,l) > 2 and I(Un_l’l) > 2, which is a contradiction. [

Proof of Lemma 4.3.3. — 'This i1s a combination of Lemmas 4.5.2 and 4.5.5. U

Proof of Lemma 4.3.4. — We first claim that the mod 2 cardinality of

MI=4-g+2,n*=m
J—oc,?

(3; m(—00))

is 1 when ry =0 (i.e., 3 does not contain z) and the arcs a are chosen generically. This
is proved by reducing to the calculation of Theorem 2.3.3 as follows: Degenerate B_ o
into a sphere B_ 9; and a disk B_ 9o which are identified at one point and degenerate
W_ow =B_0 X S into (B_oo.21 X S)u (B_oo,90 X S). We assume that the marked point
1sin B_y 91 X S. Then a curve

— I=4g+2,n*= —
vy € ./\/lj_oj2 "3 m(—00))

degenerates into a pair (Vy, Ug9), where Vy;, 2 = 1,2, maps to B_ 9; X S and Dy is a
union of constant sections B_4, 90 X {¢;}, where ¢; € @;. Hence vy, is a curve in B_,o 01 X S
with exactly the same type of constraints as in Theorem 2.3.3. This implies the claim.
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In the rest of the proof we discuss how to glue pairs (v, v9) € Ay. For simplicity
we work with j_oo,l instead ofj?oo’l(s, 3, p(—00))). Since I(v,) = 0, each component
v of v} is a branched cover of a trivial cylinder with possibly empty branch locus. If v
is simple, then it glues to Uy in the usual manner. On the other hand, if V" is multiply
covered, then by (1), it is a branched cover of degree £ < 2¢ of the cylinder over an
elliptic orbit y with .. (y’) =+1forall/=1,..., k (here y' denotes the /th cover of the
orbit y) and partitions (k) and (1, ..., I); this is the same partition condition as that of
%; for 1 >> 0 where % — %o If 1+ (y") = 1 the partition (1,..., 1) is at the positive end,
and if w.-(y’) = —1 it is at the negative end. The partition (k) is at the other end. The
component v intersects ¢; at (0, %) with total multiplicity r; = £.

Suppose the elliptic orbit y has partition (k) at the positive end and (1,...,1) at
the negative end; the other case is analogous. Then v has 1 positive end, £ negative ends,
and b > £ — 1 branch points (in the sense of Definition 3.4.26). Since the image of vy in
W_oo,g =B_n. X S is graphical over S, there are local holomorphic coordinates (w, z)
about (0, ¢)) € W,wg with respect to which Im(;) has the form w = z*. Hence ¥ must
have a branch point at (0, ) which contributes £ — 1 towards b.

Next we define ind’(v)) and ind'(vy) as the Fredholm indices when (I}) and ()
from the proof of Lemma 4.5.4 and (I}) hold, where:

I.) the ends of T, corresponding to ¢ € {(0, 2)} x S are viewed as limiting to

3 P g g
positive elliptic orbits, i.e., elliptic orbits with Conley-Zehnder index 1 with
respect to the framing coming from the Morse-Bott fibration.

By the usual Fredholm index calculation, we obtain ind'(v) > 0, with equality if and only
if b=k — 1. We also compute ind'(vs) = 2. When we use ind’ instead of ind, the gluing
conditions between v, and vy are 0-dimensional instead of 2g-dimensional. This implies
that ind'(v) = 0. Since the index calculation is topological, this also implies that %, has
no ghost bubble at (¢, (0, 2)).

Finally we discuss the automatic transversality of V. Recall from [We2, Theorem 1]
that automatic transversality holds if

(4.5.2) ind'(V) > 2g 4+ #Ip — 1,

where g is the genus of v and #T'j is the number of punctures (of v with (0, %) removed)
with even Conley-Zehnder index. Observe that the Conley-Zehnder index of the Morse-
Bott ends is odd by [We2, Section 3.2] because they are constrained. Since the right-hand
side of Equation (4.5.2) is equal to —1, automatic transversality holds and v glues in the
usual manner (without any concerns of inserting branch-covered cylinders) to vy. This
implies the lemma. U

Sketch of proof of Lemma 4.3.5. — We use some considerations of Section 1.7.12. For

simplicity we assume we are gluing degree one curves and the curve in W_, 5 is 0.2,
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the section at 0o; this is justified by noting that the gluing of 0.,>* to V) can be done
essentially independently of the gluings of the remaining components of W_u 5 to v;.

Fixy,y € O, ke{l,..., 2}, and [ € {0, 1}. We consider the gluing parameter
space

Pro= [ [ ((—00. =11 x Mi(o) x M1(30)).

30€UL

where 1, C @, is a small open interval containing zs,, 30 is a formal product consisting
of a single point on uy,

I=3,n*=m /
MiGo) =M™ ey P Y530,

My (30) = M}i’; :O’m(éo),

ext means the boundary of the holomorphic curve is mapped to L7 Uak ,and (=00, —r] is
viewed as a subset of (—00, 00) with parameter T. Note that My (30) consists of a single
point B_, o X {30}. For each 3y € u;, there is a covering map

7, MiGGo) > S' =R/27Z~T, S/R",

such that at ((0, 2), 30), 1 € M, (30) is tangent to % + 75,(V)) (where the second term is
defined up to a positive real constant). The maps m;, are continuous in 3.
Let
G - I 2, n*=m, ext , / ’ = T,U ,v — (D
iB— [ M o,y (T.71,T) > 7()

Te(—00,7]

be the gluing map, defined as usual. Also let 3, , C P, ; be the subset of gluing parameters

0 such that G,,(0) € MIZET= (.
{7 (&,8,p())}

T€(—00,7]
We now apply the rescaling argument from Section 1.7.2.2: if a pair in Aj is the
limit of a sequence %, %, ... of curves in M, % € M., (in particular % passes through

the marked point m(t;)), and 7, = —0o0, then there is a unique transverse limut profile, which
is encoded by an element of N /R™ that we describe now.

Let AV be the space of holomorphic maps w, : B_y o = D — CP! satisfying (is)
and (ivy) of Lemma 4.5.5 and

(iilh) wa(dB_oo0) C R+ e?@D for some (£, ).
For simplicity we assume that ¢ (a; ;) = 0. We leave it to the reader to verify the following:

Claim 4.5.6. — N = {wo(2) =az+ b+ g | a € C*, b € R}. Hence dim N = 3 and
N admits an R* -action which is multiplication by ¢ € R*.
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Let D@’ (—00)) C B_.2 be a small disk about é and let./f\v/; ={w, € N | wo(x) =
0}, where x € D(ﬁb(—oo)). The total space of the bundle

~

o A7 —b
ND(ﬁb(—oo)) = '—'xeD(ﬁb(—oo))Mc — D(m’(—00))

smoothly embeds into N'. We will call this the “transversality of the constraint m’(—00)”.
Also, the transverse limit profile is an element of N_o.) /RT.

For T « 0, the restrictions of #(0) to a neighborhood of the section at infinity are
approximated by elements of . More precisely, for T < 0 we define:

G PNt =7} — N/R,

as follows: Given 0 € B, ; N {t = T}, restrict G;;(?) to a neighborhood of the section at
infinity so that the domain of Gy ;(0) is

D7 =@ <|z<1}CD, @ >0 small

Let us write 775 0 Gy /(0) 5@ as a Laurent series Zfi_oo ¢:(0)Z". Then we set

gri(0) = |:61(0) -z + Re(c(0)) + Clz(o)] .

The definition makes sense in view of the following consequence of Gromov-Hofer com-
pactness:

Claim 4.5.7.
;0 o . : 0 -
(1) _ «(©) =0¢i>1ori<—1and lim a(©) = 1, where the convergence is
T—>—00 ¢_ (O) T—>—00 (_|
uniform in ]_[ (M1 (Go) x Ma(30)).

30€UL,

(2) If vy = B_w0 X {30}, where 3¢ is a fixed point # 2o, then

im 1) =0 and lim M =0
T>—00 ¢(0) 7—>-oc Re(co(0))

b

where the convergence is uniform in M (30).

What Claim 4.5.7(2) is saying is that when 3 # 2o and T = 7(3¢) < 0, then 750
Gy./(0) maps 0B_ 9 to a small slit on R which is disjoint from 0 but close to 3.
Now define the evaluation map:
ez P N{t =7} — C,
which sends 0 to gz ;. ,(0) (é). By Gromov-Hofer compactness Iijg;\ and 7, (vy) are close,
up to an overall rotation and possibly a reflection. Together with Claim 4.5.7(2) and the
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transversality of the constraint ﬁb(—oo), the local degree of (evz 41|y nz=7) near 0 € G
is deg 7r;,. We will informally say that “M has deg 7, ends near B} ,”.

Finally observe that an element of M, (3¢) can be viewed as a map to 4; o or to @; ;.
Hence M has deg;, ends near *B; ; and deg 7r;, ends near I3, | _, for a total of 2 - deg 7,

ends mod 2. This proves Lemma 4.3.5. 0J

4.6. Breaking i the middle. — In this subsection we study the limit of holomorphic
maps to W, as T — T” for some T € (—00, 00). This will prove Lemma 43.6.
We assume that m > 0; €,8 > 0 are sufficiently small; and {J,} € Z ¢ and

37 (e. 8. p(x))} satisfy Lemma 4.2.13. Fix y,y' € Oy, and let

M=M= (pyim), M= M (y,ym).
U?(s,é,p(r))}(y yim ’ J?(s,s,pm)(y yim
We will analyze 9(_ oo 00) M.
Let %, i € N, be a sequence of curves in M such that % € M, and lim 7, =T,
1—> 00

and let
U =W_11U---Uv_ )UD U@ U---U7;,)

be the limit holomorphic building in order from bottom to top, where each v, is an SFT-
type level, v_;; and v, ; map to W’ and vy, maps to Wy. Sometimes we refer to vy as
V_|,41 OT Uy .

The following is the analog of Lemma 4.4.1, and is stated without proof.

Lemma 4.6.1. — If v, UV" = @ for all levels U, of lin, then Ty is one of the following:

(1) a=0, c=1;7 is a W -curve with 1 = 1 which passes through W(T"); and v_, , is a
W' -curve with 1 = 1; or

) a=1,c=0;v,, isa W -curve with 1 = 1; and vy is @ Wryr-curve with 1 = 1 which
passes through m(1").

Here either T € Ty and a component of vy is in

JY e ——
Jg/(s,s,p(T’)) (yl Yo ( ))

Jrom Lemma 4.2.13(2), for some y,, Yo; or 1" € T| and a component of vy does not pass through
m(T") but is in

+,5,0rr,ind=—1,n*=

3% (2,8,p(T7))

Jrom Lemma 4.2.13(1).

0(?1’72)

The following is the analog of Lemma 4.4.2 and is stated without proof.
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Lemma 4.6.2. — If v UV # @ for some level V., of Tiso, then:

(1) po=deg(@,) > 0;

(2) some v\, jo > 0, has a negative end E_ that limits to 8 for some p > 0 and satisfies
P(E) = m—p;

(3) Uso has no boundary point at z;

(4) Uoo has no fiber components and no components of V', that intersect the interior of a section at
infinity;

(5) each component (y‘Uj_lJ, 0<j<cusann" =1,1=1 or2 cylinder from &, to h or e
which is contained in R x (N — N);

(6) h appears at most once at the negative end of Uﬁ_l, 1

The following is the analog of Lemma 4.4.4 and is stated without proof.

Lemma 4.6.3. — IfV, UV # & for some level V., then V) # @ and T, contains one of the
Jollowing subbuildings, subject to two conditions:

— the sum of the ECH ndices of the components of the subbuildings is at most 3;
— the total multiplicity of h at the negative end of in_l,l s at most 1.

(1,) A 3-level building consisting of 5?,1 with1=1,1=1,2, and a negative end 8yy’; v, =
oX'; and a cylinder component of iﬁ_l,l with =1 or 2 from 8 to h or e.

(2;) A 4-level building consisting q]hvtf’2 with1=1,1=1,2, and a negative end 8y'; v, =
R x 8¢; a cylinder component (yfitf’l with 1 =1 or 2_from 8 to h or e; V) =X ; and a
cylinder component of iﬁ_l,l with 1 =1 or 2 from 8 to h or e.

(3:) A 3-level building consisting of itliyl with1=1,i=1,2, and a negative end 8;y'; v, =
ol ; a component of Ug with 1 =0 or 1 from 8y to h or e; and a cylinder component of
Eﬁ_l’l with =1 or 2 _from &, to h or e.

(4,) A 3-level building consisting of i?yl with 1 =1, 1= 1/, 2, and a negative end 83y'; V),
with 1 = —2 which is a degree 2 branched cover of o ; and two cylinder components of
Uj«zlﬁﬁ_ld«fmm 8o to hore, each with1 =1 or 2.

(5) A 5-level building consisting of U?’ 5 with 1 =1 and a negative end 83y'; V' , which is a
degree 2 branched cover of R X 8o; a cylinder component of iﬁiz with 1 =1 from 8 to h;
v} | =R x 8¢; a cylinder component of U, with 1= 1 fiom 8y to h; vy = 0L ; and a
cylinder component of ﬁﬁ_l’l with 1 =1 from &y to h.

(6) A 4-level building consisting of 5?’2 with 1 =1 and a negative end 83y'; v} ; =R X 8y;
two cylinder components of Utf’ | Jfrom 8y to h, each with1=1; v, = UOTO/; and a cylinder
component (yfﬁﬁ_m with 1 =1 from & to h.

(7) A 4-level burlding consisting of U?’Q with 1 =1 and a negative end 8}y'; V) | which is a
degree 2 branched cover of R X 8¢; a cylinder component of Utf’l with 1 =1 or 2 _from &
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to hore; Uy =0l ; acomponent (yfﬁg with 1 =0 or 1 from 8 to h or e; and a cylinder
component of ﬁﬁ_lyl with1="1 or 2 from &, to h or e.

(8) A 4-level burlding consisting of ﬁb with 1 =1 and a negative end 8y'; V' | which is a
degree 2 branched cover of R X 8¢; a cylinder component of 5?1 with 1 =1 from &y to h;
v}, with 1 = —2 which is a degree 2 branched cover of 0% ; and two cylinder components
@‘U;-:liu_ld-from 8¢ 1o h or e, each with 1 =1 or 2.

(9) A 3-level burlding consisting of Eﬁi,l with 1 =1 and a negative end 8y'; Uy = 0';;/ 5 two
components of Ug Jrom 8y to h or e, each with 1 =0 or 1; and a cylinder component of
Eﬁ_l’l with =1 or 2 from 8, to h or e.

(10) A 3-level building consisting 0]3?,1 with 1 =1 and a negative end 83y'; vy with 1 = —2
which is a degree 2 branched cover of X ; @ component of ig with 1 =0 or 1 from &y to h
or e; and two cylinder components of U;zlﬂﬁ_l jJrom 8o to v or e, each with 1 =1 or 2.

(11) A 3-level building consisting w% with1 = 1 and a negative end 83y'; v, with 1 = —3
which is a degree 3 branched cover of & ; and three cylinder components of U]”-:JIL jJrom
8o to hore, each with1 =1 or 2.

We are omitting levels which are connectors.

See Figure 19. We will write (1;,), (1;,), etc. to indicate that we are in Case (1,) and
the negative ends of the lowest level are ¢, 4, etc.

Lemma 4.6.4. — Ifm > 0, Ty € (oo, +00)M, and 0, UV # & for some level U, then
the only possibilities are (1) with a cylinder component 0]7)1:_1,1 Jrom 8 to e and (49) with two cylinder
components of 5{1’1, one_from 8 to h and another from & to e.

Proof. — Cases (1;), (2:), (3:), (5), (6), (7) and (9). We will treat Case (1,); the rest of
the cases are similar and can be eliminated. The key observation here is that deg(v;,) = 1
and Un_u is a cylinder from &, to % or e. Applying the usual rescaling argument with 7, > 0
fixed, we obtain a holomorphic map wy : ¢/(B) — CP' which satisfies the following:

(i) wo(400) = 0o and we(m’(T")) = 0;
(i) wo(s, £) € int(Ryqy) for all (s, £) € IBy;

(ii)) deg(wp) = 1 away from &(g,, j,, (g, ;)) for some (i1, 71).

Here n(t) = ¢y + Z(¢ — 1), where ¢y is the ¢-coordinate of @, ;. (Recall that we are
projecting to T3, using balanced coordinates.)

We now observe that wy : /(By/) — CP! is uniquely determined by (i)—(iii), up
to multiplication by a positive real constant; this is argued in the same way as in
Lemma 3.7.9. Using the same method as in Case (3;) of Lemma 4.5.5, we obtain that
I(itf’l) > 2 and I(ﬁﬁ_l,l) > 2. Hence the only possibility is Case (1) with a cylinder com-
ponent of Un_l’l from g to e.
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RxN i=12 o|\1,2 =12 i=12 0 oN\1,1
- o
W, -1 -1 —1[\o,1 -2 -1 -1
Rx N 1,2 1,2 1,2 1,2\ 2 1 1
- h,e h,e h,e h,e e h h

(12) (2:) (3)

~—
e~
&
~
—
ot
N~—
—
D
N—

RxN 1
Rx N 0 g\l 1 1 1
W, -2 -3
R x NW 1,2 \ 2 total = total = total =5
- h,e e
(8) (9) (10) (11)

F1G. 19. — Schematic diagrams for the possible types of degenerations. For simplicity we have drawn only one level v_; ;
to indicate the cylindrical components of Uf:JEl jfrom 8 to kore

Cases (4;), (8), (10), and (11). We will treat Case (4;). In this case we first apply the rescaling
argument with m — 00 to obtain a holomorphic map wy : £y — CP' and a branched
double cover mj : Xy — ¢/(By) such that:

(i) wo(z) = 00, where ;' (+00) = {2};

wy(z;) =0 for some z; € ngl(ﬁb(T’));

wo(; ' (9Br)) C{p =0, p > 0}

Woliucs,) 15 @ biholomorphism onto its image CP' — ([a1, as] U [as, a4]) with

0<a1<a2§a3<a4.

—
—

. =

= = =

=

Here an interval [a, b] stands for {¢ =0, a < p < b}.
By the Involution Lemma 1.7.9.3,

(v) 7o 0 wy ' maps both (—00, a;] and [ay, 00) to L35 N {5 > @} and [as, as] to

LU Ly Ni{s< _ZEZT/)})-

In particular this constrains the asymptotic behavior of 55,1 and hence I(i?yl) > 2. Hence

the only possibility is Case (49) with two cylinder components of Uﬁfu, one from §, to &
and another from § to e. U
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Proof of Lemma 4.3.6. — This 1s a combination of Lemmas 4.6.1 and 4.6.4. 0

Proof of Lemma 4.3.7.

Case (15). We glue triples in Ag, 1.e., we are in Case (19). Note that the middle level has

I = —2: there is a component ¢ (the section at infinity) which has I = ind = —1 and
another I = —1 component corresponding to T" € 7.
We make the following simplification:
— the top level is M, = M= (y, o) consisting of vy | = Etf’l and such
that oM, = &;
— the middle level is o1 ; and
— the bottom level is M_ = M52"=1(8,, ¢) consisting of cylinders T_, | = Eﬁ_l,l,

and the gluing is for any fixed v = T". This simplification is justified by noting that the
gluing of the I = —1 component # o can be done essentially independently of the
above gluing.

The gluing argument is similar to that of Theorem 1.7.2.2 but has an additional
twist since I(U;/) = ind(UOTO/) = —1 and we need to do an obstruction bundle gluing. The
key observation is that the gluing of triples in Ag come in pairs (71, 0) and (¢, 1), where
O'OTO/ 1s viewed as having boundary mapping to LT o or LT . Since we can identify the
obstruction bundles of each pair in such a way that the obstructlons sections are close,
the count corresponding to Ag will be 0 mod 2.

As in Section 1.7.7.1, the normal linearized d-operator for o1 acts on the appro-
priate Banach space of maps B — G and has the form D = 0, A where A= —0, — ¢
and the coordinates are s, ¢. Without loss of generality we may assume that the boundary
condition for B is R C G, since the actual boundary condition is very close to R. Its
adjoint is D* = 9; + A with boundary condition R{dx — idy) if a collar neighborhood of

0By is given by R x [0, 1] with holomorphic coordinates x 4 7y and 0B = {y = 0}.

Claim 4.6.5. — ker D* is 1-dimensional and if we write a nonzero element § € ker D* as
S (ds — udt) where [ is a map By — G, then, for R > 0, f|,—r has winding wind(f|,=g, 0) =1
about O and likewise wind(f |,=_g, 0) = 0.

Proof of Clavm 4.6.5. — ker D* is 1-dimensional since kerD = 0 where D 1s the
normal linearized d-operator. This is because the normal bundle to o) is trivial.

The asymptotic decay conditions for f imply that w1nd(f li=r,0) > 1 and
wind(f],=_r, 0) < 0. On the other hand, the considerations of Wendl [We2] (the methods
of Lemma 1.6 and Theorem 4.1 of [BH] using the negativity of zeros of § are more di-
rectly applicable here) imply that wind(f|,—g, 0) < 1 and wind(f|,=_g, 0) > 0. The claim
then follows. 0J

We choose smooth slices ./\7+ and M_ of M, and M_ transverse to the R-
translation as in Section 1.7.12.3 so that if «u; € M (resp. u— € M_), then for s <0
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(resp. s > 0) the negative end of u; (resp. the positive end of u_) has image in a small
neighborhood of the section at 0o and is dominated by the term of the form ¢(u)e*+*f, (¢)
(resp. c(u_)e*~*f_(¢)) when projected to the C-direction. Here f,(¢) (resp. /(1)) is a fixed
L?-normalized leading asymptotic eigenfunction of A = —id, — ¢ for the negative end of
us (resp. positive end of u_) with eigenvalue A, > 0 (resp. A_ < 0) and ¢(uy) € C satisfy
le(us)| = &g for g9 > 0 small.

For R >> 0, & is dominated by d, ¢ *Rf, (¢)(ds — idt) for s = R and is dominated by
d_"Rf (¢)(ds — idt) for s= —R, where d, and d_ are both nonzero.

As in [HT?2], there exist an obstruction section s and a linearized obstruction sec-
tion §) which are both maps

(5r,00)! x M, x M_ — O :=Hom(kerD*, R),

such that the set of gluable (T, T_, u;, u_) — by this we mean we are gluing u,, 0.,
and u_ with gluing parameters T, that indicate how much «; is translated up/down
when pregluing — is given by s~'(0). Following [HT2, Definition 8.1], s, has the form:
(4.6.1) So(T o, Ty, u ) (E) = ()T (1), dee M (1)

+ ()= T (), dR(0)

= e(u)fy (1), dif (D)

+e T {e(u )2 (0, dof (),

where the brackets are R-linear inner products in L*(R/2Z, C). The specific form of s,

is not that important; what matters here is that s, is transverse to the zero section since
dy # 0 and ¢(uy) # 0.

On the other hand, the rescaling argument from Section 1.7.2.2 implies that, if a
triple in Ag is the limit of a sequence %y, 4y, ... of curves in M and %, € M, (in particular
u; passes through the marked point m(t;)), then there is a unique transverse limit profile
wy : By = € modulo multiplication by R* such that:

(1) wy(400) = o0;
(i) wo(m’(T")) = 0; and
(i) wo(dB) C RF.

This in turn implies that there exist:

(1) a finite subset Zgs vy C /ﬁ+ X ./\7_; and
(2) a 1-dimensional subset

(4.6.2) Zevery = (T, T (T g )y upus) | Ty > T,
(u+, u,) S Zﬁl’('f’)}

C (57, 00)% x ./W+ x M_ for some T, >0,
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such that if (T, T_, uy, u_) € Z 1, then there exists a constant ¢ > 0 such that:

— the negative end of the T, -translate of u projected to the CG-direction and the
positive end of ce™®w, — recall the factor ¢~ in the ansatz given by Equa-
tion (I.7.8.1) — agree up to first order (i.e., on the level of leading asymptotic
eigenfunctions) on their overlap; and

— the same holds for the positive end of the T_-translate of u_ projected to the
C-direction and the negative end of e~ wy.

In particular, all the %, : > 0, are close to the pregluing of elements in Z ).
We can analogously define Z, for x in a small disk D@’ (T")) about m’(T") € GOTO/,
form the bundle

(4.6.3) Zhaterry = Uepatcry 2« — D@ (1)
with 3-dimensional total space, and show that the natural map
(4.6.4) Zpata — (51,0007 x My x M_

is an embedding. The details are left to the reader.
Note that, for ¢ > 0 and sufficiently large T’+, the simultaneous translation

Tr, : (57, 00)2 x M, x M_ — (5r,00)? x M, x M_,
(T+, T_, Uy, u_) and (T+ + C|)\._|, T_ + C)\.J,_, Uy, u_)

takes Z, to Z, N {T >T", + ¢|A_[}, i.e., is Tr.-invariant.

Let AV be a small Tr -invariant neighborhood of a connected component of Zg )
in (57, 00)% x /\7+ x M_ which nontrivially intersects 55" (0). By the form of Equa-
tion (4.6.1), 5 is transverse to the zero section and, by the estimate [HT2, Lemma 8.7],
there exists a Tr,-invariant tubular neighborhood (s, H0)NN) x (=8, 8) of 5, "oynnN
(after slightly enlarging N if necessary) such that on (s;'(0) NN x {£8}:

(1) s — 5ol < |80] and
2) as T". — oo, the ratio |s — §¢|/|5o| goes to zero.
" g

Hence s7!(0) N A is arbitrarily close to and limits to 551(0) NN as T, — +o00, and
there is a degree 1 map

s (ONNN{T =T }— s, (ONNN{T, =T}

By the construction of the transverse limit profile, Zp, (1) VN N{T, = T/, } approaches
s 1O NNN{T, = T’} as'T’, — 00 and hence must agree with 551 O)NNN{TL = T’}
by the Tr,-invariance. Hence there is a degree 1 map

s (0) NN N{T, =T,} - D@’ (T))
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and the condition of passing through m’(T") is a transverse condition. The gluings in Ag
therefore occur in pairs.

Case (49). Next we treat A7, 1.e., Case (49) with two cylinder components of 51:_1,1, one
from 8, to £ and another from § to e.
As in Case (49), there is an obstruction bundle

O := Hom(ker D*, R) — (57, 00)® x M, x Mo x M_, x M_,,

where M is the moduli space of branched covers of O’;/ with one branch point, ./\7_,;1
is a one-point set consisting of a bottom level cylinder from ) to 4, and M_, is a 1-
dimensional set consisting of bottom level cylinders from 8y to ¢, O has rank 4, and the
base has dimension 7. There are also obstruction sections s and s,, where s, is defined
as in Equation (4.6.1) and is the sum of three terms, each given by pairing the cokernel
elements with the first term (possibly nonzero) of the Fourier expansions of the ends. A
winding condition for any nonzero cokernel element £ analogous to that of Claim 4.6.5
implies that sy is transverse to the zero section. The verification of the claims in this
paragraph are left to the reader.

Next we consider the moduli space M, of pairs (wy, 7y) consisting of a holo-
morphic map w, : Xy — CP' and a branched double cover gy : £y — /(By) satisfying
(1)—(v) in the proof of Case (49) of Lemma 4.6.4 for some gy, ..., as. There is an action of
R on M, given by (¢, (wy, 70)) > (cwy, 7).

Claim 4.6.6. — The mod 2 count of transverse limit profiles [(wg, 79)] € Moo/RT, iee.,

those that arise when taking the limit of a sequence u,, sy, . . . of curves in M such that u; passes through
the marked point m(7;), 15 1.

Proof of Clavm 4.6.6. — One can verify that:
(a) dim M, /Rt =1 and is parametrized by moving a branched point of w, along
LipU(LsaNis < #});
(b) either wo(rro_l(—oo)) C [ag, as] or is on a line orthogonal to [ay, as] at a* €
[as, as], which maps to a branch point of 7.
Let ./\7100 be the set of (wy, my) € My together with an ordering of the points of
! (—00); if ' (—00) is a single point, we view it as a duplicate pair of points. The
forgetful map My, — M, is generically a double cover. Then consider the following
evaluation map:

Voo : Moo /RT — 8! x S,
(wo, 79) > arg(wo (7~ (—00))).

Here arg refers to the projection to the ¢-coordinate, and we are using coordinates

(¢1, ¢)2) on Sl X Sl.
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Let Z = {¢) = ¢} C S' x S', where ¢ is a small negative constant. (b) implies that
¢V has intersection number 1 (mod 2) with Z. The claim then follows from noting that
specifying ¢ corresponds to choosing a radial direction corresponding to the hyperbolic
orbit /. 0J

The same conclusion also holds if we take m > 0 fixed and if replace (ii) in the proof
of Case (49) of Lemma 4.6.4 by “w((z;) = 0 for some z; € JTO_I (x)”, where x € D@’ (T")).
We can define the 3-dimensional manifold Zp (1, as in Equation (4.6.3) such that
the analog of Equation (4.6.4) is an embedding; the embedding condition implies the
transversality of the point condition for m’(T").

Once we have the obstruction bundle, the obstruction sections s, and s, and the
embedding property of Zy, vy, the rest of the argument proceeds as in Case (4,). Again
we note that the branched double cover of .1 can be viewed as having boundary map-
ping to L;Zko or Lall;1 for k=1, 2. Hence the count corresponding to A; is 0 mod 2. [J

5. Stabilization

The goal of this section is to prove Theorem 1.0.2. Let N = Ns 4, be the mapping
torus of (S, ), where S is a bordered surface of genus g with connected boundary and 4 :
(S, w) = (S, w) is a symplectomorphism which has zero flux and restricts to the identity
on d5S.

The strategy of the proof is to apply two positive stabilizations to (S, £) — cor-
responding to the connected sum with a trefoil knot — to obtain (S, A'), where S’ has
connected boundary and genus g + 1. We then compare ®s 4z and @y ), which both
induce isomorphisms on the level of homology. Here ® g 4 is the ® map for (S, A).

5.1. The setup. — Let T be a genus one surface with connected boundary and let
N0, N1 be two essential simple closed curves on T which intersect transversely in one point.
A positive Dehn twist along a closed curve 7 will be denoted by t,. Let Ay : T — T be
the first return map of a Reeb vector field on the mapping torus

Np =Ner sy = (T x [0, 1D /((x, 1) ~ (Ar(x), 0))
so that the following hold:

(1) Ay is isotopic to T, o T, relative to the boundary;

(2) all the Reeb orbits in the interior of Nt which intersect T x {0} at most 2¢g + 2
times are nondegenerate;

(3) Ar|yT = 1d and dN7 is foliated by a negative Morse-Bott family of slope co.

In view of the discussion in Section 1.3, Ar will be viewed interchangeably as (i) the first
return map of a Reeb vector field or (ii) the time-1 map of a stable Hamiltonian vector
field with zero flux.
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€3

Fi6. 20. — The page S'. The gradient trajectories of the Morse function f are given

Now let S’ be the boundary connected sum of S and T. More precisely, if P is a
pair-of-pants with boundary dP = 9,P L 9,P U 95P, then S’ is obtained from Su T U P
by identifying S >~ —9,P and 9T >~ —d,P. Observe that S’ = 9;P is connected and
g(S") =g+ 1. See Figure 20.

We now define a symplectomorphism £ : (S, @) — (S, @') with zero flux (with
respect to some ') as follows: First set A'|s = A and A'|1 = Ar. Then define A'|p as the
first return map of a Reeb flow R, on

Np =N,y = (P x [0, 1])/((x, 1) ~ (x,0)).

The contact form « is given by fydt 4 B, where f; is a function and B is a 1-form on P, and
both fj and B do not depend on ¢. We choose a Morse-Bott function f; : P — R which
satisfies the following:

(1) fo is C¥-close to 1 for &> 0;

(2) fy attains its minimum along the Morse-Bott family dP;

(3) the critical points of f; in w¢(P) are isolated and consist of the maximum ¢p and
two saddles Ap, figp.

The Reeb orbits corresponding to ep, A1p, hop will also be denoted by ep, /;p, Agp.

Let NV, i =1, 2, 3, be the negative Morse-Bott family of Reeb orbits corresponding
to 8;P. If £ is C*-close to 1 for £>> 0, then the only orbits that intersect P x {0} at most
2g + 2 times are: ¢p, hp and the orbits of ;. We pick two orbits in each A and label
them ¢;, 4;; they will become elliptic and hyperbolic when the Morse-Bott function f is
perturbed into a Morse function, which we call /. For convenience we write Ng for the
mapping torus of (S, A), Ny for the mapping torus of (S, A'), etc.

Since (S', #') is obtained from (S, A) by applying two positive stabilizations, the
corresponding contact structures &es 4 and & 4 are isomorphic. As a special case, ob-



332 VINCENT COLIN, PAOLO GHIGGINI, KO HONDA

serve that if (S, ) = (D?, id), then (S', #') = (T, Ay) and (T, Ay) is an open book decom-
position for the standard tight contact structure on S,

3.2. Morse-Bott theory. — Let J be an adapted almost complex structure on R x Ng
and let 7 : R X Ny — Ng be the projection onto the second factor. Also let # be a finite
energy Morse-Bott building in R x Ny from y to y’, where both orbit sets intersect
S x {0} in 2g + 2 points.

The following lemma partitions the irreducible components of « into three regions.
When u is a Morse-Bott building, then we say that « is “irreducible” if the holomorphic
curve, obtained by perturbing the Morse-Bott contact form to a nondegenerate one and
correspondingly gluing up the levels of the Morse-Bott building, is irreducible.

Lemma 5.2.1. — Every wrreducible component of the Morse-Bott building u in R x Ny has
tmage in one of R X Ng, R X N, or R x Np.

Progf. — The lemma is an application of the winding number wind, of [HWZI]
and the positivity of intersections. (For example, see [0, Lemma 5.5.1].)

Suppose without loss of generality that « : F — R x Ny is a single-level Morse-Bott
building and that «(F) nontrivially intersects R x Np; the case of a multiple-level Morse-
Bott building only differs in notation. If u corresponds to a gradient trajectory from #
to ¢, then the lemma holds. Otherwise let P, C P be a slight retraction of P so that
0P, =0;PU ;P LIOsP. Let IT: Np =P x S' — P be the projection onto the first factor,
let T¢ = 17" (3:P), i = 1, 2, and let Np, = [1"!(P,). We may assume that T¢ is foliated
by (not necessarily closed) Reeb orbits. We consider the intersection §; = 7 (w®) N T¢,
where §; 1s given the boundary orientation of n(u(F)) N Np,. The curve §; is transverse
to the Reeb vector field away from a finite number of points by [0, Lemma 5.5.1]. If §;
is not homologous to a multiple of {pt} x S' in H, (T%), then IT(4;) is in the homology
class £[d;P.] € H,(P.), £ > 0, by the positivity of intersections in dimension four. This
implies that (7 (u(F)) N dNg) is in the class £[0;P] € H,(P) for £ > 0. Since this is a
contradiction, we must have [§;] = {[{pt} x S'] € H,(T%), for some /> 0. This implies
that « has negative ends along NV;, i = 1, 2. Hence u has image in R x Np. 0J

We now use Morse-Bott theory (cf. Bourgeois [Bol, Bo2]) to analyze holomorphic
curves on R x Np. In particular, we consider a perturbation of the Morse-Bott family of
orbits on Np, perturbed by the Morse function / : P — R as described above.

Lemma 5.2.2. — Let f : P — R be C*-close to 1 for k> 0. Then there is an adapted
almost complex structure J on R X Np such that every Iycy = 1 finite energy J-holomorphic curve u
whose image s in R x Np, s a simply-covered cylinder which corresponds to a gradient flow line between
critical pownts of | of adjacent index. The complete list is as _follows:

(1) one cylinder from ep to h;, 1 =1, 2, 3, and two cylinders from ep to hip, 1 =1, 2;
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(2) two cylinders from h; 1o ¢;, 1 =1,2,3;
(3) one cylinder from hyp to e, and one cylinder from hyp to es;
(4) one cylinder from hop to ey and one cylinder from hop to es.

Moreover, all the Ipcy = 1 curves above are regular.

See Figure 20 for the gradient trajectories of / which correspond to the above
holomorphic cylinders.

Proof — The proof'is very similar to that of [0, Lemma 9.2.2]. We use the follow-
ing fact, which can be proved using Morse-Bott theory or by a direct computation:

Fact. There is an adapted almost complex structure ] on R x Np such that there is a
one-to-one correspondence between (parametrized) gradient trajectories § : R — P of f
and finite energy J-holomorphic cylinders Zs in R x Np which intersect each {(s, #)} x P
exactly once and project to Im(§) under the projection [Tor : Rx Np — P, (s, x, ) > «.
Moreover, the cylinders Z;, together with the trivial cylinders over the orbits correspond-
ing to the Morse critical points, give a finite energy foliation of R x Np.

Fix / and J as above. We will use the notation s§ : R — P for the translation
(88)(7) =8(T + ).

Let u: F — R x Np be a finite energy J-holomorphic curve. Let D, C P be an
arbitrarily small disk centered at the point ep and let N(ep) = [17!(D,) be a solid torus
neighborhood of the orbit ¢p. We assume that 0N (ep) is foliated by (not necessarily closed)
orbits of the Reeb vector field. We identify dN(ep) =~ R?/Z? so that the meridian has
slope zero and a fiber {pt} x S' has slope 0o. Consider n = 7 (u(¥)) N IN (ep), where
n is given the boundary orientation of 7 (X)) N TP — int(D,)). If the projection
[TT(n)] € H,(P — wmt(D,)) is nonzero, then [I1(n)] = —4[0D.], £ > 0, by the positivity
of intersections. This is a contradiction as in the proof of Lemma 5.2.1. Hence [n] =
I[{pt} x S'1 € H,(dN(ep)) for some [ > 0, i.e., has slope 0o. In other words, u cannot
intersect R X ¢p and can only have ¢p at the positive end. Similar considerations hold for
N(e),i=1,2, 3, where D, C P is a half-disk centered at ¢; and N(¢g;) = [17'(D; ).

We now claim that « is some multiple cover of some Z; with multiplicity > 1.
Arguing by contradiction, suppose « does not multiply cover any Z;. Let us first consider
the case where IT o n(u(F)) does not equal Im(§) for any §. Then there is some Z;s from
ep to some ¢; such that the intersection u(F) N Zs 1s nonempty; moreover, in view of the
asymptotics on N(ep) and N(¢;), we may assume that K = n(u(F) N Zs) 1s compact. This
implies that u(F) and Z,s do not intersect for sufficiently large s. On the other hand, since
the intersection pairing (u(F), Zs) is a homological quantity and does not depend on s
due to the asymptotics, it follows that K = &, which is a contradiction. This implies that
IMo n(u(F)) = Im(8) for some 8. Now R x IT7!(8) is a 3-manifold which is foliated by
Zs, s € R, and if u does not multiply cover any Z, then u intersects some Z; along a
I-manifold, a contradiction. We conclude that « is a multiple cover of some Z;.
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Now Fredholm index one cylinders Zs — 1.e., those that correspond to 8 connect-
ing two Morse critical points of adjacent index — are regular by the automatic transver-
sality results of Wendl [Wel, We2]. Moreover, u cannot multiply cover Z; with multiplicity
> 1 by [HT'1, Proposition 7.15], since otherwise I(«) > 1. This implies that « is equal to
some Zs, thereby completing the proof of the lemma. 0J

5.3. Computation of PFH(Ng ). — In this section we compute PFH(Ng/) in terms
of PFH(Ns) and PFH(N7). From now on we will write PFC(S, A) for PFC(Ny), with the
understanding that the periodic Floer homology group is defined using a stable Hamil-
tonian structure induced by the fibration, and whose stable Hamiltonian vector field has
first return map £. Similar notation will be used for PFC/(Ny) and PFC(Ny/). Sometimes
we will even drop the monodromy from the notation for the periodic Floer homology
groups.

5.3.1. Description of the differential of PFH(S', ). — Given two orbitsets y' = [ | yim;
andy =[]y, wesety/y =[]y, " ifm, <m for all i; otherwise we set y/y’ = 0.
The chain group PFC,(S") can be written as:

PFCi(S) = D Flhur. hov. hs. ev, 5], ® PFCi(S) ® PFC;(T).
m+i+j=k

F[Ap, hop, ks, ep, €3] 1s a polynomial ring where #;p, hop, A3 (vesp. ep, ¢3) are considered as
Grassmann variables of odd degree (resp. even degree) and the subscript m indicates the
subspace spanned by monomials with total exponent m.

Let us write a generator of PFC,(S) as y ® I'y ® I'y, where T'; € PFC,(S),
I'; € PFC;(T), and y is constructed from orbits passing through S" — S — T. Using
Lemma 5.2.1 and the description of ECH index one curves in R x Np from Lemma 5.2.2,
we write the differential 0 of PFC,(S’) as follows:

Ay ®Ty)
=yQ@sI'N @I, +y®T ® (8:Ty)
+ /)T, T, + 14N Ty +1Q T, ® Ay)
+ Y/ hp)(R@T QT+ 1®el @T))
+ (/hp)(es QT 1 @y +1Q T ®eTy).

Here 05 and ot are the differentials on PFC(S) and PFC(T).

5.3.2. Spectral sequence calculation. — In this subsection we use spectral sequences
to prove the following:
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Lemma 5.3.1. — The inclusion
@D PFC;(S) ® PFH;(T) — PFC(S)

=k

induces an isomorphism between the quotient (@Z ik PFH;(S) ® PFHj(T)) / ~ and PFH(S'),
where the equivalence relation ~ 1s gwen by e T') @ To ~T'| @ eoT.

Proof. — Let F be a filtration on (PFC,(S'), 9) which, on the generators, counts
the multiplicity of /;p. This means that F takes values in {0, 1}. We write (E'(F), 9,) for
the E'-term and the E’-differential of the spectral sequence for F. Each page E'(F) has
a grading coming from F and Ej(F) is the degree £ component of E’'(F) with respect
to this grading. We remark that the spectral sequence associated to F is nothing but a
long exact sequence in homology, and its use is motivated by our wish to give a parallel
treatment of the cases where we filter by the multiplicity of a hyperbolic orbit or by the
multiplicity of an elliptic orbit.

Next let G be a filtration on (E°(F), dy) which counts the multiplicity of Ap. Again,
G takes values in {0, 1}. We write (E’(G), 9,,) for the E’-term and the E’-differential of
the spectral sequence for G. Finally, let H be the filtration on (E°(G), 8y9) which counts
the multiplicity of ¢p, and let (E'(H), dgo,) be the E'-term and the E’-differential of the
spectral sequence for H.

We first consider (E°(H), dy0), where:

oo (y QI @) =y @ OsI') @I +y®T' ® (0rTy).

By the Kiinneth formula, we have:

E'H)= €D Flhp. hop. hs. ep. e5],, ® PFH,(S) ® PFH(T);.

m+i+j=k
Next consider (E'(#H), 9g01), where:

301y ®T 1 ®@Ty) =¢p sy T ®@To+ ¢ 'y@ (T ®T,
+e7'y T ® (hyTy),

Here I'y € PFH,(S), I'y; € PFH;(T), and y has no ¢ term. Note that any el'i_lhgy ®
I') ® I'y 1s homologous (with respect to the differential dyp;) to a linear combination of
&'y’ ® T} ® Ty, where y’ does not have any ¢p and /3 terms, I’} is in some PFH;(S),
and F/Q is in some PFH(T);. Hence every element of E!'(H)/Im(dy;) can be represented

by w =7y ., éw,; where w; has no ¢p and A5 terms, and we can write

doo1 (w) = Z(?i;l]lgwi +w',

>0
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where w’ has no terms which contain /3. If 9g9; (w) = 0, then all the w;, ¢ > 0, must be
zero. We therefore obtain:

E(H)= @D Flhp, hop, 5], ® PFH,(S) ® PFH;(T).

m+i+j=k

Since E?(H) is supported in degree 0, the spectral sequence for H converges at the E2-
term and we have E!(G) >~ E2(H). Moreover, E?(H) = E}(H) is naturally isomorphic to
E'(G) since 0 is the lowest filtration level.

Now consider (E'(G), dy1), where

01 (yQT 1 ®@Ty) =e3(y/hop) T 1 @ Ty + (y/hop) @ T ® eoTs.

The calculation of E*(G) is similar to the calculation of E*(#) in the previous paragraph.

Any ¢,'y ® T} ® Ty is homologous to a linear combination of ¢y’ ® I'| ® I'}, where

y, ¥’ do not have any Agp and ¢; terms. Hence every element of E!(G)/Im(3dy;) can be
represented by w = w’ + Zf:o hopesw;, where w’ and w; have no Agp or ¢ terms, and we
can write

k

k
1 .
801w=E €é wZ+E egegwi.
=1

i=0
If 9p;w = 0, then all the w; must be zero. Only the w’ term remains, and we have:
EXG)= €P Flhpl, ® PFH,(S) ® PFH,(T),
m+i+j=Fk
which we can write as a direct sum £y @ £, where:
£ = @B PFH (S) ® PFH/(T),
itj=k

2= @ Fihp) ® PFH,(S) ® PFH,(T).

iHj=k—1

Since E*(G) is supported in the lowest degree 0, the spectral sequence for G converges at
the E2-term and E?(G) = E2(G) is naturally isomorphic to E! (F).

Finally, E'(F) >~ £, @ £, has differential 9; given by:
(5.3.1) (I eIy =0,

(5.3.2) W(hp®T,@T) =l @I+ T ®ely,

since 3(lp @I 1 ®Ty) =l @+ 6@ @Tyand d(p @ T 1 @T9) =y (hp QT ®
I'N)) =61 ®I'y+T'| @ &I'y. Viewing the spectral sequence as a long exact sequence
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with connecting homomorphism £, 5 £y, where 6 is given by Equation (5.3.2), we see
that E?(F) is isomorphic to £/ Im(8) = £y/ ~, where the equivalence relation is given
by e, Ty @ Ty ~T'y ® e,T5. As argued previously, the spectral sequence converges at the
E2-term and E*(F) is naturally isomorphic to PFH,(S'). [

5.4. Stabilization maps. — For every integer £ > g we define
iy : PFCyi(S, £) — PFCy (S, /)
as the map induced by the inclusion, and
Ji : PFCo(S, h) — PFCop45(S, h)

as ji(y) = &y for every orbit set y € PFCy(S, A). We also define the stabilization map
S =ir41 0

The maps j; are chain maps by [0, Lemma 5.3.2] and the maps i, are chain maps
by Lemma 5.2.1; therefore the maps &, are also chain maps.

Lemma 5.4.1. — If (G}), is an isomorphism, then (3;) ts an isomorphism.

Proof. — If (&;), is an isomorphism, then (j;), : PFHy,(S) — PFHy,,5(S) is injec-
tive. It remains to show that it is surjective.

First note that PFH('T) = F{1}. We also have PFH,(T) = F{eg}, since Pﬁ'(S3) ~
F, generated by the contact class ¢(&,,) of the standard tight contact structure &, on S*,
and eg is the image of ¢(&,,) under the isomorphism

(Dcrsny)s - HF(S?) = HF(T, i) — PFH,(T).
Now, since the isomorphism PFH(T) > PF Hy(T), 1 — eg, factors as
PFH,(T) — PFH,(T) — PFHy(T), 1> e > ¢,

it follows that PFH, (T) = F{e,} & W for some F-vector space W.
By Lemma 5.3.1,

PFHy5(S) ~ | @D PFH/(S) ® PFH/(T) | / ~.

i+j=2k+2

Moreover, PFH,,(S) ® PFH,(T) = PFH,.(S) ® F{eg} is the image of PFHy,(S) under
the map (&;),. Since this map is an isomorphism, every element of PFHy,0(S) ®
PFH((T) = PFHy19(S) ® F{1} 1s equivalent to some element of PFHy.(S) ® PFH,y(T),
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i.e., if Vopt9 € PFHQ/H_Q(S), then Vogao @ 1 ~ vy, & 63 for some vy, € PFH.(S). More ex-
plicitly,

Vit @ 1 + 09, @ 55 = (aVy ® 1+ vy ® ) + (a1vy, ® e + vy ® eg
+ 2(61 Vg @ Wi+ Vg, @ qw;) + -+,

where vy, | € PFHy,11(S); vy, vy, ; € PFHy,(S); {w;} is a basis for W; and ... is a lin-
ear combination of terms which are not in PFHy.,»(S) ® PFH(T) and PFHy,,,(S) ®
PFH,(T). A term-by-term comparison gives vosyo = €105, and v, = ¢v,,. Hence
Vgyo = efvék and vy 1s in the image of (j;).. O

Corollary 5.4.2. — If (&) is an isomorphism, then (i;41)s s an isomorphism.

3.5. Isomorphisms from stabilisation. — In this section we prove the following:
Proposition 5.5.1. — If k> g and h satisfies Condition (T)os0, then the map
(6)« : PFHy(S, A) — PFHy»(S', /)
is an 1somorphism.

The proof will be by induction on £ —g. First we consider the base step ¢ = £, which
proved by comparing the stabilization maps in Heegaard Floer homology and periodic
Floer homology.

Leta={ay,..., ay,} be abasis of S. We extend atoa ={a, ..., ay} so thatg isa
properly embedded arc with boundary on 95" and then complete a to a basis a’ of S’ by
adding the extensions @y, and @y,o of the basis arcs ag,4 and ay,19 of T, subject to the
following conditions:

— @; — a; and A'(a; — @) are disjoint for 1 <i#j <2g+2;

— @ and A'(@;) have two extra pairs of canceling intersections ¥;, §; and ¥, 6/ in
S —SUD)fori=1,...,2¢+2;

- %1, 71, .. .x2g+2, %/2£+2 lie on 0Y'.

We then define
Sy : CF (S, a, A(a)) — CF (S, a', A (a)

as Gpr(y) =y U {Xopq1, Xogp0}. It is easy to see that Gy is a chain map. (Compare with
the gluing map from [HKM].)

Lemma 5.5.2. — The map Sy, induces a map
(Sup). - HF(S, . A(a) — HF(S a', (@)
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which s an isomorphism.

Proof. — Let S* and T* be extensions of S and T such that:

— ag=1{a,...,a,}) and A'(ay) = A({A (@), ..., A'(ay,)} are bases of arcs of S,
— @ = {Gy,41, Goyyo) and A'(a)) = {A'(a)), A (Gye49)} are bases of arcs of T¢,
— S can be seen as a boundary connected sum of S* and 'T".

It 1s easy to see that
CF(S'a, f/(a))) = CF(S‘ay, A (ay)) ® CF(T", a/, A (a}))

and IfI\F(Tf, a}, A'(a})) = F and is generated by the class of {1, X490} because
(T, aly,, A'(al,)) represents S°. Hence the map

CF(S', al, A (a))) — CF(Sa, A(a)), yr> yU Fogr1s Xopro)

induces an 1som0rphlsm in homology. In view of the discussion above, it remains to prove
that the inclusion Ccr S, a, A(a)) —> CF(Se ag, A'(ag)) induces a map HF(S a, A(a)) —
ar (S ag, A (ab)) which is an 1somorphlsm Note that the inclusion does not factor
through a map CF(S a, h(a)) —> CF(S" ag, f'(ag)); we will need a slightly more com-
plicated argument.

Let Q C CF (S, a, f(a)) be the subspace generated by elements of the form y U
{x} +yU {«}} for some ¢ =1, Qg, wherey isa (Qg — 1)-uple of intersection points none
ofwhlch is in @; or A(g;). Then CF(S a, i(a)) = Cr’ (S, a, A(a))/Q, Similarly, we define
QcC CF (s, ag, /i(as)) as the subspace generated by elements of the form y U {x;} + yU
{x}. Then, as before, CF(Se ag, h(ay)) = Ccr’ (S, ag, /i(ag))/Q

We also define R  CF (5, ag, A(ay)) as the subspace generated by elements of the
formyU{x} +yU{¥}, yU{x} +yU{x} andyU {6} +yU {0/} for some i=1, ..., 2g.
Since both Q and Q are subcomplexes of R, we have chain maps

(5.5.1) CF(S, a, fi(a)) — CF (', ay, fi(ay)/R,
(5.5.2) CF(S', aj, A (a%)) — CF (3", a§, fi(a)))/R.

The map (5.5.2) induces an isomorphism in homology because H(R/Q) = 0. This can be
proved in a similar manner to Theorem 1.4.9.4. The map (Gyr). 1s then the composition
of map induced by (5.5.1) with the inverse of the map induced by (5.5.2).

It remains to show that the map induced by (5.5.1) is an isomorphism. We define
R c CF (s, ag, fi(ay)) as the subspace generated by intersection points of the form y U
{x}yU{x},yU{6;}andyU {6/} fori=1, ..., 2¢. If we apply the identity of vector spaces

X/A

X/(A-l-B)gm
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to X = CF (S, al, #(a})), A= CF (S, a, fi(a)), B =R and observe that X/A = R and
ANB=Q, we obtain the short exact sequence

0— CF(S, a, A(a)) - CF (S, a}, A (a}))/R — R/(R/Q) — 0.

Since both R and R/ Q) are acyclic (by an argument similar to the proof of Theo-
rem [.4.9.4), 1t follows that the map (5.5.1) induces an isomorphism in homology. 0J

Lemma 3.5.3. — The diagram of chain complexes

i
6HF

(5.5.3) CF' (S, a, Ai(a)) —— CF'(S, a, A (a)))

/ !
(D(S,ﬁ) l J/ CD(S/,ﬁ/)
Sy

PFCy, (S, A) — PFCy,,9(S', A)

commutes up to homotopy.

Proof. — Since xo,41 and xp,49 are components of the contact class, there are no
holomorphic curves in W, besides restrictions of trivial cylinders, which have a positive
limit to xp,41 Or X9,. The argument is the same as that of Lemma 1.6.2.3.

The restriction of the trivial cylinder over x;, 1 = 2g + 1, 2¢ 4+ 2 has its negative
end to a generic point p; of the Morse-Bott family A5 and is concatenated with a cylin-
der corresponding to a gradient trajectory from p; to ¢ to give a Morse-Bott building.
Moreover, by automatic transversality [Wel, Theorem 4.5.36] and the discussion from
Lemma 1.5.8.9, the above Morse-Bott building is Morse-Bott regular. Hence the pair
{X0g41, Xog40} 1s “mapped” to eg.

By arguments similar to the proof of Lemma 5.2.1, every W_-curve for (8, £')
which is positively asymptotic to y U {xo,4.1, X9,49} is the disjoint union of a W_ -curve for
(S, A) which is positively asymptotic to y with the Morse-Bott buildings from x9,,; and
X904+ described above. This implies that

q)/(sf,ﬁ/)(y U {x2g+1s x2g+2}) = 6’3 : q)zs_ﬁ) (Y)

Then the map y > /ip(e1 + 3) Pl 4, (y) is a chain homotopy between @y, o) o Sy and
S, 0 D 4 OJ
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Corollary 5.5.4. — The diagram

o~ (Sur)s ~
(5.5.4) HF (S, a, A(a)) —— HF(Y, a’, A (a)))
(@(s,5))% J/ J/ (P57, 4y

(S
PFH,, (S, £)

PFHy, o (S, A)
commules.

Progf. — Since we are working over a field, the map (5.5.2) has an inverse up to
homotopy. UJ

The following lemma provides the base step of the induction.

Lemma 5.5.5. — If h satisfies Condition (11)a,49, then the map
(6,). : PFHy (S, ) — PFHy;o(S', )

is an 1somorphism.

Proof — Since £ satisfies Condition ()g,492, we can arrange the construction of
A’ so that it also satisfies Condition (1)9,49. Then by Theorem 1.0.1 the vertical arrows
of Diagram (5.5.4) are isomorphisms. The map (Syy). 1s also an isomorphism since
Ifﬁ?(S/ ,a’, A'(a’)) can be computed as the tensor product of the S and T sides and the T
side gives I—/IT?(S3), which is generated by {x,41, X9,42}. Then (S,), is an isomorphism.

O

The next lemma provides the inductive step of the induction, which in turn com-
pletes the proof of Proposition 5.5.1.

Lemma 5.5.6. — If there exists ko > 1 such that, for all g > O, surfaces S of genus g, and
monodromies h 2 S — S satisfying Condition (11)ag401,, the map

(6g+k071)* : PFH2g+2/c072(S’ h) — PFH2g+2k0(S/, H)

is an isomorphism, then for all g > O and monodromies h: S — S satisfying Condition (T7)og4o1,+2
the map

(Syihy)s : PFHypp0 (S, A) = PFHop 04 40(S', A)

us an 1somorphism.
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Proof — Let (S”,A”) be a stabilization of (S, A'), i.e., a double stabilization of
(S, A). If A satisfies Condition (17)g,+94+2, then we can arrange A and A” so that they
also satisfy Condition ()94 42 It is easy to see that the diagram

(G’ngk())*
<5.5.5) PFH2g+2k0(S’ ﬁ) I PFH2g+2kO+2 (S/, ﬁ/)
(igi ) l J/ (1)
(S i)

PFH2g+2k0 (S/, ﬁ/) - PFH2g+2ko+2(S//a ﬁ”)

commutes. Here &, ‘and i;,, are the obvious analogues of &, and i,44,. The proof
that the corresponding chain level diagram commutes up to homotopy is similar to the
proof that Diagram (5.5.3) commutes up to homotopy.

Since g + ky = g(8) + ko — 1, the map (&, ). is an isomorphism by hypothesis.
The map (&,44,—1)« is also an isomorphism because £ satisfies Condition (F1)g,49, @
Jortiori. Then, by Corollary 5.4.2, the maps (i,44,). and (i; 1)« are isomorphisms. There-

fore, the commutativity of Diagram (5.5.5) implies that (&, ) is an isomorphism. [

5.6. Proof of Theorem 1.0.2. — The following is similar to Theorem 1.2.5.2 with a
slightly simpler proof which is left to the reader:

Lemma 5.6.1. — Let (o = dt, w = dB) be a stable Hamultonian structure on N with stable
Hamiltonian vector field R such that all closed orbits of R that intersect nt(S) at most k times are
hyperbolic. Then, for every 8 > O sufficiently small, there is a stable Hamultonian structure (otg, ws =

dBs) with stable Hamiltonian vector field Ry such that:

(1) B and Bs (and hence also R and Rs) comncide outside of a §-neighborhood Vs of the orbits
of R which intersect int(S) exactly k41 times,

(2) Bs — B in the C'-topology, and hence Rs — R in the C° topology, as § — 0, and

(3) all orbits of Ry that intersect int(S) at most k + 1 times are hyperbolic.

We perturb the stable Hamiltonian structures (cty, @) and («, ws) to contact struc-
tures

a.=dt+cB, o5 =dt+ cPs

for ¢ > 0 sufficiently small as in Equation (I.3.1.1). The C'-convergence 85 — B ensures
that ¢ can be chosen independently of §. Note that, in the notation of Section 1.3.1,
B = B, + fidt. The Reeb vector fields R. of . and R . of a5 . are parallel to R and
R; respectively. By Theorem 1.3.6.1, for every 6 > 0 sufficiently small there exists ¢5 > 0
such that for all 0 < g5 < g3, a5, is a contact form and there is an isomorphism of chain
complexes

(5.6.1) PFC,(N, g, 05) = ECC(N, a5 ,)
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for all j < £+ 1. Moreover, there is ¢; > 0 such that for all 0 < ¢, < g, o, is a contact
form and there is an isomorphism of chain complexes

(5.6.2) PFC;(N, oy, w) = ECC;(N, )
for allj < k.

In the next two lemmas we study the continuation maps between the various con-
tact forms appearing in Lemma 5.6.1.

Lemma 5.6.2. — There exists € > 0 such that for every 0 < ¢, ¢" < € the forms a. and oo
are contact_forms, the wdentifications from Equation (5.6.2) hold, and the continuation map

(&), : ECH/(N, o) — ECH;(N, )

gwen by Equation (1.2.5.6) with a; and o replaced by o and au s, coincides with the map induced by
the identifications from Equation (5.6.2) forj < k.

Progf. — By the Holomorphic Curves Property in [HT3, Theorem 2.4], the con-
tinuation map (&), is induced by a noncanonical chain map & which is supported
on J. ~-holomorphic buildings of ECH index I = 0 in an exact symplectic cobordism
(R x N, €. ) between a. and o for a generic almost complex structure J . which is
compatible with €. .. This means that, if (ﬁj/-(y), y’) # 0, then there isan I =0 J . -
holomorphic building in R x N from y to y’. Strictly speaking, the continuation maps
are defined by passing to a closure M of N, but the positivity of intersections implies
that the holomorphic buildings in R x M from y to y" are contained in R x Nj; see [0,
Lemma 5.2.3].

Now we choose sequences ¢;, ¢, — 0 as £ — +00 and generic almost complex
structures Jo = J¢, ¢, such that J, — J as £ — +00, where J is a generic almost complex
structure on R x N which is adapted to the stable Hamiltonian structure (o, @). Then
I = 0 J,-holomorphic buildings converge to I = 0 J-holomorphic buildings. Since J is
generic and cylindrical, the only I = 0 J-holomorphic buildings are trivial cylinders. This
implies that, for ¢ and ¢’ small enough, there is no I = 0 J. .-holomorphic building
between y and y’ unless y = y’. Then the Holomorphic Curves Property implies that
Ry)=€e@y.

Since we are working over Z/2Z, this implies that (after identifying ECC;(N, o)
with ECC;(N, /) via Equation (5.6.2)), (ﬁ;)z = ﬁ;’ Since (ﬁ]’)* is an isomorphism, we
obtain that (8). coincides with the map induced by the identification from Equation
(5.6.2). 0

Remark 5.6.3. — A similar results holds for the continuation maps
(ﬁ]’.)* : ECH;(N, o5 ) — ECH;(N, a5 ()

for j < k+ 1, where € is allowed to depend on §.
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Lemma 5.6.4. — Forj <k and 8, ¢ > O sufficiently small, the continuation map
(ﬁj'-’)* : ECH;(N, o) - ECH;(N, a5, )

gwen by Equation (1.2.5.6) with &, a;, and o) replaced by R, o, and o5 ¢, is induced by the chain
map R satisfying & (y) =y, and is therefore a quasi-isomorphism.

Progf. — Let 8, and ¢, be sequences converging to 0 as £ — +00. We choose the
following generic almost complex structures on R x N:

— an almost complex structure J adapted to the stable Hamiltonian structure
(a0, w);

— almost complex structures J, adapted to the contact forms a, such that J, — ]
in the C*°-topology on R x N as £ — +00;

— almost complex structures J, adapted to the contact forms «;, ., which coincide
with J; on R x (N — V;,) and converge to J, in the C’-topology on R x N as
{ — +o0;

— almost complex structures jg which are compatible with an exact symplectic
cobordism (R x N, €,) between «., and oy, ,, interpolate between J, at the
positive end and J|, at the negative end, coincides with J, and J, on R x (N'\ Vy,),
and converge to ] in the C°-topology on R x N as £ — +00.

If u, is a sequence of J,-holomorphic curves in R x N from an orbit set y’ to y where both
y and Y’ consist of orbits which intersect a fiber of N at most £ times, then, up to pass-
ing to a subsequence, u, converges to a J-holomorphic building. This follows from Gro-
mov compactness for C’-convergence of almost complex structures, due to Ivashkovich-
Shevchishin [IS].

Alternatively, we can argue as follows, using the usual Gromov compactness for
C*-convergence of almost complex structures. By the compactness argument from Sec-
tion 1.3.4, we may assume that [«,] € Hyo(N, y’,y) and the topological type of the do-
mains Fy of u, are fixed. We then restrict %, to the preimage G, of R x (N — Vj,). We
may assume that G, is obtained from a compact Riemann surface with boundary by
removing interior punctures. (This is possible by taking §, to be generic.)

We claim that |x (Gy)| is bounded above. This is equivalent to an upper bound
on the number of disk components of F, — G,. Let y” be the union of core orbits of
Vs,, which is independent of £. The number of disk components is bounded above by
the intersection number with R x y”, which in turn is controlled by the homology class
(1] € Hy(N, y', ).

Since J, — J in G° on R x (N —Vj,), and the ends y, y” are contained in N — Vy,
for all £, we can take the limit of u|¢, to obtain u|g. For simplicity assume that « has only
one level. Then G is a punctured surface and the punctures which are not mapped to y
or Yy’ are removable.
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Next we use the Holomorphic Curves Property in [HT3, Theorem 2.4], which
states that (&/(y’), y) is supported on J¢-holomorphic buildings of ECH index I = 0. The

convergence discussed above implies that, for £ large enough, the only jg—holomorphic
buildings of index I = 0 between orbit sets y" and y, when both orbit sets consist of Reeb
orbits intersecting a fiber of N at most £ times, are covers of trivial cylinders contained in
a product region. Then [HT3, Theorem 2.4] implies that K (y) =y whenj < k. U

Lemma 5.6.5. — There are sequences of stable Hamiltonian structures (oo, ") and real
numbers ;. (both indexed by k) satisfying the following:

(1) The stable Hamaltonian vector field R, of (o, ") has no elliptic Reeb orbit in int(N) that
wintersects a fiber at most k tumes.

(2) Ry and Ry coincide outside of a neighborhood of the orbits of Ry which intersect a fiber of
N exactly k+ 1 times.

(3) ot/; is a contact form for every 0 < ¢ < ¢;.

(4) Forevery ) <k and O < ¢ < g there are canonical identifications

PFC;(N, oy, ") = ECC/(N, ).
(5) Foreveryj <k and 0 < ¢, " < g the continuation maps
(R). : ECC/(N, o) - ECC;(N, ort.)

are induced by the identifications of (4).
(6) For every j < k the continuation maps

(%)« : ECH;(N, ot ) > ECH;(N, at*!)

Sk+1

are induced by chain maps K; such that 8;(y) =y for every orbit set y of R, that intersects
a fiber of N j times.

Progf. — The proofis by induction on £. For £ = 0 we choose a stable Hamiltonian
structure (g, ) and define (@, ®°) = (@, ®) and «’ = a, for ¢ > 0 sufficiently small
such that the identification of Equation (5.6.2) holds. Suppose we have constructed the
sequences up to some k. By Lemma 5.6.1, Equation (5.6.2), and Lemma 5.6.2 there exist
a stable Hamiltonian structure (eg, @™*') and a real number ¢, such that (1)~(5) hold
for £ < ky + 1, and moreover

", ko+1 ko+2
ﬁj : ECC(N, ag‘A’DH) — ECC(N, ag‘zo+2)
satisfies &/(y) =y as in Lemma 5.6.4. Without loss of generality we can assume that
Sht+2 < Sky+1- Since (Ky), = (ﬁ]/-’ )x O (ﬁ]’»)* by [HT3, Theorem 2.4], (6) is satisfied up to
ko + 1. ‘ ‘ O
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Let us write ot = a/;k. In view of Theorem 1.2.5.6, we can write
ECH(M) ~ lim ECHy (N, o),
where the limit is taken with respect to the maps

ECHy(N, ) — ECHyo(N, %)

induced by the chain map y + ¢*fy(y). The diagram

gk)*

5.6.3 ECH, (N, o ﬂECH( N, o2 ECHy; o (N, a2
(9.6.3) (N, ™) % (N, o ) a2 (N, o )

l i)+ T
PFHy(N, g, %) — = PFHy o (N, g, 0+?)

commutes. Therefore, Proposition 5.5.1 and Lemma 5.4.1 imply that (j;). is an isomor-
phism. This proves Theorem 1.0.2.
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