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ABSTRACT

Given an open book decomposition (S, 4) adapted to a closed, oriented 3-manifold M, we define a chain map ®
from a certain Heegaard Floer chain complex associated to (S, £) to a certain embedded contact homology chain complex
associated to (S, A), as defined in (Colin et al. in Geom. Topol., 2024) and prove that it induces an isomorphism on the
level of homology. This implies the isomorphism between the hat version of Heegaard Floer homology of —M and the hat
version of embedded contact homology of M.
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Notation common to [I]-[III]

(a¢, w) Stable Hamiltonian structures on N 4

¥y An orbit set; from Section 5.3 onwards, y C N and does not contain multiples of §,

8y Closed orbit in N over zs

(e,U) or (&, 6, p) Perturbation data forj<_>; cf. Convention 5.8.12

. (y) Symmetric Conley-Zehnder index

g : X — B or W— B Symplectic fibration with fiber ¥ or S used in the definition the
Heegaard Floer complex

y : W — B’ Symplectic fibration with fiber S used in the definition of ECC

mg, : W4 — B, Symplectic fibration with fiber S used in the definition of ®

7, with x =B, B’, B;, B_ Symplectic fibrations with fiber S extending 7,

Tp2 i WoN (R x V) = D? Projection with respect to balanced coordinates, where * =
+ or —

Tpz, R x (R/2Z) x D} — D7, also 7 Projection with respect to balanced coordi-
nates

(p, ) Polar coordinates on D?

(2, o, B, 2) Pointed Heegaard diagram for M

0oy 0, 0}, 02 Sections at infinity of W, W/, W,, W_

ol , (), (6T, (agj'\)Jf “Pushoff” of m-fold cover of section at oo for W, W/, W,, W_

® Chain map from CF(S, a, f(a)) to PFCy,(N)
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q)’ Map from CF’(S a, ﬁ(a)) to PFCy,(N)
® Variant of ® from CF(S a, (a)) to PFCZé (N)
U= ‘IJJ (m, m) Map from PFCy,(N) to CF’(S a, A(a))

U= \Iljo (m, m) Chain map from PFC,,(N) to (’]TT(S, a, A(a))

@ Area form on S invariant under £; also viewed as a 2-form on W, , W_

@ Area form on S which restricts to @ on S and is invariant under Z; also viewed as a
2-form on W, W_

Qx Symplectic form on X

@ and Q' Symplectic forms on W and W’ given by ds A dt + w

24 and ©Q_ Symplectic forms on W, and W_

Q, Y, Q,, Q_ Extensions of 2, @, Q,, Q_

* =T Modifier “4 = &”

* = ext Modifier “extended moduli space”; cf. Definition 5.7.24

* = f5, Modifier “the normalized asymptotic eigenfunction at the negative end &y is f;,”

x = K Modifier “passes through the compact set K”

* = (/,...,5) Modifier “curve with A ends at &, with covering multiplicities /,, ..., 5”

* = n¢ Modifier “without connector components”

* = r¢g Modifier “regular”

* =5 Modifier “somewhere injective”

a=a(m) Basis {a, ..., ay,} of arcs for S; depends on m starting from Section 5
a; = a;(m) Basis arc in S depends on m starting from Section 5
a Collection {@, ..., @y}

% Extension of ¢; to S

a;j (forj=0, 1) Rays from x; and x to 25 in @ — @;

a;j (forj =0, 1) Extension of @;; past zx

a Collection {aj, . .., ay,}

21‘ a; — {Zo00}

W, 3,W_, Horizontal and vertical boundaries of W

B Alternate notation for R x [0, 1]

B’ Alternate notation for R x S!

B, B_ Bases of the symplectic fibrations 7g, : W, — B, and 75_: W_ — B_

C Data C as in Definition 5.7.1

cJr ¢~ Groomings at the positive and negative ends as in Definition 5.7.5

CF(Z o, B, z) Heegaard Floer hat complex for pointed Heegaard diagram (X, a, B, 2)

CF (S, a, A(a)) Subcomplex of Heegaard Floer chain complex CF(Z B, o, z) obtained
from the open book decomposition (S, A)

CF(S, a, h(a)) )) Heegaard Floer chain complex isomorphic to HF(— M), obtained by
‘quotienting CF/(S a, ﬁ(a))

CF(S a, A(a)) Variant of CF(S a, fi(a)) given by Definition 6.6.1

l(B+) and ¢/(B_-) Compactifications of B, and B_
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7_)), D", D/, D Data at zh with initial points D" and terminal points D*. D =
(D", D)

D?, Dj Unit disk S — int(S) with polar coordinates (o, @), from Section 5 onwards; D} =
{p <6} for § > 0 small

¢ Elliptic orbit of Conley-Zehnder index —1 on dNs 4

E(x) Hofer energy of the holomorphic curve u

E,(u) E,-area of the holomorphic curve u

ECC(N, a) ECH chain complex for (N, c)

ECC;(N, @) Subcomplex of ECC(N, a) generated by orbit sets which intersect a page ;
times

g Genus of page S

h Hyperbolic orbit of Conley-Zehnder index 0 on dNs 4); assumed to satisfy Conven-
tion 6.6.4 from Section 6.6 onwards

Hy(M, y*, y~) Homology classes of chains in N with boundary in y~ and y~

Hs(y,y’) Homology classes of maps in HF (denoted 75 (y, y') elsewhere in the literature)

Hy(W,,y,y) Homology classes of continuous multisections for &

Hy(W_,y,y) Homology classes of continuous multisections for W

A Monodromy A:S — S

h= ﬁm Extension of £ to S which depends on m

J; ECH chain maps given by Equation (2.2.1)

IECH ECH index

Iyr ECH-type index for Heegaard Floer homology

Ly,, Iiy. ECH indices for W, W_

ind Fredholm index

Jc Almost complex structure on R x N adapted to (o, w)

J =Jo Another name for J. when ¢ =0

Jo Almost complex structure on W which restricts to the standard one on D? on each
fiber

J Almost complex structure on W that is the restriction of ]

J+,J- Almost complex structures on W, W_ that are restrictions of J +,j_

j, T, j +,j_ Almost complex structures on W, W, W,, W_ that restrict to]J,]J,J+,J- on
W, W, W,, W_

j? =j? (e, U) Almost complex structure on W_ that is (g, U)-close to J_ as in Defini-
tion 5.8.11 and Convention 5.8.12

Jx Space of C*-smooth admissible almost complex structures on X

J. Subspace of J, satisfying *

Jw Space of C*°-smooth 2-admissible almost complex structures on W

Jiw Space of C®-smooth Q-admissible almost complex structures J on W satisfying Def-
inition 5.3.2

Jw Space of C*-smooth («, w)-adapted almost complex structures on W’
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Jiw Space of C®-smooth (@, @)-adapted almost complex structures on W’ satisfying
Definition 5.3.14

Jwes Iw_, Tw,» Fw_ Spaces of C*-smooth admissible almost complex structures on
Wo, W_, W, W_

K, 0 75 (p) — {p < 28} with § > 0 small

K; ECH chain maps given by Equation (2.5.5)

L., Lg Lagrangian submanifolds used in the definition of the Heegaard Floer complex
CF(Z, o, B, 2) A

La, L@ Lagrangian submanifolds of W used in the definition of CF(S, a, A(a))

L7, Lf Lagrangian submanifold of W, constructed from a and a connected component
of L corresponding to the arc ¢

L;, L Singular Lagrangian in W_ constructed from @ and a connected component of
Ly corresponding to the arc g

D L;f L;l” L;juz” Lagrangian submanifolds of W, constructed from the arcs @, @, 4 J
and 4 U4

Posmve mteger > 2¢; h and @ depend on m 2 starting from Section 5
=@, W) =((0,2), 2o,) Marked point in W_
MX(y y') Moduli space of Heegaard Floer curves in (X, ]) fromy to y’

MX(y y') Moduli space of Heegaard Floer curves in (X, ]) from y to y’ that do not
cross the basepoint

M;(y,y') Moduli space of Heegaard Floer curves in (W,]) from y to 'y’

My (y ¥') Moduli space of J'-holomorphic curves in W =R x N from y to y’

My 85y, 81y") Moduli space of (W, ])-holomorphic maps from 8y to 8y’ without
fiber components

M (y.y) Moduli space of multisections of (W,.,J,) fromytoy

MJ (y,y) Moduli space of multisections in (W_,]_) from y to'y

TO (*1, *9; M) Moduli space of LL -holomorphic almost multisections that pass through

m

N Negative Morse-Bott family of Reeb orbits on dN; from Section 5 onwards, is a neg-
ative Morse-Bott family of orbits of the Hamiltonian vector field Ry on N

n;(A) Intersection number given by Equation (4.5.1)

n(@), ' @), nt (@), n~ (@) Intersection of a curve zin W, W/, W+, W_ with the “pushoft™
of the section at 0o

N = N4 Mapping torus of £ : S — S; from Section 5 onwards, is given by N =S x
10,21/(x, 2) ~ (A(x), 0)  _

N N,, Mapping torus of 4: S — S

(’)k, O, Orbit sets constructed from P and P which intersect S x {0} exactly £ times

P Set of simple Reeb orbits of & in mt(N); from Section 5 onwards, is the set of simple
_orbits of the Hamiltonian vector field R, in int(N)

P PU{e, h}
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P PU{d}

PFC;(N, ag, @) Periodic Floer homology chain complex on N analogous to ECC;(N, «)

Ry, Radial ray {¢p = ¢, p >0} C G

Ry, Ry Hamiltonian vector: field on N and its restriction to N

So,,ﬁ Set of generators of CF(Z, o, B,2)

Saiay 2¢-tuples of intersection points of a and /(a)

Sai@ 2g-tuples of intersection points {ze,i}iez Uy of @ and h(a)

S(R,R") Counterclockwise sector in D? from radial ray R to R’

S Compact oriented connected surface of genus g with connected boundary

(S, A) Open book decomposition of M with connected binding, page S, and monodromy
h

S Capped-off surface S U D?

u=u U%" Decomposition of a holomorphic multisection % in W, W, W,, or W_ into a
possibly disconnected branched cover # of the section at 0o and the rest @”

oo =U_yU--- U, Limit of W_-curves in Section 7

V N — int(N) (starting from Section 5.1.2)

—b . — . .

v; Union of non-fiber components of v not asymptotic to any multiple of §) or zx

5}1 Union of irreducible components of if asymptotic to a multiple of §, or 2z, at either
end

Wand W R x [0, 1] x Sand R x N

W, Symplectic fibration with fiber S used in the definition of ®

W_ Symplectic fibration with fiber S; W_ is used in the definition of W

W, W, W, , W_ Extensions of W, W’ W, W_ with fibers S

XRx[0,1]x X

x;, &, Intersection points on dS forming the contact class

(y,0,t) Coordinates of a collared neighborhood of 0N

y A tuple of aN A(a); from Section 5.3 onwards, y C S and does not contain multiples
of Zso

Zoo Center of the disk D? = S — int(S)

z= {zf;o(D )} Uy A tuple ofa N A(a), where 2y has multiplicity p and y C S

1. Introduction and main results

There is a plethora of Floer-type homology theories that can be associated to a
three-manifold. This paper and its sequels are concerned with three specific Floer-type
homology theories: monopole Floer homology, embedded contact homology, and Heegaard Floer ho-
mology. Monopole Floer homology, constructed by Kronheimer and Mrowka [KrM],
counts solutions of the Seiberg-Witten equations. Since its definition requires an auxil-
lary Riemannian metric, it has strong connections with geometry (e.g., positive curva-
ture). Embedded contact homology, abbreviated ECH, is due to Hutchings [Hul, Hu2]
and Hutchings-Taubes [HT'1, HT2] and is dynamical in nature. It counts periodic orbits
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of a Reeb vector field associated with a contact form. Finally, Heegaard Floer homology,
due to Ozsvath and Szab6 [OSz1, OSz2], is defined in the most topological way: from
a Heegaard diagram. Of the three homologies, it is the easiest to compute and admits a
combinatorial description [SW]. These theories have had spectacular applications over
the last decade, including a proof of the Gordon conjecture by Kronheimer, Mrowka,
Ozsvath and Szab6 [KMOS] and progress on the exceptional surgery problem due to
Ghiggini [Gh] and Ni [Ni].

In 2006, Taubes obtained a breakthrough result which extended his celebrated
correspondence between solutions of the Seiberg-Witten equations and J-holomorphic
curves to the relative case. This enabled him to prove the Weinstein conjecture in di-
mension three [T'1] and to establish the equivalence between monopole Floer cohomol-
ogy and ECH shortly thereafter [12]. A byproduct of this equivalence was the proof of
Arnold’s chord conjecture in dimension three [HT3, HT4].

The goal of our series of papers [0, I, 11, III] is to prove the equivalence of Hee-
gaard Floer homology and ECH. The first paper [0] can be viewed as a stand-alone
paper. In this paper [I] and the sequel [II], we establish an isomorphism between the
hat versions of the Heegaard Floer homology and ECH groups associated to a closed,
oriented 3-manifold M. This isomorphism is compatible with the splitting of Heegaard
Floer homology according to Spin‘-structures and of ECH according to first homol-
ogy classes. For simplicity we will use ¥ = Z/2Z coefficients (or coefficients in a module A over
F[Hy(M; Z)]) for both Heegaard Floer homology and ECH.

Remark 1.0.1. — We expect the isomorphism to hold over the integers. To this
end, we would need to define coherent orientations for all the moduli spaces used in this
paper. This is a little subtle for the following reasons:

(1) The orientations from [OSz1, OSz2] are not the standard ones in Lagrangian
Floer homology, defined using spin structures: if M is a closed 3-manifold with
a genus ¢ Heegaard splitting, then there are 2¢ spin structures on each Hee-
gaard torus, whilst there are 2" orientation systems in [OSz1, OSz2]. On
the other hand, on ECH there is only one orientation system. A preferred ori-
entation system for Heegaard Floer homology is chosen using HF*. It would
be an interesting future project to relate the preferred orientation systems in
Heegaard Floer homology and ECH using the fact that the ECH analog of
HF® is algebraically given as the inverse limit of the U-map.

(2) The chain map W from ECH to Heegaard Floer homology works because
there are certain cancellations that occur in pairs; see Theorem 7.1.3. One
needs to verify that each pair comes with opposite signs. An analogous state-
ment also needs to be proven for the chain homotopies.

The isomorphism between the plus version of Heegaard Floer homology and the
usual version of ECH will be proved in [I1I].
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The results of this paper were announced in [CGHI1]. An isomorphism between
monopole Floer homology and Heegaard Floer homology was proved, more or less si-
multaneously, by Kutluhan, Lee and Taubes [KLT'1, KLT2, KLT3, KLT4, KLT5].

1.1. Some background. — Before stating the main result of this paper and describing
the ideas involved in its proofs, we will give a brief summary of the definitions of Heegaard
Floer homology and ECH.

We first describe Heegaard Floer homology in its “cylindrical reformulation”
due to Lipshitz [Li]. The starting point of its construction is a pointed Heegaard diagram
(2, o, B, z) which describes a three-manifold M. Here X is a genus g > 0 Heegaard
surface associated to some self-indexing Morse function with a unique maximum and a
unique minimum, o is the collection of the attaching circles for the index one critical
points, B is the collection of the attaching circles for the index two critical points, and z is
a basepoint in the complement of &« and B. The Heegaard Floer complex CF(Z, o, B, 2)
is generated by g-tuples of intersection points between the ac-curves and the B-curves and
the differential counts certain J-holomorphic curves in R x [0, 1] x ¥ with boundary
on R x {0} x B and R x {1} x o; see Section 4 or [Li] for a more detailed exposition.
While Heegaard Floer homology a prior: depends on the choice of a pointed Heegaard
diagram (X, o, B, z) and an almost complex structure on R x [0, 1] x X, it was shown
to be independent of those choices, 1.e., is a topological invariant of M.

The starting point for embedded contact homology is a contact form o on M. The
contact form determines the Reeb vector field R by

irde =0 and a(R)=1.

The complex ECC(M, «) is generated by finite sets of simple Reeb orbits with finite
multiplicities and its differential counts certain J-holomorphic curves in the symplectiza-
tion (R x M, d(¢a)); see [Hul, Hu2, Hu3] for more details. The hat version of ECH
is defined as the homology of the mapping cone of a chain map U : ECC(M, o) —
ECCM, ). ECH a priori depends on the choice of a contact form o« on M and an
adapted almost complex structure J on the symplectization R x M. There is currently
no direct proof of the fact that the ECH groups are topological invariants of M (or even
invariants of the contact structure ker e, for that matter); the only known proof is due to
Taubes [T'1, T2], and is a consequence of the equivalence between Seiberg-Witten Floer
cohomology and ECH. A direct proof of the invariance would provide, combined with
the present work and computations in Heegaard Floer homology, an alternative proof of
the Weinstein conjecture.

A natural setting for relating Heegaard Floer homology and ECH is that of open
book decompositions (see Definition 2.1.1) because an open book decomposition determines
both a Heegaard splitting and a contact structure. The Heegaard splitting is obtained
by taking as Heegaard surface the union of two opposite pages. The contact structure is
provided by the Thurston-Winkelnkemper construction [TW]. In the foundational work
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[Gi], Giroux proved the equivalence of contact structures up to isomorphism and (ab-
stract) open book decompositions modulo positive stabilization. While we are not using
its full strength, Giroux’s correspondence was an important source of inspiration for this
work.

We use open book decompositions and their relationship with both Heegaard split-
tings and contact structures to build symplectic cobordisms relating the geometric setting
of Heegaard Floer homology to that of embedded contact homology. Then the isomor-
phisms are defined by counting certain J-holomorphic maps in those cobordisms. Their
definition is similar in spirit to the definition of the open-closed and closed-open maps in
[Abo]. The similarity is more direct for the open-closed map, while our closed-open map
require some extra twist, as we will see.

1.2. Main result. — Let M be a closed, connected, oriented three-manifold. We
fix an open book decomposition of M with connected binding, page S, and monodromy
h, and denote by &g 5 the contact structure supported by it. The contact structure & 4

determines a Spin‘-structure which we denote by 5 4.
The main result of [I] and [II] is the following:

Theorem 1.2.1. — There is an isomorphism
(OT P/IT“(—M,E(s,ﬁ) +PD(A)) — ECH(M, S(S,ﬁ)’ A),

where A € Hi(M; Z), defined via the open book decomposition (S, k) of M. Moreover, @ sends the
Heegaard Floer contact invariant for & sy to the ECH contact invariant for &s p.

The definition of ®; depends on many choices, and first of all on the choice of the
open book decomposition. In this series of papers we will not address the question of its
naturality, but we conjecture that it only depends on the contact structure & 4. Even the
dependence on the contact structure should be very mild, and due only to the fact that
ECH groups defined from different contact structures are isomorphic after a shift in their
decompositions according to homology classes of orbit sets.

There is a similar map for the so-called twisted coeflicients. Let A be any module
over the group ring F[Hy(M; Z)]. We denote the versions of Heegaard Floer homol-
ogy and ECH with twisted coefficients in A by HF(—=M, s; A) and ECH(M, £, A; A).
Twisted coefficients are defined in [OSz2, Section 8] for Heegaard Floer homology and
in [HS2, Section 11] for ECH.

Theorem 1.2.2. — There is an F[Ho(M; Z)]-module isomorphism
@, HE(—M, 55,5 + PD(A); A) —> ECH(M, Es.hy A ),

where A € Hy(M; Z), defined via an open book decomposition (S, ) of M. Moreover, @, sends the
Heegaard Floer contact invariant for & sy to the ECH contact invariant for &s p.
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On the other hand, Taubes [T2] has proven that Seiberg-Witten Floer cohomol-
ogy and ECH are isomorphic. Let HM(M) be the homology of the mapping cone of
Us: C(M) — C(M), where C(M) is the chain complex for H¥M (M). Combining Taubes’
theorem with Theorem 1.2.1, we obtain the following “corollary”:

Corollary 1.2.3. — HF (M, s) ~ HM(M, s) for any s € Spin (M).
An alternate proof of Corollary 1.2.3 is due to Kutluhan, Lee and Taubes [KLT'1,
KLT2, KLT3, KLT4, KLT5].

1.3. Outline of proof- — Fix an open book decomposition (S, £) for M. The first step
in the construction of the map ®, is to adapt the definitions of ﬁ\F(—M) and E/CT{(M)
to the open book decomposition (S, £). For Heegaard Floer homology this is achieved
in Section 4, essentially by pushing all interesting intersection points between the - and
B-curves to one side of the Heegaard surface obtained from (S, A).

On the ECH side this was achieved in the first paper [0] of our series, where we

introduced the group @(N, dN) for the mapping torus N of (S, ). This group was
defined as a direct limit

ECH(N, 9N) = lim ECH;(N),
j—)OO

where j is the number of intersections of an orbit set in N with a page and the direct limit
1s taken with respect to maps

defined by increasing the multiplicity of an elliptic orbit on N which can be regarded
intuitively as a receptacle for the J-holomorphic curves in R x M which intersect the
cylinder over the binding. The following was proved in [0]:

Theorem 1.3.1. — ECH(M) ~ ECH(N, 8N).
The map ®, is, roughly speaking, the composition of a map
@, : HF(=M) — ECH,,(N),
induced by a symplectic cobordism W, followed by the natural map

ECH,,(N) — lim ECH,(N),
J—>00

induced by the maps (J;).. Here g is the genus of S. (Strictly speaking, we need to use
a “perturbed” version of ECH;(N), as explained in Section 2.5, and replace the ECH
groups by certain periodic Floer homology groups, as explained in Section 3.)
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The cobordism W, is a symplectic fibration with fiber S and monodromy £ over
a Riemann surface with a strip-like end and a cylindrical end, which is biholomorphic to
a disk with a puncture at the center and a puncture on the boundary. On the boundary
of W, there i1s a (disconnected) Lagrangian submanifold A which, over the strip-like
end, roughly speaking coincides with the Lagrangians used in the definition of Heegaard
Floer homology (restricted to the nontrivial half of the Heegaard splitting). Then ®, is
defined by counting degree 2¢ J-holomorphic multisections of W, with boundary on A
which converge to generators of the Heegaard Floer complex over the strip-like end and
to generators of the ECH complex over the cylindrical end.

We also define a map W, : ECHy,(N) — HF(—M) by counting degree 2g J-
holomorphic multisections of a symplectic cobordism W_ obtained by closing all fibers of
W, with a disk and turning it upside down. The Lagrangian boundary condition on W_
becomes singular, and this leads to many more potential degenerations of J-holomorphic
sections. For this reason, the proof that W, is defined is the longest and most difficult part
of this paper.

In the next paper [II] we prove that ®, and W, are inverses of each other by
composing the two cobordisms and degenerating them in a different way. The proof that
®, oW, and W, o P, are the identity is thus reduced to a computation of some relative
Gromov-Witten (or relative Gromov-Taubes) invariants. Finally we prove that the maps
(J;)« are isomorphisms for j > 2¢ by an argument based on stabilizing the open book
decomposition.

1.4. Organization of the paper. — Papers [I] and [II] should be read as a single paper
which has been split for practical reasons. References from [II] will be written as “IL.x”;
for example “Section II.x” will mean “Section x” of [1I].

In Section 2 we recall some results of [0], including the definition of E/CT—I(N , 0N).
In Section 3 we replace the ECH chain complexes ECC;(N) by the periodic Floer homol-
ogy chain complexes PFC;(N), which are technically a little easier to use when defining
chain maps to and from Heegaard Floer homology. Then in Section 4 we (i) review Lip-
shitz’ reformulation of Heegaard Floer homology, (ii) restrict the Heegaard Floer chain
complex to a page S as inJ\HKl\/l] and obtain the chain group CF (S, a, A(a)) whose
homology is isomorphic to HF(—M), and (ii1) introduce an ECH-type index Iy for Hee-
gaard Floer homology. Section 5 is devoted to describing the moduli spaces of multisec-
tions which are used in the definitions of the chain maps ® and W between the Heegaard
Floer chain complex CI(S, a, fi(a)) and the periodic Floer homology chain complex
PFCy,(N). Then in Sections 6 and 7 we show that ® and W are indeed chain maps. The
proof that W is a chain map is substantially more involved than the proof that ® is a chain
map.

The proofs of the chain homotopies between the chain maps ¥ o & and i«d, and
between the chain maps ® o W and i, are rather involved and occupy almost all (Sec-
tions I1.2-11.4) of [II]. The necessary Gromov-Witten (or Gromov-Taubes) type calcula-
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tions which are used in the proof of the chain homotopy are carried out in Section II.2.
Finally, in Section II.5 we prove that (variants of) the maps (J;), are isomorphisms for

J=>2g.

2. Adapting ECH to an open book decomposition

In this section we briefly recall the results of [0]. The reader is referred to [0] for
a more complete discussion; the notation here is the same as that of [0], unless indicated
otherwise.

2.1. The furst return map. — We start by recalling the definition of an open book
decomposition in order to set the notation. Let (S, A) be a pair consisting of a compact
oriented surface S with nonempty boundary (sometimes called a bordered surface) and a
diffeomorphism £ : S — S which restricts to the identity on 3S. In this paper we will always
assume that S is connected and 0S is connecled, unless stated otherwise.

We define the mapping torus

N(S,ﬁ) =S X [0, 1]/ ~,
where (x, 1) ~ (A(x), 0).

Defination 2.1.1. — Let K C M be a link. Then M admuts an open book decomposition
(S, A) with binding K if there is a diffeomorphism

M=Ngn»UV,

where V=D? x S is a tubular neighborhood of K and, if we parametrize d9D? by ¢ € [0, 11, then
S x {t} C ON(s.s) is glued to {t} x S'.

The decomposition we give here is the standard one and is slightly different from
the one in [0], where we introduced a “no man’s land” diffeomorphic to T? x [0, 1]
between Ns 4 and V. Of course the two decompositions are equivalent.

Let S be a bordered surface. Let v(9S) >~ [—¢, 0] x R/Z be a neighborhood of S
with coordinates (y, #) so that dS = {y = 0}. (The slight difference with [0] is that, in [0,
Section 9.3], dS = {y = 1} instead of {y = 0}.)

The following was essentially proved in [0]:

Lemma 2.1.2. — Given i € DifY(S, 0S), there exists hy € DI(S, 0S) in the same connected
component as h, and which satisfies the following:

(1) there exusts a contact form o on N s ) such that the Reeb vector field R, of o s transverse
oS x {t}, t € [0, 11, and Ay is the furst return map of Ry on S x {0}; and
(2) the diffeomorphism hy restricts to (p, 0) > (p, 0 — ) on v(9S).

Moreover, o« = fidt + B, where f; is a positive function on' S and B, s a Liouville 1-form on S.
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Proof. — (1) and the last sentence of the lemma follow from combining Lem-
mas 9.3.2 and 9.3.3 from [0]. To verify (2), we refer to Section 9.3.1 and the discussion
after the proof of Lemma 9.3.3 in [0] and take a slight modification of « of the form

o = g()d0 +f ()
on a neighborhood v(dNs 4)) of 0Ns 4. Here v(dNs 4)) 1s the quotient of

v(0S) x [0, 1] = [—¢,0] x (R/Z) x [0, 1]
with coordinates (, 8, ¢), by the equivalence relation (y, 60, 1) ~ (9,0, 0). If we take

0, g0)) = (£(0) +5°/2,2(0) +)),

with (f(0), g(0)) in the interior of the first quadrant, then the Reeb vector field R, is
parallel to

(2.1.1) —f' (93 + & ()03, = —ydp + 9,.

Its first return map then satisfies (2). O

From now on, we assume that i = fy as given by Lemma 2.1.2.

2.2. ECH(N, 9N, &) and ECH(N, 9N, ). — Let N = N5 and & be as in
the previous subsection. We recall the definitions of the variants ECH(IN, 0N, o) and
@(N , ON, o) and the main result concerning them from [0]. In particular, we carry
over the Morse-Bott terminology from [0, Section 4]. We will assume that the almost
complex structure J on R x N is Morse-Bott regular.

The boundary 9N is foliated by a Morse-Bott family A of simple orbits of R,, of
the form 6 = const. We may assume without loss of generality that o is nondegenerate
away from 9N, after a C*-small perturbation for £ >> 0. We pick two orbits from N and
label them % and e. The orbits 2 and ¢ are meant to become hyperbolic and elliptic
after a small, controlled perturbation of . The Morse-Bott family N is negative. Since
N is a Morse-Bott family on 9N, this means that N plays the role of a sink and that
no holomorphic curve (besides a trivial cylinder) is asymptotic to an orbit of A/ at the
positive end.

2.2.1. ECH(N, 0N, o). — Let P be the set of simple Reeb orbits of & in mt(N).
We write ECC;’ (N, a) for the chain complex generated by orbit sets y constructed from
P U {¢}, whose homology class [y] intersects the page S x {¢} exactly j times. The differ-
ential for ECC; (N, @) counts ECH index 1 Morse-Bott buildings in (R x N, J) between
orbit sets which are constructed from P U {e}; for more details see [0, Section 7.3]. In par-
ticular, if % is an ECH index 1 Morse-Bott building which is counted in the differential,
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then ¢ can appear only at a negative end of # and no single end of # can multiply cover ¢
with multiplicity > 1. (It is still possible that there are many ends of # which simply cover

e.)

There are inclusions of chain complexes:

37 :ECC!(N,a) — ECC., (N, o),

Y = ey,

where we are using multiplicative notation for orbit sets. Let us write ECH; (N, @) for the
homology of the chain complex ECC; (N, ). We then define

ECH(N, N, &) = lim ECH; (N, o).
J—>0o0

2.2.2. @(N, ON, a). — Let ECC;(N, @) be the chain complex generated by
orbit sets y constructed from P=PuU {e, h}, whose homology class [y] intersects S X
{t} exactly j times. The differential for ECC;(N, o) counts ECH index 1 Morse-Bott
buildings in (R x N, J). There are inclusions:

(2.2.1) 3, : ECC;(N, &) — ECCy (N, @),
Y ey,

as before. Writing ECH;(N, «) for the homology of ECC;(N, ), we define
ECH(N, 0N, ) = lim ECH,(N, ).
J—>00
The following was the main result of [0]:

Theorem 2.2.1. — We have the isomorphisms:

ECH(M) ~ ECH(N, 8N, a),
ECHM) ~ ECH(N, 9N, ).

2.3. Sphtting of ECH according to homology classes. — Given an orbit set y = ]_[;:1 ijj
in M or N, its total homology class ['y] 1s defined as

l
[y1=Y_mlyl.
=1



HF=ECH VIA OPEN BOOK DECOMPOSITIONS I 27

where [y;] € Hi(M; Z) if M is a closed manifold and [y;] € H,(N; Z) or H,;(N, 0N; Z)
(as appropriate) if N has torus boundary. We then have the direct sum decomposition:

ECCOM) = @5 ECCOM,A),
AeH; (M)

where ECC(M, A) is the subcomplex of ECC(M) generated by orbit sets with total ho-
mology class A. The direct sum of chain groups descends to a direct sum of homology
groups ECH(M, A).

There is an analogous splitting for ECC(N, N, «). In fact,

ECC/(N.o)= €H ECC(N,a,A),

AeH|(N,0N)

and the inclusion y > ¢y respects this splitting since [¢] = 0 in H; (N, oN).

Lemma 2.3.1. — If M has an open book decomposition with binding K and N s the mapping
torus of a page, then there is an isomorphism

w : H; (M) — H;(N, dN).
Progf: — We use the long exact sequence for the pair (M, K):

H,(K) - H,;(M) 2 H;(M, K) — Hy(K).

Since [K] =0 in H;(M) and K is connected, the map ¢ is an isomorphism. By exci-

sion and homotopy invariance, we obtain the isomorphism H,; (M, K) — H;(N, oN).
Combining the two isomorphisms gives us @ . UJ

The isomorphism ECH(M) = ECH(N, 0N, «) respects the splitting into total ho-
mology classes. In fact

ECH(M, A) = ECH(N, oN, «, @ (A)).

The same also holds for the hat versions.

2.4. Twisted coefficients in ECH. — In this subsection we describe the construction
of ECH with twisted coefficients. We will adapt the analogous construction in Heegaard
Floer homology from [OSz2, Section 8] instead of following the original construction in
[HS2, Section 11].

Fix a homology class A and a closed curve I' C M such that [I'] = A. Let

I I3

+ _ mj + - _ m,—

Y—”Vj,+v Y—”Vj,—
J=1 J=1
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be orbit sets with [y*] = [y~] = A. Here we are assuming that all the multiplicities
m; + are positive. We denote by Hyo(M, y™, y7) the set of relative homology classes [C]
such that dC = y™ — y~, namely [C] € Hy(M, O(y*,y7)), such that O(y*,y") =
(U740 U (U2 y30) and [9C] = 37 my o[y 41 — Y= m;_[y;,-]. We also denote by
M= (yT, y~, Q) the moduli spaces of I = 1 holomorphic curves in R x M from y™* to
Yy~ representing the homology class of C.

A complete set of paths for A based at T" is the choice, for every orbit set y such that
[yl = A, of a surface C, C M such that 9C, =y — I', defined in the same way as the
previous paragraph. A complete set of paths for A induces maps

A Hy(M, y*,y7) = Ho(M)

for all y* and y~ in A by 2'(C) = [C,- U C U —C,+]. This map is compatible with the
action of Hy(M) on Hy(M, y*, y~) and with the concatenation of chains with matching

ends.
We denote the group ring of Hy(M; Z) by F[Hy(M; Z)] and the generator corre-
sponding to ¢ € Hy(M; Z) by ¢. We define

ECCM, a, A) = ECCM, a, A) ®r F[Hy(M; Z)]

as an F[Hy(M; Z)]-module, with differential

ay+ — Z Z # (MIZI(Y+, Y, C)/R) te/(C)y—.
y~ CeHo(M,yt,y7)
The homology of this complex is ECH with twisted coefficients ECH(M, A).

The U-map can be defined in a similar manner and @(M,A) is the homology
of its mapping cone. The construction of ECH(N, dN, @ (A)) with coefficient ring
F[Hy(N, ¢; Z)] = F[Hy(M; Z)] 1s similar, and there are isomorphisms

(2.4.1) ECH(M, A) ~ ECH(N, 3N, o (A)).
(2.4.2) ECH(M, A) ~ ECH(N, dN, o (A)).

Moreover, by considering only orbit sets that intersect a page j times we can define
ECHJ. (IN) and we have

ECH(N, N, &, @ (A)) = lim ECH,(N, @ (A)).

2.5. Elmanation of elliptic orbits. — The goal of this subsection is to show how to
locally replace elliptic orbits by hyperbolic orbits with the same parity (i.e., with negative
eigenvalues). The main result, which is used in [II] but is also of independent interest, is
Theorem 2.5.2 below. Let us first give the following definition:
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Definition 2.5.1 (Filtration F). — If N = Ns 4 is the mapping torus of (S, h) and y C N
is a link which is everywhere transverse to S x {t}, t € [0, 1], then we define F (y) = (y, S x {0}),
where (, ) s the algebraic intersection number.

Theorem 2.5.2 (Elimination of elliptic orbits). — Let o be a contact form on the mapping torus
N = Ns.p), i € Diff(S, 0S), such that the Reeb vector field Ry, is transverse to S x {t}, ¢ € [0, 1],
and h is the furst return map of Ry, on' S x {0}. Then, given m € Z" and & > 0, there exists a smooth
Sunction f: N — (0, +00) which is e-close to 1 with respect to a fixed C'-norm and whose Reeb
vector field R o, has no elliptic orbits y in int(N) satisfying F (y) < m.

2.5.1. Model situation on the solid torus. — Fix a constant § > 0. Consider the solid
torus

V=D’xS'=D*x R/Z)={(r,0,2) | r <8}

with the contact structure & = ker a, where o = dz+7*d0. We write D, = {z = 20} CV
and T, ={r=nr} CV.
Given a function /" : [0, 8] — (0, +00), the Reeb vector field Ry, s given by:

1
(2.5.1) Ry = 27—f2((r2f’ +21/)d. — f'p).

In particular, Ry, is transverse to each D, provided /" 4 2rf > 0, and Ry, is tangent
to each T,. The first return map @, : Dy = D, is a rotation on each circle {r=1y} and
can be written as (7, 0) > (7,0 + ¢y, (1)).

Claim 2.5.3. — Let G : [0, §] — (0, 400) be a smooth function. If

_ " 25C(s)
(2.5-2) f(?’) —ACXp <—/O mdS) ,

where A s a positive constant, then the first return map of Ryo, satisfies @ro,(r) = C(r) for each
re (0, 6].

Here we are ignoring the differentiability at » = 0.
Progf. — 1In view of Equation (2.5.1), Ry, is parallel to 9, + C(7) 9y if and only if

(2.5.3) COCS +21f) =~/

1s satisfied. H
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Let £y : [0, 8] — (0, +00) be a function such that ¢, (7) = ¢y, where ¢, € (0, 277).
By Claim 2.5.3, we may take

o 20\ 1+
fom_e"p( /5 1+¢052d5>_ T+ ot

In particular, y, = {0} x S' is the only orbit ¥ of Ry, satisfying F(y) = 1, where F(y) =
(¥, Do), and the orbit y; is elliptic and nondegenerate.

Lemma 2.5.4 (Modification lemma). — There exists a function f> : V — (0, +00) such that
Joog is arbitrarily C' ~close to footy and the Reeb vector field R j,q, is equal to Ry o, near 9V, is transverse
to D, for all z € S', and has only one orbit y satisfying F (y) = 1. Moreover the orbit y is hyperbolic.

Proof. — Without loss of generality we take ¢y € (0, ]; the case ¢y € [, 27) i3
similar.

Let 0 <8’ <« 8 and let Cy : [0, 8] — [¢o, ] be a smooth function such that:

— Csy(r)=m on [0, %]; and

— Gy (r) = ¢ on [§, 8].

Let f; : [0, 8] — (0, +00) be the smooth function

. B " 25Cy(s)
Si(r) =exp ( fa 3G 08 ds) )

The function f; satisfies the following:
(1) fi=Jo and R4, = Ry, for r € [, 8];

(2) Rjg, MD, forall z € S
(3) @i (r) = Cy (r) for all r € [0, 6].

We compute that

A0 /"( 25¢0  25Cy(s) ) )
(2.5.4) e CXP( s \1+¢ps2 1+ Cy(s)s? ‘)

By taking §" > 0 to be arbitrarily small, the absolute value of the integrand of Equa-
tion (2.5.4) can be made arbitrarily small. Hence f,(r) ~ f;(r) for all r € [0, §], in view
of (1). (Here f & g means |f — g| is bounded above by a continuous function of §" which
approaches 0 as 6" — 0.)

Next we consider 9,f; = @ and 0,f; = )ﬂ#, where r = /42 + »>. We appeal to
Equation (2.5.3) and write

2111 (r)
1 4+ Cy (r)r?’

21/o(r)

fi(r): 1+¢072'

Jo) =



HF=ECH VIA OPEN BOOK DECOMPOSITIONS I 31

For 8’ > 0 sufficiently small, f/(r) and f;(r) are both arbitrarily close to 0. Moreover
S (r) =f;(r) for r € [§', 8]. Hence f/ = f; for all r € [0, §]. This implies that 0./, ~ 9,f;
and 0, (f1//fy) ~ 0 for x = x, y.

The Reeb vector field Ry, has exactly one orbit y; satistying F(yy) = 1. The
linearized first return map d®, (0) of y; has eigenvalues —1.

We now claim there exists a C*-small perturbation f; of f; for any £ >> 0 such
that the linearized first return map d®q,(0) of the corresponding orbit has eigenvalues
—X and —% with A € R>? — {1}. This follows from a local model on D? x [0, 1] with
coordinates (x, », z): Suppose the Reeb vector field is R = 9,. Then the contact 1-form
can be written as o = dz + B, where B is a l-form on D?. We consider Ry,, where
G(x,7) =1 + e(x* —»*) and & > 0 is sufficiently small. The component of Ry, in the
xy-direction is parallel to yd, — xd,. Hence the derivative at zero of the holonomy map
D? x {0} --» D? x {1},' obtained by flowing along Rg,, has eigenvalues A, and i with
X0 € R*? — {1}. By appropriately damping ¢ out to 1 outside a small neighborhood of
(0,0,0) € D? x [0, 1], the above model can be grafted into V to give f;. This procedure
does not introduce any extra J = 1 orbits, since the graph of ®/,, in Dy x Dy inter-
sects the diagonal transversely in one point and this property is stable under a C*-small
perturbation of @, for any £ > 0. UJ

Remark 2.5.5. — The modification in Lemma 2.5.4 introduces many elliptic orbits
satisfying F > 1.

2.5.2. Proof of Theorem 2.5.2. — Starting with the contact form « on N, we make
a C?-small perturbation of « relative to dN such that the resulting Reeb vector field —
also called R, — satisfies the following:

(1) Ry is nondegenerate away from oN;
(2) for each F =1 elliptic orbit y C mt(N), the first return map is a rotation by an
irrational angle and « is of the form Cyfyy on a tubular neighborhood V,, of

Y.

Here fj and « are as in Section 2.5.1 and Cj 1s some constant. We then use Lemma 2.5.4
on the tubular neighborhoods V,, to replace the F = 1 elliptic orbits by hyperbolic orbits
plus F > 1 orbits. Next, we perturb the form so that the F =1 orbits and the F =2
hyperbolic orbits are left unchanged and the F = 2 elliptic orbits satisfy (2), with F =1
replaced by F = 2. Using Lemma 2.5.4 again, we replace the F = 2 elliptic orbits by
hyperbolic orbits and F > 2 orbits. Continuing in this manner, we obtain o without any
F < m elliptic orbits in imt(N).

! The dashed arrow indicates that the map is only partially defined.
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2.5.3. Durect limuts. — Starting with (S, #) and o from Section 2.1, by Theo-
rem 2.5.2 there exists a sequence of contact 1-forms «;, 7 € N, on N such that:

(I) @ and a;j agree on a small neighborhood of N and ker o and ker ¢; are isotopic
relative to ON;

(2) all the orbit sets of Ry, that satisfy F =14, i <j, have oj-action between i — €
and ¢ + €, where 0 < e K 1;

(3) Ry and Ry, are parallel outside of a small neighborhood V., of the elliptic

At
orbits of Ry, with ' =j + 1;
(4) R, hasno elliptic orbits with F <j 4+ 1.

1

We take suitable extensions of ; and «j;; to M as in [0, Section 9.3], which we still call
a; and ;1. Then

ECH(M) ~ lim ECH=" (M, o),

where Lj = + €, the superscript < L indicates orbit sets of action < L, and the direct
limit is the limit of the induced maps of ECH chain maps

£ : ECC™Y (M, aj) — ECC=" (M, a141),

given by [HT3, Theorem 2.4]. It is important to remember that the ECH cobordism
maps are defined by using cobordism maps in Seiberg-Witten Floer cohomology.
Next we consider the ECH chain maps

255  §:ECCG(N.a) — ECC (N, ).
given by composing the restriction
(2.5.6) K : ECGCG;(N, ) - ECCGi(N, o41)

oij- to N and J; : ECC;(N, ;1) — ECC,1 (N, oj;) given by y > ey. The methods of
[0, Section 9] that are used to prove Theorem 1.3.1 show that

ECH=Y (M, a;) ~ ECH;(N, o)),

and (Ej)* = (8)), under this identification.
Hence we have the following theorem which will be used in [II]:

Theorem 2.5.6. — ECHM) ~ lim ECH;(N, fa), where the direct limit is taken with
J—>00
respect to the maps 8;.
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3. Periodic Floer homology

In order to simplify some technicalities, we would like to replace the ECH groups
by the periodic Floer homology groups of Hutchings [Hul, Hu2, HS1], abbreviated PFH in
this paper. The PFH groups are defined in a manner completely analogous to the ECH
groups, with stable Hamiltonian vector fields replacing the Reeb vector fields.

If M is a closed manifold which fibers over the circle, then the PFH groups of
M are equivalent to the Seiberg-Witten Floer cohomology groups of M by the work of
Lee-Taubes [LT].

3.1. Interpolating between Reeb and stable Hamuiltonian vector fields. — Consider the con-
tact form a =fidt + B, on S x [0, 1], as defined in Section 2.1. We may assume that
R, is parallel to 9, on S x [0, 1], after transforming S x [0, 1] by a smooth family of
diffeomorphisms parametrized by ¢ € [0, 1] and isotopic to the identity. Since

dp,

where ds is the exterior derivative in the S-direction, it follows that ’%‘ = dsf;. (Hence ds B,
is an area form which does not depend on ¢.) Also, the form « is a contact form as long as
dsB, > 0. Hence, for C > 0, the form (C 4 f))dt + B, is a contact form with Reeb vector

field parallel to 9,.
Now consider the 1-parameter family of 1-forms

(3.1.1) a, = Cdt + c(fdt + By),

¢ €[0, 1], on N. It interpolates between the contact form a; = Cdt + (f,dt + B,) and the
stable Hamiltonian form «y = Cdt. The Reeb vector fields R = R, are directed by 9,
and hence are parallel for all ¢ > 0.

The pair (o, w = dsB,) is a stable Hamuiltonian structure on N, i.e., o is closed, o A
o > 0, and ker do D ker w; see for example [CV]. When ¢ = 0, the Hamiltonian vector
field Ry equals éat and hence is parallel to all the R, ¢ > 0. Also let & be the 2-plane
field on N given by the kernel of a.. The closed 2-form w can either be viewed as an area
form on S or as a (maximally nondegenerate) 2-form on N.

3.2. Definitions. — Consider the infinite cylinder R x N with coordinates (s, x). We
will also use the notation W =R x N.

Definition 3.2.1. — An almost complex structure J. on R x N s adapted to the stable
Hamiltonian structure (a., ®) if ] satisfies the following:

— Jc s s-invariant;

_ Jg(aa) = Rg dﬂd_];(ég) = %_S'"
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— Jc is tamed by the symplectic form Q' = ds A dt + w.

Our goal is to replace the ECH chain complexes

ECC(N, ag,J),  ECC/(N, g, J)

for ¢ > 0, by the analogously defined PFH chain complexes

PFC;(N, 0, . Jo),  PFC!(N, g, @, Jo).

The orbit sets of the ECH chain groups are constructed using the Reeb vector fields R
and the orbit sets of the PFFH chain groups are constructed using the Hamiltonian vector

field Ry.

We introduce some notation. Let J, ¢ € [0, 1], be a smooth family of (a., w)-

adapted almost complex structures, let y =[[, /", ¥y =11, )/im; be orbit sets of PFC;(N,
o, w) or ECC;(N, o), and let Z € Hy(N, y, y").

A ] c-holomorphic curve (or map) from y toy’ is a holomorphic map

u: (F,j) = RxN,J,)

satisfying the following:

(1) (F, 7) 1s a closed Riemann surface with a finite number of punctures removed;

(2) the neighborhoods of the punctures are mapped asymptotically to cylinders
over Reeb orbits;

(3) at the positive end of R x N, u is asymptotic to R X y; with total multiplicity
m; (more precisely, if we list the positive ends of « that are asymptotic to some
multiple cover of R X y; and the covering degrees are m;, ..., m;, then m; =
mj + -+ - + my;); and

(4) at the negative end of R x N, u is asymptotic to R x y; with total multiplicity

/

m..

A

We write:

— Mj_(y,y’) for the moduli space of J.-holomorphic curves from y to y’;

- My (y,y.7Z) C Mj_(y,y") for the subset of curves in the class Z;

_ Mjg (y,y) C Mj_(y,y) for the subset of simply-covered curves; and

- MJ”; (v,y,72) C My (y,y',Z) for the subset of curves without connector com-
ponents.

Convention 3.2.2. — The curves in all the moduli spaces are defined only up to automorphisms

of the domain, the complex structures of their domains are not fixed, and the curves are allowed to be
disconnected.
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A connector over an orbit set § = [].8;" is a collection of branched covers of trivial cylinders
where the branching is optional and the total covering degree over R x §; is m;.

Given two orbit sets § = [[,8" and §' =[[.8.", we set §/8' =[].8
for all z; otherwise we set §/8" = 0. Here some m; and m, may be zero. We then
write u € Mj_(y,y',Z) as u’ U u', where «° is a connector over the orbit set y, and
u € M (v/vo,¥'/v0)- By [HT1, Proposition 7.5], if Incu(y, ¥',Z) =1 (resp. 2), then

S

u' € ./\/ljg (Y/Y0,Y'/Yo) and has Fredholm index 1 (resp. 2).

/
m;—m. .
i ml <my

i

3.3. Theflux. — For more details, see for example [CHL, Section 2]. Let
A Hi(S5:Z) — Hi(5; Z)

be the map on homology induced by £ : (S, w) — (S, w) and let K be the kernel of
f, — id. Then the flux F; : K — R is defined as follows: Let [¢] € K. Since [¢£] =[A(¢)] €
H,(S; Z), there is a 2-chain S C S such that S = ¢ — A(¢). We then define:

Fe(¢) = f w.
S

Since the map £ is the first return map of a Reeb vector field R, it has zero flux (cf.
[CHL, Lemma 2.2]). This implies that f[c] o =0 for every [C] € Hy(N), where w is now
viewed as a closed 2-form on N. Indeed, [C] can be represented by a surface of the form
(¢ x[0,1]) U (S x {0}), where the relevant boundary components are glued. Hence, if y
and y’ are orbit sets of PFC;(N, ag, @y, Jo), then the w-area of any Z € Hy(N, y, y’) only
depends on y and y'.

3.4. Compactness. — The vanishing of the flux is an important ingredient in estab-
lishing that M, (y, y’) admits a compactification in the sense of [EGH, BEHWZ].

We briefly outline the argument from [Hul, Section 9]: (1) There is a bound on
the w-area for all elements of M, (y,y’). This was done above. (2) Given a sequence
of holomorphic curves u; € Mj (y,y’), i € N, there is a subsequence which converges
weakly as currents to a holomorphic building #.,. This is due to the Gromov-Taubes
compactness theorem [T3], which works in dimension four and does not require any a
priori bound on the genus of #;. The extraction of the holomorphic building is treated
in some detail in [Hul, Lemma 9.8]. Hence we may assume that the homology classes
[1;] € Ho(N, y, y’) are fixed. (8) There is a bound on the genus of the curve, provided the
homology classes [%;] are fixed. This follows from the adjunction inequality and will be
discussed below. (4) Once there is a genus bound, apply the SF'T compactness theorem
of [BEHWZ].

We now explain in some detail how to obtain genus bounds from bounds on the
homology classes [«;], especially since similar arguments will appear in later sections. But
first let us introduce some notation.
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Let (F,j) be a closed Riemann surface and p™ and p~ be disjoint finite sets of
punctures of F. Then let

w:F=F—p"—p — RxN,

m;

be a (j, Jo)-holomorphic map from y =[]y to y' =[], /". Here the punctures of p*
are asymptotic to the &£ ends of «. The positive ends of « partition m; into (m;;, my, ...)
and the negative ends of « partition #; into (%, 79, ...). (We ignore the partition terms
that are zero.) Pick a trivialization 7 of T'S in a neighborhood of all the y;, and let 1, (yik)
be the usual Conley-Zehnder index of the £-fold cover of y; with respect to 7. Then we

define the total Conley-Zehnder indices at the positive and negative ends of « as follows:

pE@ ="y,

wy @ =" (),

and also write u.(w) = uf(u) — u; (w). The symmetric Conley-Zehnder index of Hutch-
ings [Hul], so called because of its motivation from studying the “symplectomorphism”
Sym*(A) of Sym*(S) induced by 4,” is defined as:

L= Zlufm’),
=1

and does not depend on the choice of « from y to y’'. We write i, («) = i, (y) — it (¥).
We also recall the writhe

w. (W) = w; (W) —w, (),

where w () is the total writhe of braids u(F) N ({5} x N), s>> 0, viewed in the union of
solid torus neighborhoods of y; and computed with respect to the framing t; and w (v)
1s defined similarly.

The key ingredient in establishing genus bounds is the relative adjunction formula
from [Hul, Equation (18)] for simple curves u with a finite number of singularities and
no connector components:

(3.4.1) a@TS, 1) = x (F) + we (u) + Q; (1) — 28 (),

where Q); () is the relative intersection pairing with respect to T and §(«) is a nonnegative
integer which is a count of the singularities. In particular, §(z) = 0 if and only 1f « 1s an

2 Sym*(#) is a symplectomorphism away from the (multi)-diagonal.
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embedding (see [M, MW]). Together with the writhe bounds

+ ~ .t
3.4 wr_(u) < ;if (Y/) M,_(u),
w; () > . (y) — g (),

from [Hu2, Lemma 4.20], we obtain:

(3.4.3) x () = ¢, (0" TS, T) 4 pr () — Lz () — Q; () + 28 (w).

(See [Hul, Theorem 10.1].) Since all of the terms on the right-hand side are either ho-
mological quantities or depend on the data near y and y’, we have a lower bound on
x (F), which implies an upper bound on the genus of F.

3.5. Transversality. — Let Jw . be the space of almost complex structures J. on
W' =R x N in the class C* which are adapted to (o, ).

Definition 3.5.1. — An almost complex structure J. € Jw o is j-regular of, for all orbut sets
y and 'y’ of R, which intersect S x {0} at most j times, the moduli space ./\/ljg (y,y') s transversely
cut out.

Let Jy. C Jw.¢ be the subset of j—regularjg. In olrder to simplify the notation,
from now on we will write Jy for Jyw o and \7{50] for \7\7:0]0 The following lemma states
that J:’ C Jw is dense.

Lemma 3.5.2 (Transversality). — A generic ] € Jyw s j-regular.

Progf. — 'This follows from [Hul, Lemma 9.12(b)], which states that a generic
Jo € Jw 1s regular away from holomorphic curves which have a fiber {(s, £)} x S as an
irreducible component. (Observe that the fibers are holomorphic for any J, € Jw.) In
our case, the fibers are not closed and cannot occur as irreducible components of curves

in My (v, ¥). O

3.6. The equivalence of certain ECH and PFH groups. — In this section we prove the
following theorem:

Theorem 3.6.1. — Guven j > 0, there exist ], € j\’:f’j and o = 60(J,Jo) > O such that
there are isomorphisms of chain complexes

PFC;(N, a0, @, Jo) = ECC;(N, e, J ),
PFC](N, ¢, @, Jo) = ECC/ (N, e, ),

Jor all'O < ¢ =gy Here]. € j\r\m;]g us sufficiently close to Jo. Simalar isomorphisms hold with twisted
coefficients.
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Proof. — We will prove the first equivalence, leaving the second to the reader.
Since there is a one-to-one correspondence between the generators of the chain

groups PFC;(N, oy, w) and ECC;(N, a), we have
PFC;(N, o, w) = ECC;(N, e )

as F-vector spaces, but not necessarily as chain complexes. In other words, we may view
any orbit set y for R as an orbit set of any other R..

Let Jo be an almost complex structure in Jy,,”. By Lemma 3.5.2, 7" is a dense
subset of Jy, and in particular is nonempty. The moduli spaces Mj (y,y’, Z) of ECH
index 1 and 2 are transversely cut out since they are simple by the ECH index inequality.
Now let J., ¢ € [0, 1], be a smooth family of (a., w)-adapted almost complex structures
which extend J.

We claim that the ECH index 1 moduli spaces My (y,y’, Z) are transversely cut
out and diffeomorphic to ./\/lj”g (y.¥',Z), when ¢ > 0 is sufficiently small. Indeed, if u. €

J”; (y,y', Z) is sufficiently close to i (y,y'.Z), then the moduli space is regular at u..
Hence it suffices to prove that, if ¢ > 0 is sufficiently small, then every u. € ./\/lj”; (y.v.72)
is sufficiently close to My (y, y’, Z). Indeed, this follows from the compactness argument
from Section 3.4. Let u; € ./\/lJ"; (y,y'.Z) be a sequence of ECH index 1 holomorphic
curves with ¢; — 0. By the compactness theorem and incoming/outgoing partition con-
siderations, u; converges to u € M (y,y’,Z) with Igcu(w) = 1, after possibly taking a
subsequence. In particular, the limit « is not a holomorphic building with multiple levels.
If « has connector components «” over y,, then ; must also have connector components

u) over y,, a contradiction. Hence u € ./\/lJ”; (y,y',Z), which proves the claim.
Since the chain groups are isomorphic as vector spaces and the differentials agree
for sufficiently small ¢ > 0, the theorem follows. ([l

3.7. Remarks about Morse-Bott theory. — There is an equivalent approach to the def-
inition of the groups PFC;(N, g, @) which does not use the Morse-Bott language. A
similar construction is possible also for the groups PFC; (N, o, ), but will be left to the
reader.

We add a small collar [0, 7] x dS to S and extend the monodromy such that A
restricts to (y,0) — (»,0 —y) on [0, n] x 3S. (See Lemma 2.1.2). We denote by (S*, A1)
the extensions. The mapping torus of (S*, A1) is a manifold N* such that N C N*. The
Hamiltonian structure (¢, @) can be extended in an obvious way from N to N*, and the
extension will still be denoted by (@, w). The groups PFC;(N", , @) are defined be-
cause INT is foliated by orbits of the Hamiltonian vector field. If n is small enough,

all Hamiltonian orbits in N* — N intersect a fiber more than j times, and therefore
PFC,;(N*, &, @) = PFC;(N, atg, w) and Pch (N, ap, @) = PFCj (N, g, ).

Remark 3.7.1. — 1In the above construction, 1 depends on ;.
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Given a function f : N* — R and a real number A > 0, we define a new stable
Hamiltonian structure

oy =ay, o =w+rdf Aa.

Note that («), ®") is stable Hamiltonian since doy = 0. If Ry is the Hamiltonian vector
field of (ay, ) and R, of (¢, @), then R = Ry + A X, where X is a vector field satisfying
the equations

lao(X) =0,
lxw = C\if — df(Ro)ao.

We construct a function f on N as follows: We fix a Morse function on S with a unique
minimum and a unique maximum, pull it back to 9N, and extend it to a nonpositive
function f supported on a small neighborhood of N using a bump function centered at
dN. We choose f to be supported away from the (finitely many and nondegenerate) orbits
of Ry in mt(N) with F <, so that those orbits will also be orbits of Rj,.

On 0N, the vector field Rj, has a pair of nondegenerate orbits ¢ and 4, where ¢
corresponds to the minimum of the Morse function on 9S, and /4 to the maximum. We
will choose A small enough so that the perturbation creates no new orbits with F <.
Since dNT is foliated by the flow of R}, we can define the periodic Floer homology
group PFC;(N*, o, ') and, as explained in [0, Section 4], there is an isomorphism
PFC;(N*, oy, w) = PFCy, (N, o), @'). ([0, Section 4] is mostly concerned with contact
structures, but there is no problem in applying those arguments here.) The isomorphism
holds already on the level of complexes because there is no direct limit involved in its
definition. This is a consequence of the topological constraint F <j on the Hamiltonian
orbits, which implies that only finitely many of them enter the definition of the groups
PFH;,

J*

4. A variation of I-ﬁ(M) adapted to open book decompositions

In this section we recall the cylindrical reformulation of Heegaard Floer homology.
This reformulation was suggested by Eliashberg and worked out in detail by Lipshitz [Li].
The discussion is slightly different from that of [Li] in that we introduce an ECH-type
index Iyr and define the Heegaard Floer groups in terms of Iyp. We then use the work of
[HKM] to restrict the Heegaard Floer data to the page S of an open book decomposition.

4.1. Heegaard data. — A pointed Heegaard diagram is a quadruple (2, o, B, 2) which
consists of the following:

— a closed oriented surface ¥ of genus £;
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— two collections o = {«, ..., o} and B ={Bi, ..., B} of k pairwise disjoint sim-
ple closed curves in X; and
— apointze X —ao—f;

where each of o and B forms a basis of H,(X¥; Z) and o and B intersect transversely in
>,

If M is a closed oriented 3-manifold, then (X, o, B, 2) is a pointed Heegaard diagram
JSor M if ¥ decomposes M into two handlebodies, i.e., M = H, Uy Hg and ¥ = 90H, =
—0Hjg, where the a-curves (resp. p-curves) bound compression disks in the handlebody
H,, (resp. Hpg).

Let w be an area form on X. We consider [0, 1] x ¥ with the stable Hamiltonian
structure (df, w), where ¢ is the [0, 1]-coordinate. The Hamiltonian vector field is 9,, and
the 2-plane field kerdt will be written as TX, at the risk of some confusion. (If Y is a
topological space and / : Y — X is a continuous map, then we write T2y or TX for the
pullback bundle /*TZX.)

Let Sy g be the set of &-tuples of chords {[0, 1] x {51}, ..., [0, 1] x {5}} in [0, 1] x X,

where there exists a permutation o € G, for which y; € o; N By, t =1, ..., k. Here the
chords [0, 1] x {y;} are orbits of the Hamiltonian vector field 9, which connect from
{0} x B to {1} x «.
Terminology. We will often write elements of Sy g as 'y = {y1,...,0:} and refer to y as
a k-tuple of intersection points. Also, if [ < k, then an [-tuple of chords/intersection points y =
{»1, ...} is a collection of points in & N B where each ¢; is used at most once and each
B; 1s used at most once.

4.2. Almost complex structures. — Consider the natural projection mp : X — B,
where X =R x [0, 1] x 2 and B =R x [0, 1]. We also write 7R, 7o, 1jxx and myx for
the natural projections of X onto R, [0, 1] x ¥ and 2. Let (s, £) be the coordinates on
the base B=R x [0, 1]. We then define the symplectic form

Qx=dsNdt+w

on X. The submanifolds Ly =R x {1} x o and Lg = R x {0} x B are Lagrangian sub-
manifolds of the symplectic manifold (X, 2x). We denote by L,, or Lg their connected
components.

Defiition 4.2.1 (Qx-admussibility). — An almost complex structure J on X s S2x-
admissible (or simply admissible) if it satisfies the following:

) J s s-invariant;

) J(3) = 8, and J(T'E) = TE;

) J is tamed by the symplectic form Qx;

4) there s a point z; i each component of X — oo — B such that J is a product complex
structure Jg X jx. i a small neighborhood of R x [0, 1] X {z;} in X; some z; coincides
with the basepoint z.

(1
2
(3
(
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Remark 4.2.2. — 'The fibers {(s, )} x X of an admissible J on X are holomorphic
and the projection 7y is (J,5)-holomorphic, where jp is the standard complex structure
on B=R x [0, 1].

We write Jx for the space of C*-smooth Q2x-admissible almost complex structures
JonX.

4.3. Holomorphic curves and moduli spaces. — Let (F, ) be a compact Riemann sur-
face, possibly disconnected, with two sets of punctures q© = {¢/,..., ¢/} and q~ =
{¢7,.... ¢} on OF, such that (i) each component of I has nonempty boundary, (ii) on
each boundary component there is at least one puncture from each of q* and q~, and
(iii) the punctures on q* and q~ alternate around each boundary component. We write

F=F—qt—q and 0F=30F —q* — q .
Definition 4.3.1. — Let ] € Jx. A degree [ < k multisection of (X, ]) is a holomorphic
map

w: (F,j) — (X,])

which is a degree | multisection of wp : X — B =R x [0, 1] and which additionally satisfies the
following:

(1) w(dF) C Ly U Lg;

(2) foreachi € {1, ..., &k}, u ' (Ly,) (resp. u=" (Lig.)) consists of at most one component of JF,
whach we call o* (resp. B );

(3) lim 7R o u(w) = —00 and lim mg o u(w) = +00;

w%q; w—>g;

(4) the energy of u (see Definition 4.3.2 below) 1s finite.
A Heegaard Floer curve (or HF curve) us a degree k multisection of (X, J).

By the compactness theorem of [BEHWZ] (adapted to the Lagrangian case), a
holomorphic curve u satisfying (1), (2) and (4) converges to cylinders over Reeb chords
as s = £00. By the work of Abbas [Abbl], an HF curve u converges exponentially to
cylinders over Reeb chords near the ends. Components of « may map to R x [0, 1] x {y;};
such components will be called trwial strips.

Definition 4.3.2. — The energy of u is the quantity

(4.3.1) E(u) :fu*a)—l—supfu*d(d)(s)dt),
i

¢peC JF

where C s the set of nondecreasing smooth_functions ¢ : R — [0, 1].
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We now define some moduli spaces of HF curves with respect to J € Jx. Lety =
D1, ..ot andy = {y, ..., 7} be k-tuples of a N B. Let ./\/lJX(y, y’) be the moduli space
of HF curves « which are asymptotic to R x [0, 1] x {y;} near ¢ and to R x [0, 1] x '}
near ¢;.> Such a curve u is said to be an HF curve from y toy'. Also let MJX(y,y/) C
./\/lJX(y, y') be the subset consisting of curves u which additionally satisfy 7y o wu@)N{z} =
J.

Let X = [—1,1] x [0,1] x ¥ be the compactification of X = RVX [0,1] x X,
obtained by attaching [0, 1] x X at the positive and negative ends, and let Ly = [—1, 1] %
{1} xa and Lg =[—1, 1] x {0} x B be the compactifications of L, and Lg. We then define
Zyy C X as the subset

(4.3.2) Zyy =La UTpU ({1} x [0, 1] x y) U ({—1} x [0, 1] x ¥).
Similarly define
(4.3.3) Zap=LoaULgU({—1,1} x [0, 1] x (¢ N B)).

The exponential decay of HF curves in R x [0, 1] x  implies that an HF curve u: F — X
from y to y’ can be compactified to a continuous map

e (F,0F) = (X, Zyy).
Here ¥ is obtained from I by performing a real blow-up at its boundary punctures.

We define Hy (X, y,y') as the set of homology classes of continuous maps u : F — X
which satisty (1), (2) and (3) of Definition 4.3.1 and are positively asymptotic to [0, 1] x
y and negatively asymptotic to [0, 1] X y’; here two maps «; and uy are equivalent in
Hy(X,y,y’) if their compactifications #; and # are homologous in Hy ()v(, Zyy). To any
HF curve from y to y’ we can then associate a class in Hy(X, y, y'). If we consider moduli
spaces of HF curves « in the homology class A € Hy (X, y, y'), we will write ./\/lJX(y, Y, A)

or Mj((y, y,A).

Remark 4.3.3. — The sets Hy(X,y,y’) are denoted my(y,y’) in the Heegaard
Floer literature. We opted for this change of notation in order to be consistent with the
notation we introduced for ECH and for the maps to the open-closed cobordisms intro-
duced in Section 5.

4.4. The Fredholm index. — In this subsection and the next, we fix J € Jx. Now we
discuss the Fredholm index of an HF curve « : F — X, which is the expected dimension

of a neighborhood U of u € ./\/lJX(y, y'), modulo reparametrizations of the domain. The
Fredholm index of « will be denoted by ind(x) = indyy(%).

% In [Li], W has the opposite orientation, y is at —00, and y’ is at +00. The moduli spaces, however, are diffeo-
morphic.
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4.4.1. The Fredholm index, first version. — We start with Lipshitz’s formula [Li, Equa-
tion 5] for the Fredholm index of u:

k k
(4.4.1) ind(w) = —x () +k+ Y ule?) = w(B),

=1 i=1

where £ 1s the genus of X, x (F) = X(F) is the Euler characteristic of F or F, and o and
B are as in Definition 4.3.1.

We now define the Maslov indices (o)) and w(B*) which appear in Equa-
tion (4.4.1): Choose a trivialization 7, of TX >~ G on a neighborhood of the points
w € oo N P so that R corresponds to T,,B and R corresponds to T,,&. Then let 7, be
a trivialization of »*'I'¥x which coincides with the one already given near p and q by
pulling back ;. Along each component of dF — called a’ or B, depending on whether
it is mapped to «; or to B;, and oriented in the same way as dI for ¢; and in the opposite
way for B; — we have a loop of unoriented real lines in C, given by the pullback of Te;
or TB;. The Maslov index p(a)) (resp. w(B))) is the degree of the loop along o (resp.
BF) with respect to 7.

4.4.2. The Fredholm index, second version. — For the purposes of computing indices,
we replace X =R x [0, 1] x X by the compactification X = [—1,1] x [0, 1] x ¥ from
Section 4.3.

Recall Zy 5 C X given by Equation (4.3.3). We define a trivialization 7 of T2
along Zy g C X as follows: First choose nonzero sections of Toe C TE |l and TP C TX|g.
The nonzero sections induce a trivialization T’ of TX g 1= on ({0} x B) U ({1} x o). We
then extend t’ arbitrarily to [0, 1] x (o N B). Finally we pull ’ back to Zy g C X using
the projection 7y 11xx X — [0, 1] x X to obtain T.

Given an HF curve u: F — X, we define its Maslov index i, (1) as follows: Let

i (F,0F) - (X, Za.p)

be the compactification of «. We then construct a (not necessarily oriented) real rank one
subbundle £ of #*TE on dF. The bundle £ is given by #*Ta and #*TP along dF. We
extend £ to 9F — oF by rotating in the counterclockwise direction from #*T to #* T by
the minimum amount possible. (Assuming orthogonal intersections, this is a 7 -rotation.)
Then () is the sum of the Maslov indices of £ with respect to the trivialization t,
where the sum is over all the connected components of aF.

Lemma 4.4.1. — Ifu: ¥ — X is an HF curve, then

k k
(4.4.2) () + 20 (TS, 1) =Y ple)) — > ().
=1 =1
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Progf. — By standard Maslov index theory, we have
e (u) 4+ 201 (WTE, T) = phry () + 20 (@ TE, 1),

where 7y denotes the trivialization of #*'1'Y from Section 4.4.1. We immediately obtain
(WX, ty) = 0 since 7 1s a trivialization on all of F. Hence it suffices to prove that:

k k
(4.4.3) oy () =D plef) = D (Y.
=1 =1

The difference between the two sides of Equation (4.4.3) is the total amount of
rotation of the real lines introduced at o« N B in the definition of 4, : if we go from B to o
we rotate by 7, while if we go from & to B we rotate by —7; hence the total amount of
rotation 1s 0. O

We can now rephrase the Fredholm index as follows:

(4.4.4) ind(w) = —x ) + £+ pn. (W) + 26, TE, 7).

Remark 4.4.2. — Since the Maslov index of £ with respect to T is an integer along
each chord [0, 1] x {y;}, it makes sense to write u.(y;) € Z. If we let

k
Mr (Y) = Z 22 (yi)v

=1
then . (v) = . (y) — i (y"). In particular, @, («) only depends on y, y’, and the choice

of T.

4.5. The ECH-type index. — In this subsection we define an ECH-type index Ijp(u)
and prove an index inequality which is analogous to the ECH index inequality of [Hul].

4.5.1. The relative intersection form. — Let T be a trivialization of T2y along Z g as
defined in Section 4.4.2. We will define the notions of a representative and a t -trivial repre-
sentative of a homology class A € Hy(X,y,y'), wherey = {y;,....x} andy' = {y}, ..., 0}
are k-tuples in Sy g.

Definition 4.5.1. — An oriented immersed compact surface
CcX=[-111x[0,1]x X
in the homology class A € Ho(X, y, y') 2s an immersed representative of A i

(1) Cis positively transverse to the fibers {(s, )} X X along all of aC.
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(2) (Tjo.11xx) ¢ is an embedding near ICN{—=1,1} x [0, 1] x £), where 0. 11x s 1S the
projection X — [0, 1] x X.

If C is embedded in addition, then C. is a representative of A.

Definition 4.5.2 (T -trivial representative). — A representative ¢ of A is T-trivial of, for all
szgﬁczently small e > 0, cn {s = £(1 — &)} is the union of single-stranded brads é‘l si=1,...,k
where £ (resp. &) lies in a tubular neighborhood of [0, 11 x {p;} (resp. [0, 11 x {y/}), is dzyomt
Srom [0, 11 x {p;} (resp. [0, 11 x {y'}), and induces a framing which agrees with T along [0, 1] x {y;}
(resp. [0, 1] x {yi}).

Let A be a homology class in Hy (X, y,y’). Then we define
(4.5.1) ny(A) = (A, [=1, 1] x [0, 1] x {z}),

where z; € ¥ — o — B are given in Definition 4.2.1 and (-, -) is the signed intersection
number. We say that A € Hy (X, y, y') is positive if n,(A) > 0 is nonnegative for all z;.

Lemma 4.5.3. — A positiwe A € Ho(X, y, y') adnmuts a T -trivial representative C.

Proof. — Let A be a positive homology class in Hy(X, y, y'). Then we can glue clo-
sures of connected components of ¥ — o — B with multiplicity 7.;(A) as in Rasmussen [Ra,
Lemma 9.3] (also see [Li, Lemma 4.1] and its correction [Li2, Lemma 4.1°]) to construct
a smooth map u = (u;, uy), where y; : F— R x [0, 1] is a branched cover with interior
branch points and u, : F — ¥ admits an extension u, : F — X such that

— uy(g;") =y and uy (g7 ) =

— each component of oF is mapped to some «; or B; so that each «;, B;, 1 =
l,...,k, 1s used exactly once; and

— Uy 18 holomorphlc ona nelghborhood of oF and is locally glven by w w72
for some positive odd integer £(¢%) near ¢, provided ¢ is not the end of a
trivial strip of us.

We extend u to # : F — X, where F is the real blow- -up of I given in Section 4.3. Condition
(1) of Definition 4.5.1 is immediately satisfied. We can resolve all the (interior) singularities
to make 2z embedded. It is a local exercise to modify # in a neighborhood of dF — 9F so
that « becomes t-trivial. U

. Lemma 4.5.4. — If u: ¥ — X is an HF curve and C is the tmage of the compactification
w: ¥ — X, then the following hold:

(1) 75 0 u: ¥ — B has no branch points along 3B. 5
(2) & is positively transverse to the fibers {(s, t)} X X along all of IF and (o 11xx ¢ s an
embedding near aC.
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In other words, C. satusfies all the conditions of a T -trivial representative for some T, with the exception of
the embeddedness of C.

Proof. — (1) follows from the fact that mg o u is a k-fold branched cover of B. Let
H = {Im(z) > 0} be the upper half-plane and U C H be an open subset which contains
0. If f 1s a holomorphic map U — R x [0, 1] which maps 0 to (0,0) and U N dH to
R x {0}, then it can be extended to a holomorphic map f : U U U—Rx[-1,1] by
Schwarz reflection, where U = {Z | z € U} If df (0) =0, then f 1s locally a composition of
z+> 7' for some integer / > 1 and a biholomorphism. This contradicts the requirement
that /(H) stay on one side of R x {0}.

(2) follows from (1), together with the asymptotics of u as s = £o0. UJ

We now define the relative intersection form Q;(A), which is analogous to the
relative intersection form which appears in the definition of the ECH index Ipcy, but is
easler.

Definition 4.5.5 (Relative intersection form Q;(A)). — Let A € Ho(X, 'y, y') be a positive
homology class and let C be a T-trivial representative of A. Let \i be a section of the normal bundle
v 1o C such that Yo =Jt, and let ¢ bea pushoff of C in the direction of W. Then the relative
intersection form Q; (A) s giwen by:

Q) =(C.C)
where (-, -) denotes the algebraic count of intersection points.

Note that, since a representative C is positively transverse to the fibers {(s, 1)} x X
along all of 3C, we may take the normal bundle v to C to satisfy v|ye, = TX[,¢. Also,
since J is {2x-admissible, it takes T3 to itself. Hence (7,J7) is a trivialization of v|ye.
Although 7 and Jt are homotopic, we will often use Jt due to its appearance in the
definition of Q; (A).

Let v/ and t be trivializations of TXy along Zy g which differ only on {£1} X
[0, 1] x (e N B). Let deg(z, 7/, ;) (resp. deg(t, T’, ")) be the degree of T with respect to
the trivialization 7’ along [0, 1] x {y;} (resp. [0, 1] x {y}), oriented in the 9,-direction. We
then have the following:

Lemma 4.5.6 (Change of trivialization). — If A € Ho(X,y, y') is positive, then

k k
4.5.2) Qr(A) = Qu(A) =) deglr, T, p) — Y deg(z, T',)).
=1 =1

Proof — Let Cp be a T'-trivial representative of A. Let € > 0 be small and let

Coo=Con(—1+e 1-¢e]x[0,1]x ).
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We can extend (V]r/,o to (V]r in X by gluing disks D;, D/, ¢ =1, ..., £, corresponding to y;,
%, so that C; becomes T-trivial.
Let ¢ be a section of the normal bundle to C; such that ¥ [y, =J7 and Y[y, =

Jt'. (Here we are assuming that T’ has been extended to a neighborhood of the [0, 1] x
{»i}.) Then

Qs (A) — Qu(A) = Z#(WD) <0>+Z#<w|D> (0),

=1 =1

where # is a signed count. A local calculation gives

#Wlp) " (0) =deg(z, 7', 3),  #(Wlp) ™ (0) = —deg(z, 7', 5),

which proves the lemma. O
The following is immediate from the definition of Q;(A).

Lemma 4.5.7 (Additiity). — If Ay € Ho(X,y,y') and Ay € Hyo(X, y', y") are positive,
then

Q; (A1#A) = Q; (A1) + Q: (Ay),
where A\#A; € Hy(X, 'y, y") is obtained from stacking two copies of X.
4.5.2. The relative adjunction formula. — In this subsection we prove a relative ad-
Junction formula for HF curves (Lemma 4.5.9).

IfCcXisa properly immersed surface with only transverse double points in its
interior, we denote by 8(C) the signed count of the double points of C.

Lemma 4.5.8. — If C is an immersed representative of A € Ho(X, y, y') with only transverse
double points in its interior, then

a(0,J7) = Q,(A) — 25(C).

Progf: — Let us first assume that C is embedded. If C is t-trivial, then there is a
section ¥ of the normal bundle to C such that ¥ |, =Jt, and

Q;(A) =#y~'(0) = (v, Jo).

Next let " and t be trivializations of T2y along Zy g, which differ only on {£1} x
[0, 1] x (¢ N B). By Equation (4.5.2), together with an analogous equation for ¢; (v, JT) —
a(v,Jt’), we have

Q:(A) = QrA) = (v, Jr) — a1 (v, JT),

which proves the lemma for embedded C.
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Suppose now that C has a single positive transverse double point 4. (The case of
a negative double point is similar.) We resolve the intersection in the following way: Let
B c X be a small ball centered at d. Then C N 38 is a Hopf link, and C N B is the union
of two slice disks for the components which intersect at 4. We can construct a new surface
Con by replacing the two disks with a Hopf band connecting the two components of the
Hopf link. By definition, we have Q;(A) = CAm, C }. On the other hand, if v,, is the

sm

normal bundle to (V]Sm, then

(W, JT) = a1 (v, JT) + 2.

This can be seen easily by embedding B into S* x S? and using the properties of the
intersection product for closed 4-manifolds.
In general,

a1 (0,J7) 4 28(C) = (v, JT) = (Cyy €1 ) = Q; (A),

and the lemma follows. 0

Let u: F — X be an HF curve. Then u has no singular points on dF because
7t o « has no branch point on the boundary. By [M, MW] (see also [MS, Appendix EJ),
there exists a modification v : F — X of u: F — X in a neighborhood of its finitely many
singular points so that v is an immersion with only positive transverse double points. We
define & («) the number of positive double points of v, which depends only on % and not
on the modification v used to define it. Then §(«z) > 0 and 6 («) =0 if and only if « is an
embedding. We can now state and prove the relative adjunction formula:

Lemma 4.5.9 (Relative adjunction formula). — If u: ¥ — X is an HF curve in the homology
cass A € Hy(X,y,y'), then

(4.5.3) a@TX, 1) =¢ (TF, 9;) + OQ;(A) —256(w)
=x(F) —k+Q;(A) — 25(w).
Here 0, s the pullback to aF of the tnunalization 0, on [—1, 1] x [0, 1].

Proof — Let v: F — X be the immersion with transverse double points obtained
by modifying « : F — X. Since the modification is purely local and is away from F, it
follows that  and ¥ belong to the same homology class in Hy(X,y, y') and ¢; (#*TX, 1) =
¢;(V*TX, 7). Hence Equation (4.5.3) for u is equivalent to Equation (4.5.3) for v, and we
may assume without loss of generality that « is immersed with positive transverse double
points.

The vector field 9, is a global trivialization of the complex line bundle T([—1, 1] x
[0,1]) over X =[—1,1] x [0, 1] x =. Hence

0 (i TX, (t,9) = 0, (" TE, 7).
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On the other hand,
a @ TX, (1,0)) = ¢ (TF, 3) 4+ ¢; (v, ] 7).

The first line of the relative adjunction formula now follows from Lemma 4.5.8.

The equivalence of the first and second lines is a consequence of Claim 4.5.10, proved
below. U

Claim 4.5.10. — ¢,(TF, 8,) = x (F) — £.

Proof. — Let tyr be the trivialization of TF|yr which is given by an oriented non-
singular vector field tangent to dF. We then have

¢1(TF, 3)) = x (F) + deg(d;, Tor),

where deg(9;, Tyr) 1s the degree of 9, with respect to Typ. By an easy direct calculation we

obtain deg(9,, Tyr) = —£. ]

4.5.3. The index lyy and the index inequality. — We are now ready to define the
ECH-type index Igr and prove the ECH-type index inequality (Theorem 4.5.13).

Definition 4.5.11 (ECH-type index). — Let A € Hyo(X,y,y') be a positive homology class.
Then the ECH-type index Iy of A is given as follows:

(4.5.4) Lup(A) = o (TZ[x, ) 4+ Q (A) + 2 (y) — p: (y).

We observe that Iyr(A) does not depend on the choice of 7: Suppose T and t’
differ only at y; and deg(z, 7', ;) = 1. Then we compute that (i) Q;(A) = Q,(A) + 1 by
Lemma 4.5.6, (i1) @, (y) = o (y) — 2 and (ii1) ¢; (TZ |5, 7) =, (TX]a, T7) + 1. Next we
reverse the direction of T (viewed as a vector field) along a single component [—1, 1] x
{1} x a; of [=1, 1] x {1} X o, keeping in mind that 7 is tangent to {s} x {1} x o and
{s} x {0} x B for all s € [—1, 1]. More precisely, let

— t'=—ton[—1,1] x {1} x «;,

— on each {—1, 1} x [0, 1] X »; C Zq g such that y; € a;, T’ is obtained by adding
an extra m-rotation to T near {—1, 1} x {1} x y;, and

— 1/ =1 elsewhere.

Then it is easy to verify that (1) Q,(A) = Q,(A), (1) u.(y) = no(y), and (iii) ¢; (TX |4,
7) = (TZ]4, T'). Any two trivializations T and 7’ can be related to each other by a
sequence of differences of the above two types.

The index Iy satisfies the following additivity property under the stacking opera-
tion #: Ho(X,y,y) x Ho(X,y,y") — Ho(X,y,y").
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Lemma 4.5.12 (Additivity of Tup). — If Ay € Ho(X,y,y) and Ay € Ho(X,y', y") are
postitive, then

Inp (A1 #Ag) = Tup(A)) + Tnp(Ag).

Proof. — Each of the terms ¢;(TX|4, 7), Q;(A), and . (y) — . (y') in the def-
inition of Ixp(A) is additive under stacking; see Lemma 4.5.7 for the additivity of

Q, (A). O

The following index inequality is analogous to (but much easier than) the ECH in-
dex inequality, due to Hutchings [Hul, Theorem 1.7]. We remark that « is required to be
simply-covered in the statement of the usual ECH index inequality. This is automatically
satisfied for HF-curves.

Theorem 4.5.13 (ECH-type index inequality). — Let u: F — X be an HF curve in the class
AeHy(X,y,y). Then

(4.5.5) ind(u) + 28 (w) = Igr(A),

where § (1) > 0 15 an integer count of the singularities. Hence
(4.5.6) ind(u) < Igr(A),

with equality if and only if u s an embedding.

Note that # has no boundary singularities because g o # has no branch points at
the boundary.

Proof — We calculate:
ind(u) = — X (F) + £+ 1 (y) — 11 (y)) + 26, (TS, )
=a@TE, 1)+ Qr(A) + pe(y) — 1o (y) — 28(w).

The first line is Equation (4.4.4). The equivalence of the first and second lines follows
from the relative adjunction formula. Hence

ind () + 28(1) = ip(A).

The index inequality (4.5.6) follows immediately. UJ

4.6. Compactness. — We now discuss the requisite compactness issues. The key no-
tion is that of weak admissibility from [OSz1, Definition 4.10], which is analogous to the
vanishing of the flux in the PFH situation (see Section 3.3). A pointed Heegaard dia-
gram (X, o, B, 2) is weakly admissible if, for every Spin‘-structure § and nontrivial periodic
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domain Q which satisfies {¢1(s), Q) = 0, there exist j; and j, for which n; (Q) > 0 and
ny, (Q) < 0. (The points z; and z;, are the points from Definition 4.2.1(4).) Equivalently,
by [OSz1, Lemma 4.12], (¥, o, B, 2) 1s weakly admissible if and only if there is an area
form w on X such that each periodic domain has total signed w-area zero.

Let N > 0 be a fixed constant. We consider the subset HY (X, y, y) consisting of
homology classes of Hyo(X,y,y’) which intersect [—1, 1] x [0, 1] x {z} at most N times.
(This is sufficient for CF and CF*, defined in Section 4.8.) The difference of two homol-
ogy classes A}, Ay € Hg (X,y,y) is a periodic domain Q and has zero w-area. This im-
plies that the w-areas of any two A}, Ay € H?(X, y,y') differ by i- w(2) where 0 <7 <N.
Let ¢1, ..., ¢, be the connected components of ¥ —a — B with z; € ¢;. If A is represented
by a holomorphic curve, then the projection of A to ¥ can be written as ) ;115 (A) ) with
n;(A) = 0. Since each ¢; has finite area, there must only be a finite number of homology
classes A € HY(X, y, y) for which the moduli space ./\/lJX (y,y'. A) is nonempty.

We now prove the existence of a compactification of MJX(y, y', A)/R. It suffices to

show that if u : F — X is an element of MJX(y, y', A), then the genus of F is bounded as
long as A is fixed. This will be carried out in Lemma 4.6.1. Once we have a genus bound,
the SF'T compactness theorem from [BEHWZ] can be applied to give a compactification

of Mj(y,y’, A)/R.

Lemma 4.6.1. — There is an upper bound on the genus of a holomorphic curve u: F — X in
a fixed homology class A € Hy (X, y,y').

Proof. — The proof is analogous to the proof in the PFH case. In view of the rela-
tive adjunction formula (Lemma 4.5.9) and the nonnegativity of §(«), we have

(4.6.1) x(F) > o, F'TS, 1) + k — Q, (A).

The lemma follows by observing that the terms on the right-hand side depend only on
the homology class A. UJ

4.7. Transversality.

Definition 4.7.1. — An almost complex structure ] € Jx s regular if the moduli spaces
./\/lj((y, y') are transversely cut out for all'y,y' € Sy p.

Note that if « is an HF curve, then it does not have any closed irreducible com-
ponents by definition. In particular, # cannot have any fibers {(s, 1)} X X as irreducible
components.

We write Jx* C Jx for the subset of regular almost complex structures J. For J €

¢, the dimension of ./\/lf((y, y') near u is equal to the Fredholm index ind(u). The moduli
space ./\/lf(y, y') carries a natural R-action given by translations in the s-direction, and
the quotient M(y, y)/R is a manifold.
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Lemma 4.7.2. — A generic ] € Jx is regular.

Progf. — This follows from [Li, Proposition 3.8] (see also [Li2, Section 2]), by not-
ing that an HF curve « does not have any fibers as irreducible components. Lemma 4.7.2
can also be proved in the same way as in [Hul, Lemma 9.12(b)]. Note that the transver-
sality theory is relatively straightforward because HF curves are never multiply-covered,
1.e., all the moduli spaces ./\/lJX(y, y') consist of simple curves. UJ

We will use the notation /\/ljx’lz"(y, y') to denote the moduli space of HF curves
from y to y’ with ECH index Iy = 1.

Corollary 4.7.3 (Corollary of Theorem 4.5.13). — If Iyp(A) =0, 1 and J € Jy*, then
every HF curve u in the class A satisfies ind(u) = Igp(A) and is therefore embedded.

Progf. — This follows from Equation (4.5.5) by observing that the term 2§ («) is
even and nonnegative and that ind(«) > 0 since ] is regular and « is not multiply-covered.

0J

4.8. Definition of the Heegaard Floer komol()gy groups. — Let (2, o, B, 2) be a weakly
admissible Heegaard diagram and let ] € Jy*. We define the Heegaard Floer chain com-
plexes

(CF(Z, o, B,2.)).9) and (CF*(Z, o, B,2.]),9%),
whose corresponding homology groups are
AF(Z, o, B,2)) and HF (2, o, B, 2.]).

The hat group CF(Z, o, B, z.]) is the F-vector space generated by Sy and the
plus group CF*(Z, a, B, z,]) is the F-vector space generated by Sy g x Z=°. Elements of
Sy p will be written as y and elements of Sup X Z7° will be written as [y, .

We now define the differentials d and 9*. The differential 9 is given by

dy= > (Iy.y)y.

y/esot.ﬂ

where (5y, y') is the count of /\//\IJX’I=1 (y,y)/R. The differential 3% is given by

My = Y (@ Ay, D Iy - [y,

[y /1€Su,px 270

where (37 ([y, 7]), [y',J]) is the count of ./\/lJX’I:1 (y,y')/R whose representatives have in-
tersection number : —j with R x [0, 1] x {z}. By Theorem 4.5.13, the count of Iyyp(v) =1
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curves is equivalent to the count of embedded ind(x) = 1 curves. Hence our definition is
the same as that of Lipshitz.

The differentials @ and 9% indeed satisfy 32=0and (3M)? =0 by [Li]. A tricky
issue which arises for 3% (but not for 8) is that an element « of the boundary of
./\/lXI 2(y, y')/R might a priori have a fiber {(s,#)} x £ as an irreducible component.
(In that case, « consists of one copy of X, together with £ trivial strips.) This possibility is
eliminated in [Li, Lemma 8.2].

Both HF(Z o, B,z.]) and HF (X, o, B, z,]) are independent of the ch01ces and
can be written as HF(M) and HF"(M). In this paper, we are 1nterested in HF( M),
where —M is the manifold M with the opposite orientation. The group HE(—M) is the
homology of the chain complex CF(z, B, o, z,]), i.e., the complex for which the roles of
the - and B-curves are exchanged.

4.9. Restricting the complex to a page. — In this subsection we describe a pointed
Heegaard diagram for —M which is adapted to an open book and which has the property
that Ifﬁ:‘(—M) can be computed from a single page. The Heegaard diagram constructed
here is a slight modification of the Heegaard diagram constructed by Honda, Kazez and
Mati¢ in [HKM].

Let S be a bordered surface of genus g and connected boundary, and let (S, 4) be
an open book decomposition of M with binding K. Then there is a homeomorphism

(S x 10,1/ ~, (@S x [0, 1]/ ~) = (M, K),
where (x, 1) ~ (A(x), 0) for x € Sand (y, ) ~ (», ) for y € S and ¢, / € [0, 1].

4.9.1. A Heegaard diagram compatible with (S, i). — We define a pointed Heegaard
diagram (X, B, o, z) for —M which is compatible with (S, A); this means that Ly = R x
{1} x B and Ly, =R x {0} x a. Recall from above that switching the roles of o and p has
the effect of reversing the orientation of the ambient manifold.

The open book decomposition (S, A) gives a natural Heegaard decomposition of
M into two handlebodies H; = (S x [0, £])/ ~ and Hy = (S x [%, 1])/ ~. The Heegaard
surface ¥ is Sy /9 U =Sy and has genus 2¢. Here we abbreviate S x {¢} by S,.

A basis of S is a collection of properly embedded pairwise disjoint arcs a =
{ar, ..., ay} of S such that S — a is a connected 8g-gon. Given a basis a of S, there is a
natural collection of compression curves «; = d(a; X [0, 1] for H,. We write o; = a; Ua,
where the presence of T indicates a copy of an arc in S, » and the absence indicates a copy
of the arc in Sy. Recall the monodromy /£ maps (», 6) = (», 6 — y) near 9S. We then con-
struct a collection of compression curves B; = b: U A(a;) for Hy, where b; is the simplest
arc (i.e., with the fewest number of intersections with the aj) in S;/, which is parallel to ;
and extends A(g;) to smooth curve in ¥. See Figure 1.

The arcs ¢; and A(g;) intersect at their endpoints x; and x! by the definition of A
near 05, and the arcs aj and bj intersect at a unique point x; in (S, 9). This means that



54 VINCENT COLIN, PAOLO GHIGGINI, KO HONDA

all the intersection points of ;N B; lie in S, except for one intersection point x; of o; N B;
for each . We then place the basepoint z on the binding, away from all the intersection
points x;, x.. The regions of ¥ — o — B which nontrivially intersect S; ; are the following:

— the “forbidden region” containing the basepoint z;
— foreach¢=1,...,2g, abigon D; from x/ to x; and a bigon D’ from «! to «..

By the placement of the basepoint z, it is clear that any periodic domain must have terms
of the form £(D; — D), where £ is an integer. This implies the weak admissibility of the
Heegaard diagram (X, B, o, 2).

Remark 4.9.1. — The point x; or x. (either one) is a component of the contact
class ¢(§s.4) € HF(X, B, o, 2), where & 4 is the contact structure which corresponds to

(S, h).

4.9.2. Holomorphic curves in the region R x [0, 1] X S, /9. — Let J € Jx with the ad-
ditional property:

(&) J is a product complex structure on R x [0, 1] x Sy 9.

All the holomorphic curves and moduli spaces in this subsection are for the Hee-
gaard diagram (X, B, o, 2).

Clarm 4.9.2. — Letu /\//?J((y, y') for somey,y' € Sp.o. Then the following hold:

(1) If u us not asymptotic to any x!, then its image is contained in R x [0, 1] x Sy.
(2) If uis asymptotic to some x!, then u has x! at the positive end and a component of u is either
(1) a trivial strip over x or (1) a “thin strip” from x! to x; or x., whose projection to X s
D; or D..
(3) If u is asymptotic to x; or x, at the positive end, then a component of u ts a trivial strip over
/
X; 07 X.

T4

FiG. 1. — A portion of S, s whose normal orientation points out of the page. The shaded regions are the disks D; and D),
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The only nontrivial components of » which intersect R x [0, 1] X S; /9 are the “thin
strips” in (2) and are easily seen to be regular since their projections to R x [0, 1] and
S /9 are regular; see for example [Se2, Section (13a)] for the automatic transversality of
holomorphic curves with boundary punctures in dimension 2. Hence a generic J which
satisfies (&) is in Jy.".

4.9.3. The varant CF(S a, A(a)). — Let J € Jy* which satisfies (&). We now de-
fine the chain complex CF(S, a, f(a), J), which can be defined on a page of the open
book (S, A) and whose homology is isomorphic to HF(E, B, a, z,J). The almost com-
plex structure J will usually be suppressed from the notation.

Let S, 4@ be the set of 2g-tuples of intersection _points of a and A(a); equiva-
lently, S, @) = ={y € S« | y C Sp}. Then we define (CF’(S a, A(a)), d") as the sub-
complex of (CF(E B, a, 2), d) generated by S, 4. The differential 9 restricts to 3’ by
Claim 4.9.2(1).

Next define an equivalence relation ~ on 613(8, a, A(a)) as follows: if we write
y = yo Uy, where y, consists of chords of type x;,x, ¢ =1,...,2¢, and y, does not
contain any x;, X, t=1,...,2g, theny ~y ifand only ify =y, Uy, y =y, Uy] and
y1 =Y,. We then take the quotient complex

CF(S, a, A(a)) = CF (S, a, fi(a))/ ~,
with the differential 3 induced from 8’. The differential 9’ descends to the quotient F) by

Claim 4.9.2(3).

Remark 4.9.3. — Since ¥ and S = S, have opposite orientations, the order (B, o)
is switched to (a, A(a)).

The following theorem allows us to restrict from the Heegaard surface X to the
page S:

Theorem 4.9.4. — H,(CF(S, a, fi(a)), 9) ~ HF(Z, B, o, 2).

Proof. — Let us write CF for CF(Z, B, o, 2). Also let CF, be the subgroup of CF
generated by 2g-tuples of chords, exactly £ of which are of the form «/. Using Claim 4.9.2,
we can write the differential & on CF as 9 = 0o + 01, where 9, : CF;C — CF ; counts
Inr = 1 curves whose nontrivial part is contained in Sy and 0, : CFk — CFk 1 counts
Izr = 1 curves whose nontrivial part is contained in S,/o. In particular, 9, counts HF
curves which correspond to the domains D, and D!. Since 8* = 0, it follows that

802 == 812 - 8081 + 8180 :O,

i.c., CF becomes a double complex.
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The 0,-homology of CF is:

CF(S, a, A(a)), ifk=0;

H,(CF, 9,) = {O, ifk>0.

This claim will be proved in Lemma 4.9.5. For the moment we assume it to finish the

proof of the theorem. The double complex gives rise to a spectral sequence converging
to HF (X, B, a, 2) such that:

E' = H,(CF, 3,) = CF(S, a, f(a))
E? = H,(H.(CF, 3)), [8]) = H,(CF(S, a, A(a)), 9).

Since E? is concentrated in degree £ = 0, the spectral sequence degenerates at the second
step and HF(Z, B, o, 2) = E2. This proves the theorem. O

Before proceeding to Lemma 4.9.5, let us introduce some notation. Let Z be a
k-element subset of {1, ..., 2¢} and let Z° be its complement. Then let Sz¢ be the set of
(2g — k)-tuples y; of chords from £(a) to a such that each g; and £(g), j € Z°, is used

exactly once and no x;, x, & is in y,. In particular, ¢; and A(4;) remain unoccupied for all

) j’
1el.
Lemma 4.9.5. — The homology of (CF, 9,) is:

_ CF(S, a, A(a)), ifk=0:

Progf: — Let ((/ﬁ?(yl), d)) C ((/j?, ) be the subcomplex generated by 2g-tuples of
chords of the form y, Uy, where yo is a £-tuple of chords consisting of one of x;, x, x7 for

egc\h Jj€Z andy, € Sz. Since ((/ﬁ? , 81’)\is the direct sum of chain complexes of the form
(CF(y)), 01), it suffices to treat each (CF(y,;), 0,) separately.
Consider the chain complexes (C(y), d) = (Cy()) ® C,()), d), where
Ci() =Fl},  Co() =Fly, ¢}, () =x— ¥,

J

The homology groups of those complexes are:

(4.9.1) H(C(), d) = {é’“f”@/‘)“’?""@/’)’ if//i?

By Claim 4.9.2(2), we have

(CFyn), 31) = Q)(C(). d).

jeT
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By the Kiinneth formula, H, (CF (y1), 9)) is generated by the equivalence class {y; Uy},
where y; is fixed and y;, ranges over all £-tuples of chords which consist of one of x;, x” for
each j € Z. The lemma then follows.

4.10. Spin‘-structures. — Let Sy g be the set of k-tuples of intersection points of the
pointed Heegaard diagram (X, o, B, z) and let Spin‘(M) be the set of Spin‘-structures
on M. In [OSzl, Section 2.6], Ozsvath and Szab6 defined a map

5.2 Sq.p = Spin‘(M).

Although the precise definition of s, will not be given here, we review an important prop-
erty of s, which is more or less equivalent to the definition. Giveny = {y;}}\_,, ¥y = /}L, €
Sa g, the difference between the Spin‘-structures corresponding to y and y’ is given by:

€(y,y) =PD(s.(y) —s.(y)) € Hi (M),

where a cycle representing €(y, y’) can be constructed on the Heegaard diagram as fol-
lows: For eachi=1, ..., £, choose an arc «f on «; from y; to ;, where ;, y. € o;. Similarly,
we choose arcs B on B;,1=1, ..., k, which connect y’ to y. Then €(y, y’) is the homol-
ogy class of Ule (af U B), which is a union of closed curves; see [OSz1, Definition 2.11
and Lemma 2.19]. It is easy to verify that €(y, y’) does not depend on the choice of arcs
a’ and B! and provides a topological obstruction to the existence of HF curves connect-
ingyandy'

The Heegaard Floer chain complex CF (2, o, B, 2) therefore splits into a direct
sum

CIZ.a.p.00= P CFE.a.p.z9,

seSpin‘ (M)

where the subgroup CF(Z, a, B, 2, 5) is generated by y € Sy with s.(y) =s and is a
subcomplex.

We now interpret the above discussion in a way which relates more easily to the
splitting of ECH in terms of homology classes of orbit sets. Consider the chain complex
CF (S, a, A(a)) which is generated by the set S, 4@y of 2g-tuples of intersection points
of a and A(a), i.e., we are restricting to a page S. The homology groups H;(M; Z) =~
H, (N, 0N; Z) are identified via the isomorphism zr, given in Lemma 2.3.1.

We then define the map

h : Sa,ﬁ(a) - HI(M)

by assigning a cycle h(y) toy = {yi}?i | € Sas(a) as follows: Suppose y; € a; N A(ay ;) for
some 0 € Gy,. On [0, 1] x S, we consider the union of the following oriented arcs:

— [0, 1] x {p;}, e =1, ..., 2g, where the orientation is given by 0;;
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— {0} x ¢, t=1, ..., 2g, where ¢; is a subarc of f(a;) which goes from A(y, ;) to y;.

With the identification (x, 1) ~ (A(x), 0), the arcs glue to give a cycle in N which repre-
sents h(y).

Proposition 4.10.1. — Let & be the contact structure supported by the open book decomposition
(S, h) of M, and let s¢ be the canonical Spin‘-structure determined by & . Then for any'y € S, f(a) we
have

5:(y) = s + PD(b(y)).

Progf. — The equality holds for any 2¢-tuple x, which represents the contact class.
In fact, s.(x¢) = s¢ by the definition of the contact class and h(x;) = 0 since the cycle
representing it is parallel to IN. Hence, in order to prove the proposition, it suffices to
prove that

hy) —h(y) =e€(y.y)

for all y,y' € S, (a). One can check that h(y) — h(y’) is homologous to the union § of
the following types of arcs:

— [0, 1] x {»;} with orientation 9;;

— [0, 1] x {y} with orientation —d;

— subarcs of {1} X ¢; connecting from y to y’; and
— subarcs of {0} x A(a;) connecting fromy’ to y.

By homotoping § to a page S, we see that [§] = €(y, y’) with respect to the Heegaard
diagram (X, B, o, 2) given in Section 4.9.1. O

4.11. Twusted coefficients in Heegaard Floer homology. — In this subsection we review
the definition of Heegaard Floer homology with twisted coefficients, originally defined in
[OSz2, Section 8], and prove a twisted coefficient analog of Theorem 4.9.4. We describe
the construction for HF; the construction for HF* — which will be used in [III] — can
be treated in a similar manner.

Fix a Spin‘-structure s and a A-tuple of intersection points y, such that s.(y) = s.
A complete set of paths for s based at y, 1is the choice, for each k-tuple of intersection points
y such that s5.(y) = s, of a surface Cy which is the projection to [0, 1] x X of a surface
representing an element of Hy (X, y, yo).*

A complete set of paths determines maps

2A:Ho(X,y,y) — Ho([0, 1] x I, {0} x U {1} x &) = Hy(M)

* We are identifying relative homology classes in X with relative homology classes in [0, 1] X ¥ as necessary.
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for all y and y’ such that s.(y) = s.(y") = s by 2(A) = [Cyy UA U —Cy]. This map is
compatible with the action of Hy(M) on Hy(X,y,y’) and with the concatenation of
chains with matching ends.

We define

CF(Z, o, B, 2,5 =CF(Z, o, B, 2, 5) @ F[Hy(M; Z)]
as an F[Hy(M; Z)]-module, with differential
5y = Z Z # (./W’Izl(y, Y, A)/R) e%(‘\)y’.
5:(y)=s AeHs(X,y,y)

The homology of this complex is the Heegaard Floer homology with twisted coefficients
HE(M, 5).

Consider the special Heegaard diagram constructed in Section 4.9.1. For every
Spin‘-structure § € Spin‘(M) we define the complex

CE(S, a, fi(a), 5) = CF(S, a, f(a), 5) @ F[H,(M; Z)]
with the differential induced by the differential on CF(Z, B, &, 2, 5).

Theorem 4.11.1. —H*(@(S,a, h(a),s)) s isomorphic lo @(E,B,a,z,s) as
F[Hy(M; Z)]-modules.

Proof. — Fix a distinguished 2g-tuple of generators yy such that s,(yy) = 5. We
choose a complete set of paths Cy with the following property: if y =y U {x}, y =y U
{x} and y" =y U {1/}, then Cy = Cy UD, and Cy = Cy UD), where D; and D) are
the surfaces corresponding to the thin strips connecting «” to x; and x/, respectively; see
Figure 1. With this choice of complete set of paths, we have 20(D;) = 20(D!) = 0 for all ¢,
so the proof of Theorem 4.9.4 goes through unchanged. UJ

5. Moduli spaces of multisections

The goal of this section is to introduce the moduli spaces which will be used to
define the chain maps

@ : CF(S, a, fi(a)) — PFCy,(N, ag, @)
and
W : PFCy,(N, g, ) — CF(S, a, A(a)).

The definition of these chain maps can be viewed as a melding of ideas of Seidel [Sel,
Se?] and Donaldson-Smith [DS].
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Lety = {yi, ..., 9} be a generator of (/]'F(S, a, fi(a)), where y;, € ¢; N Aa, ;). In-
tuitively, y is mapped to an element of PFCy,(IN) through an intermediary called a broken
closed siring yy. It is a union of closed curves in N =S x [0, 1]/ ~, obtained by taking the
union of y; X [0, 1],7=1,...,2g,and ¢; x {0}, 1 =1, ..., 2¢g, where ¢; is a subarc of A(q;)
which connects A(y,(;) to ;. Note that there is a unique homotopy class of arcs from
hA(Ys)) to y;, since A(g;) is an arc (and not a closed curve). The arcs y; x [0, 1], ¢; x {0},
i=1,...,2g, glue up to give a union of closed curves since (A5 (;)), 0) ~ (Vo @iys 1)-

3.1. Symplectic cobordisms. — We recall the stable Hamiltonian structure («, @) on
N from Section 3. The mapping torus N is given by:

N=(Sx[0,2])/~, (x,2)~ (A(x),0)

where £ is an area-preserving map of S with zero flux. The projection S x [0, 2] — [0, 2]
defines a projection 7rsi : N — S', where we identify S' = [0, 2]/0 ~ 2. Here we made a
slight modification to the definition of N: the interval [0, 1] in Section 2.1 is now replaced
by [0, 2].

The area form w on S, the form df on [0, 2], and the vector field 9, on S x [0, 2]
give well-defined objects on N which we still denote by w, dt, and 9,. By Equation (3.1.1)
the form « is a positive multiple of dt. For simplicity we assume that «p = d¢. Then the
stable Hamiltonian vector field is Ry = 9, and, by construction, the monodromy # is the
first return map of Ry. In view of Lemma 2.1.2 we may assume that:

— all orbits of Ry in mt(N) satisfying F < 2g are nondegenerate; and
— R is negative Morse-Bott along dN.

Remark 5.1.1. — Indeed, the stable Hamiltonian vector field Ry on N has the
same first return map as a Reeb vector field R;, v > 0, by construction, and we could
have taken R; to be Morse-Bott nondegenerate.

Let us write W=R x [0, 1] x Sand W =R x N. Let
Q=dANd+w, QL=dANd+ow

be the symplectic forms on W and W', where s is the R-coordinate.

In this section we introduce the symplectic cobordisms (W, €2,) and (W_, Q_),
as well as their “compactifications” (W,, Q) and (W_, Q_). The cobordism (W, .)
interpolates from the stable Hamiltonian structure ([0, 1] x S, (d¢, w)) at the positive
end to the stable Hamiltonian structure (N, (op, @)) at the negative end, whereas the
cobordism (W_, €2_) goes from (N, (tp, )) at the positive end to ([0, 1] X S, (d¢, w)) at
the negative end.
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=1

F16. 2. — The bases B} and B_. The sides are identified. The dotted lines on the top and bottom indicate cylindrical ends.
Both B, and B_ are biholomorphic to a disk with an interior puncture and a boundary puncture. Here the location of m’
on B_ is indicated by x

3.1.1. The symplectic cobordisms (W, 24) and (W_, Q_). — Consider the infinite
cylinder R x S' >~ R x (R/2Z) with coordinates (s, ). Let w51 : N — S! be the fibration
(x,t) = tand let

7y :RxN=W - B =R xS'

be the extension (s, x, £) > (s, g1 (x, £)). Let us write N, = n];I({s} x Sh for s € R. We
define W, = 711;1 (B;), where B, = (R x (R/2Z)) — B, and B, is the subset [2, 00) X
[1,2] C R x (R/2Z) with the corners rounded. See the left-hand side of Figure 2. We

write
g, Wy — By

for the restriction of 7rp. Note that the boundary of W, can be decomposed into two
parts that meet along a codimension two corner: the vertical boundary 9,W = 7'[B_+1 (0B,),

and the horizontal boundary 9,W ., which is equal to the union of the boundaries of the
fibers.

Similarly, we define W_ = JT]?(B,), where B_ = (R x (R/2Z)) — B° and B“ is
(=00, —2] x [1, 2] with the corners rounded. The projection

g - W_— B_,

the vertical boundary 0,W_, and the horizontal boundary d,W_ are defined analogously.

The symplectic form €2 (resp. £2_) is the restriction of
ds N dt+ o =ds Ndt+ dsp,

to W, (resp. W_). By this we mean the following: On R x S x [0, 2], we take the
symplectic form ds A dt + w. Then the symplectic form glues under the identification
(s, x,2) ~ (s, A(x), 0).
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We also write ¢/(B.), ¢/(B_) for the compactifications of B, B_, obtained by ad-
joining the points at infinity p; corresponding to s = 400, and p_ corresponding to
s = —00. Therefore ¢/(B;) and ¢/(B_) are isomorphic to the closed unit disk with one
marked point on the interior and one marked point on the boundary.

5.1.2. The extended cobordisms (W, Q) and (W_, Q_). — We now extend (W,
Q) to (W4, Q,), which corresponds to capping off each fiber S by a disk; the definition
of (W_, Q) is analogous.

We first define the capped-off surface S: Let D> = {p < 1} be a disk with polar
coordinates (o, ¢). We write 2o, for the origin p = 0. Let (y, 8) be the coordinates on a
neighborhood v(9S) >~ [—¢, €] Xx R/Z of S = {0} x R/Z (inside a slight extension of S),
as before. Then S = (S L D?)/ ~, where (9, 0) € v(9S) 1s identified with (y%, —270) €
D2

For every integer m > 2¢ we define
fn:S—S

as a smooth extension of A:S — S, depending on m, such that flpe is the diffeomor-
phism of D? given by

(0, ®) = (0, ¢ +v,(p)),

where v, : [0, 1] = R is a smooth function which satisfies the following:

— vu(p) =2 for p < 3;

— v,(p) 1s increasing for % <p< %;

— V,(p) 1s decreasing and independent of m for % <p<l
- vm(%) < 22—’; and v, (1) =0;

~ Vg :=lim,,_, o v, exists in the C*-topology for & >> 0.

In particular, v, (p) =0 for p < % Taking the limit m — 00 becomes important
starting from Section 7.7, but until then we just need m > 0 and we simply write £ = £,
and v =v,,

We then define the mapping torus

N, = (S x [0, 2])/(x, 2) ~ (h(x), 0).

When we do not need to specify m, we will simplify the notation by writing N,, = N.
Note that, although N,, depends on m and v,,, all the N,, are diffeomorphic. The closed
manifold N is obtained from M by a 0-surgery along the binding of the open book.

Let @ be an area form on S which extends w and equals pdp A d¢ on D?. We then
extend the stable Hamiltonian structure (e, @) on N to the stable Hamiltonian structure
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(@o, @) with Hamiltonian vector field Ry on N, where we still have @y = d¢ and Ry = 9,.
Moreover, the orbit

8o ={zoc} x [0, 2]/ ~

is the only simple closed orbit of Ry on N — N which intersects S at most 2g times; it is
called 4, since it lies on the level set p = 0. The 2-plane field of the stable Hamiltonian
structure is ker@, = TS.

We now define W, and W_. First define extensions W =R x [0, 1] x S of W =
R x [0,1] x Sand W =R x N of W =R x N. Let Tgi : N — S' be the fibration
(x, 1) — t and let

Ty :W=RxN-—>B =R xS!

be the extension (s, x, ) —> (s, Tgi (v, £)). For %« = 4+ or —, we set W, = ﬁg,l (B,) and write
7, : W, — B,

for the restriction of Ty to W,. We also write
Tp:W—B

for the restriction of Ty to W.

The symplectic forms Q., Q_, , Q' for W, W_, W, W’ are obtained from
ds A dt + @ by gluing and restricting as necessary.

Let us write

V:=N — m(N) = (D* x [0, 2])/(x, 2) ~ (A(x), 0).

We then identify ¢ : V > D? x (R/2Z) via (pe?,t) > (p TP/ 1) Note that ¢
relates two coordinate systems:

(i) the “Reeb coordinates” (x, ) on D? x [0, 2] such that Ry =9, and (r,2) ~
(A(x), 0), and

(ii) the “balanced coordinates” on D? x (R/2Z) such that Ry =0, + @ad, and
(x, 2) ~ (x,0).

For x =4 or —, let
7p2 i W N (R x V) — D?

be the projection of W, N (R x V) to V, followed by the projection of V to D? via the
identification ¢, i.e., with respect to the balanced coordinates.

We also choose the marked point m = m' W) e W_, where m = (0,%) e B_
and W = z,, € S. The marked point will play a crucial role in the definition of the chain
map V.
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N

>

FiG. 3. — Extended arcs in D?. The black arcs are portions of the @; and the red ones are portions of the £(@;). The dashed
arc is one of the 4;; — @;. (Color figure online)

3.2. Lagrangian boundary conditions. — Let us first write
L.=Rx{l} xa and L. =R x{0}x A(a)

for the Lagrangians in W that are used in the definition of CF (S, a, A(a)).

5.2.1. Lagrangian boundary conditions for W.. — The symplectic fibration
e, - (Wi, Q) — By, ds A dt)

admits a symplectic connection, defined as the €24 -orthogonal of the tangent plane to the
fibers. The symplectic connection is spanned by 0, and 9, if we consider Q2 =ds A dt + w
on R x S x [0, 2] before the identification (s, x, 2) ~ (s, A(x), 0). (We recall that W, is
defined as a subset of R x N =R x (S x [0, 2])/ ~.)

We first place a copy of the basis a on the fiber 7TB_+1 (3, 1) and take its parallel
transport along 9B using the symplectic connection. The parallel transport sweeps out
a Lagrangian submanifold L} of (W, ©2). Let L be the connected component of L
given by parallel transport of ¢;. Since the symplectic connection is spanned by 9, and 9,
on R x S x [0, 2], over the strip {s > 3, ¢ € [0, 1]} we have:

LIN{s>3,t=0}={s> 3} x A(a) x {0},
Lin{s>3,t=1}={s>3} xax (1}.

Similarly, the Lagrangian submanifold L on the vertical boundary of (W_, ©2_)
is obtained by taking the parallel transport of a copy of a — placed on the fiber
75 (=3, 1) — by the symplectic connection.

5.2.2. Extended Lagrangian boundary conditions. — Fix ky > 2g. In what follows we
assume that the basis arcs ¢;, 1 =1, ..., 2g, depend on an integer m > 0 (i.e., sufficiently
large that the conditions below make sense) and satisfy some additional conditions. Let
E C 9D? be the set of endpoints of U,_; . 9,a; and let p; (m), ..., y4,(m) be the points of E

)
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in counterclockwise order. We denote by ¢ (y;(m)) the ¢-coordinate of the endpoint y;(m).
Then we assume the following:

— a; = a;(m) 1s oriented;

0 < p0(m)) < 22;
— for 1 <j1,7 §4g,

@M (m) == ¢, (m)) — ¢ (7, (m))

is an integer multiple of %’T;

- W > ko for all j; > j», 1.e., the spacing between any two ¢ (y;, (m)) and
¢ 0, (m) with ji > jy s at least ky times 2';
~ lim £2U" = 4ooand lim ¢ (m) =0;

m— 400 m— 400

@192 (m)

— for all quadruples j; > jo, j35 > J1, "hm S5 (m) # 1 unless (j1,72) = (j3,4)-

Assume without loss of generality that the initial point of ¢; is x; and the terminal point of
a; 1s x.. Let @; be the (oriented) extension of ¢; C S to S, obtained by attaching two radial
rays a;; ={0 < p < 1,¢ =¢;,},j =0, I, where ¢;; is a constant. Here @, (resp. @, ) is
the initial (resp. terminal) segment of @;. We also define the extension g;; = {—1 < p <
L,¢p=¢;},)=0,1,0fq;={0<p < 1,9 =¢,;}. Here (p, ) with p < 0 is a notation
for (—p,¢ + ).

We writea = {a), ..., ay,}. Then L:; 1s the extension of L;'E, obtained by the parallel
transport of a copy of a, placed at ﬁgl (3,1) or Ty ' (=3, 1). We similarly define L5, L%,
Lgf, LZI_, and L;,E-uzzi_,-a where @, =4 — {20} anda = (@), ..., ay,).

Definition 5.2.1. — A bigon (with acute angles) contained in D* and bounded by @;; and
h(a;;) will be called a thin strip. The portion of a thin strip contained in Dy = {p < é} will be
called a thin wedge. See Figure 3.

5.3. Almost complex structures and moduli spaces for W, W, W', and W’. — In this sub-
section we specify the almost complex structures and moduli spaces for W =R x [0, 1] x
SSW=Rx[0,1]xS,W=RxN,and W=R x N.

Convention 3.3.1. — When we write 'y ory (with possible superscripts, subscripts and other
decorations), it s assumed that every inlersection point in'y is contained in S and every orbit iny s
contained i N. (By abuse of notation, we will wnite'y C S andy C N.) In particular, 'y and 'y do not
contain any multiples of zoo 01 8.

5.3.1. Holomorphic maps to W and W. — Let W =R x [0,1] x S and W = R x
[0,1] x S. Alsolet Q =ds Adt+ w and Q = ds A dt +w. Then Jyy 1s defined as the set of
C*-smooth 2-admissible almost complex structures on W.
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The analogous space Jiy for W is slightly more complicated:

Definition 5.3.2. — Fix €,8 > 0 sufficiently small and k> 0. Then Fyy is the space of
C>®-smooth 2-admussible almost complex structures | on W which satisfy the following:

(1) there exists an Q2-admissible almost complex structure Jo which restricts to the standard
complex structure on the subsurface D? C S of each h fiber;
2 J=J, om{p <e}UW and |] —J,lr < 8 over W;
(SR) J is a split complex structure on R x {0} times a neighborhood of A(a) and on R x {1}
times a neighborhood of @; moreover A(@) and @ are real analytic with respect to the fiber
complex structures on T (5, 0) and Ty ', D), respectively.

Here | - |}, is some fixed C*-norm.

Remark 5.3.3. — Condition (SR) and the analogous Condition (SR) for J', given
later, are technical conditions that allow us to apply Schwarz reflection on a neighbor-
hood of every point of the Lagrangian boundary. It is easily satisfied and the inclusion of
this condition does not affect the proofs of regularity.

We denote by J the restriction of ] to W. (We will be assuming that ] € Jy and
admits an extension to ] € Jiy.) Let Sa s be the set of 2g-tuples of intersection points of
aNf(a). Giveny,y €S, ja), let M;(y,y’) be the moduli space of HF curves from y to
y’ with respect to ] which are contained in R x [0, 1] x S.

We next discuss holomorphic curves in W.

Definition 5.3.4. — Let'y,y' be k-tuples of a1 h(a) andJ € Jw. Then a degree k < 2g
multisection @ from y to y’ in (W,]) is a holomorphic map % : ¥ — W which is a degree k
multisection of Ty : W — B, satisfies the conditions of Definition 4.3.1 with Ly and Lg replaced by
I; =R x {1} xa and L7z =R x {0} x A(@) and (k, 1) replaced by (2g, k), and is asymptotic
oy andy' at the positive and negative ends.

Note that we require 8 to be mapped to L, L7 and be disjoint from Lz — Lg,
Lﬁ(a) - Lﬁ(a)-

Definition 5.3.5. — The section at infinity 0w s the map 0o : R x [0, 1] — W such
that 006 (s, t) = (8, t, 20). By abuse of notation we will also refer to its image as the section at 0.

The section at infinity is J-holomorphic for every J € Ji. Let 2., € D} 2 C S be
a point with p-coordinate less than % and in the complement of all arcs 4;; and A(g; ).
The orbit O(z,) of zf, under the action of £ consists of m points, and each thin wedge in
D%/Q between @, ; and A(z;;) contains exactly one point of (’)(zgo). Let cr; =R x[0,1] x
O(zl,). (Note that this multisection does not have Lagrangian boundary conditions; it

will only be used to impose topological constraints on the HF curves.)
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Definition 3.3.6. — Guven a degree k multisection u of W, we define n(u) = (u, a;), where
(-, -) denotes the algebraic intersection between the images.

The intersection number 7(%) is a homological invariant since z!, was chosen so
that O(z],) is disjoint from the Lagrangian arcs.

Lemma 5.3.7. — The wntersection number n() satisfies the following properties:

(1) n(@) > 0 and n(w) = O if and only if the image of u is disjoint from o ;
(2) f (u, 000) > 0, then n(u) > m;

(3) of n(u) =1, then u projects onto a thin strip; and

(4) n(w) is independent of the choice of 7],

Progf. — (1) follows from the positivity of intersections of pseudo-holomorphic
maps in dimension four, (2) is a consequence of the fact that holomorphic maps are
open, and (3) is a consequence of the positivity of intersections and of the fact that every
thin wedge contains only one point of O(z). Finally, (4) follows from the fact that differ-
ent choices for o}, are connected by a path of multisections which are disjoint from the
Lagrangian boundary conditions. U

Definition 5.3.8. — Let'y and'y' be k-tuples of a N A(a). Then Mj(y,y') is the moduli
space of degree k multisections w of (W, ]) fromy toy'.

Modifiers. For any moduli space M, (%) we may place modifiers * as in M (x2) to
denote the subset of M, (x) satisfying *. Typical self-explanatory modifiers are I =1,
n=m, and deg = k. (Note however that the degree can be inferred from *,.) * = s means
“somewhere injective”.

The following lemma is an easy consequence of Lemma 5.3.7, in particular of
points (1) and (4).

Lemma 5.3.9. — M}zo(y, Y) =My, y) iy, ¥ € Saia)-

5.3.2. Holomorphic maps to W' and W'. — Recall the stable Hamiltonian structures
(atp, @) on N and (@, ®) on N. We will denote by Ry the Hamiltonian vector field of
(g, w) on N and by R, the Hamiltonian vector field of (@, @) on N. Clearly Ry 1s the
restriction of Ry to N. Since 9N is a Morse-Bott torus of Ry, we briefly review Morse-
Bott theory in the context of periodic Floer homology. A more extensive reference is
[0, Section 4], where a completely analogous discussion is given for embedded contact
homology.

While the closed orbits of Ry are nondegenerate on m¢(N) U (V) = N — 9N,
the orbits on dN form a negative Morse-Bott torus, 1.e., ON is foliated by closed orblts whose
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linearized first return map at any point p € dN is given by a matrix (a (1) with a <0

with respect to an oriented basis (v, v9) of the tangent space to the fiber of the fibration
N — S! passing through p. In this basis v, is transverse to dN and v; is tangent to dN.

We denote the Morse-Bott orbit family associated to N by N, i.e., N is the quo-
tient of AN by the flow. (Previously we had used N for the Morse-Bott family for the
Reeb vector field R, on dN; for the rest of the paper R, is replaced by Ry.) We choose
a Morse function g: N'— R with two critical points: a maximum /4 and a minimum e.
After perturbing the Hamiltonian vector field by g, the orbits ¢ and /# become nondegen-
erate elliptic and hyperbolic, respectively. For this reason, in constructing orbit sets, ¢ will
be treated as an elliptic orbit and /4 as a hyperbolic orbit.

We define the following set of orbits. Let P be the set of simple orbits of R, in
mt(N). All orbits in P are nondegenerate. We also define

P=PUle,h} and P =P UI{8),

together with the sets 6/“ O, of orbit sets constructed respectively from 73 and P which
intersect S x {0} exactly £ times.

Let Jw be the space of C*°-smooth (o, w)-adapted almost complex structures J’
on W' =R x N satistying the following local Schwarz reflection condition:

(SR) J' is a split complex structure on R x [1, 2] times a neighborhood of a; more-

over a is real analytic with respect to the fiber complex structure on 7' (s, £)
forte|l,2].

A Jyw-holomorphic Morse-Bott building is one of the following objects:

(1) a union of negative gradient flow trajectories from % to e, or

(i) a Jw-holomorphic map u: ¥ — W’ from an orbit set ¥ + € PUN to an orbit
set _ € P UN, together with half-infinite negative gradient flow trajectories
connecting / to positive ends of u at N' — {¢, &} and negative ends of u at
N —{e, b} to e, or

(i11) a union of (1) and (11).
See [0] for more details.

Definition 5.3.10. — Gven'y,y' € O, and ]’ € Jw, let My (y,y") be the moduli space of
J -holomorphic Morse-Bott buildings in W' fromy toy'.

Remark 5.3.11. — The stable Hamiltonian structure (¢, @) can be perturbed to
a stable Hamiltonian structure (o, ') as described in Section 3.7; the resulting Hamil-
tonian vector field has two nondegenerate orbits corresponding to ¢ and /4 (and denoted
by the same names) instead of the Morse-Bott torus /. Any almost complex structure
J € Jw is then perturbed to an almost complex structure adapted to (o, @").
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Because of the simple nature of the J’-holomorphic Morse-Bott buildings, and since
Ok for £ < 2g are finite sets, for a sufficiently small perturbation (¢, @) of (¢, @) and
for every y,y’ € Oy, there is a bijection between the ECH index one moduli spaces
M= (y, y’) and the index one moduli spaces of holomorphic maps from y to y’ for the
perturbation of J* adapted to («), ®"). See [0, Lemma 4.4.5] and [0, Lemma 7.1.2].

Since the Morse-Bott situation and its generic perturbation are completely equiv-
alent, we will go from one point of view to the other as more convenient, often without
explicit mention. For this reason, we will still denote by ]’ a perturbation of ] adapted to (o)), '),
and by My (y,y") the moduli spaces of holomorphic maps with respect to the perturbation of J'.

The definition of the analogous space Jiw for W = R x N is slightly more com-
plicated, but completely analogous to Definition 5.3.2. We first discuss the Morse-Bott
version j\l\“,B Let D? = {|z] <&} C C and, for ¢ < 1, let V, be the mapping torus of Alpe.
For ¢ =1 this ComCldes with the already defined sohd torus V.

Defination 5.3.12. — Fix £, 8 > O sufficiently small and k > 0. Then \7%3 i the space of
C®-smooth (cty, @)-adapted almost complex structures ] on R x N which satisfy the following:

(1) there exists an (@y, @)-adapted almost complex structure |, which restricts to the standard
complex structure on the subsurface D* C S of each fiber;
2) J =]y onRx (V,UN) and |J' = Jj|; < 8 over R x N;
(SR) J is a split complex structure on R x [1, 2] times a neighborhood of a; moreover @ is real
analytic with respect to the fiber complex structure on 7Ty (s, ) for t € [1, 2].

Here | - |}, is some fixed C*-norm.

The Morse-Bott theory for W’ is more subtle than that of W', and therefore we will
discuss it in more detail. In the following definition, allj/-holomorphic maps are allowed
to be nodal and to have disconnected domains. Let y, = )/f,1 )/f";l _h* be an orbit set

such that y, ; € PU{¢, 6o} and a € {0, 1}. Let y_ = yil’l . )/_,mfe be an orbit set such
that y_; € PU{Ah, 6y} and b > 0.

Definition 5.3.13 (Morse- Bott holomorphic buildings). — Let]' be an almost complex structure

m+

n .7\%]3 and let y, = )/f',l Vi N and y_ = ]/ilyl e y_lrf;n_ ¢ be orbit sets as above. A J'-
holomorphic Morse-Bott building u_from 'y toy’ consists of

(1) aset of £ =0 or 1 negative gradient flow trajectories (with a > £) from h to e in N, and
(2) a (possibly empty) set of J'-holomorphic maps u; : ¥; — W', for i =1, ..., n, such that
the following hold:
(a) Positive ends of u, converge to multiples of y.v.; with total multiplicity k; and to a simple
orbit in N' — {e} if a — € # 0.
(b) Fori=1,...,n— 1, the negative ends of u;, are paired with the positive ends of ;.
For each pai, the two ends either converge to the same orbit, or they converge to covers of
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orbits in N with the same multiplicity and there is a negative gradient flow line of g in
N from the limit of u; 1 to the limit of u;.

(c) Negative ends of uy converge to multiples of y_ ; with total multiplicity I; and to multiple
covers of orbits in N' — {h} with total multiplicity b — £.

The stable Hamiltonian structure (¢, ) can be perturbed as described in Sec-
tion 3.7 — in fact, (N*, o, @) embeds in (N, @y, @). The perturbed stable Hamiltonian
structure obtained in this way will be called a nondegenerate perturbation of (o, ®). After the
perturbation, the Morse-Bott torus N is replaced by two non-degenerate orbits corre-
sponding to ¢ and / (and still denoted by the same name) and all orbits in N — 9N which
intersect a fiber at most 2g times remain unchanged.

We fix a nondegenerate perturbation (&, @’) of (¢, @) once and for all. We define
the following space of almost complex structures on W’ in analogy to Definition 5.3.12.

Definition 5.3.14. — Fix €, > 0 sufficiently small and k > 0. Then Jiyr s the space of
C>®-smooth (@}, @' )-adapled almost complex structures ] on R x N which satisfy the following:

(1) there exists an (@0, @) -adapted almost complex structure_ﬂ) which restricts to the standard
complex structure on the subsurface D? C S of each fiber;
2 J =JpomRx (V,UN) ana’U’ Jo|k < 8 over R x N;
(3) every J'-holomorphic map w: ¥ — W' connecting two orbit sets in Oy, for k < 2g, is
close to breaking to a holomorphic Morse-Bott building for some almost-complex structure
n [7‘1:1,3,
(SR) J' is a split complex structure on R x [1, 2] times a neighborhood of a; moreover @ is real

analytic with respect to the fiber complex structure on Ty (s, t) for t € [1, 2].

Here | - | is some fixed C*-norm.

Remark 5.3.15. — Condition (3) in Definition 5.3.14 will be used to constrain the
topological behavior of J'-holomorphic maps: to show that a map has a certain behavior,
we will show that the corresponding Morse-Bott building does, which is often simpler.

Definition 5.3.16. — Given 8y, 85y’ € Oy (with p, g > 0 and k < 2g) and ]’ € Ty, let
MJ—,((S/SY, 8Ly") be the moduli space of ' -holomorphic maps in W' from 85y to 81y’ without fiber

components.

Maps in My (8(y. 8iy"), with &y, 8iy" € Oy, will be called degree k PFH curve (or

degree k W' -curve). A degree k PFH curve can be viewed as a degree £ holomorphic multi-
section of the holomorphic fibration R X N — R S'. A degree 2¢ PFH curve will also
be called a PFH curve (or W’ -curve).

Definition 5.3.17. — The section at infinity o/, in R x N is R x §.
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Choose a point ,zio € S which is sufficiently close to z. Then there is a periodic
orbit 8] of Ry with period m which passes through z.. We then write (o))" =R x 81
Both ¢/, and (o))" are J'-holomorphic sections for every J' € Jip-

Definition 5.3.18. — Guven a degree k PFH curve w in W, we define n' (u) = (u, (o*éof).
The proof of the following is similar to that of Lemma 5.3.7.

Lemma 5.3.19. — The wntersection number n' () satisfies the following properties:

(1) #'(w) > 0 and n' (@) = O if and only if the image of u is disjoint from (c)";
2) of (u, R x 8g) > 0, then ' (w) > 0; and
(3) 7 (@) is independent of the choice of .

Lemma 5.3.20. — If'y and y' are contained in N, then MJ’L,/:O(V, ) =My, y).

Proof — Let @ be a J'-holomorphic map in Mi(y,y') satisfying the constraint
7' (@) = 0. By Condition (3) in Definition 5.53.14, we can assume that @ is a Morse-Bott
building to the purpose of finding homological constraints on it.

Let T,, C V be the torus {p = py}, oriented as the boundary of the solid torus
{p < po}. The torus T, is foliated by orbits of the Hamiltonian vector field R, and, for
a dense set of pg, those orbits are closed. If §,, is one such orbit, then the homology class
[8,,] 1s a rational multiple of [83] in Hy(N — y Uy’). This implies that (#, R x §,,) =0
for py in a dense set. The positivity of intersections then implies that the image of u 1s
contained in N. U

5.4. Almost complex structures and moduli spaces for W, Wy, W_, and W_. —

5.4.1. Almost complex structures. —

Definition 5.4.1. — An almost complex structure ] L on W is admissible #f it is the restriction
to W of an almost complex structure ] € Jzr on W'. If] . agrees with ] (resp.)') at the positive (resp.
negative) end, then J . s compatible with ] (resp. ).

An admissible almost complex structure J+ on W s the restriction of an admissible almost
complex structure on W... The admissibility criteria_for _ andJ_ on W_ and W_ are analogous.

The space of CG*-smooth admissible almost complex structures J. on Wy will be denoted by
Fw.. The space of C®-smooth admissible almost complex structures J. on W will be denoted by
j%lf if ). is the restriction of ] € \7%}3 and by Jyy, if ] is obtained fiom an almost complex
structure in j\—ltlf by modifying its positive (vesp. negative) end as in Remark 5.3.11.
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Remark 5.4.2. — If J € Jw,, then the projection 7y, : W4 — B, is holomor-
phic. This is due to the_fact that thf_: fibers {(s, £)} x S are holomorphic and J takes 9, to
0;. The same holds for J, J—, and J_.

5.4.2. Moduli spaces for W,. — Let (F,j) be a compact Riemann surface, possi-
bly disconnected, with an /-tuple of punctures p = {f1, ..., ;} in the interior of I and
a k-tuple of punctures q = {¢i, ..., ¢;} on 9F, such that (1) each component of F has
nonempty boundary and at least one interior puncture and (i1) each component of 9F
has at least one boundary puncture. We write F =F — p — q and 9F = 9F — q.

Dzﬁmtzon 5.4.3. — Let], € Jw,,y beak-tuple of aN h(a), and'y = H )/7 " be an orbit

set in Ok Then a degree k < 2g multisection of (W4, J;) from y to 'y is either (1) a holomorphic
map

w: (B, ) > (Wi, Jy)

which ts a degree k multisection of g, : W — By and which additionally satisfies the following:

(1) w(dF) C L and u maps each connected component of OF 10 a different LS;
(2) Iim 7R o w(w) = +00 and lim 7R o u(w) = —00;
(3)
(4)

3) u coqnverges to a strip over [0, 1] Xpy near q;

4) u converges to a cylinder over a multiple of some y; near each puncture p; so that the total
multiplicity of y; over all the p;’s 1s mj;

(5) the energy of u given by Equation (4.3.1) 1s finute;

or 1s (1) a Morse-Bott building consisting in a J1-holomorphic curve as above, except for some negative
ends at Reeb orbits in N' — {e, h}, followed by gradient flow trajectories from those orbits to e. Here g
is the projection y, : W — B, C R x S, followed by the projection to R.

A W, J)-curve is a degree 2g multisection of (W, J ).

The finiteness of the Hofer energy E(«) implies that « is a cylinder over a Reeb
chord or a closed orbit in neighborhoods of punctures p; and ¢;. Hence (5) implies (3) and
(4) for some y and y. Moreover, since the orbits are nondegenerate, the convergence is ex-

ponential by the work of Abbas [Abb1] for chords and Hofer-Wysocki-Zehnder [HWZ1]
for closed orbits.

Remark 5.4.4. — Tor all practical purposes, it suffices to assume that the Morse-
Bott family on 9N has been perturbed into a pair 4, ¢ of nondegenerate orbits asin 5.3.11
and that ] is the restriction of J' = J, which satisfies Definition 3.2.1 for the perturbed
Hamiltonian vector field. Since the two points of view are completely equivalent, we will
switch liberally from one to another, often without explicit mention.
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Let W+ be W, with the ends {s > 3} and {s < —1} removed. We can view W+ asa
compactification of W, obtained by attaching [0, 1] x S at s = +-00 and N at s = —o0.
We define Z,,, C W, as the subset

Zyy=LINWHUU3) x [0, 1] xy)U({—1} x y).
As in Section 4.3, the W_-curve u : F— W, can be compactified to a continuous map
e (F,0F) = (W, Zy,).

We write M, (y, y) for the moduli space of multisections of (W, J;) from y to
y. We denote by Hy (W, y, y) the equivalence classes of continuous degree 2g multisec-
tions in W, satistying Conditions (1)—(4) of Definition 5.4.3, where two multisections are
equivalent if they represent the same element in Hy (W, Zyy),and by M;, (y,y,A) the
moduli space of maps u € Mj, (y, y) which represent the class A € Hy(W,.,y,y). Then

Miay.v= [ M.e.v.0.

AeHy(W4.y,y)

5.4.3. Moduli spaces for W.. — Letj+ € Jw,,ybeak-tuple of aNfi(a) andlet y €
O,. Then a degree k < 2g multisection of (W, ] 1) Jrom'y toy is defined as in Definition 5.4.3,
where W, J;, L} are replaced by A +» Lz > We write M; (y. ) for the moduli space

a

of multisections of (W+,j 4) fromy toy.

Remark 5.4.5. — As in Section 5.3.2, we will assume that J + 1s sufficiently close
to a Morse-Bott almost complex structure for which all degree £ < 2¢ multisections of
W,.J ) are close to breaking into a Morse-Bott building. This will allow us to use the
Morse-Bott formalism to prove topological constraints on the J -holomorphic multisec-
tions. In the context of maps to W, the definition of a Morse-Bott building is the same as
in Definition 5.3.13, with the only difference that the topmost holomorphic map u; takes
values in W, and is positively asymptotic to chords over intersection points in a N /(a).

_ Definition 5.4.6. — The section at infinity o ] is the restriction of 0}, = R x 8, C W to
Wi

Let 83 be the closei orbit of Ry used in Deﬁnitio_n 5.3.18. We define (cr;g)* as the
restriction of R x &) to W,.. Both ol and (0}) are J, -holomorphic for every almost

complex structure J, € Jyy "
Definition 5.4.7. — Given a multisection @ of W ., we define n* () = (@, (0 )").

> In particular, the image of the multisection is disjoint from the section at infinity 65, defined in Definition 5.4.6.
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Lemma 5.4.8. — The intersection number n () satisfies the following properties:

(1) (@) > 0 and n* (u) = O if and only if the image of u is disjoint from (6 )";

2) if (w,0L) > 0, then n* (@) > m; moreover n* (w) = m if and only if there is a unique
transverse intersection point between the image of u and o - ; and

(3) nt(w) us independent of the choice of 8;.

Progf: — The proof is similar to that of Lemma 5.3.7. The only difference is in
(2), which we discuss in more detail. Consider z: F — W, and let p € F be a point such
that %(p) € oF. If 72 is the projection of a neighborhood of %(p) € W, to D? C S along
the symplectic connection (not to be confused with the balanced projection p2 from
Section 5.1.2), then w2 o % is holomorphic and nonconstant, and therefore maps an open
neighborhood of p in F to an open neighborhood of zs. This implies that #* (@) > d - m,
where d is the multiplicity of the intersection between the image of z and o . UJ

Lemma 5.4.9. — Ifu e M&’+:O(y, Y), then Im(uw) C W,.
+

The proof is similar to that of Lemma 5.3.20 and will be omitted.

5.4.4. Moduli spaces for W_ — The moduli space of holomorphic maps which 1s
used to define the map W from PFC to CFis of a 1 slightly different type from the moduli
space which is used to define the map & from CF to PFC. In particular, the target of
the holomorphic maps is W_ instead of W_. The reason we need to consider more
complicated holomorphic curves instead of curves analogous to W -curves is that the
naive W_-curves do not have the desired Fredholm index. See the index calculations in
Section 5.5.2 and Remark 5.5.6 for an explanation.

Let (F,j) be a compact Riemann surface, possibly disconnected, with an /-tuple of
punctures p = {p1, ..., p;} in the interior of I and a £-tuple of punctures q = {q¢i, ..., ¢}
on JF, such that (i) each component of F has nonempty boundary and has at least one
interior puncture and (ii) each component of dF has at least one boundary puncture. We
write F=F — p — q and 9F = 9F — q.

Definition 5.4.10. — Let ] € Fry_,'y be a k-tuple of a N fi(a), and y =y, € O,.
Then a degree k < 2¢ multisection of (W_, ]_) from y to y is a]_-holomorphic map

a: (F)— (W_,J)
which is a degree k multisection of Ty_ : W_ — B_ and which additionally satisfies the following:
(1) @(F) C Ly and @ maps each connected component of 3F to a different 1=

(2) Im Tg ou(w) = —00 and lim g o u(w) = 400;

w—¢q; w—>p;

(3) u converges to a strip over [0, 1] X y near q;
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(4) u converges to a cylinder over a multiple of some y; near each puncture p; so that the total
multiplicity of v; over all the p;’s is mj;
(5) the energy of u given by Equation (4.3.1) is finte.

Here 7T is the projection Tg_ : W_ — B_ C R x S', followed by the projection to R.

Remark 5.4.11. — As in Section 5.3.2, we will assume that J_ is sufficiently close
to a Morse-Bott almost complex structure for which all degree £ < 2¢g multisections of
(W_,]_) are close to breaking into a Morse-Bott building. This will allow us to use the
Morse-Bott formalism to prove topological constraints on the J_-holomorphic multisec-
tions. In the context of maps to W_, the definition of a Morse-Bott building is the same
as in Definition 5.3.13, with the only difference that the bottommost holomorphic map

u, takes values in W_ and is negatively asymptotic to chords over intersection points in
anfAa).

_ Definition 5.4.12. — The section at infinity o is the restriction of o5, = R X & C w
to W_.

Let 83 be the closei orbit of Ry used in Deﬁnitio_n 5.3.18. We define (cro;)? as the
restriction of R x 33 to W_. Both o and (o)" are J_-holomorphic for every almost
complex structure‘i e Jy .

Definition 5.4.13. — Guven a multisection u of W_, we define n~ (u) = (u, (UO_O)T).
The proof of the following is similar to that of Lemma 5.4.8.

Lemma 5.4.14. — The wntersection number n~ (u) satisfies the following properties:

(1) n (@) > 0 and n™(u) = O if and only if the image of u is disjoint from (o)";

(2) of (,0,) > 0, then n=(w) > m; moreover n~ (u) = m if and only if there s a unique
transverse intersection point between the image of u and o ; and

(3) n~(w) is independent of the chowce of 8; .

Definition 5.4.15. — A (W_, ] _)-curve is a degree 2¢ multisection of (W_,]_) satisfying
n~ (w) = m.

Let W_ be W__with the ends {s > 1} and {s < —3} removed. We can view W_asa
compactification of W_, obtained by attaching [0, 1] X S at s = —00 and N at s = +00.
Also let

Zyy= (L5 NW)U ({1} x y) U({=3} x [0, 1] x y).

We write M; (y,y) for the moduli space of multisections of (W_,]J_) from y to
y. We denote by Hy(W_, y,y) the equivalence classes of continuous degree 2¢ multisec-
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tions in W_ satisfying Conditions (1)~(4) of Definition 5.4.10, where two multisections are
equivalent if they represent the same element in Hy(W_, Zyy). Then

M yy= | M. @yA.

AeHy(W_,y,y)

Also let Mj (y,y; m) be the moduli space of multisections of (W_,].) from y
to y that pass through the marked point m. This moduli space comes equipped with a
forgetful map

M (y,y:m) — M; (v, y).

When we restrict our attention to jf—holomorphic curves u with n~ (¥) = m, the forgetful
map M{ZM(Y, y; m) — M}l;m(y, y) is injective by Lemma 5.4.14(2) because m € 0.
This observation allows us to regard ./\/l}l_:'” (y,y; m) as a subset of MZTZ_ZWZ (v,y).

The following lemma is similar to Lemma 5.4.9:

Lemma 5.4.16. — Ifu € M}‘::O(y, y), then Im(u) C W_.

5.5. The Fredholm index. — In this subsection we compute the Fredholm index
indy, of a (Wy,J;)-curve from y = {31, ..., 99} € Sasi to y =] )/] e OQg and the
Fredholm index indyy of a (W_,]_)-curve from y to y.

The Fredholm indices are computed using the doubling technique of Hofer-Lizan-
Sikorav [HLS], which we quickly review, referring to the original paper for the details.

5.5.1. Doubling. — Let (F, ) be a compact Riemann surface with boundary, p and
q be finite sets of interior and boundary punctures of F, and ¥ = F — p — q. We form
the double (2F, 2j) of (F,j) by gluing two copies of F with opposite complex structures
j and —j along their boundary 3F = 8F — q. By the Schwarz reflection principle, the
two complex structures match and the doubled surface becomes a punctured Riemann
surface.

Let E — F be a complex vector bundle with fiberwise complex structure i and let
L — 3F be a totally real subbundle of maximal rank. Let E — F be a complex vector
bundle whose fiber E, at p € Fis E, with complex structure —i. We then construct the
doubled complex vector bundle 2E — 2F by gluing E — F and E — F along 9F such
that at each p € F the gluing map identifies the fibers (Ey, 1) ~ (Ep, —1) via an involution
which fixes L, pointwise. Let o : 9F = 2F be the anti-holomorphic involution o which

switches (F, 7) and (F, —j) and let o : QFi 5 9F be the anti-C-linear bundle is.omorphism
which projects to o and identifies E, >~ E;, by the identity map, where p € (F, ). Finally,
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given a linear Cauchy-Riemann type operator D on E, we can define the doubled oper-
ator 2D on 2F with the property that 2D is ¢ -invariant and its restriction to E — X is
D.

One of the results of [HLS] is the following:

Theorem 5.9.1. — Suppose that both D and 2D are Fredholm operators in some suitable
Sobolev spaces. Then:

— ind(D) = éind(QD); and
— 1f 2D s surjective, then D s also surjective.

Our situation is slightly more general than that considered by [HLS], since we are
considering boundary punctures and exponential weights. The proof, however, remains
largely unmodified.

5.5.2. The W, case. — For the purposes of computing indices, we replace W
by W, as defined in Section 5.4.2. The tangent space W, splits into the vertical and
horizontal subbundles via the symplectic connection. In this section we slightly abuse
notation and write T'S (resp. TB. ) for the vertical (resp. horizontal) subbundle over W,

We define a trivialization T of TS along Z, , as follows: First define 7 along L} N
W, by orienting all a-arcs arbitrarily as in Section 4.4.2 and extending the trivialization
by parallel transport along the vertical boundary 9, W.. We then extend the trivialization
of TS| #nw, in an arbitrary manner to a trivialization of T'S along {3} x [0, 1] X y and
along {—1} x y.

Letu: (F,j) = (W4,J4) be a W, -curve. Suppose the negative ends of « partition
m; into (mjy, my, ...). We then write:

ey, ) =YY ey,
J o1

where i, (yjmﬁ) is the Conley-Zehnder index of the m;-fold cover of y; with respect to 7.
We now define a real rank one subbundle £, of T'S along

LINWLH U3} x[0,1] x y).

Let £, =TL N'TS on LI N W,. In particular, £y = Ta(y;) at {3} x {1} x {y;} and
Ly =Th(a)(y;) at {3} x {0} x {;}. We then extend L, across {3} x [0, 1] X y by rotating
in the counterclockwise direction from T#4(a) to Ta in TS by the minimum amount

possible. Assuming orthogonal intersections between a and A(a), the angle of rotation is
T

E.
Let . () be the Maslov index of £, along {3} x [0, 1] x {y;} with respect to 7. If

uis a Wo-curve and £ = u*Ly, then we define u,(y) to be the Maslov index of £ with
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respect to 7. By the definitions of £, and 7, it is immediate that

2
we(y) =Y ().

=1
We then have the following Fredholm index formula for W -curves:

Proposition 5.5.2 (Fredholm index formula for W -curves). — The Fredholm index of a
Wi, Jo)-curve u: (F,j) = (Wi, 1) fromy toy is given by the formula:

(5.5.1) indw, (1) = —x () = 2g 4 1 (y) — e (v, u) + 261 (4TS, 7).

Proof — We double the surface F along dF = dF — q, where q is the set of
boundary punctures, and double the pullback bundle «*TW, along the real subbun-
dle (u| JF)*TLJr on 9F, to obtain the doubled surface 2F with a complex vector bundle
2u*TW, — 2F. The boundary punctures ¢; of I are doubled to give positive interior
punctures 2¢; on 2F.

Since the trivialization T of TS|z, was chosen to be tangent to TL} N TS, its
pullback to «*TW, 1s compatible with the doubling operation and gives a trivialization
927 of 2u* TS over a neighborhood of the punctures of 2F. Also let 7’ be a partially defined
trivialization of TB, which is given by 9, at the positive and negative ends of B.. Then 7’
can be doubled to 27" on 2¢*TB, which is defined over a neighborhood of the punctures
of 2F.

The linearized 3-operator at « splits as a sum D, = D’ @K, where D is a Cauchy-
Riemann type operator on W!-sections of «*TW, with exponential weights and K, is a
direct sum of finite-dimensional operators, one for each puncture of F, with index 2 for
interior punctures and index 1 for boundary punctures; see [Dr, Section 2.3] for the def-
inition of the operator K,. We define 2D, = 2D? @ K/, where K; is a finite-dimensional
operator and contributes by 2 to the index for each puncture of 2F. Technically speaking,
K’ is not the double of K,; nevertheless ind(K,) = % ind(K/). By applying Theorem 5.5.1
to DY, we obtain ind(D,) = % ind(2D,).

We now apply the standard Fredholm index formula (see for example Drag-

nev [Dr]) for holomorphic curves in symplectizations — with slight modifications —
to obtain:
(9.5.2) ind(2D,) = —x (2F) + p10: (2y) — p1ar 2y, 20)

+ 201 Qu'TB,, 2t") + 26, (24*TS, 21).

Here 2y and 2y stand for the doubles of y and y. Also 9, (2y) is the sum of the Conley-
Zehnder indices, computed with respect to the trivialization 27, of the paths of symplectic
matrices arising from the asymptotic operators at 2y;,. The last term is the relative first
Chern class of the double of the pullback bundle «*TS with respect to 27. The one



HF=ECH VIA OPEN BOOK DECOMPOSITIONS I 79

term that is not present in the Fredholm index formula for J-holomorphic curves in a
symplectization is the penultimate term 2¢, (2u*TB., 277).
We then compute the following:

(@) x(2F) =2x(F) — 2g;

(b) mor (29) =2 (yi) — 15

(C) /’LQ‘[(QY’ 2”) - 2:“1: (Y7 u)>

(d) ¢ (20" TB,, 27') = —2g;

(e) a1 (2u*TS, 2t) = 2¢;(u*I'S, 7).

(a), (c) and (e) are straightforward. (b) will be proved in Lemma 5.5.3 below. (d) By arguing
in a manner similar to that of Claim 4.5.10 we have ¢; (2u*TB,, 2t") = 2gx (2B;) = —2g.
Summarizing, we obtain:

indw, () = (—x () +2) + (11 (y) — ) — 1t (¥, w) — 2g+ 20, (" TS, 7)
= —x (F) — 2+ 1. (y) — po (v, w) + 26, (TS, 7).

This completes the proof of the proposition. 0J
Lemma 5.5.3. — (or (29;) =2, (y;) — 1.

Progf. — Let ¢; € 9F be a (positive) boundary puncture and let £ = [0, 00) X
[0, 1] C F be a strip-like end with coordinates (s, #) which parametrizes a neighborhood
of ¢;. Suppose « maps the end asymptotically to y;. Fix a symplectic trivialization

O:uliTS > R*x €

such that [}z (TL} N'TS) corresponds to (R@® 0) x €. Here € = IFNE.

Let 2€ = ([0, 00) x [0, 2])/(s5,0) ~ (s, 2) be the end of the doubled surface QF,
which corresponds to the interior puncture 2¢; and is obtained by doubling £. The in-
volution o is given by o (s, t) = (s, 2 — ) with respect to these coordinates. Similarly, we
have a symplectic trivialization

20 : 2u[: TS — R? x 2&

and o is given by o ((x1, %), 5, ) = ((x1, —x9), 5, 2 — {).

Let Jod,+S;(¢) be the asymptotic operator of DY corresponding to ¢; with respect to the
trivialization ®. Here J, is the standard complex structure on R? and S;(¢) is a symmetric
2 x 2 matrix with real coefficients. For the definition of the asymptotic operator and
its relation with the Fredholm theory of linearized d-operators, see [Dr, Section 3] or
[HT2].° The solution of the Cauchy problem

(1) =JoSi(OP (1), P(0)=id

% What we call S; here is written as Cj, in [Dr].
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is a path of symplectic matrices which represents the linearized Reeb flow along the chord

9;, expressed with respect to the trivialization 7. In our setting, we may assume that ®(¢)
is a path of unitary matrices. By identifying (R?, Jo) = (C, i), we write ®(¢) = ¢*® for
some function « : [0, 1] = R. Then

el = =22 | + 1,

where || x| is the greatest integer < x.
"The double of the asymptotic operator, i.¢., the asymptotic operator of the doubled
operator 2D! at the interior puncture 2¢;, can be written as Jod, + S;(¢), where:

B Si(lf), te [0, 1];
Si(f) = {CSZ_(Q —-nC7', tell,2],

and C = diag(1, —1). The solution of the corresponding Cauchy problem is

B (1), tel0,1];
CD(’/‘)_{CCI)(Q—L‘)CD(I)ICICD(l), tell,2].

Hence can write a)(t) = ¢ where & : [0, 2] — R is given by:

- ), te[0,1];
0‘(’/‘)—{—0{(2—;)+2a(1), tell, 2].

The Conley-Zehnder index of the path ® is

Mor () =2 || £2EO ] 41,

Since
@(2)—a0) || _ @@—a)+@l)—a(0))
[ =l =1 o
— I_L 2(06(1) W(O))J_I u a(H)— 0l(O)M
we obtain o, (29;) = 2. (;) — 1, as desired. O

5.5.3. The W_ case. — The trivialization 7 of TSy_ is defined on Z, , in a man-
ner similar to that of W, except that the positive and negative ends are reversed. The
definition of the real rank one subbundle £ of TS along (L; N W_)U({—3} x [0, 1] x y)
1s also similar and will be omitted.

If 7 is a W_-curve from y to y, then the Fredholm index indg (%) is defined as the
expected dimension of the moduli space Mj_(y,y) near %

Remark 5.5.4. — The expected dimension of Mj, (y,y;m) is indgy_(u) — 2.
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We then have the following Fredholm index formula:

Proposition 5.5.5 (Fredholm index formula _for W_-curves). — The Fredholm index of a
W_,J )-curveu: (F,j) — (W_,]_) fromy loy is given by the formula:

(5.5.3) indyy (@) = —x (F) + pe (v, %) — e (y) + 20 @15, 7).
Proof. — By a calculation similar to that of Proposition 5.5.2, we obtain

indyy_ (@ = (—x @) +2) + 1 (¥, B — (L. (y) — g) — 22+ 20, @ TS, 1),

which simplifies to the desired result. U

Remark 5.5.6 (Reason for considering W_). — We will give a rough explanation of the
reason for considering holomorphic curves in W_ which pass through M. Suppose we
have a W, -curve « from y to y and a W_-curve v from y to y (i.e., Im(v) C W_). Then,
by taking the sum of Equations (5.5.1) and (5.5.3), we compute the Fredholm index of the
glued curve u#v, corresponding to the stacking of W at the top (s > 0) and W_ at the
bottom (s < 0), to be:

ind(uttv) = —x (F) + 26, ((u#tv)* TS, 1) — 28,

where I is obtained from gluing the domains of « and v. The stacking gives rise to a chain
map CF — CF, which we expect to map y > y via restrictions of trivial cylinders (mod-
ulo chain homotopy). This would mean X(F) =0 and ¢; ((u#v)* TS, v) = 0. This leaves
us with a deficiency of 2g. Introducing the point constraint at m, from the perspective
of Fredholm indices, is basically equivalent to applying a multiple connected sum to the
holomorphic curve v and the fiber S which passes through ™. The multiple connected
sum is performed at the 2g intersection points between v and S. We effectively increase
the Fredholm index by 2¢ + 2, obtained by adding up the following contributions:

(1) the Fredholm index of the fiber S, which is x(S) =2 — 2g;
(i) 2g intersection points, each of which contributes +2 to minus the Euler char-
acteristic.

The point constraint then cuts the expected dimension of the moduli space by —2, for a
net gain of 2g.

5.6. The ECH index. — In this section we present the ECH index Iy, , the relative
adjunction formula, and the ECH index inequality for W,. The situation for W_ 1is
analogous, and will not be discussed explicitly, except to point out some differences.
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5.6.1. Definitions. — Let'y = {1, ... y2,} € Suswy and y =[], " € O, Let T
be a trivialization of TSy, along Z, ,, as given in Section 5.5.2. Using 7, for each simple
orbit y; of y, we choose an identification of a sufficiently small neighborhood v(y;) of y;

with y; X D?, where D? has polar coordinates (r, 6).

Defiition 5.6.1 (T-trivial representative). — A tT-trivial representative C of A€
Hy(W_.,y,y) i an orented immersed compact surface in the class A which satisfies the following:

(1) C is embedded on W, — {s = —1};

(2) C is positively transverse to the fibers {(s, )} x S along all of aC;

(3) C us T-trivial in the sense of Definition 4.5.2 at the HF end;

4) C is T-trivial at the ECH end, i.c. , for all szgﬁczently smalle >0, CN{s=—1+¢)
consists of m; disjount curcles {r = €,0 =0}, 1 =1, ..., mj, mv(y;) forallj. (See [Hul,
Defination 2.3].)

Let 3,C=0CN{s> 0} and 9_C = 3dC N {5 < 0}.

Definition 5.6.2 (Relative intersection form). — Let A € Hy(W.., 'y, y) be a homology class
which 15 realized by a T -irwial representative G. 'Then the relative intersection form Q (A) s gwen by
(C, €y, where C' is a pushoff of C which satisfies the following:

(1) Cis pushed off in the ] T -direction along 8+C 5 and
(2) for small e > 0, C' N {s= —1+ &} consists of m; disjoint circles {r =€,0 =6; + &'},
i=1,...,mj, inv(y) forall j, where &' > 0 is a sufficiently small constant.

(See [Hul, Definition 2.4].)

5.6.2. Relative adjunction formula. — Let u: F — W, be a W_-curve and let % :
F— \/VVJr be its compactification. Then we write w_ () for the total writhe of the braids
w(F) N {s =0}, 5o K 0, with respect to t. Similarly, if % : F—>W_isa W_-curve, then we
write w] (%) for the total writhe of the braids a(F) N {s =5}, 50> 0, with respect to T.

Lemma 5.6.3 (Relative adjunction formula). — Let u : F— W, be a Wy -curve in the
homology class A € Hy(W,,y,y). Then

(9.6.1) o (@ TWy, (7, 8)) = x (F) — w; (@) + Q, (A) — 28(),
where 0, trivializes TB, .

For a W_-curve @, we replace —w_ (1) by w/ (%).

Progf. — Suppose u is immersed. If v is the normal bundle of #, then we have the
formula:

(5.6.2) o (' TW,, (7, 8) = ¢/ (TF, 8,) 4+ e,(v, 7).
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In the general case, we combine the calculations of Lemma 4.5.8 and [Hul, Propo-
sition 3.1] to obtain the equation

(@ TW,, (r,9)) = e (TF, 8) — w; () + Q;(A) — 28(w).
The analog of Claim 4.5.10 for the present situation is
(5.6.3) ¢/ (TF, 8,) = x (F).

The difference in the shape of the base (i.e., B vs. B;) accounts for the discrepancy be-
tween Equation (5.6.3) and Claim 4.5.10. 0J

Remark 5.6.4. — Since ¢; («*TB_, 9;) = 0, we have

a(WTW,, (1,9)) = (TS, t) + ¢ (" TB,, 9,) = ¢; (u* TS, 7).

5.6.3. ECH index. — We now define the ECH indices for W, and W_.

Defination 5.6.3 (ECH index for W). — Guwen a class A € Hy(W .., 'y, y) which admits a
©-triial representative C, we define

(5.6.4) Ty, (A) = o) (TW, s, (7, 8)) + Qr (A) + p (y) — Lo (y) — 26,
where L, (Y) is the symmetric Conley-Zehnder index at the negative (ECH) end.

Definition 5.6.6 (ECH index for W_). — Given a class A € Hy(W_, y,y) which admits a
T -trwvial representative C, we define

(5.6.5) I (A) = (TW_ |, (. 9)) + Qs (A) + L (¥) — 22 (y).

As usual, the ECH indices Iy, (A) and Ify_(A) are independent of the choice of

trivialization t.

Remark 5.6.7. — To obtain a finite count of W_-curves which pass through the
point m, we count curves % with ECH index Iy () = 2.

5.6.4. Additivity of induces.

Lemma 5.6.8 (Additivity of indices). — If u € My(y,y'), ve My, (y,y), and ufv is a
pre-glued curve, then

(5.6.6) indy, (u#tv) = indyp () + indyy, (),
<5.6.7) Iw‘+ (u#v) = IHF(U) + I\\r+(l)).
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Similarly, if u e My, (y,y), ve My(y,y"), and uttv is a pre-glued curve, then
(5.6.8) indy, (u#v) = indw, (v) + indgcu(v),

(5.6.9) L, (u#v) = Ly, (W) + Igcu(v).

Progf. — The additivity for ind is well-known and the additivity for I is immediate
from the definitions. O

5.6.5. Index inequality. — Although we will not define it here, given an integer
my. > 0 and a simple orbit y;, we can define the incoming partition P;”k (my) and the outgoing
partition P‘)’jl‘c‘(mk) as in [Hu2, Definition 4.14].

We have the following index inequality, which is analogous to [Hul, Theorem 1.7]
(also see [Hu2, Theorem 4.15] which is applicable to symplectic cobordisms). Note that
a W -curve is automatically simply-covered.

Theorem 5.6.9 (Index inequality). — Let u be a W 1-curve fromy toy = Hi:l v If the
negatie ends of u partition my, into (my, mya, ... ), then

indy, («) + 26 (w) < Ly, (w).
Moreover, if equality holds, then P;”k(mk) = (my1, myo, - ..) for all k. Similarly, if u is a W_-curve
Siomy =T1,_, v to'y and the positive ends of u partition my. into (myy, mys, ... ), then

indw_ (@) + 28 (u) < Ly_(@).
Moreover, if equality holds, then P;’};c’(mk) = (my1, mya, . ..) for all k.

Here §(u) 1s the signed count of interior singularities of u, where each singularity
contributes positively to §(«). There are no boundary singularities because 7, o « has no
branch point at the boundary.

The following are immediate: (i) if indyw, (#) = I, (#), then « is embedded; and (ii)
if Iy, (u) =0 or 1, then u is embedded.

Proof. — If we plug Equation (5.5.1), Equation (5.6.4), and the relative adjunction
formula (5.6.1) into Iy, () — indy, («), we obtain:

Ly, () — indw, () = p (y, 1) + w; (@) — fe (y) + 28 (u).
The statement for W then follows from the writhe inequality
w, (W) = e (¥) = e (5 ),

where equality holds if and only if the partition (my,, myg, ...) of the negative end of u
coincides with the incoming partition Piﬁ‘k (my). (See [Hu2, Lemma 4.20].) The proof for

W_ is similar. U
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5.7. Holomorphic curves with ends at zo. — In this subsection we explain how to
extend the definitions of the Fredholm and ECH indices to holomorphic curves which
have ends at multiples of zo. The novelty is that the Lagrangian boundary condition is
singular at z,, and that the chord over z,, can be used more than once. We will treat
in detail the case of a curve %: F — W which is a multisection of W — R x [0, 1T;
multisections of W, and W_ can be treated similarly.

%
5.7.1. Data at ,zpoo. — We define the data D at z‘boo as a p-tuple of matchings

{(Z; ’Ji) — (Zl ’jl)’ sy (l,;”‘]//’) - (Zf)’jﬁ)},

where 7,7, € {1,...,2¢g}, je,j, €{0, 1} for £ =1, ..., pand ¢ # iy, 1, # 1, for £ #£'. To
the data 5) we associate its set of nitial points D" = {(i},j}), ..., (z;], j[’))} and its set of
terminal points D* = {(i1, 1), - . ., (i5»J,)}, and define D = (D", D"™).

We write z = {22 (5))} Uy for a tuple of points of a N A(a), where y C S, 2o has
multiplicity p, 5) is the data at 7, and each arc of {g;, ﬁ(ﬁi)}?il is used at most once. Here

2. (D) is viewed as a collection of chords 24, from Z(El—;ﬂé) to @;, j,, where £ =1, ..., p.
5.7.2. Multisections. — In this subsection we define multisections % : (F, 7) —
(W, ]) with irreducible components which branched cover o,,. The notation is com-
plicated by the fact that there may be branch points of 7y o % along 9B.
For the rest of Section 5.7, (F, j) will be a compact nodal Riemann surface, possibly
disconnected, with two sets of punctures q© = {¢, ..., ¢/} andq~ ={¢;, ..., ¢, } on dF
and a setr ={r, ..., r;} of nodes on dF, such that

(i) the nodes r are disjoint from q* and q~;
(i) each connected component of I has nonempty boundary;
(1) on each oriented loop of 9F whose orientation agrees with that of 9F, there is
at least one puncture from each of ¢ and q~; and
(iv) the punctures on q* and q~ alternate along each oriented loop of dF.

Here, by a loop or path on F we mean a loop or path on 9F which is a concatenation of
subarcs of F with endpoints on q* U q~ U r. An oriented loop (or path) is a loop (or
path) formed from subarcs of 9F which all point in the same direction, when oriented as
the boundary of F.

We write F=F — q" — q . Given a holomorphic multisection % : (F, ) = (W,]),
we decompose F = I U F” such that

— ¥ =1lp is a possibly disconnected branched cover of 0, and
— @' =7l is the union of irreducible components which do not branch cover .
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By abuse of notation, we write
(5.7.1) u=uUu'.
We additionally assume the following:

(v) all the nodes of 9F lie on 9F".

Observe that the nodes of 8F' correspond to branch points of Ty o % along 9B. If ¥ is a
Riemann surface that branched covers B with some branch points along B, then let 7,
be the Riemann surface that branched covers B, such that the branch points on 0B have
been pushed into in#(B). The cases of W, and W_ are analogous.

The following is the local model near a branch point along the boundary: Con-
sider the map C — C, z+> 2". If we write z = r¢, then the preimage of the upper half
plane is a union of sectors 0 € [2/“7”, @] for k=0,...,n— 1. The local model of the
modification from F to Ffm is obtained by going from z+ 7" to z+> 2"+ ie for ¢ > 0
small, and taking the preimage of the upper half plane.

Definition 5.7.1 (Data C). — A maximal path d of 3F' is an oriented connected path
Srom qt to q~ along OF', where the orientation either agrees with that of 9F on all the subarcs of
d or is opposite that of OF on all the subarcs of d. A set {d,, ..., d)} is a decomposition of dF’
into maximal paths, if oF = U_,d;, d; ©s a maximal path of ¥, and d., d;, 1 % J, intersect
only at points of g U q~ Ur. The canonical decomposition A = {d,, ..., d,} of dF is the
decomposition which corresponds to IF ' Adata C is amap

A — {a;;, Z(az’,j)}i{j-

In words, % can be viewed as mapping A to the set of Lagrangians Lg,; or Lia.)-
We then make the following definition which agrees with Definition 4.3.1 when
z. =y;andz_=y_:

— —

Definition 5.7.2. — Let z,. = {5 (D )} Uy, and z_ = {25 (D )} Uy_ be k-tuples
of points of @N h(@), where 2o 1s counted with multiplicities p+., p—. A degree k multisection of
(W,)) from z, to z_ is a pair (u, C) consisting of a holomorphic map

a: (F,j) — (W,]),

where @ is a degree k multisection of Ty : W — B and there are decompositions ¥ = ¥/ UF", % =7 Un’
as above, and the data C for @, and which additionally satisfies the following:

(1) @' (0F") C La ULz
(2) there is a canonical decomposition A of OX" such that u maps each connected component of

OF" and each irreducible component of A to a different Ly, or L, (here we are using C to
assign some L, or Lig .y to each irreducible component of A);
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(3) lim TR ou(w) =400 and lim 7T o u(w) = —00;
w—>g; w—>q;
(4) u converges to a trivial sirip over [0, 1] X z, near q* and to a trivial strip over [0, 1] x z_
nearq
(5) the positive and negative ends of u which limit lo zo, are described by D  and D _;
(6) the energy of u 1s finute.

Remark 5.7.3. — It will always be assumed that a multisection % of W from {5} U
v+ to {Z} Uy_ comes with data C. Indeed, in this paper, such a curve % only appears
as the SFT limit of curves % without components which branch cover o,, and hence

%
naturally inherits C and D ..

5.7.3. Multivalued trivializations. — We define a class of trivializations T = T3, B

—
which will be used in the definition of the Fredholm index of a map % from (Z5(D )V
—
y; to (A (D )YU y_. The trivialization T = T3, B is multivalued near z», and depends
— —
on D, and D _.
Let T/ = 8, be a trivialization of TS on Dj — {2} = {0 < p <8} C S, where § > 0

is small. Let W=[—1,1] x [0, 1] x S. \/_Ve extend t’ arbitrarily to a trivialization of TS
along a and pull it back to 73 3 on TS along [—1, 1] x {1} x a; similarly we extend

D..D w -
t/ arbitrarily to a trivialization of TS along A(a) and pull it back to T3, 5. on TS
along [—1, 1] x {0} x f(@). Then we extend 3. B along ({1} x< [0, 1] xy)U({—1} x

[0, 1] x y_), while keeping the same notation. Finally, for each (¢, ;, 7} ;) = (x5 j+.¢) In

% . . .
D ., we choose an extension T3, 3. o {£1} x [0, 1] X {2} In an arbitrary manner.

A multivalued trivialization T = 7z 3 as constructed in the previous paragraph
- = e
is said to be compatible with (D ., D _). We also say that t is compatible with (D,., D_) if it

- =
is compatible with some (D ;, D _) whose initial/ terminal point sets are (D, D_).

Remark 5.7.4. — Note that the extensions to a and to A(a) might conflict, but it
does not matter here. In the cobordism cases (i.e., for W, and W_), when a and A(a)
are connected by the Lagrangian LE, we extend the trivialization T’ to @ in an arbitrary
manner and then sweep it around using the symplectic connection along the boundary
of the cobordism.

5.7.4. Groomed multivalued trivializations. — Let T be a multivalued trivialization.
Let

A, =[0,1] x aD? C [0, 1] x S,
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where & > 0 is small. We use coordinates (¢, ¢) on
A > ([0, 1] x [0, 27 ])/ (2, 0) ~ (¢, 27).

The branches of the trivialization t along [0, 1] x {25} can be used to push off
[0, 1] x {250} into a collection of arcs czt, ¢=1,...,ps,1in A, subject to some conditions:
If we denote the initial point of ¢ by pei’o and the terminal point by pj;], then /)ZO lies on
{0} x ﬁ(ﬁ;iwfi_l) and pz'fl lies on {1} x @, . ,. We also assume that each c@t is linear with
respect to the identification of the universal cover of A, with [0, 1] x R.

We then write

P(f = {Pei,o}zil and Pli = {ﬁfl}ﬁir

Definition 5.7.5. — The multivalued trivialization T is groomed if the ares (Y-, are
pairwise disjoint for both % = + and x = —. The collections ¢+ = {c; }’z; and ¢~ = {c, }’Z;l are the
groomings at the positive and negative ends.

. . . . . . %
Note that every groomed multivalued trivialization induces data D 4, but not every

—
D, 1s compatible with a groomed multivalued trivialization.
5.7.5. Index formulas. — We first give the Fredholm index of a multisection.

. — —
Proposition 5.7.6. — Let u: ¥ — W be a degree k multisection with data D 1 at 2z, and

bt =13 % . Then the Fredholm index of u is given by the formula:

(5.7.2) ind(@) = —x (F) + k + . (@) + 26, @ TS, 7).

The proof is a computation in the pullback bundle Z“TW, which is completely
analogous to that yielding Equation (4.4.4).
Next we discuss the ECH index of a multisection (%, C) with ends

2, = {(Z:(D )} Uy., z ={(D)}Uy..
Let Z,, ,_ be the subset of W given by
Zaw =1aUlzg U1} x [0, 1] x 2,) U({=1} x [0, 1] x z_),
where we are viewing z,. as sets of points (i.e., we are forgetting the data Y_D)i),
La=[-111x{l}xa, and Iz =I[-1,1]x {0} x A@).

We then define Hy(W, z,,z_) C Hy(W, Z, ..z_) In a manner analogous to that of
Hy(X,y,y') in Section 4.3. Observe that Hy(W, z,,z_) and Z,, , depend on the end-
—

points Dy but not on the matchings in D .
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T-tnwal representative. Let T be a groomed multivalued trivialization which is compatible
with (D, D_) and let ¢* = {¢} be the groomings of t. The matchings defined by ¢* do not

. . . . . % . . . . .
need to coincide with the matchmgs in D 1; only their endpoints do. The construction of a T-trivial

representative CcWof [4] € Hy (W z+, z_) is as follows:
Step 1. Replace @ : F' — Wby 7, :
each component of 3F,,, is mapped to some Lg,; or L7 ) iIn a manner consistent with the
dataC: A — {El—z]-, Z(ﬁw‘)}w.

Step 2. Compactify the ends of w,, =%, , U7’ to um as in Section 4.3.

F', — W so that there are no nodes along dF,, and

Step 3. Perturb u iy SO that the resulting representatlve C is immersed, 3C C Z, s each
component of aCN{t=0,1}is mapped to L% or Lﬁ@j) as specified by C, and C satisfies

7 (Cliese) N ([0, 1] x int(D?)) = = C A,
and the conditions in Definition 4.5.2 at all the other ends. Here
7:[—1,11x[0,1]xS—[0,1] xS

is the projection onto the second and third factors. Then resolve the self-intersections to
make C embedded.

The quadratic form Q;. Let C be a T-trivial representative of u, where 7 is viewed as a
nonsingular vector field. Let ¢, £(8) be the ¢ = § translate of ¢ ¢, , where § > 0 is small. We
then take a pushoff ¢’ of C such that 9C: is pushed in the direction of Jt + Y, where Y i1s
C%-small, and

7 (C'—s1) N ([0, 1] x it (D?) = USE 2(8) C A,
Then Q, ([«]) = (C, C’) as in Definition 4.5.5.

Defination 5.7.7 (ECH index). — Given A € Hy (W,z,,z_) and a groomed multivalued
trivialization T compatible with (D, D_), we define

(5.7.3) I (A) = Q; (A) + L (0A) + ¢, (TS|, 7),
where the analog 1, (OA) of the symmetric Conley-Zehnder index will be given in Section 5.7.6.

Sometimes we will write I;(x) to mean I;(A), where A is the relative homology
class defined by u.

5.7.6. Definition of 11, (9A). — We first define the Conley-Zehnder index . (dA).
The groomed multivalued trivialization T determines the matchings D’iﬂm — D%. Pick a
cycle ¢ which represents dA and respects the matchings along {£1} x [0, 1] X {z2s}. The
pullback bundle ¢*TS is trivialized by the pullback of 7. We now define a multivalued
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real rank one subbundle £y of TS along Z 7 by setting £, = TILz N'TS on I and
TIVJE@ N TS on IVJ;@ and extending £, across {£1} x [0, 1] x z, by rotating in the
counterclockwise direction from TA(@) to Ta in TS by the minimum amount possible.
We then define p,(dA) as the Maslov index of £ = ¢*L, with respect to 7.

Now we define the corrections to add to . (dA) to obtain the symmetric Conley-
Zehnder index 1, (dA). Let T be a groomed multivalued trivialization which is compati-
ble with (D, D_) and which induces the groomings ¢* = {CZ}‘Z;I and ¢” = {¢, }’Z;l.

Definition 5.7.8. — Given a grooming ¢ = {¢,},_, from Py to Py, its winding number s
given by:

(5.7.4) w(©) =Y wle), wle)= e {p=r}),
14

where (-, -) s the algebraic intersection number in A, the arcs ¢y and {¢ = 1} are oriented from t = 0
tot =1, and A; ts oriented by (94, 0,).

Remark 5.7.9. — A grooming ¢ is determined by its endpoints Py and Py and its
winding number w(c).

Given Py, Py, and ¢ € Z, choose a grooming ¢ = {013}221 = ¢(Py, Py, ¢) from P to
P, such that w(c) = ¢. Let c; be the linear arc in A, which is disjoint from {¢p = 7} and
has the same endpoints as ¢,. (Note that the collection {cZ} is usually not groomed.)

Defination 5.7.10. — ap, p, ) (or simply ct, of Py, Py are understood) 1s the number of arcs
n {c;} whose ¢-coordinate decreases as t increases (in the unwersal cover).

If Py, P, are fixed, then the number «, only depends on ¢ (modulo p), through the
bijection Py = P;.
+

Let g2 = w(c®) and PT, PE be the endpoints of ¢*.

Definition 5.7.11. — The discrepancies d* at the positive and negative ends are:
(5.7.5) 5 = = (@t pt gy = ez pr0) — 42 (P = 1).

Remark 5.7.12. — Observe that d* = 0 if the grooming ¢* satisfies w(¢*) = ¢, =
0; in other words, we are viewing ¢ = 0 as a reference point and comparing the discrep-
ancy that arises from choosing another grooming ¢*.

Definition 5.7.13. — The symmetric Conley-Zehnder index i, (dA) is given by:

(5.7.6) . (OA) = (DA +d* —d-.
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The discrepancy term d* — d~ was (somewhat artificially) added to make Lemma
5.7.15 hold.

Remark 5.7.14. — Let us view P, P} as points on (=, 77), where % = %£. In the
special case where the points of Pj and P} alternate along (—, ), we can write:

_ _P*(l]* - LI_};]_:JJ), lf minxePO x < minxepl X3
—ps(gs — ”Z—:ﬂ), if min,cp, ¥ > min,ep, x.

(5.7.7) d*

Here || x|| is the greatest integer < x and [[x]| is the smallest integer > x.
5.7.7. ECH wndices of branched covers of sections at infinity. —

Lemma 5.7.15. — If A € H,(W, {.zpoo(BJr), {zPOO(T))_)}) i the relative homology class
of a p-fold branched cover of o5 with possibly empty branch locus, then 1. (A) = 0 for all groomed
multivalued trivializations T compatible with (D, D_).

Proof — Let ¢t ={¢/} and ¢~ = {¢; } be the groomings of t and let g. = w(c*).
Here P; =P =P, i =0, 1. Let us also assume that T/ which appears in the definition

of 7z 7 n Section 5.7.3 satisfies T/ =3, on D}, — {2}

In order to compute Q;(A), we choose a T-trivial representative C of A such that:

= CN (0,11 x [0,1]1 x S)=[0, 1] x ¢*;
~ CN((=1,0) x [0,1] x S) C (=1, 0) x [0, 1] x int(D);
~CN=1}x[0,1]1xS) ={—1} x ¢;

and a representative C’ such that:

= O (1) x [0, 1] x 8) = {1} x ¢ (8);
— C'N (0, 1) x [0,1] x S) C (0, 1) x [0, 1] x int(D?);
— O'N([=1,0] x[0,1] x S) =[—1,0] x ¢ (8).

Recall that ¢ C A, = [0, 1] x dD?. Since all the intersections between C and €’ are
contained in the level s =0,

QA =" (8) = plgs —q).
Next we claim that
1o (OA) = (@, — 2¢4) — (@, —2¢.).

Indeed, given the end which corresponds to the strand ¢, the Maslov index of the end
is given by —2w(¢;") if the endpoints of ¢/ satisfy 0 < pio < [)Z] < 27, and is given by
1 —2w(c) if 0 < le < pro < 2. On the other hand, the number of strands for which
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pZO > pjfl holds is exactly a,, . Since the Maslov indices of the portions of A that map to
[—1,1]1 x {1} x @aand [—1, 1] x {0} x A(@) are zero, the claim follows.
Hence,
e (0A) = (ag, — 2¢4) — (g, —0t9) — g (p— 1)
- (O[qf - 29—) + (a97 - Ol()) + 9—(17 - 1)
=—(¢+ =)@+ D).

We also have ¢ (TS|5, T) = ¢, — ¢_. Putting everything together, we obtain:

LA) =p(g+ —¢-) —(g+ —q)p+ D + (¢+ —¢-) =0.

This proves the lemma. O

We also state the following lemmas without proof:

Lemma 5.7.16. — Ifu: ¥ — W_ is a degree p < 2g multisection which branch covers o
with possibly empty branch locus, then 1, () = O for all groomed multivalued trivializations T that are
compatible with D_ jfor the negative ends of u.

Lemma 5.7.17. — Ifu: ¥ — W_ — int(W_) is a degree p < 2g multisection with positive
ends at 8 with total multiplicity p and negative ends at a p-element subset of {x1, . .., x9g, ¥}, ..., %5, },

then 1(w) = p.

5.7.8. Additivity of indices and independence of the trivialization. — The Fredholm and
the ECH index are additive with respect to concatenation. The proofs of the following
lemmas are straightforward.

Lemma 5.7.18. — Let uy be a multisection with positive end {zf;o(?)))} Uy, and let ty be a

—
mullisection with negative end {25 (D)} U'y. Ifty#ity is the multisection oblained by gluing @, and %
along their common end, then

ind(@ #%,) = ind(@) + ind(@).

Lemma 5.7.19. — Let Ty and v, be groomed multivalued trivializations compatible with
(Dq, D)) and (D, Dy), respectively, and let T be obtained by concatenating Ty and t,. Given rel-
atiwe homology classes

_ — —
Ay e Hy(W, {Z2(D )} Uys, {ZL(D 1)} Uy),

J— —> —_
A e Hy(W, {ZL(D )} Uy, {Z2(D )} Uyy),
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we can_form the concatenation
A#AL € Ho(W, (2(B2)} Uy, ((B o)} Uy).
T hen we have:
L (Ao#A)) =1, (Ag) + I (Ay).
In view of the following lemma, we can suppress T from I,.

Lemma 5.7.20. — 1. (A) s independent of the choice of groomed multivalued trivialization T .

Proof — Let T and 7’ be two groomed multivalued trivializations adapted to the
same data (D, D_). It suffices to consider the particular cases when t and 7’ differ only
either at some y; or at 2. In the first case, the argument is analogous to the proof of
Lemma 4.5.6. In the second case, we can glue branched covers of 0 to switch groom-
ings. Then the statement follows from Lemma 5.7.15 and the additivity of the ECH
index. UJ

5.7.9. The ECH index inequality. — Let % be a degree k multisection of W from

+ = = - =1 +
z, = {Z25(D)} Uy toz_ = (£ (D)) Uy_ such thatu=%". Let ¢;, £ =1,...,ps
be the intersections of A, with the m-projections of the £ ends of % that limit to ze.
Here ¢ > 0 1s small and depends on %, and the map 7 projects out the s-direction. Let

.....

arcs ¢; .

Lemma 5.7.21. — If ¢& are groomings and A € Hy(W, z,, z_) is the relative homology
class of u, then

(5.7.8) I(A) > ind@) + (d" — d").
In particular, if the points of Py and P} alternate along (0, 27) for both + = + and —, then I(A) >
ind(u).

Progf. — Let T be a groomed multivalued trivialization which is compatible with
(D,,D_) and ¢*. If we use T to compute both the Fredholm and ECH indices, then the
proof of the relative adjunction formula (Lemma 4.5.9) goes through unmodified. Hence
Equation (5.7.2) and Lemma 4.5.9 imply:

ind(@) = —x (F) + &+ . (@) + 26, @TS, 1)
= Q,(A) + p. (@) + o (@TS, 7) — 28 ().
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Since 7 is compatible with ¢*, we have . (%) = u,(dA). Comparing with the definition
of I(u), we have:

(5.7.9) I(@) = ind(@) + (i1 (0A) — - (0A)) + 25 (u)
=ind(@) + (d* —d7) + 28 (w).

(Note that # has no boundary singularities because 7 o % has no branch point at the
boundary: in fact # has boundary values in L3 ULz ;,, and therefore the images of different
boundary components of F are mutually disjoint.) Equation (5.7.8) follows from observing
that 6(«) > 0 since % is J-holomorphic.

Next suppose that the points of Pj; and P} alternate along (0, 27) for both * = +
and —. We claim that d* > 0. Let 7 : R x [0, 1] x S — [0, 1] x S be the projection onto
the second and third factors. By the positivity of intersections, 7 (%) is positively transverse
to the Hamiltonian vector field d;; hence ¢; < 0. By Equation (5.7.7), if ¢4 <0, then
d* >0 (in both cases). - < 0 is proved similarly. O

5.7.10. ECH index calculation. — In this subsection we compute the ECH index
of a multisection of W which is the union of a branched cover of the section at infinity
0 and a curve which limits to a multiple of z. This calculation will be used in Sec-
tion I1.3.7.2. For simplicity we consider the cases of positive ends and negative ends at 2,
separately. The general statement can easily be deduced from the two separate cases.

Let =% U%’ be a degree p; + po + [ multisection of W, where deg# = p,, " is
a multisection from y to {zﬁoﬁ,(B 9)} Uy, and [ is the cardinality of y'. Suppose that the
data 5)1 and 5)2 for @ and @" at the negative ends A and 22 satisfy:

% . . . . . . . .
(Dy) 21 = {1, 1) = gy oo os @) = @y gp) s
D2) Bo= (G = Gofldeeos i) = Gl
(Ds) D)™ =D" and the sets D,”" and DY are disjoint from D" =Dv.
Let £_ ¢ be the end of #” at zo, corresponding to (¢, j;) = (i/.7;).
Suppose there exist groomings ¢; C A,y = dD? 0 % [0, 17" and ¢; C A, =0D? x
— —
[0, 1] which correspond to D and Dy and satisfy the following:
(G1) ¢ has winding number ¢, := w(c]) =0;
(Gy) ¢; =m(U2,E_)NA, and ¢ :=w(c;) =0 or 1;
(Gs) the points of P§ and P} alternate along (0, 277), i.e., the projection of ¢, to dD? is
injective.

Here P} (resp. P}) is the set of initial (resp. terminal) points of ¢; .

7 Here we are writing A, 10 = 8D§ o < [0, 1] instead of [0, 1] x BDf /9 tO indicate the orientation of A, /9.
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Let 7 be the projection of W =[—1,1] x [0, 1] x S to [0, 1] x S and let ¢’ and
(" be representatives of 7 and @’ in W such that 7 (Ceey) = ¢, and 7o) = (o

Let 7, : [§, €] x 8D* x [0, 1] = 8D* x [0, 1] be the projection along the p-
direction. Let tv be the signed number of crossings of 7, (¢; U, ), 1.e., the writhe. Observe
that all the crossings of 7,(¢; U ¢;) are positive as a consequence of (G1) and (Gy), and
p1 > 1o as a consequence of (Gs).

Lemma5.7.22. — Letu=u UT" be a degree py + py + | multisection of W, where deg ' =

— e
P, @' is a multisection_from'y to (Z2(Dy)}U y', and [ is the cardinality of y'. If the data D |, D,
at the negative end satisfy (D, )—(Ds) and (G,)—(Gs), then

— —/ -/ Qm’ -lfq2 = O
(5.7.10) 1@ = 1@) +1@") + {/71 1o, =1

Ifd N4 = & in addition, then equality holds.

Proof. — 1Tt suffices to prove the equality, assuming # N %’ = &, since the extra
intersections contribute positively towards the ECH index. The representatives ¢’ and
C” can be taken to be disjoint; in fact we can assume that ¢ is disjoint from the $-
neighborhood R x [0, 1] x D7, of 0.

If g9 = 0, then we resolve the positive crossings of np(cf U c;) This is equivalent
to appendmg a union of disks D C [—2,—1] % [0,1] x S to ¢’ UC” such that D|A__1 =
(C’ C”)|s_,1 and JT(D|S_,2) is a grooming on A, which satisfies w(JT(D|3_,2)) =0.
A quick calculation shows that D contributes tv to Q, 0 to ¢, and to to . Since the
discrepancy for 7 (D],—_y) is zero, Equation (5.7.10) follows for ¢, = 0.

If g2 = 1, then we first switch the crossings of 7,(¢; U ¢;) by appending a union
of disks D_, € [—=2, —1] x [0, 1] x S such that JT(D 1ls=—2) consists of ¢; on A, and ¢;
on A,/y. This contributes 2to to Q) and 0 to ¢; and u. Next append D_Q C[-3,—-2] x
[0, 1] x S so that n(]v)_2|5:_3) consists of ¢; on A, and 0, on A, /9, where 0, is groomed
and w(0;) = 0. The surface D_ o 18 similar to that used in the proof of Lemma 5.7.15
and has zero ECH index. Finally, we resolve the positive crossings of 7rp(t1 Ud;) by
appending D_ 5 C [—4, —3]x [0, 1] x S. Since there are 1 — o crossings, D_ 3 contrlbutes
p1— 1w toQ,0to ¢, and 0 to . Equation (5.7.10) then follows for ¢, = 1. UJ

Next we consider the variant where the multiple of z is at the positive end. Let
u=1u U4’ be a degree p + po + [ multisection of W, where degw' = p;, " is a multisection
—
from {£53(D )} Uy toy, and /s the cardinality of y'. We use the same notation as above,
with — replaced by +.
We make the following assumptions:

8 Here we are taking 7 to be the projection of the appropriate space to [0, 1] x S.
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(G}) ¢ has winding number ¢, := w(c]") =0;

(GY) of =m(U2,E.0)NA, and ¢y :=w(c) =0 or —1; and

(G%) the projection of ¢ to 3D? is injective except on k > 0 short intervals of 9D? which
correspond to thin sectors between ;; and A(a; ).

Let 1o be the signed number of crossings of 77,(¢]” U ¢3). In this case, all the crossings of
7,(c] Ucy) are negative. The analog of Lemma 5.7.22, stated without proof is:

Lemma5.7.23. — Letu=u UT" be a degree py + py + | multisection of W, where deg ' =

1, W' is a multisection from {.zpo% (5) DYUY toy, and [ is the cardinality of y'. If the data 5) L 5)2
at the positive end satisfy (Dy)—(Ds) and (G))—(G,), then

_ — —11 —lo, QFQQ = 0;
(5.7.11) I(@) = 1) + 1( )+{_2m, fgr=—1.

Ifd NU" = & in addition, then equality holds.

We also compute the discrepancy @, of ¢; when ¢y = —1. Since @_; = p — | and
oy =K,
(5.7.12) dp = —(a_1 — o) — @o(pa — 1)

=—((p=D =)= (=D— 1=«
By Lemma 5.7.21,

(5.7.13) 1@) > ind@) + k.

5.7.11. Extended moduli spaces. — We now describe the extended moduli spaces
which involve multiples of z,, at the ends. Details will be given for W; the W, and W_
cases are analogous.

Let M = ./\/lj(z+, z_) be the moduli space of multisections of (W,j) from z, =

(2 (BQ} Uy, toz_ = (2% (77),)} Uy_. A map u € M has boundary conditions on
Lz U Lzg,. Let T be the modifier “% = &”. We now describe an enlargement of the
moduli space M.

Recall that ¢;; C D?isof the form {—1 < p <1,¢ = ¢;;} for some constant ¢; ;.

Definition 5.7.24. — An extended W-curve % fiom z, to z_ is a multisection of (W, ])
which satisfies the conditions of Definition 5.7.2 with ¥' = & and (1) and (2) replaced by the following:

(1" There exist either positive or negative ends (or both) £ ; and E_; of ¥ that limit to zo
such that:

~ A@OAF - Uy, — U ) CLlaULzg);
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— T maps one component of dF N E_; (resp. IFNE_ ;) to L;, ,, and the other to
. = — N
L;@ Y where (1, 7,) = (ig,J¢) € D4 (resp. € D _).
Ve

(2") @ maps each connected component of 3F — U,E, ; — U,E_; to a different Ly, or Lza)-

The moduli space of extended W-curves from z,. to z_ is denoted by M}’exz(z+, z).

The extended moduli spaces ./\/lJj !z, 8yy") and ./\/lJT “(85y’, z—) are defined sim-
. _
ilarly.
Terminology. A sector S of Dio, 0 < po <1, from ¢ to ¢, 1s the map

[O’ 100] X [‘p()’ ¢l] - Dio, (/0’ ¢) = pei(P.

By abuse of notation, we also refer to the image of G as a sector.

IfR,R' C Di{) are distinct radial rays and I C R is an interval, then &(R, R’; I)
is a sector of Dio from ¢ to ¢;, where R and R’ can be written as {¢ = ¢, p > 0} and
R'={¢ = ¢, p > 0} and [¢, ¢1] C L. If we do not specify I, then we write S(R, R’) and
assume that ¢; — @, is the smallest positive angle.

A sector 1s large if 1t has angle ¢ — ¢y > 7 and small if it has angle 0 < ¢, — ¢y < 7.

Let M* = M*(z,,z_), where * denotes any set of modifiers, and let
e : D? x [0, 1] = D?

. . —_ . . . . . %

be the projection onto the first factor. If z € M7, then (7, j,) = (i, ;) in D, corresponds
to an end &,y of u such that the restriction of T2 0 u(E, ) to Dz for & > 0 small is a sector
S =6(a,,, ﬁ(ﬁ,-w)). If G islarge, then 72 0u(E; o) has asslit of length 0 by the definition
of ue M (i.e., 72 o % maps no boundary point of &, ; to @, ;, — @, or ﬁ@‘gz;‘; — ay jp))-
The ends of % can cover at most one large sector because n(z) = m, and therefore u
is an extended curve. The neighborhood of % in M is generically a codimension > 1
submanifold of an extended moduli space M™%,

_3.8. Transversality. — We first discuss the regularity of almost complex structures
on W, W, W, and W_.

5.8.1. Transversality for W and W'. —

Definition 5.8.1. — The almost complex structure ] € Jy is regular if My(y,y’) is trans-
versely cut out for all tuples'y and'y’ in a N A(a). The almost complex structure ] € Jry is regular if
./\/l}’m(z, z') is transversely cut out for all tuples z = {Zo(D)} Uy and 2 = {25 (D)} Uy
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Note that M;(y,y’) = M;(y.y) and M}’m(z, zZ) = M}’M’s(z, z') because the
positive ends have boundaries on distinct Lagrangian submanifolds. This implies that a
generic J € Jy is regular; see Lemma 4.7.2. The same proof also gives:

Lemma 5.8.2. — A generic ] € Jry is regular.

We write Jy C Jw for the subset of all regular J and j%g C Ji for the subset of
all regular J.

Definition 5.8.3. — The almost complex structure J' € Jy is regular if M, (y,y’) is

transversely cut out (in the Morse-Bott sense) for all'y and y" in Oy and all k < 2g. The almost complex
structure ]’ € Jiyr ts regular if M},((S”y, 89y") is transversely cut out for all 8"y, §'y' € Oy and for
all k < 2g.

Recall that a generic J' € Jy is regular by Lemma 3.5.2. The same proof also
gives:

Lemma 5.8.4. — A generic ] € Jr is regular.

We write Jy C Jw for the subset of all regular J’ and j‘% C Jsv for the subset of

all regular J .

5.8.2. Transversality for W, W, and W_. —

Defination 5.8.5. — The almost complex structure ]+ € J, s regular if the following hold:

(1) all moduly spaces My, (y,y) with'y a k-tuple of a N A(a) and y € @k,ﬁr all k < 2g,
are transversely cut out (in the Morse-Bott sense in the case of a Morse-Bott building); and

(2) the restrictions J and J of J to the positive and negative ends belong to Jy® and T,
respectively.

Here every u € My, (y,y) is somewhere injective due to the presence of the HF
end. In other words, M, (y,y) = 1, (¥ ).

Definition 5.8.6. — The almost complex structure + € Jw, isregular if the following hold:

(1) all moduli spaces ./\/l}’m(z, 8iy) with z = {Z(D)} Uy, y' € @kfor some k < 2g,
+
and'y a tuple (y_‘ an ﬁ_(a),_are transversely cut out; and
(2) the restrictions J and ]’ of J . to the positive and negative ends belong to j‘%g and \7%,
respectively.

Note that M}’m(z, 8y = ./\/l}’m’x(z, 85y"). The regularity of ] € Jy_ is defined
+ +

similarly.
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. reg reg
We write Jyy, for the space of regular J, € Jw, and jWi for the space of regular

J. € Jiw, . Without loss of: generality we may assume that the regular J, of interest are
the restrictions of regular J, .

Remark 5.8.7. — The vertical fibers {(s, 1)} x S and {(s, £)} x S are holomorphic,

but are not transversely cut out.
Proposition 5.8.8. — A generic admissible ], (resp. ]..) is regular.

Progf. — We first treat the W, case. The proposition follows from a standard
transversality argument along the lines of [MS, Theorem 3.1.5], with some modifica-
tions. The necessary modifications for almost complex structures J' € Jy, defined on
R x N, were described in [Hul, Lemma 9.12(b)], and our situation is almost identical
since J+ € Jw, 1s the restriction to W of some J' € Jyw.

The key observation is that each irreducible component of a W -curve u : F— W,
is somewhere injective, since each [0, 1] x {y;}, y; €'y, is used exactly once as a positive
asymptotic limit. Let 7y : W, — N be the restriction of the projection 7y : R X N — N
onto the second factor. We then claim that there is a dense open set of points p € I which
are mn-injective, 1.e.,

(1) d(mN o u)(p) has rank 2; and
(i) (x5 0 w)(p) = (7wn 0 w)(g) implies p = q.

First note that if the claim does not hold, then there exist open sets U, U’ C F such
that «(U) and «(U’) differ by some translation T,
application of T,, or T_,,, there is an infinite sequence U, U”,U", ... C F that have
the same 7y o « image. This contradicts the finite energy condition, and hence proves
the claim. The perturbations to J can then be carried out in a neighborhood of a my-
injective point p € F as in [Hul, Lemma 9.12(b)].

The regularity of the almost complex structures J and J' at the ends was already
treated, i.e., Jyy C Jw and Jyy, C Jw are dense by Lemmas 3.5.2 and 4.7.2.

In the W, case, the perturbations ofj . are allowed on the subset U = W, N (R x
N) —{p < &}) for some small ¢ > 0. We simply observe that all the curves % in the moduli

by s in the s-direction. By repeated

spaces M%’m(z, 8,y’) in Definition 5.8.6 pass through U, and pick a mx-injective point
. * + JE—
p € F such that u(p) € U. The W_ case is similar. UJ

5.8.3. Some automatic transversality results. — We collect some automatic transversal-
ity results.

Lemma 5.8.9. — The curve 0, C W_, viewed as having Lagrangian boundary L o s a
regular holomorphic curve with ind(oy) = 0.
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Proof. — We first calculate the Fredholm index of the holomorphic embedding
%: F — W_ with image oL C W_. Here I is a disk with a boundary puncture and
an interior puncture. Let T be a groomed trivialization whose grooming ¢ corresponds
to the matching (z,7) — (z,7) and satisfies w(c) = 0. Then we compute that —x (F) =0,
e (80, 70) =1, e (200) = 1, ¢ @ TS, ) = 0. Hence ind(@) =0 by Equation (5.5.3), which
s still valid in the current situation.

We now use the doubling technique from Theorem 5.5.1. The double of F — a
sphere with three punctures — is denoted by 2F and the double of 7 is denoted by 2.
The index of the doubled operator 2Dz i1s ind(2%) = 2ind(z) = 0 and D; is surjective if
and only if 2Dy is surjective.

Now, by Wendl’s automatic transversality theorem [We2, Theorem 1], 2Dy is sur-
jective if

(5.8.1) ind(2m) > 2 + #I') — 1,

where g is the genus of 27 and #T) is the count of punctures with even Conley-Zehnder
index. We have g = 0. Recall that doubling a chord gives a closed orbit with odd Conley-
Zehnder index by Lemma 5.5.3. Hence #I'y = 0 and Equation (5.8.1) becomes ind(2%) >
—1, which i1s satisfied since ind(2z) = 0. ]

Lemma 5.8.10. — Let ] and J,, be almost complex structures as in Definition 5.3.2. If ] is
sufficiently close to ], then M}’"*zl {200} Uy, {10} Uy) /R is transversely cut out and consists of a

unique curve which is represented by a thin strip in D* from zao to o = x; or X, together with trivial

cylinders.

Proof. — The proof of transversality is similar to but easier than that of Lem-
ma 5.8.9 and is omitted. The uniqueness of the curve (modulo R-translation in the target)
from zs to o is immediate from projecting the curve to D? and using the fact that J is
sufficiently close to J,. UJ

5.8.4. Marked points and transversalily. — In the definition of the W-map in Sec-
tion 7, we consider multisections of W_ which pass through the marked point m =
((0, 3), zs). The marked point m, however, is nongeneric. In order to ensure the regu-

larity of such moduli spaces with respect to m, we need to enlarge the class of J_ € j%‘i
to the class ofj<_>, which we now define.

Definition 5.8.11. — Let € > 0 and let U F ™ be an open set of W_. Then an almost
complex structurej? on W_ is (e, U)-close t0 ] _ if:

=] e W -

— j? 15 &-close toj_ on U; and
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_<> . —
— VJ_ s e-close to V] _ on U.

Here the e-closeness is measured with respect to a metric g on W_ which is the
restriction of an s-invariant metric on R x N and V 1s the Levi-Civita connection of g.

Convention 5.8.12. — Unless stated otherwise:

- U=U, = fgj (Bs(p)) —{p < 8} 15 an open neighborhood of K, o5 = ﬁg} () —1{p <
28}, where § > 0 s arbitrarily small, m’ # p € B_, and Bs(p) C B_ 15 an open ball of
radius & about p.
- j<_> s (&, U)-close toj_ S %{, where € > 0 s arbitrarily small.
Observe that U s disjoint_from the section at infinity. When we want to emphasize (¢, U) or (g, 8, p),

we writej? (g, U) 07’j<_> (&,8,p).

Defination 5.8.13. — A degree £ almost multisection of (W,,j?) from 8y to z' =
{22 (DNYUY is a pair (a, C) which is defined in the same way as a degree k multisection of (W_, J_),
except that u s a degree k multisection of

Tp i W- =75 (Bs(p) > B_ — By(p).

A (W_,j?)—curve i a degree 2g almost mullisection of (W_,:[?) satisfying n~(w) = m if
r=¢g=0and0<n (@) <miyfr>0o0rq>0.
Let ./\/lj? 84y, z') be the moduli space of almost multisections of (W_,j?) from &y
to z'. The regularity of J_ and the closeness ofj? to J_ imply:
) M}f 81y, 2) is regular;
(i) M2, (85, 2) is close to M; (8y, 2); and
(1) all the boundary strata of M}Q (8yy. z') are close to the corresponding bound-
ary strata of /\/lJT 8y, 2).
Note that we can still refer to #*(%) since it is a homological quantity.

Let K # m be a compact set of W_. We define the modifier K to mean that % passes
through K.

Definition 5.8.14. — The almost complex structurej? on W_ is K-regular with respect

to M if all the moduli spaces M ;"*

% (8yy, z'; m) are transversely cut out.

Lemma 5.8.15. — A4 genm'cj? is K, os-regular with respect to m.
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Proof. — The proof is similar to that of [MS, Theorem 3.4.1], with modifications
as in Proposition 5.8.8. 0

6. The chain map from HF to PFH

6.1. Compactness for W 1 -curves. — In this subsection we treat the compactness of
holomorphic curves in W, which will be used to establish the chain map ® in Section 6.2.

Suppose J+ € Jw, and J, J" are the restrictions of J+ to the positive and negative
ends. Lety = (1, ..., 72} € Sasicay and y =[], ¥ E(’)Qé

In this section, we may pass to a subsequence of a sequence of holomorphic curves without specific
mention.

6.1.1. Euler characteristic bounds. — We first state a preliminary lemma:

Lemma 6.1.1. — Let u; (Fi,jl-) — (W4, J4), 1 €N, be a sequence (jW+—curvesﬁ0m y
toy with index Ly, (w;) = n for some integer n. Then there is a subsequence such that all the ¥; are
diffeomorphic to a fixed F.

Progf. — The proof'is given in two steps.
Step 1 (w-area bounds). We define the w-area of u; as

E,(w) = f u'w,
I

1

where w is the 2-form as in Section 5.1. The boundedness of E, (%) is a consequence
of the vanishing of the flux Fj; of £ (cf. Section 3.3). View the broken closed string y
corresponding to y as a collection of curves in

LI NW) U3} x [0, 1] x y) C W,

Then yy is uniquely determined up to a homotopy which is supported on LI N W, Let
) R Wi, 1=1,2, be two W, -curves from y to y and let % : F — W+ be their
Compactlﬁcatlons Then ul(3+F ) is homotopic to yy, i =1, 2, where 8+F 1s the union of
boundary components of I; which map to the positive (s > 0) part of W, Hence it — iy
can be viewed as a closed surface Z € Hy(W,) =~ HQ(W+) ~ Hy(IN). Since the flux Fy
vanishes, the integral of @ over Z vanishes, and therefore the w-area of a W, -curve u
only depends on y and y.
Step 2 (Genus bounds). The w-area bound on the sequence {;} and the fact that all
have the same asymptotics imply an energy bound on the «; (for the energy defined as in
Equation (4.3.1)).
We then apply the Gromov-Taubes compactness theorem [1'3, Proposition 3.3],
whose proof carries over to the symplectic cobordism (W, €2) with little change: The
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energy bound implies a local €2 -area bound, and we note the statement of [T'3, Propo-
sition 3.3] is local, i.e., works on a fixed ball in W,. To take care of the Lagrangian
boundary condition, we take local doubles of #; using Conditions (SR) that appear in
Definitions 5.3.2 and 5.3.14.

More precisely, given any point p € L}, there is a sufficiently small neighborhood
of p in W, of the form & x D and a homeomorphism

d=(p1.¢): Hx D> S U x D,
where:

(1) H={(a,01) €R?* | x{ +y{ < 1,91 = 0} and D* = {(x2,92) € R? | x5 + 5 < 1}
with the standard complex structures, i C B, is a closed neighborhood of
mw, (p), and D C S is a closed disk;

(2) ¢ : H S>Uisa homeomorphism which is holomorphic on int(H) and is a
diffeomorphism away from the two corner points of H;

(3) ¢ : D? = D is a biholomorphism; and

4) ¢7'(p) =(0,0,0,0) and ¢~ (LI N U x D)) = {y, =9, =0} C H x D%

The existence of the map ¢, is proved as follows: Let U be the intersection of B, with
a closed ball in R x S' centered at myy L (p). If the radius of the ball is sufficiently small,
then U is a closed half-disk whose boundary is continuous and piecewise smooth with
two corner points only at &/ N dB,. By the Riemann mapping theorem there exists a
biholomorphism ¢; : int(H) > mnt(UA), which, by Carathéodory’s theorem, extends to
a homeomorphism ¢, : H SUu ; see [Ru, Theorem 14.18]. Away from the two corner
points, the extension is smooth by [Wal, Theorem IV] and has nonvanishing derivative
by [Wa2, Theorem 1]. Note that we cannot assume that ¢, is holomorphic up to the
boundary because 9B, was not defined to be real analytic. The existence of the map ¢,
is similar but easier. Condition (SR) from Definitions 5.3.2 implies that the pullback of ],
to {y1 < 0} x D by ¢ is the standard split complex structure.

Denote G; := () '(U x D) C F and v; = = ¢! o u;|g,. By the Schwarz reflection
prmClple we can double G; and H along G; N dF and dH N {y; = 0} and obtain maps
3;: G, > Hx D? which extend the maps v; and are holomorphic on G;\ 8F. Then the 7,
are holomorphlc on G; by an application of Morera’s theorem; see [Ru, Theorem 16.8].
The maps v; also satisfy energy bounds and [ T3, Proposition 3.3] carries over to H x D2,
hence yielding a holomorphic limit . It remains to note that half of v, corresponding
to the limit of v; will have boundary on L since during the construction of Im ¥, as a
set in the proof of [T3, Lemma 3.5], we take small balls centered at points of Im v; and
covering Im v; and we can choose a subset of them to be centered at points of vi(aFi) and
to cover vi(BF,-).

The Gromov-Taubes compactness theorem and the argument of [Hul, Lem-
ma 9.8] then imply the weak convergence of % as currents to a holomorphic building
Uso. In particular, we may assume that [«;] € Hy(W,,y, y) is fixed for all .
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We now use the fact that [¢;] 1s fixed to bound the genus of F, The relative adjunc-
tion formula (Lemma 5.6.3) gives:

a(@TW,, (t,8)) = x () — w; () + Qs () — 28 (w).
In view of the writhe bound

w, () > - (y) — y ()
from [Hu2, Lemma 4.20] and the nonnegativity of 8(«;), we obtain:

(6.1.1) X () = a1 FTW ., (7, 0)) + L (y) — py (1) — Qs ().

This bounds  (F;) from below, since all the terms on the right-hand side either depen.d
on the homology class of #; or the data of the ends. Hence we may assume that all the F;
are diffeomorphic to a fixed F. U

6.1.2. SFT compactness.
Definition 6.1.2. — A holomorphic W -building
U =V_yU---Uv,, abeZ>
consists of the following data:

(B1) Foreachy = —b, ..., a, acompact nodal Riemann surface G; (possibly with boundary),
a nodal set v, disjoint sels of interior punctures p;” and p; ifj < 0, and disjoint sets of
boundary punctures qf and q; i j = 0. The nodes may be interior or boundary nodes
and are disjoint_from pji, qf, and the nodal set w; may be empty.

(B2) For eachj = —b, ..., a, a holomorphic map v; : G; — W;, where W; =W jfor 0 <
J<a,Wo=W, forj=0,W; =W for —b <j <0, ande:Gj—pjL -p; —
qf —q; forallj. (Here some sels of punctures may be empy.)

(B3) Foreachj =0, ..., a, 9G; is mapped to the appropriate Lagrangian submanifold L, LI
L@ or L.

(B4) For eachj = —b, ..., a, vj converges to a strip over a “Reeb chord” at the positive (resp.
negative) end near each boundary puncture of qf (resp. q; ) and to a cylinder over a closed
orbit at the positive (resp. negative) end near each interior puncture of pj+ (resp. p;)-

(B3) for each j = —=b, ..., a — 1, there is an identification between p7+ and P, and an
dentification between qjr and Q| such that the pawrs that are dentified are asymptotic lo
the same Reeb chord or closed orbut.

(B6) No level v; 15 a union of trivial cylinders or trivial strips and no constant sphere has fewer
than three nodes.

The levels v; are arranged in order from lowest to highest.
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Proposition 6.1.3. — Let u; - (¥, ) = (W4, J1), 1 € N, be a sequence of W ,.-curves from
y to y with index Ly, (u;) = n_for some integer n. Then there is a subsequence which converges in the
sense of SFT to a level a + b+ 1 holomorphic W, -building uoo = v_, U - - - U v,,.

Here “convergence in the SFT sense” means convergence with respect to the topol-
ogy described in [BEHWZ].

Progf. — By Lemma 6.1.1, we may assume that I;; = ' as smooth surfaces. We
can then apply the SFT' compactness theorem from [BEHWZ]; note that SFT' com-
pactness in the presence of Lagrangian boundary conditions is sketched in [BEHWZ,
Section 11.3] and [Abb2, Theorem 3.20]. More details can be extracted from the proof
of the less standard compactness theorem for W_-curves; see Proposition 7.3.2. O

The limiting curve u, can be written as a level a + 4 + 1 holomorphic building
v_y U---Uuw,, where each v; is not necessarily irreducible and may have nodes. Here (3)
a, b are nonnegative integers, (ii) v; is a holomorphic map to W;, and (iii) the levels v; are
ordered from the negative end to the positive end as j increases. As usual, if the level v; is
just a union of trivial cylinders, then it will be elided.

6.1.3. Main theorem. — Suppose J+ € Jy' and J, ] are the restrictions of . to the
positive and negative ends.
The following is the main theorem of this subsection:

Theorem 6.1.4. — Let u; (FZ-, Ji) = Wy, J1), 1 € N, be a sequence of W 1 -curves _from
y loy. If Iw, (w;)) =1 for all i, then a subsequence of u; converges in the sense of SF'T to one of the
Jollowing:

(1) an Ly, =1 curve;

(2) a building with two levels consisting of an Iyp = 1 curve and an Iy, = 0 curve; or

(3) a bulding with multiple levels consisting of an Iy, = O curve, an Igcy = 1 curve, and
possible Iycy = O connectors in between.

Simalarly, of Tw, (u;) = 0 for all 1, then a subsequence of u; converges to an Iy, =0 curve.

We write “an Iy =1 curve” as shorthand for “a #-curve with ECH index Iz = ¢”.

We postpone the proof of the main theorem until after a more detailed discussion
of the structure of the SFT limit. Let u,, be the SFT limit of the sequence {u;}, given
by Proposition 6.1.3. A ghost component of uy is an irreducible component of u,, which
maps to a point. By the SFT compactness theorem, the domain of a ghost component
is necessarily a stable Riemann surface. We recall that a Riemann surface is stable if the
following holds for each component F with £;, interior marked points and £,; boundary
marked points:

— —x(F) 4+ %k, > 1 when 0F =9, or
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- _QX(F) + 2k + ko > 1 1f8F;é .

Let us write us = v_, U - -- U v, U td, where v; has no ghost components and o
is the union of ghost components. We will also write us = v_, U --- U v,.

Remark 6.1.5. — The ECH index of a curve depends only on its relative homology
class and therefore ghost components do not contribute to it. Hence, by the additivity of
ECH indices (Lemma 5.6.8), if %, 1s a sequence of J;-holomorphic maps with constant
ECH index, then:

a b
(6.1.2) Z Inr(v)) + T, (vo) + Z Igen(vo)) = Iw, ().

J=1 =1

Lemma 6.1.6. — Each level v;, j = —b, ..., a, is a degree 2g multisection of 7r; : W; — B;
with no branch points along 0B;.

Proof. — Since u; 1s a degree 2g multisection of g, : W, — B for all , it follows
that, with the exception of finitely many p € B;, every level v; intersects a fiber 7'[[1 ()
exactly 2¢ times.

We show that on any level v; there are no irreducible components which lie in
a fiber m;” '(p). Arguing by contradlcuon suppose U : F— W; is an irreducible compo-
nent whlch maps to a fiber m;” (p) Ifpe mt(B ), then v is a holomorphic map from a
closed Riemann surface F to T '(p). Since T '(p) is a Riemann surface with nonempty
boundary, ¥ must be constant. On the other hand if p € 9B, it 1s also possible that Fis
a compact Riemann surface with nonempty boundary and v(aF) C a. However, since
S — a is connected and nontrivially intersects S, U must also be constant. Since ghost
components are excluded from v; by definition, we have a contradiction.

Finally, if j > 0, then we claim that 77; o v; has no branch points along dB;. This is
due to the fact that v, uses each component of L] exactly once and v;, j > 0, uses each
component of R x {1} x a and each component of R x {0} x f(a) exactly once. O

Lemma 6.1.7. — Let uy, be the SET limut of a sequence of ] -holomorphic multisections u;
with constant ECH index. If 1 is regular, then:

- IHF(U]) > Oﬁ)r] > 0,

— Iw, (vo) >0, and

— Igcu(v;) =0 fory < 0.
Moreover, all the v;,j > 0, are somewhere injective and satisfy ind(v;) > 0. If Iy, (w;) < 1 in addition,
then v;, ) < 0, is somewhere injective and satisfies ind(v;) > 0.

Progf. — Since v;, j > 0, is a degree 2¢ multisection by Lemma 6.1.6 and uses
each connected component of the boundary Lagrangian exactly once, it is somewhere
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injective. Also since J and J; are regular, it follows that the curves vj, j > 0, are regular.
Hence indy(v;) > 0 for ; > 0 and indy, (vy) > 0. Moreover, since indw(v;) = 0,7 > 0, if
and only if v; is a union of trivial strips, we may assume that indy(v;) > 0 for all j > 0.
By the index inequality (Theorems 4.5.13 and 5.6.9) we have Iyp(v;) > 0 for j > 0 and
Lw, (vo) = 0. On the other hand, ifj < 0, then Igcy(v;) > 0 by [HT'1, Proposition 7.15(a)].

If Iy, (#;) <1 in addition, then Igcr(v;) < 1 by the additivity of the ECH index.
Hence [Hul, Lemma 9.5] implies that v; is somewhere injective and ind(v;) > 0 since J'
1s regular. U

Lemma 6.1.8. — Let uy, be the SET limut of a sequence of ] -holomorphic multisections u;
with Ty, (w;) <1 for all i. If J 1 is regular, then use = @.

Proof. — Let ind(u5) and ind(us) be the sum of the Fredholm indices of the ir-
reducible components of 5, and s, respectively. Also let F¢ and F* be the domains of
o and s, respectively. Then ind(us,) = — x (F¥). If # and us are attached along £,
interior nodes and £, boundary nodes, then

(6.1.3) ind(s;) = ind (/%) + ind(i£,) + 2k + ki
(6.1.4) = ind(u%) — x (F¥) 4 2k + ke < 1.

Next, if ¥ £ &, then the stability of the Riemann surface and the observation that each
component of dF¥ has a marked point (which in turn follows from Definition 5.4.3(1))
imply that

(6.1.5) — X (F®) + 2k + Ky > 2.

Equations (6.1.4) and (6.1.5) together imply that ind(ux) < —1. Hence we have ind(v;) <
—1 for some v;, which is a contradiction of Lemma 6.1.7 for a regular J . The contradic-
tion came from assuming that 15, # &. UJ

We now finish the proof of Theorem 6.1.4.

Proof of Theorem 6.1.4. The proof is based on a classification of the types of allow-
able buildings ux = v_; U - - - U v, U tlss. We consider the situation of Iy, («;) = 1, leaving
the easier Iy, (%) = 0 case to the reader.

By Lemmas 6.1.6 and 6.1.8, the limit uy, consists of a building of degree 2g mul-
tisections v;. Moreover, by Lemma 6.1.7, Iy, (v;) > 0 for all j. The additivity of ECH
indices gives three possibilities for the limit:

(1) 4o = vy, where vy is a multisection of W, and Ly, (vo) = 1;
(2) us = vy U vy, where v is a multisection of W, with Iy, (vy) =0, and v, is a
multisection of W with Igp(v,) = 1;
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(3) oo =v_pU--- Uy, where v_y, ..., v_; are multisections of W', vy is a multi-
section of W, all but one of v_, ..., vy have I =0, and the remaining level
hasI=1.

What is left to prove is that Iycu(v—;) = 1 in Case (3). This follows from considera-
tions of incoming partitions as in [HT'1, Proof of Lemma 7.23]. Let m; be the multiplicity
of the elliptic orbit y; in the orbit set y and let 6; be the rotation of the first return map
of y. By [HT1, Definition 1.8], there is a partial order >, on the set of partitions of n,
where

(ab---vall) ng (blv"‘7blg)

if there 1s a Fredholm index zero branched cover of R x y; with positive ends which
partition my into (ai, ..., ;) and negative ends which partition n; into (b1, ..., ;). By
[HT1, Lemma 7.5], the incoming partition P)"(m;) — the partition which corresponds
to y," at the negative end of v_, — is maximal. Hence Iycu(v_;) = 0 implies that v_ is
a trivial cylinder, which we have already eliminated. U

6.2. Definition of ©. — Suppose J; € j\ﬁ and J, J' are the restrictions of J; to the
positive and negative ends. In this subsection we define the chain map

(6.2.1) @, : CF(S, a, A(a),]) — PFCy,(N,]).

We will usually suppress J, J', and J; from the notation.
We first define an approximation of ®:

Definition 6.2.1. — Let Cr (S, a, A(@)) be the chain complex generated by S, f(ay, before
quotienting by the equivalence relation ~ given in Section 4.9.3. We define the map

@' : CF/(S, a, A(a)) — PFCy,(N),

(y)= Y (¥ (y).y)-¥.

Y€62g

where (D' (y),y) s the mod 2 count of ./\/l}fo (y,y). The count is meaningful since ./\/ljfo (y,y) s
compact by Theorem 6.1.4.

Proposition 6.2.2. — The map
@' : CF (S, a, i(a)) — PFCy,(N),

s a chain map.
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Proof — By Theorem 6.1.4 and Lemma 5.4.9, BMJIfl (y,y) =AUB, where

A= [T (M7 0y IR) x MG m)).

ylesa.ﬁ(a)

B= ] (M7 6'.v)x (M7 »)/R)).

ye@zg

Here we have omitted the connector components for simplicity.

We examine the corresponding gluings of the holomorphic buildings. The first glu-
ing is that of (v}, vy) € A. This type of gluing was treated by Lipshitz; see Propositions A.1
and A.2 in [Li, Appendix A]. Observe that there are no multiply-covered curves to glue,
since each Reeb chord of a 2g-tuple is used exactly once.

The second type of gluing is that of (vy, v_;) € B, with Igcy = 0 connectors
U_1,..., U441 In between. The curve vy is simply-covered since it has an HF end and
the curve v_; is simply-covered since Igcy = 1 (see [HT'1, Proposition 7.15]). This type
of gluing was treated carefully in [HT'1, HT?2]. Although the setting there was the gluing
for 3% = 0, in fact most of the work goes towards properly counting Ircy = 0 connectors,
1.e., branched covers of trivial cylinders. Their treatment of gluing/counting the Iycy =0
connectors carries over with little modification to our case. See Section 6.5 for more de-
tails. U

Let 6, = ([0, 2] x {x})/(2, x) ~ (0, x), where x € 9S; it is a Reeb orbit in the nega-
tive Morse-Bott family A/ which foliates dN. Also let (R x §,)™ be the restriction of R x §,
to W+.

Lemma 6.2.3. — AW -curve u which has x; or x. at the positive end must have (R x 8,.)"
or (R x (le()+ as an rreductble component.

Recall that the intersection points x;, x; are components of the Heegaard Floer
contact class of & 4.

Proof — Let v: F — W, be the irreducible component of « which has x; at the
positive end. The component v may a priori have other positive ends besides x;. We will
show that v = (R x §,)". Let 75 : {s > 3} N W, — S be defined by identifying {s >
3}NW, =[3,00) x [0, 1] x S and projecting to the third factor.

Let (r,0) be polar coordinates on a small neighborhood v(x;) C S of «; so that
h(a) = {0 = =7}, &, = {0 = 0}, and v(x) = {—3 =60 < 7,r> 0}. By Condition (1)
in Definition 5.3.2, the composition 7g o v is holomorphic when restricted to the end
that limits to x;. If v is not the restriction of a trivial cylinder, then 7g o v must map
a neighborhood of the puncture of F corresponding to x; to a sector {0 < 0 < kx —
T.r>0}or {mr <60 < (k+ 1)m —%,r> 0}, where £ > 1. Since such a sector cannot
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be contained in S, the map 7 o v|;>¢ must map identically to x;, where C > 0. By the
unique continuation property, v = (R x §,)". UJ

Theorem 6.2.4. — The map D' descends to a chain map
@ : CF(S, a, fi(a)) — PFCy, (N)

which maps the Heegaard Floer contact invariant for &s 4y to the ECH contact invariant for & 4.

Proof. — Lety = {1, ..., 99} € Sa . Assume without loss of generality that y, =
x1. Then y is equivalent to y’ = {«], »9, . .., »9,}. Let u be an Iy, = 0 Morse-Bott building
from y to a generator y of PFCy,(N). Since (R X §,,)* is an irreducible component of
u by Lemma 6.2.3 and is automatically transverse in the Morse-Bott sense, y can be
written as ey’, where ¢ is the elliptic orbit of the negative Morse-Bott family /. Now, by
replacing (R x §,))* by (R x §,)" and the augmenting gradient trajectory from §,, to
¢ by the augmenting trajectory from 8, to ¢, we obtain an Iy, = 0 Morse-Bott building
from y’' to y = ¢y’. Hence there is a one-to-one correspondence between W, -curves
from y to y and W, -curves from y’ to y. Since ®'(y) = ®'(y’), the map ®’ descends to
CF(S, a, A(a)).

The Heegaard Floer contact invariant is given by the equivalence class of x =
{x1, ..., %9} and the ECH contact invariant is given by ¢*. By Lemma 6.2.3 and some
ECH index considerations, the only Iy, = 0 Morse-Bott building from x consists of (R x
8.)", i=1,...,2¢, augmented by connecting gradient trajectories from 8, to ¢ in the
Morse-Bott family /. Hence ®'(x) = ¢*. Then ® maps the equivalence class of x to
e%. UJ

_ 6.3. Spin‘-structures. — Let S, 4y be the set of 2g-tuples of a N A(a) and let
Saia) = Sai/ ~, where {x;} Uy ~ {x/} Uy for all (2¢ — 1)-tuplesy'.
We define a map

b:r : Sa,ﬁ(a) — H, (W, 9,W,)

as follows: Given'y = {51, ..., 99,} € Sa s(a), where »; € a; N A(a, ;) for some permutation
o € Gy, we define b, (y) as the homology class of the broken closed string obtained by
concatenating the following oriented arcs:

— foreach e {l,..., 2g}, the arc {3} x [0, 1] x {y;}, with orientation given by 9;;
— for each 7 € {1,...,2g}, an arc from {3} x {1} x {9} to {3} x {0} x {s1(»}

contained in L.
1

The homology class b/, (y) is well-defined since the Lagrangians L[ are simply-
connected.
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The map b, descends to a map

h+ . Sa,ﬂ(a) - HI(W+; 8/1W+)’

since the components x; and «; of the contact class are both converted into broken closed
strings which are nullhomologous in H; (W, 9,W_).
The following lemma is an immediate consequence of the definition of W -curves.

Lemma 6.3.1. — Let y be an orbit set at the negative end of W wuth total homology class
[yl € Hi(W,, ,W). Then My (y,y) # @ implies that b (y) = [y].

There are natural isomorphisms
H (W, 9,W,) =H;(N,oN) =H,(M).

With respect to these isomorphisms, the total homology class in H; (W, 9,W) of an
orbit set y at the negative end of W corresponds to the usual total homology class of y
in H;(M). Moreover, b (y) = bh(y), where b is as defined in Section 4.10.

Combining Proposition 4.10.1 and Lemma 6.3.1, we obtain the following theorem:

Theorem 6.3.2. — The chain map @ respects the splitting according to Spin‘-structures, t.e.,
D 5 the direct sum of maps

@, : CF(S, a, fi(a), 5; + PD(A)) — PFCy,(N, A),
with A € H;(M; Z).

6.4. Twisted coefficients. — Let PFH, g(N ,A) be the twisted coeflicient version of
PFH,,(N, A), defined as in Section 2.4. For any homology class A € H, (M) we can define
a map

@, :CE(S, a, f(a), 5¢ + PD(A)) — PFC, (N, A),

given in the following paragraphs. Choose a 2g-tuple of intersection points y, such that
5:(yo) = 8¢ + PD(A) and a complete set of paths {Cy} for 5; + PD(A) based at y,.

Let mx : W — N be the restriction of the projection R x N — N, (s, x) = x, and
let I' C N be the projection by my of a broken closed string associated to y,. By Lemma
6.3.1, [I'] = A. We choose a complete set of paths {C,} for A based at I'.

The projection my associates a well-defined homology class in Hy(N) = Hyo(M) to
any 2-chain in W, whose boundary consists of a broken closed string corresponding to
yo on one side and I" on the other side. Then we can define maps

2, Hy(Wy,y, y) > Ho(M)
for all y such that s.(yg) = s¢ + PD(A) and y such that [y] = A by
2, (C) = (nN)*[Cy uCGu _Cy]
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Definition 6.4.1. — We define the F[Hy(M; Z)]-linear map
P, CF(S, a, fi(a), s¢ + PD(A)) — PFC, (N, A)

by
QM=) > H#M (y.y OOy
YE62£ CeHo(W4,y,y)
Theorem 6.4.2. — The map @, is a chain map.
Proof. — The proof is the same as that of Theorem 6.2.4, plus some bookkeeping
of the homology classes of the holomorphic maps involved. 0J

6.5. Gluing. — We explain here how to glue the pair (vy, v_;) consisting of a W -
curve vy with I(vg) = 0 and an ECH curve v_, with I(v_,) = 1, by inserting a branched
cover of a trivial cylinder (a connector). The connector is needed because, while the negative
ends of vy and the positive ends of v_; converge to the same orbit sets, they usually do
not match; in fact the ends of vy must satisfy the outgoing partition, while the ends of v_,
must satisfy the incoming partition. The same situation appears in the definition of ECH
and the procedure of gluing two Igcy = 1 curves in the symplectization, as explained in
Hutchings-Taubes [HT'1, HT?2], applies with very little modification.

6.5.1. Close to breaking. — We first make precise what we mean by a holomorphic
curve which is “close to breaking”. We rephrase the definition for W' (which appears in
[HT1]), leaving the analogous definitions for W, W, and W_ to the reader.

Choose an s-invariant Riemannian metric g on W' and denote the induced dis-
tance by d,.

Defination 6.5.1. — Guven k,v > 0, two curves u; : (¥;,7,) = W', 1=1,2, are (k, v)-
close if there exists a (1 4 v)-quasiconformal homeomorphism ¢ : Fy — Fy with respect to (jy, o)
such that

sup d (u; (x), ug o p(x)) < k.
xelF
Given a J-holomorphic curve « in R X Y, by an abuse of notation we will denote
the restriction of « to the preimage of [C, 4-00) X M by u|,<c. (Self-explanatory variations
of this notations will also be used). The following is similar to [HT'1, Definition 1.10],
although the phrasing is slightly different.

Definition 6.5.2. — Letk > 0 andv > 0. A curve uin W' is (k, v)-close to an (a+b+1)-
level building us = v_y U - - - U v, if there exist RT2TD  RED > % such that, afler a suitable
translation of w in the s-direction which we still call u, each of the pairs below is (k, v)-close:
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— Ul_rO <s<r® and Vo|_r©)<,<rM);

— UlrRO<;<r4r@ and the restriction of a collection of branched covers of trinal cylinders to
RM® <s< RM + R(Q)’.

— UlRO4RO <;<r O 1or@ 4r® and an s+> s+ RWD + IR nanslate of v)|_g» <;<r®;

— UROD 19RO +RO) <;<R( 19RO +RO) 1R and the restriction of a collection of branched covers of

trivial cylinders to RM 4+9R@ 4+ R® <s<R® £ 2R® 4+ RO L RW;

and so on.

Note that, in the case of #in W, or W_, we do not need to (and indeed we cannot)
translate « in the s-direction.

6.5.2. Review of [HT1, HT2]. — We now summarize the Hutchings-Taubes proof
of 3*> = 0 and discuss the small changes that need to be carried out.

Let (Y,& =kerA) be a closed 3-manifold with a nondegenerate contact form A
and corresponding Reeb vector field R = R;. Let (R x Y, d(¢’A)) be the symplectization
of Y, where s denotes the R-coordinate, and let J be an adapted almost complex structure
onRxY.

Leta = (a1, ...,0;) and B = (B4, ..., B;) be ordered sets of Reeb orbits of R. T/us
notation 1s confined to Section 6.5 and therefore should not create confusion with the similar notation
denoting the Heegaard Floer multicurve. Here the Reeb orbits may not be embedded and may
also be repeated. Then let M;(c, B) be the moduli space of finite energy J-holomorphic
curves in (R x Y,]) from a to B. Let {y1, y», ...} be the list of simple orbits of R. For
each simple orbit y;, we tally the total multiplicity m;(c«¢) of y; in . In this way we can
assign an orbit set y (o) =[] ¥ o a.

We want to glue the pair (u, u_), where u, € /\/lJI:1 (oy, By) and u_ € /\/lJI:1 (B-,
a_), provided y(B+) =y(B-). Since I(u;) = I(u_) = 1, the curves u; and u_ satisfy the
partition condition at B and B_ for a generic J (cf. Definition 7.11 and Proposition 7.14 of
[HT1]). In particular, for each simple orbit y;, the total multiplicity m;(B;) = m;(B-)
completely determines the number of ends of uy or u_ going to a cover of y;, to-
gether with their individual multiplicities. For u; (resp. u_), this is encoded by the in-
coming partition (resp. outgoing partition) and is denoted by P‘;: (m;(B+)) (resp. P (mi(B-))).
If P‘;(mi(,&r)) = (aj,...,a), then uy has r negative ends which go to a cover of y; with
covering multiplicities ay, .. ., a,. A similar statement holds for the positive ends of u_.

Since P;‘/: (m;(By)) # P‘;}“(mi(ﬂ,)) in general, we need to insert branched covers of
cylinders R x y; in order to be able to glue u; to u_. Such branched covers 7 : ¥ —
R x y, must have B, at the positive end and f_ at the negative end. A Fredholm index
count ([HT'1, Lemma 1.7]) implies that £ must have genus zero; moreover, the partition
condition is equivalent to saying that the Fredholm index of the composition uy =t o7 :
¥ — R x Y is zero, where ¢ : R x y; = R X Y is the inclusion of the trivial cylinder
R x Yi-
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Given uy € MJIZI (¢, B)andu_ € ./\/lJI:1 (B, a_)withy(B.) = y(B_), we define
Gy (uy, u_) as the set of curves in M}ZQ(a+, a_) which are (k, v)-close to breaking to
(ug,u_). This is a rephrasing of [HT'1, Definition 1.10]. We define G(uy,u_) as the

modulo 2 count of the boundary points of Gy, (u, u_) /R for k and v sufficiently small.
The main result of [HT'1, H12] implies the following,

Theorem 6.5.3. — Let u, € ./\/l(}zl(our, By) and u_ € M}Zl(ﬂ_, a_) be J-holomorphic
curves with y(By) = y(B_). Then G(uy,u_) =1.

It is clear that Theorem 6.5.3 is sufficient to define ECH; the original Hutchings-
Taubes gluing theorem is more general, but for simplicity we have stated only the relevant
part.

We now give the steps of the Hutchings-Taubes gluing construction. For simplicity
we assume that y(84) =y(B-) = y" and y is elliptic. The case of more than one orbit y;
only differs in notation and the case of hyperbolic orbits is simpler since it can be treated
with standard techniques; see [HT'1, Section 1.5].

Step 1: Form a preglued curve (cf. [HT2, Section 5.2]). First we fix some notation. Let M be
the moduli space of connected, genus zero branched covers 7 : ¥ — R x y which have
positive and negative ends determined by Pi}f‘(m) and P)"(m). Abusing the notation, we
will often write only 2. The preglued curve is constructed as follows:

(1) Choose gluing constants 0 < £ < 1 and » > 1/hA.

(2) With r, & fixed, choose the “gluing parameters” which consist of ¥ € M and real
numbers T, T_ > 5r.

(3) Given m : ¥ — R x y, let b C R x y be the set of branch points of 7. Then let
s3 = maxyep 5(b) + 1 and s_ = min,ep (b)) — 1. Let £’ be the preimage of [s_ —T_, s, +
T,] x y. The preimages of [s;, sy + T4] x y are cylinders of “height” T, and the
preimages of [s_ — T_, s_] are cylinders of “height” T_.

(4) Fix & > 0 sufficiently small. We choose a representative «; in [uy] € ./\/lj:1 (i, B1)/R
such that each component of u, |~ 1s (k, 0)-close to a cylinder over some multiple cover
of y; here the multiplicities are given by Pi)f‘ (m). Similarly, choose u_ so that each compo-
nent of u_|,> is («, 0)-close to a cylinder over some multiple cover of y.

(5) Let uyr be the (sy +'T;)-translate of u; in the R-direction and let «/, . = u |, 11, -
Similarly, let u_t be the (s- — T_)-translate of »_ in the R-direction and let « | =
Uu_t|<_—1_. The domain C, of the preglued curve is C',., U X" U C”_}, where C/_. are
domains of -, modulo the identifications along their boundary components. (To do the
identifications correctly, we need asymptotic markers at the ends.)

(6) The preglued map u, is defined explicitly (see [HT2, Equations (5.5) and (5.6)]) via
a cutoff functions which allow us to interpolate between uyr and ¥ in the preimages of
the regions sy < s <s; 4+ T, and s —T_ <s <s_. These cutoff functions involve the
constants £ and 7.

Step 2: Deform the preglued curve (cf. [HT2, Section 5.3]). We choose “exponential maps”
¢_, ¢, ¢, which are obtained by flowing in the directions “normal” to u_, us, u;. mn R xY.
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"The exponential maps can be glued to give the exponential map e, which maps to a small
tubular neighborhood of #, in R x Y. Also choose the cutoff function B, : C, — [0, 1]

which equals 1 on €V, ., interpolates between 0 and | on the cylinders s, <s<s, + T,

T
in ¥’ and equals 0 elereWhere. Similarly define EZ and E_.

Let (Y4, Y5, ¥_) be a triple, where ¥/, is a section of the normal bundle of . and
¥y 1s a section of the normal bundle of uy (which is trivial, so that ¥y can be identified
with a function ¥ — Q). The deformation of u, with respect to (Y1, ¥s, ¥_) is a map

Cs — R x Y given by
x> e (X, E—Wf + E\:Iﬁz + E+‘/f+)~

Step 3: We now consider the equation for the deformation to be J-holomorphic. This
equation has the form:

(6.5.1) BO_ (Y, ¥s) + BsOs (W, ¥s, Vi) + B1O, (s, ¥ry) = 0.

See Equations (5.11), (5.12) and (5.13) of [HT2] for explicit expressions of ®_, ®, and
Oy.
The strategy is to solve three equations separately:

(6.5.2) O_(Y_,Y¥s)=0 onallofu_r;
(6.5.3) O,(Ys,¥,)=0 onallofu.;
(6.5.4) Os(W_,¥s,¥y)=0 onallof X.

In [HT2, Proposition 5.6] it is shown that for sufficiently small ¥5 (in a suitable

Banach space) there exist maps ¥4 such that ¥, = ¥, (¥5) solves Equations (6.5.2) and
(6.5.3).

We can then view Equation (6.5.4) as an equation in the variable ¥y on all of X:

(6.5.5) Oz(V-(Vs), ¥z, ¥ (¥x)) =0.
Equation (6.5.5) can be written as
(6.5.6) Dsys + Fs(¥x) =0,

where Dy is the normal component of the linearized Cauchy-Riemann operator at uy
and JF7 is a nonlinear term which is small in some suitable sense.

Step 4: It N denotes the normal bundle to R x y in R x M, then

Dy :L!(n*N) - LX(7*"N® T"'%).

9 The notation in [HT2] is . Here write f to distinguish it from the sets of orbits in Section 6.5.2.
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The operator Dy is injective and moreover dim coker(Dy) = dim M; see [HT'1, Lemma
2.14] and [HT1, Lemma 2.15]. The explicit form of Dy is given in [HT'1, Definition
2.3].

We introduce the orthogonal projection
M: ("N ®T"'2) — ker(D%) = coker(Dy)

and decompose Equation (6.5.6) into two equations (cf. Equations (5.37) and (5.38) in
[HT2]):

(6.5.7) Dsys + (1 = I Fx(¥s) =0,
(6.5.8) NFs(¥s)=0

Equation (6.5.7) has a unique solution by [HT2, Proposition 5.7]. Hence the problem
reduces to solving Equation (6.5.8).

This is shown to be equivalent to finding the zeros of a section of the associated
obstruction bundle, defined in [HT1, Section 2]. Briefly, the obstruction bundle '* 0" —
[57, 00)? x M has fiber

O/

(T4,

1_x) = Hom(Coker(Dsx), R),
and the section s : [5r, 00)? x M — (' is given by:
s(Ty, T_, X)(0) = (o, Fx(¥5)),

where 0 € Coker(Dy) and ¥y is the solution to Equation (6.5.7) corresponding to the
gluing parameters (T, T_, X).

Step 5: Recall that G, (uy, u_) is the set of J-holomorphic maps of index I = 2 which are
(t, v)-close to breaking into (u, u_) (see [HT2, Section 7.1]). Let U,., C [5r, 00)* x M
be the set of (T, T_, ¥) such that the corresponding pre-glued curve u, (T, T_, X)
(as given in Step 1) is (k, v)-close to breaking. It remains to show that G, , (uy, u_) is
homeomorphic to s7'(0) NU,., for r > 0 sufficiently large and &, v sufficiently small.
This is the content of [H'12, Theorem 7.3].

Step 6: We define the linearized section s, which depends only on the asymptotic eigen-
functions of the negative ends of u; and the positive ends of »_ but not on the actual
choices of u; and u_. The explicit formula for s, is given in [HT'1, Definition 8.1]. We
consider the linear deformation s, = ts 4+ (1 — #)s.

Step 7: Consider the action of R on [57, +00)* x M that fixes the [57, +00) factors and
translates the s-coordinate on M. This action extends to the obstruction bundle and the
sections §,; are invariant under this action. Hence the obstruction bundle can be viewed

10 In [HT?2] the obstruction bundle is denoted by O. However, in [HT1], O denotes a related, but different, bundle
and this causes confusion. We reserve the notation O for the latter bundle.
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as a bundle over [57, +00)? x M /R which we still denote by O’ by abuse of notation,
and each s, can be viewed as a section of it.
Given R > 107, we define the “slice” Vx which consists of triples

(T_, T, X)e[5r,400) x M, Ti+s—s.+T_=R.

The action of R on [57, +00)? x M preserves Vi and the boundary of G, (u, u_) is in
bijection with s7!(0) N Vg /R; in other words

G(up,u) =#(s"'(0) N Wr/R).

It turns out that the section s, has the same number of zeroes as s on Vx /R. The
key point to check is that, during the deformation (s,) (0.1 from s, = s to s, the zeros of
s, do not cross the boundary of Vg /R. This is guaranteed by [HT2, Proposition 8.2].
Step 8: Define

Mp={Z EM|—%+57§5_,5+§%—57}.

Then Vi /R >~ My and the bundle O — My with fiber Oy = Hom(Coker(Dy), R) is
isomorphic to the bundle @' — Vi /R. The explicit formula for s, regarded as a section
of O — My, is given in [HT'1, Definition 3.2]. See [HT2, Remark 8.5] for more details
about the correspondence between 0 and O. Finally, the combinatorial formula for the
algebraic count of zeros of 5 (as a section of O) is given by [HT'1, Theorem 1.13].

6.5.3. The ®-map. — We now turn to gluing the pair (vy, v_;), where vy is a W-
curve with I(vy) =0 and v_; is an ECH curve with I(v_;) = 1. Suppose the negative end
of vy 1s given by B, the positive end of v_, is given by B_, and y(B+) = y(B-) = y" for
some elliptic orbit y. Again, the case of more than one orbit y; only differs in notation
and the case of hyperbolic orbits can be treated by standard techniques. In our case, there
are a few things to check:

(1) The curves vy and v_; must satisfy the partition conditions at their negative and
positive ends, respectively. This is a consequence of the ECH index inequality, 1.e., The-
orem 5.6.9.

(2) Since the W -curve vy is not s-translation invariant, we pick sy so that each compo-
nent of vy|,<,, 1s (k, 0)-close to a cylinder over some multiple cover of y. (We may still
assume that v_; satisfies the condition that v_|¢ 1s (k, 0)-close to a cylinder.) Given
(T, T_, %) € [5r, +00)%* x M, we take

- UO|JZA‘();
— ¥’ shifted by sy — (s + T4); and
— U_j|s<o shifted by (s —T_) 4350 — (s +T3);

and preglue. The preglued curve only depends on (T, T_, [X]), where [£] € M/R.



118 VINCENT COLIN, PAOLO GHIGGINI, KO HONDA

(3) [H'T2, Proposition 5.6] allows us to solve Equations (6.5.2) and (6.5.3) in terms of ¥y
The inputs for [H'T2, Proposition 5.6] are [H'T2, Lemmas 5.3 and 5.4], which are conse-
quences of the fact that the linearized 3-operators corresponding to vy and v_, are Fred-
holm and surjective; this also holds in our case with Lagrangian boundary conditions.
Hence Step 3 extends easily to our setting, yielding a section s of the obstruction bundle
O — [5r, +00)? x M /R. The linearized section s, and the “slice” Vy are defined sim-
ilarly and, after identifying O — Vg /R with the bundle O — My, the remaining steps
carry over without change.

6.6. The vcmant ®. — In this subsection we define a complex CF(S a, A(a)) which
1s closely related to CF(S a, A(a)) and a variant

& : CF(S, a, fi(a)) — PFCy,(N)

of ®. This will be useful in the proof of Theorem IL.3.3.1. As a vector space,
CF(S a, A(a)) will also be used in Section 7.

6.6.1. The chain complex (’]\F(S, a, A(a)). — Let] e j%g. We recall some notation
mtroduced in Section 4.9.3: Let Z C {1, ..., 2¢} be a subset, Z its complement, and &z
the group of permutations of Z°.

Definition 6.6.1. — We define the chain complex (CY(S, a, h(a),]), d) generated by the
20-tuples {z00,i}ier VY, where L C {1, ..., 2g}, y = {V'}ieze, and the following hold:

— Zoo.i U8 viewed as an inlersection point of a; and Z(ﬁi) and
— i€ a; N A(ag)) for some o € G-,

We denote the set of intersection points {2, itiex Uy as above by S; %) -

The datum zs; 1s equivalent to “Zo with either of the two matchings (i,0) — (z,0) or
(1, 1) = (i, 1)” and therefore, using the notation of Section 5.7, {z.i}icz Uy s equivalent to
the equivalence class of elements 2 (5)) Uy, where T = {0, ...,1)} and 77) ={G,pn) —
@sg1)s ooy (o) = (z/,,j/,)}for any chowe of (jy, . .. ,j[,) e {0, 1}

The differential 3 counts 1 = 1 multisections @ in W with n(@) < 1, which satisfy one extra

condition, v.e., if we write u ="u Uu" (according to the notation introduced in Section 5.7.2), then u
has empty bmnc}z locus. The homology of(CF(S a, f(a)), 8) is denoted by HF(S a, A(a)).

In the differential 9, with the exception of trivial strips, we are counting the follow-
Ing curves:

(1) thin strips from 2. ; to either x; or x}; and
(2) I=1 curves whose projections to S have image in S.

Lemma 6.6.2. — There is an isomorphism of chain complexes:

ik : (CF(Z, B, a,2),d) — (CF(S, a, A(a)), 9),
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{x;/}iel' U y/ = {»Zoo,i}iel' U y/,
where (X, B, o, 2) s as gwen in Section 4.9.1.

Progf: — This 1s immediate from the definitions. U

Recall from Section 4.9.3 that
(CF(S, a, A(a)), ) = (CF(S, a, i(a)), d)/ ~

is the E!'-term of the spectral sequence for (CF(E B,a, 2), 8) (viewed as a double com-
plex) in Theorem 4.9.4. (Here we are ertlng 9 for the differential of CF (S, a, A(a)) to
distinguish it from the differential 3 of CF(E B, o, 2).)

In this paragraph y and y. denote linear combinations of tuples. By tracing the
zigzags in the double complex we obtain the isomorphism

v HOF(S, a, A(a)) = AF(Z, B, o, 2),

which is defined as follows: Let y € @(S, a, fi(a)) be a cycle in CF(S, a, A(a)), i.e.,
dy=> ({x}Uyi+{x}Uy).
Then v maps the equivalence class [y] to the equivalence class of

y+ Z{x;/} Uy:+ h.o.,

where “h.0.” means terms with more x] components. Composing with the map induced
by « in homology, we obtain an isomorphism

b=k, ov:HF(S, a, A(a)) > HF(S, a, A(a)).
6.6.2. Themap ®. — Let

—
M;, (2o idier VY, v) =] [ My, (D)UY, ),
B
where the moduli spaces on the right-hand side are defined in a manner analogous to

Definition 5.7.2 and D ranges over all matchings {(z, ;) = (¢,7i) }ieZ jief0.1}-

Definition 6.6.3. — Let ], € T, which restricts w]e T andJ € TS We define the
map ® : CF(S, a, fi(a)) — PFCy,(N) as follows:

(B2 idiez UY) ¥) = #MT S (2 ez Uy ).
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In our analysis of ® we will use balanced coordinates (cf. Section 5.1.2) for N —
mt(N) = D? x (R/2Z). The Morse-Bott family N can be identified with 4D? and we
write ¥, for the orbit in A/ corresponding to ¢?. So far in this paper 4 € N was an
arbitrary point.

Convention 6.6.4. — From now on we specialize h so that h = vy, is generic and ¢y, is close to
—27—:, where m 1s as defined in Section 5.2.2. In particular, the radial ray corresponding to ¢, does not

lie on the thin wedges from a; to A(a) Jor all i. There are no restrictions on the orbit e except that e # h.

Lemma 6.6.5. — ®({z00.1}iez Uy) =0 if L # & and D(y') = D (y) if T = 2.
Proof. — Let us fix {200 }iez Uy with |Z| > 1 and write
M) = M7 (2 ez Uy 9,

where y € @Qg.

We claim that M"(y) = &. Arguing by contradiction, suppose there exists % €
MO(y). By our assumptions on J 4» U 1s close to breaking into a Morse-Bott building.
We will show that such a Morse-Bott building cannot exist using the positivity of inter-
sections, thus establishing the contradiction. For the rest of the proof, u will denote the
holomorphic part of the Morse-Bott building instead of the original curve.

We consider the projection 75 : W, — N, obtained by restricting the projection
W =R x N— Nto W,. Let T, be the boundary of the neighborhood V, = S! x Df)
of the orbit §,. We choose p > 1, but arbitrarily close to 1, so that T, is contained in N
and parallel to 0N. Then T, is a pre-Lagrangian torus and we can assume without loss
of generality that it is foliated by closed orbits.

We identify H, (T,) = Z? such that — writing vectors as rows — (1, 0) corresponds
to the homology class of the meridian (i.e., the closed curve which bounds a disk in V,
intersecting d, once positively) and (0, 1) corresponds to the class of the orbits in N
(i.e., those which are perturbed into ¢ and %) under the obvious identification H, (T,) =
H,(0N). Then the Hamiltonian orbits on T, represent a homology class (—p, ¢) with
pg=1

By abuse of notation, we do not distinguish % from its image, e.g., we write 7 (%) to
denote the image of the composition 75 o %. The intersection 7x(z) N'T,, oriented as the
boundary of (%) N (N — V,), represents a class C € H, (T, (LN T,). We recall
that wx(LY) N'T, consists of 2¢ pairwise disjoint segments parallel to the Hamiltonian
flow. The condition 7*(z) < |Z| implies that C consists of at most |Z| arcs; moreover each
arc has both endpoints on the same connected component of w5 (L+) N'T, and represents
the image of the class (0, 1) € H;(T,) under the map H,(T,) = H, (T,, mx(LD)). This
can be seen by considering the relation of the asymptotic eigenfunctions of % at z; with
n* (@) and the possible ends of in V,,.
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The algebraic intersection between a Hamiltonian orbit of T, and the image of u
is the same as the algebraic intersection in T, of a Hamiltonian orbit with C, which is
negative. This contradicts the positivity of intersections, unless 7 (%) is disjoint from T,.
Since this holds for p > 1 and arbitrarily close to 1, there is a decomposition u =%"U ﬁ’ "
where 1(#') = 1(@") = 0, @’ has image in W, — int(W,.), and 7" has image in W,..

Then @’ is a curve from 2z to 4 since 1(z”) = 0. The proof of the nonexistence of
@' is modeled on the proof of [0, Lemma 8.4.8]. By [Wel, Section 4.2], R x (N — N — &)
is foliated by finite energy cylinders Z; 4,, (50, $0) € R X (R/27Z), from §; to y,, such

that:

— the image of Z,, 4, under the projection 775 : R x N — N is the open annulus

{p=¢0.0<p <1}

— Z 44,4, 15 the si-translate of Z; 4.

We then set Z =74 N W, and examine the intersections ZJr Nu@'. Observe that
K =nx(Z ¢) N 711\ (#") # @ for a suitable choice of ¢ which is close to but not equal to
@,; this is possible by the positioning of / given by Convention 6.6.4. Hence Z+, Nd' # &
for some 55. On the other hand, since K is compact, Z; , , N%" = & for a sufficiently
large 5. Finally, since Z7, » and @’ have no boundary intersections and no intersections
near their ends for all s € R, we have a contradiction. O

Theorem 6.6.6. — ® is a chain map.

Progf. — Since @ is a chain map by Theorem 6.2.4, it suffices to verify that

aPFH ] q)({zooz}zGIUY) = Oa({%ooz}IUY)

whenever Z # @. On the one hand, CID({zOOJ-}I Uy’) =0 by Lemma 6.6.5. On the other
hand, if |Z| = 1, then

P03 ({z004 ) UY) = ®({x, ) Uy + (¥} Uy) =0;

and if |Z| > 1, then each term ofg({,zoo,i}id Uy’) contains some copy of z,, and P maps
the term to zero by Lemma 6.6.5. This proves the theorem. U

A corollary of Lemma 6.6.5 is the following:

Corollary 6.6.7. — & = ® ok o v on the level of homology.

7. The chain map from PFH to HF

7.1. Defimition of W. — Fix the integer m 3> 0 which appears in the definition of the
monodromy map A = £, from Section 5.1.2. The condition m 3> 0 will be useful when
applying limiting arguments in Sections 7.8 and 7.10.
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Suppose J_ € J¥ | J' and J are restrictions of ]_ to the positive and negative ends,

W
=0 .
and J_ is K, os-regular with respect to m = ((0, 5), Zso). We assume that the constants

€, > 0 that go into the definition ofj? (cf. Section 5.8.4) are arbitrarily small.
Definition 7.1.1 (Definitions of V' and V).
(1) We define the map
U= \yj/g (m, ) : PFCy,(N) — CF'(S, a, fi(a))

Yy Y (V@Ly) -y
Y€Sa.fia)
where (V' (y),y) is the mod 2 count (prI 2 ~(y,y; m).
(2) We define the map W = \IJ o(m, m) as the compasmon

PFC,,(N) % CF/(S, a, fi(a)) > CF(S, a, i(a)),
where q ts the quotient map of chain complexes.
The count (W'(y), y) is meaningful because of the following theorem:

Theorem 7.1.2. — M}ZQ’"E’" (y.y; m) us compact.

Progf. — This follows from Theorems 7.6.3 and 7.10.1(1) and Corollary 7.11.1.
O

Now we define the maps gm—b EI;(” and§1 which measure the failure of ¥’ to be
a chain map. The subscripts in U,,_;, ¥, and 9; indicate that we are counting curves
satisfying n* () =m — 1, 0, and 1.

First we define U,,l 1 - ECCy,(N) — ECCQg(N) Lety € Ogg and y' € OQg_p, p=
0,...,2¢. Then

- A, ifp=1;
Iy — 1Y ’
(Upe1(9), 8py) = {(), ifp#1,

where A is the count of I = 2 multisections % of W’ from y to 8y’ which satisty n*(u) =
m — 1 and a certain asymptotic condition near §, (the precise definition will be given in
Section 7.7.3). _ s R

Next we define W : ECCQg(N) — CF(S,a, A(a)): Let y' € Oy, p=0,..., 2g,
and {zec,i}iez Uy € S;7@- Then

B, ifp=1and|Z|=1;

(W (85, {2z UY) = {0’ ifp#1or|I|#1,
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where B is the count of degree 2g — 1, I = 0 almost multisections % of W_ from y’ to y’
which satisfy n* (@) = 0, together with the sectlon at infinity o from &y to 2.

Finally we define 0, : CF(S, a, A(a)) — CF(S a, /i(a)) If {z.ilz VY € S35
then we define

WUy +{} Uy, fZ={};

(7.1.1) 31 ({2}zUY) = {0 if |Z] # 1.

We can see 51 as the composition of two maps: a map from CF (S, a, A(a)) to itself in-
duced by the count of n*(¥) = 1 curves in W (which are necessarily thin wedges), followed
by the projection CF(S, a, i(a)) — CF(S, a, fi(a)) sending every 2g-tuple of chords in-
volving z to zero.

Let 0f;; be the differential for CF (S, a, A(a)) and let dppy be the differential for
PFCy,(N). The proof of the following theorem will occupy the rest of Section 7.

Theorem 71.1.3. — If m > 0, then
(7.1.2) oW + W 0dpy =03 0Wy0U,_,.
Assuming Theorem 7.1.3 for the moment, we have the following:

Corollary 7.1.4. — For allm > 0, ¥V is a chain map.

Progf: — Similar to the proof of Theorem 6.2.4 and based on Equation (7.1.2).
There is one major difference: V' is not a chain map. However, since the image of 9; is
contained in ker ¢, by composing Equation (7.1.2) with ¢ we obtain:

(7.1.3) Bro W+ W o dppyy =0,
where 51%‘ is the differential for CF (S, a, A(a)). [

We can also define a map
(7.1.4) ¥ : PFH, (N) — CE(S, a, i(a))

which is F[Hy(M; Z)]-linear. As for @ in Section 6.4, the key point is the definition of

maps
A Hy(W_, y.y) = Hy(M),

The main difference is that Hy(W_) = Ho(N) = Hy(M) @ (S). Hence we define
A_(C) = p((mx)«[Cy, U C U =Gy ],

where 7y is the projection W_ — N and p:Hy (N) = Hy(M) is the projection given by
p=1d — (80, )[S].
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7.2. Outline of proof of Theorem 7.1.3. — In this subsection we outline the proof of
Theorem 7.1.3.

Let]_ e j%’,g , with restrictions J' and ] to the positive and negative ends, and let

j? be K, os-regular with respect to m. Suppose that the constants ¢, § > 0 that go into the
definition of j? are arbitrarily small.
We abbreviate:

M= M}?’”*z’"(% y), M= M}gi’"&’"(y, y; m).

Let ML be the SFT compactification of ML, obtained by adding holomorphic W_-

buildings as in Definition 7.3.1, and let IML = ML — ML
Step 1. By SFT compactness for W_-curves (Proposition 7.3.2), a sequence #; € M
admits a subsequence which converges to a holomorphic W_-building

Uso =V_3U--- U,

As before, we write v; = ﬁ; U 5_]’-/, where ﬁ; branch covers the section at infinity 0%, and 5]”
is the union of irreducible components which do not branch cover o%,. Here x = &, ', or

There are two cases: v, = @ or U, # &. The latter case is harder, and will be
treated first. The former one will be treated in Step 3. By analyzing the two constraints
n~ (%) = m and I(%) = 3, we obtain Theorem 7.6.1, which gives a preliminary list of
possibilities for %, when v, # @. Many of the possibilities in Theorem 7.6.1 actually do
not occur. Theorem 7.10.1 eliminates Cases (2)—(6) from the list. This is done by a finer
analysis of the behavior of % in the vicinity of the component o and is similar in spirit
to the layer structures of lonel-Parker [IP, Section 7].

Summarizing, we have:

Lemma 1.2.1. — If i, € AM:. and Uy # O, then Ui € Ay, where

A= ] (MJ‘-?Q’”*:’“(V,(SOV/)X M};O’"*ZO((SUV’, {2} UY)

S0y’ {zo0 VY’
x (M (2} Uy, 9)/R))

fy=1{x} xy or {x} xy" and A\ = O otherwise. Here we have omutted the potential contributions
of connector components for simplicity.

Case (1) in Theorem 7.6.1 corresponds to A;.
Step 2. We now glue the triplesN(Ul,go, v_;) in A, subject to the constraint m. This
gluing accounts for the term 9, o ¥, o U,,_; and is a bit involved. Let us abbreviate

M] .: M\}_/=Q,n*=mf](y, 80)’/);
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, 1=2,n*=m—1; ,
M= M; " (v, 807
MO — ;50,71*20(80),/’ {Zoo} U y/)’

M.y = M (2} Uy y),

where y = {x;} Uy” or {x]} Uy". Here f;, is a nonzero normalized asymptotic eigen-
function of §, at the negative end which, used as a modifier, stands for “the normalized
asymptotic eigenfunction at the negative end & is f;,.” See Section 7.7 for more details
on asymptotic eigenfunctions.

We first observe that v, = v, Uy, € M, is regular: v}, is regular by Lemma 5.8.9

and ﬁg is regular sincej_ S j%‘éi andjg 1s (g, U)-close toj_. The moduli spaces M and
M_; are also regular since j_ 1s regular. Hence we can glue triples ([v,], vy, [V_;]) in
(M, /R) x My x (M_;/R). More precisely, consider the gluing parameter space

(7.2.1) P= [ Bviw

80y’ {z00}Vy’

where
(7.2.2) Bioy' (zmluy = (57, 00)% x (M /R) x My x (M_/R),

0 <h<1and r> 1/h are gluing constants, and M, M, M_; correspond to the
pair (§pY’, {200} U'y'). We may assume that all the multiplicities of y" are 1, since the
Hutchings-Taubes gluing of branched covers is essentially independent of the present
gluing problem.

We recall the extended moduli space

Mext — M}f&n*:m,mz (Y’ y)

from Definition 5.7.24, where y = {x;} Uy" or {x}} Uy". Here the modifier ext means that
u: (F, J) = (W,,j_) 1s a multisection which maps all the connected components of oF
but one to a different L;. and the last connected component to some L;Uam_.
There is a gluing map

G:P—> MY 2= (T4, 0,0, ud),

which is a diffeomorphism onto its image for r 3> 0. Here T4 is shorthand for the
pair T, T_. The map G is defined in a manner similar to that of Section 6.5.2 and
is described in more detail in Section 7.12.3. Let 7, > 0, let P, C B be the subset
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(T, >} and let
3,00) . _ 3
MY = Mz — G(PB)
be the truncated moduli space. For generic 7, > 0,
3,(0) ._ 3
M = G(3B,) N M-

1s a transverse intersection.
The following theorem is proved in Section 7.12:

Theorem 7.2.2. — For generic 1y > 0,
(7.2.3) #(BME" N G RBiy roiiy)) = #M/R) - # M, - #(M_, /R) mod 2.

Hence the contributions from A, account for the term 51 o \30 o ﬁm_l.
Step 3. Let 9 M2 = dME™ — 9y ME™ . The following lemma is proved in Sec-
tion 7.11.

Lemma 7.2.3. — 81./\/1;’(7“) C Ay U As, where

AQ — ]_[ M}:Q,ﬂ*=m(y, y//; ﬁ) X (M}=l,ﬂ*=0(y//’ y)/R)) ;

y”ESa,ﬁ(a)

a= ] ((M}—,‘l*”*‘o(y,v’)/R)xM}?""‘“(ycy;m).
y/e@Qg B

Here we have omutted the potential contributions of connector components for simplicity.

On the other hand, gluing the pairs in Ay (resp. Asz) using the usual (resp.

Hutchings-Taubes) gluing theorem implies that Ay U A3 € 8, M2 and accounts for
the term 0 o W' (resp. W' o dppy). This proves Theorem 7.1.3.
Organization of Section 7. In Sections 7.3 we describe the necessary modifications to ap-
ply the proof of SFT compactness to the nonstandard setting of W_-curves. The signed
intersection numbers 7*(%) are analyzed in Sections 7.4 and 7.5. Theorem 7.6.1 is then
proved in Section 7.6. We then discuss asymptotic eigenfunctions in Section 7.7, rescaling
in Section 7.8, and the “involution lemmas” in Section 7.9, on our way to proving Theo-
rem 7.10.1 in Section 7.10. Lemma 7.2.3 is proved in Section 7.11. Finally, the gluing is
discussed in Section 7.12.

7.3. SFT compactness.

! Restricting to {Ty > 7} seems a little asymmetrical, but it will become clear in Section 7.12 that T_ depends on
(T4, 71,00, if 7(0) € M.
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7.3.1. Statement of the compactness theorem.
Definition 7.3.1. — A holomorphic W_-building
Uog =V, U---UT,, a,beZ>,

consists of the following data:
(BY') Foreachj = —b, ..., a, a compact nodal Riemann surface G;, possibly with boundary

and possibly disconnected. The nodal Riemann surface G; is obtained from a Riemann
surface G; by identifying pairs of interior points or pairs of boundary points. The set of
wdentified points is the nodal set n;, which may be empty. Let pjr, P; CG; be sels of
intertor punctures for j > 0 and let qu, q;, C G; be sels of boundary punctures forj < 0,
subject to py , qif = &. The sels n;, pjc, qjE are mutually disjoint.

(B2') For eachj = —b, ..., a, a holomorphic map v; : Gj — Wj, where Wj =W for 0 <
J<aWo=W_Jforj=0,W,=W for —b <j <0, cma,’(.}jZGj—p;r -P —
qu — q; forallj. (Here some sels of punctures may be empty.)

(B3") For each j = —b,...,0, BGJ s mapped to the appropriate Lagrangian submanifold
LaUlgg or Ly,

(B4) Foreachy = —b, ..., a, V; converges to a trivial strip over a “Reeb chord” at the positive
(resp. negative) end near each boundary puncture of qu (resp. ;") and to a trivial cylinder
over a closed orbit at the positive (resp. negative) end near each interior puncture of p/+
(resp. p; )-

(BS) For each j = —b,...,a— 1, there is an identification between pj’ and p;y, and an
identification between qu and §;_., such that the pavrs that are identified are asymplotic to
the same Reeb chord or closed orbit.

(B6") No level v; is a union of trivial cylinders or trivial strips and no constant sphere has fewer
than three nodes.

The levels V; are arranged in order from lowest to highest.
Proposition 71.3.2. — Letj_ € Jw_ andletu; : (F,, Ji) — (W_,j_), 1 € N, be a sequence

of W_-curves fiomy to )y Then there is a subsequence which converges in the sense of SE'T to a level
a+ b+ 1 holomorphic W _-building

U =V_4U---UT,.
The same also holds when {u;} is a sequence of (W_,j?)—curves (see Definition 5.8.13).

Remark 7.3.3. — Our setting is more general than that of [BEHWZ] in some
ways, e.g., the presence of a singular Lagrangian boundary condition. However, the
nonexistence of contractible Hamiltonian orbits or chords and the existence of a holo-
morphic projection myy : W_ — B_ simplify the proofs considerably to the point that
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they are often simpler than the corresponding proofs in [BEHWZ]. Other important
simplifying features are the absence of “teardrops” (i.e., punctured holomorphic disks
with boundary in L; which, at the puncture, are asymptotic to a double point of L) and
the fact that different connected components of the boundary of the domain are mapped
to different smooth components of L.

7.3.2. Preliminary lemmas. — Here we prove some lemmas which will be used in
the proof of Proposition 7.3.2. First we recall some terminology. Let W, denote one of
W, W, W, and @ the 2-form on W, defined in Section 5.1.2. We recall that the @-area
of a map w : I — W, is defined as

Egz(w) :/w*w.
P

We also introduce the energy E(w) in the spirit of Definition 4.3.2. More precisely,
let C be the set of nondecreasing smooth functions ¢ : R — [0, 1]; for all ¢ € C we define
the 1-form A, = FE* (¢ (s)di), where as usual B, can stand for B, B" or B.. Then the

energy of a map w : F — W, is

(7.3.1) E(w) =/w*6+sup/w*a,’)\¢ :Ew(w)—i-sup/w*d)»(l,.
I ¢peC JF ¢peC JF

If w is a holomorphic map, then Ez(w) > 0 and moreover a finite energy holo-
morphic cylinder w : [-R,R] x S' — W, (or strip w : [-R,R] x [0, 1] — W*) with
Ez(w) = 0 1s either a constant map or is part of a trivial cylinder (or strip) over a Hamil-
tonian orbit (or chord). We recall also that the action of a Hamiltonian orbit or chord is
the integral, over that orbit or chord, of the 1-form @, defined in Section 5.1.2. By Equa-
tion (7.3.1), the energy of w is determined by its @-area and the actions of the orbits and
chords at its ends.

In what follows we measure distances with respect to fixed Riemannian metrics g
on N and ds*> + g on W/, as well as their restrictions to N and W,.

The following lemma is a by-now standard observation originally due to Hofer.

Lemma 7.3.4. — Let ¥ be a fimite type Riemann surface with boundary and interior and
boundary punctures. Fix a compatible metric on ¥ which s cylindrical near the punctures. Let ¥, C
Fy C--- CF be a sequence of Riemann surfaces with corners of the same topological type, where
oF, admits a decomposition 0yF, U 0,F, into codimension O submanifolds that intersect at the corners,
ook, C OF, the number of components of 0;F,, 1 = 0, 1, are independent of n, each component of ¥, s
contained in a different component of ¥ 41, and int(0,F,) C ntF. Letw, : F, — W, bea sequence
of holomorphic maps such that:

(A) 00F, is mapped to the appropriate Lagrangian boundary Lz U L gy or Ly,
(B) E(w,) < Cy_for some constant Cy, and
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(C) lirJP Es(w,) = 0.
Then for any € > O there is a constant C > 0 such that ||Vw,||lco < C for all n, where ¥, =
— Ne(0,F,) and N.(0,F,) s an €-neighborhood of 0,F,,.

Sketch of proof. — The lemma follows from the standard bubbling argument: if there
exists a sequence of points p, € F? such that lirf [IVw,(p,)| = 400, then, by the usual

rescaling argument (we may apply a translation in the target if the sequence w, is not
bounded), we have bubbling of a nonconstant, Ez(w) = 0 holomorphic plane or half-plane
w with Lagrangian boundary.

The Ez(w) = 0 condition implies that w maps to a trivial cylinder or strip over
a (not necessarily closed) Hamiltonian orbit or chord. This key fact does not depend
on whether the Lagrangian boundary condition is singular. The function f =7, o w
is holomorphic and has finite energy. We explain two cases where the existence of a
nontrivial / leads to a contradiction. First consider the case f : C — B’, which can be
lifted to the universal covering map f : G — C. By the Little Picard Theorem, f/ misses at
most one point of G, which contradicts the fact that / has finite energy. Next consider the
case / : Hy — B_ (here H, is the upper half-plane), which can be lifted to the universal
covering mapf H, — H, such that f(0H,) C 0H,. Doubhngf toamap C— C
using the Schwarz reflection principle and applying the Little Picard Theorem again
gives a contradiction. O

Lemma 7.3.5 (Long Cylinder Lemma, Version 1). — Let vy and y_ be closed Hamaltonian
orbits in N. Fix Eq larger than the actions of both .y and y_, and ny > O such that every closed
Hamiltonian orbit y of action at most Eq s at distance at least 2ny _from y., if vy # V+, and from y_,
ify £ y_. Then for all n € (0, ng) there exist co > 0, Ry > 0, ' > 0 and § > 0 such that, for all
¢ > ¢y and all R > Ry, the following holds: If

w:[-R—¢,R+¢] xS' > W
is aj/ -holomorphic map which satisfies:

(1) W|{_R—c._Rixs! and W] Rieqxs! are ' -close in the C'-metric to portions of trivial cylin-
ders over y_ and ., respectively, and

2) Eg(w) <34,
then y_ =y, and w is n-close in the C'-metric to a portion of the trivial cylinder over y_.

Lemma 7.3.6 (Long Strip Lemma, Version 1). — Let yy and y_ be chords corresponding to
intersection pownts in a; N A(ay). Fix ng > 0 such that all other chords are a distance at least 21y _from
4 and y—. Then for all n € (0, ny) there exist ¢y > 0, Ry > 0, n' > 0 and § > 0 such that, for all
¢ > ¢y and all R > Ry, the following holds: If

w:[-R—=¢,R+¢]x[0,1]>W
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is a_J-holomorphic map which satisfies:

(1) wmaps [-R — ¢, R+ ¢] x {1} to Lg, and [-R — ¢, R + ¢] x {0} t0 L, ;
(2) W][_R—e._Rix[0.1] @d W|[R R+eix[0.1] are 1’ -close in the C'-metric to portions of trivial
strips over y_ and y., respectively, and

(3) Ez(w) <4,

then y_ =y and w is n-close in the C'-metric to a portion of the trivial strip over y_.

Proof. — The proof will not depend on whether the Lagrangian boundary condi-
tion 1s singular because we are only concerned with one smooth component at a time in
the lemma.

First we claim that, if the hypotheses of the lemma hold, then the image of w is
contained in an n-neighborhood of the strip over y_. Arguing by contradiction, assume
there exist n < 1y, sequences R,, ¢,, 0/, 6,, p, € [-R,R] x [0, 1], and j—holomorphic
maps

Wy : [_Rn - CnaRn+6n] X [07 1] - W

such that:

- R, — 400, ¢,— +00,n,— 0and §, — 0,
— w, satisfy (1)—(3) with R,, ¢,, n/ and §, in place of R, ¢, n" and §, and
— w,(p,) 1s at a distance of n from the trivial strip over y_.

Conditions (1)~(3) imply that Ez(w,) — 0 and E(w,) < E, for n sufficiently large. Hence
by Lemma 7.3.4 there is a constant C such that ||[Vw,||c0 < C for all n. Then, after
translating the maps w, so that the points w,(p,) € W =R x [0, 1] x S all have the same
R-coordinate and taking a subsequence, the maps w, converge in C2° to a J-holomorphic
map W : R X [0, 1] = W and the points p, converge to a point po = (5o, ls) € R X
[0, 1] such that E(ws) < Eg, Eg(ws) =0, and wee(pso) 1s at n-distance from the trivial
strip over y_. Since there is no chord at n-distance from y_, the existence of the map w,
is a contradiction. This proves the claim, which in turn implies that y_ = y,.

Next we claim that w is n-close in the C’-metric to a trivial strip over y_. The
composition 7T o w of w with the projection 7y : W — R x [0, 1] is holomorphic. Since
wgow maps [-R —¢, R4+ ¢] x {1} to R x {¢}, for t =0, 1, and {£(R + ¢)} x [0, 1] to
arcs that are n’ close to s = s1, where s are constants, it follows that 7Ty o w must be
a biholomorphism onto the image and moreover must be C’-close to a translation of
the map (s, t) = (s, ¢), provided 1’ is small. Therefore, after possibly reducing 1’ in the
statement of the theorem, w 1s close to a trivial strip over y_.

Finally, the C’-closeness implies C'-closeness (and in fact C*-closeness for all £) by
elliptic regularity. This concludes the proof of the lemma. 0J
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Now we consider long cylinders and strips whose extremities are close to constant
maps. First we develop a bound on their w-area in terms of the behavior of the extremi-
ties, which is a consequence of the topology of W_.

Lemma 7.3.7. — For every § > 0O there is ' > 0 such that, for every R > 0, if either

— w:[=R,R] x S' — W_ is a]_-holomorphic map, or
— w:[-R,R]I x[0,1] > W_is aj_—}wlomorp/zic map mapping [—R, R] x {0, 1} 0
L

a

and W|aryxs! (07 W|ryx(o,11) are n'-close to constant maps in the C'-metric, then Eg(w) < 8.

Progf. — We consider strips first since cylinders are easier. We have two cases: ei-
ther the boundary of [-R, R] x [0, 1] is mapped to the same component L or the two
boundary components are mapped to different components Ly and Lz .

We embed [—R, R] x [0, 1] holomorphically in D? = {|z] < 1 | z € C} as the
complement of an open neighborhood of {1, —1} and extend w to a smooth map w :
D? — W_ with boundary on L or Lg ULz, depending on the situation. We can make
the extension so that, in the neighborhood of {1, —1}, W remains n’-close in the C'-metric
to constant maps, and therefore there is a positive constant C depending only on @ such
that

(7.3.2) |Ez(w) — Eg(w)| < Cn'.

In the first case, @ defines an element in 779 (W_, L), and, since the latter group is
trivial, E5(w) = 0 and then we can chose 1’ so that Equation (7.3.2) implies that E5(w) <
J.

The second case is similar, but the map w defines an element in the relative homo-
topy group 1y (W_, Lz ULg). If 2(S) > 1, then the group is trivial and we can conclude
as before.

If S is a torus, the first observation is that @ is homotopic to a map (denoted by the
same symbol) w : (D?, dD?) — S,z U a;) such that the preimage of an 1’-neighborhood
of Zoo consists of the two fixed neighborhoods of +1 and —1, respectively. The homotopy
is obtained by taking the universal cover B_ofB_ , identifying the pullback of the fibration
W_ — B_ with B_ x S, lifting w to B_ xS, and composing the lift with the projection
onto S.

The universal cover of S is diffeomorphic to R? and we can assume that the preim-
age of a; U g; is a grid with vertices in the integer points of R, If we lift @ to the universal
cover of S, we obtain a map from D? to R? with boundary on the grid. If @ represents a
non-trivial element in 775 (S, @ U @), then its lift maps dD? surjectively to some square of
the grid, and therefore the preimage of an n'-neighborhood of the grid points consists of
at least four disjoint open sets in D?, which is a contradiction.
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The case of cylinders is proved in the same way, using the fact that mo(W_) =
0. 0J

Remark 7.3.8. — Since we are free to chose the genus of the open book decom-
position in Theorem 1.2.1, the simpler case of g(S) > 1 would have sufficed for the main
result of the paper. However we also treated the case of g(S) = | for completeness.

Lemma 7.3.9 (Long Cylinder Lemma, Version 2). — For all n > 0 there exists n' > 0 such
that, for all R > 0, if

w:[-R,R] x S' - W_

is aj_ -holomorphic such that w|;_ryxst and w|ryxs! are n'-close in the C-metric to constant maps
to points p_ and p.., respectively, then w is n-close to a constant map in the C.' -metric.

Lemma 7.3.10 (Long Strip Lemma, Version 2). — For all n > O there exists n’ > 0 such that
Jor all R > 0 the_following holds: If

w:[-R,R] x[0,1] > W_

is a ] _-holomorphic map which satisfies:

(1) w maps [-R,R] x {1} to Ly and [-R,R] x {0} t0 L,
(2) wlwryxp0.1] @nd w|(_ryx0.1) are n'~close in the C'-norm to constant maps to p and p-_,
respectively,

then w is n-close to a constant map in the C' -metric.

Progf: — First we show that, for n’ sufficiently small (and at least smaller than n/2),
the map p_ o w is n-close to a constant map. We embed [—R, R] x [0, 1] holomorphi-
cally in D? as the complement of an open neighborhood of {—1, 1} as in the proof of
Lemma 7.3.7. Since 1’ is sufficiently small, we can

— assume without loss of generality that p,, p_ € L ;
— extend w to a smooth map @ : D> — W_ such that dD? is mapped to L UL, ;

and
— assume that the extension occurs inside 1’-neighborhoods of p; and p_.

The composition 75 o w : [-R, R] x [0, 1] = B_ is holomorphic and its extension
7. ow : D? — B_, viewed as an element of m,(B_, dB_), is contractible. This implies
that the image of Tp_ o W is contained in the union of the balls of radius 1’ centered at
7y (p4+) and wp_(p-), as follows: Assume by contradiction that this is not the case. Then
there is a regular value ¢ € B_ —7p_(p;) —7p_(p_) of Tp_ o w such that (Tp_ow) '(g) is
contained in an open subset of D? on which 7Tp_ o W coincides with 7T_ o w, and therefore
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is holomorphic. This is a contradiction since all preimages of ¢ contribute positively to
the degree of Tp_ o w. The balls of radius 7" centered at Tp_(p4) and Tp_(p_) have a
nonempty intersection because [—R, R] x [0, 1] is connected, and therefore the image
of Tp_ o w is contained in a ball or radius 21" < 1 around some point y € B_.

Let S, =75 () be the fiber over y, N, (S,) C W_ the n-neighborhood of S,, and
p:N (§]) — gy the map obtained by projecting out the directions transverse to the fibers
after straightening out using the symplectic connection. Since the image of W is contained
in N, (§},), Lemma 7.3.7 and its proof imply that the map po w : D? — gy, viewed as an
element of (gy, @; Udy), is contractible and Eg(w) < § for some & which depends only
on .

The map p is not holomorphic, but its differential @p(x) at any point x € N,(S,)
is the composition of the C-linear projection T,W_ — T,Sz, () with the differential of

the orientation-preserving diffeomorphism Sz, (,, — S, induced by parallel transporting
using the symplectic connection. This implies that all the preimages of a regular value of
pow come with positive signs for the purposes of computing the degree. We can therefore
repeat for p o w the argument we used for 7p_ o w and this proves the lemma. U

7.3.3. Proof of the compactness theorem. — We follow the lines of the proof of Propo-
sition 6.1.3. First we state the analog of Lemma 6.1.1 and sketch its proof.

Lemma 7.3.11. — Let u; - (Fl-,jl-) — (W_,j_)) 1 € N, be a sequence (y[W_ —curves.from
Y to'y with index Iy (w;) = n_for some integer n. Then there is a subsequence such that all the ¥; are

diffeomonphic to a fixed F.

Proof — The @-area bound for the W_ case is similar to that of the W, case. We
take the difference of two W_-curves 7, and @ from y to y to obtain Z € Hy (W_). Since
they both intersect o once, Z can be represented by a surface in W_, and hence can be
viewed as a class in Hy(N). The zero flux condition implies that the w-area of Z is zero.

We then use the Gromov-Taubes compactness theorem as in Step 2 of Lem-
ma 6.1.1 to extract a subsequence %; which converges in the sense of currents to a holo-
morphic building. In order to apply Schwarz reflection, we need to slightly extend @ past
Zs0, but the rest of the proof is the same. After passing to a subsequence, we may assume

that the homology class [#] € Hy (W_, Z,.y) 1is fixed for all 2. Once the homology class
[%;] is fixed, we use the relative adjunction formula (Lemma 5.6.3) in the same way as in
Lemma 6.1.1 to obtain a bound on y (F;). ]

The geometric setup for the W_-curves deviates from the standard SFT setup be-
cause the Lagrangian submanifold Lz is a union of finitely many immersed non-compact
Lagrangians with boundary, with the property that each is an embedding when restricted
to the interior, and the boundary components all lie in a properly embedded noncom-
pact one-manifold along which the various branches of Lz have a clean intersection.
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The noncompactness of the singular set means that the resulting “Legendrian” bound-
ary condition at the negative end is singular. For this reason we will sketch the proof of
Proposition 7.3.2.

Proof of Proposition 7.3.2. — By Lemma 7.3.11 we may assume that F; = F as
smooth surfaces. We recall the main steps of the proof of SFT' compactness.

(1) gradient bound,

(2) degeneration of the conformal structure,

(3) convergence on the thick part, and

(4) convergence on the thin part.

Gradient bound. Let h be a Riemannian metric on W_ which is compatible with J_ and is
cylindrical at both ends. After passing to a subsequence, we can add finite sets of marked
points Z; to I, all of the same cardinality, so that the following holds:

Lemma 7.3.12. — Let g; be a complete hyperbolic metric on ¥ — Z; which is compatible with j;
and which has geodesic boundary and cusps at the boundary /interior punctures. Then there is a uniform
bound

(7.3.3) Pill Viillco < C,

the so-called “gradient bound”, where p; is the injectivity radius of (F — Z.:, g.) doubled along the
boundary, and the norm ||Vu;||co s computed with respect to the metrics g; and h.

Lemma 7.3.12 is proved in [BEHWZ, Lemma 10.7] for the case without boundary
and the appropriate modifications are outlined in [Abb2, Remark 3.11]. Summarizing
the argument, if there 1s a sequence p; € F for which PP Vu;(p;) ||co — o0, then by
the usual rescaling argument as in Lemma 7.3.4, we have the bubbling of a nonconstant
holomorphic plane or half-plane. The Long Cylinder Lemmas control the ends of the
holomorphic plane or half-plane. We can place a pair of points of Z; in the middle of this
bubbling region, which effectively bounds p;||V#;||co on the bubbling region with respect
to the modified hyperbolic metric. Each bubble uses up a quantum of Eg (i.e., there
exists o > 0 such that Ez > h on the bubble) — the key point is that this also holds for the
singular Lagrangian boundary condition as we explained in the proof of Lemma 7.3.4 —
which bounds the number of bubbles and hence the number of marked points.
Degeneration of the conformal structure. If g; degenerates as : — 00, then after passing to a sub-
sequence there is a finite collection of homotopy classes of properly embedded arcs and
closed curves on F — Z;, whose geodesic representatives are mutually disjoint, and which
are pinched as 7 — 00, i.¢., the lengths of the geodesic representatives go to zero. Let Fyy
be the nodal surface obtained by pinching all these geodesics. The complex structures j;
converge in the C}° topology outside the pinching geodesics to a complex structure jo,
on F.. Then in the limit we obtain a nodal punctured Riemann surface with boundary
(Fo, Joo). Let F_ be F., with the nodes removed.
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For any & > 0 we define Thick,(F;, g) as the set of points x € F; with injectivity

radius p;(x) > & and Thin, (F,, &) as the closure of the set of points x € F; with injectivity
radius p;(x) < €. If 7 s sufficiently large and ¢ is sufficiently small, then Thin, (Fi, g) 1s
a disjoint union of cusps and tubular neighborhoods of pinching geodesics. In this case,
let v be any pinching geodesic; we denote Thin, (F;, g, v) the connected component of
Thin, (FZ«, g;) containing v.
Convergence on the thick part. Fix € > 0. Then the gradient bound (Equation (7.3.3)) implies
that the sequence % converges in the C}° topology on the &-thick part, after possibly pass-
ing to a subsequence and translating in the s-direction. In fact an elliptic bootstrapping
argument propagates the gradient bound to bounds on the derivatives of any order and
the Arzela-Ascoli theorem produces a convergent subsequence. Now we take a sequence
&; = 0 and use a diagonal argument to find a limit finite energy holomorphic map @ de-
fined on I_ (i.e., 5 minus the double points). Depending on the connected component
of F/_, the restriction of 7, can take values in W_, W or W’. We observe that, although
the maps % have boundary conditions in L, the levels of the limit @ can have boundary
conditions in L7 or in Lz U L), depending on the connected component of F__.

We analyze the convergence of % near the punctures in detail because the singu-
larity in L7 1s an unusual situation. We describe only the case of components mapping
to W_; the behavior of components mapping to W or W’ is analogous. The first step
is to replace @ with a (this is temporary notation for the union of @ which have been
extended by adding the & ;). This replacement has no practical effect on the curve @,
but makes the geometric setting slightly less exotic: in fact the Lagrangian L; has a clean
self-intersection along 0B_ X {z}. We recall that a clean intersection is an intersection be-
tween two submanifolds which are nontransverse in a uniform way. Clean intersections
in Lagrangian Floer homology — which represent the Morse-Bott case in that theory —
have been treated in [Po] and [Schm].

There are four possibilities, depending whether the puncture is in the interior or
on the boundary of I, and whether @ is bounded or unbounded near the puncture.
Interior punctures are treated in the standard way: if @ is bounded near an interior
puncture, then the singularity is removable (i.e., #,, can be extended as a holomorphic
map across the puncture) by [MS, Theorem 4.1.2], and if @ is unbounded, then it is
asymptotic to a closed orbit in the positive end of W_ by [HWZ1, Theorem 1.2]. (Note
that this orbit can either be an orbit in N or a multiple cover of the extra orbit §, over the
point zx.)

Next we consider boundary punctures of %, . We restrict attention to the neigh-
borhood Z_ = (—00,0] x [0, 1] C Foo of a boundary puncture and prove the following
lemma.

Lemma 7.3.13. — Let w : Z_ — W_ be a finite energy J_-holomorphic map which maps
(—00, 0] x {0, 1} to Lz . Then there exists either

(1) a point p € Ly such that lim,_, _ o w(s, t) = p (uniformly i t), or
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() an intersection point y € @ N A(@) such that w is asymplotic to the trivial strip over y for
5§ — —00.

The removal of boundary singularities in the presence of clean intersections be-
tween Lagrangian submanifolds has been treated in [Frau, Section 3.7] and [Schm, Sec-
tion 3]. For completeness we reprove it in a weak form (i.e., without reproving exponential
convergence estimates) which suffices for our purposes, using ideas from [Ho].

Progf. — Consider the holomorphic map f =75 ow :Z_ — B_. Since f has
finite energy, it either converges to a point ¢ € 0B_ (uniformly in ¢) as s = —o0 or for any
G > 0 there exists 5, >> 0 such that />, has image in the negative end (—o00, —C] X
[0, 1] C B_. Note that, in the latter case, the two components of Z_|(,>,,; are mapped
to the two boundary components of the end.

Fix a sequence 5, = 400 and define w, : Z_ — W_ as w,(s, 1) = w(s —s,, {). The
finiteness of the energy E(w) implies the finiteness of the w-area Eg(w). Therefore the
sequence w), satisfies

— E(w,) < E(w), and
— lIim Ez(w,) =0.

n— 00

(1) IL/ converges to a point ¢ € dB_, then the image of w 1s contained in a compact subset
of W_. Then by Lemma 7.3.4 there is a constant C such that ||[Vw,||co < C for all n and

oo
loc

therefore we can extract a subsequence w;, which converges in G° to a J_-holomorphic

map We, : Z_ — W_. The Q_-area
Eg (w) = f wrQ_
7

1s finite because the energy of w is finite and the image of w is contained in a compact
subset of W_. This implies that

Es (we) = lim Eg (w;,) =0

and thus wy, is constant. Hence, for any sequence s, — 400, there is a subsequence sy,
and a point p € L such that

lim w(s;, ) =p
n— 00

and the limit is uniform in ¢. Moreover, Vw (s, £) also converges to 0 uniformly in ¢.

A different sequence s, — +00 might a priori have a subsequence s5; such that
w(s;,, 1) converges to a different ' € L. We are then in Case (1) if we prove that p= /.
Up to extracting further subsequences we can assume that s;, < s;. We fix & which is
strictly smaller than the distance between p and p'. Then the Long Strip Lemma, Version
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2 (Lemma 7.3.10) implies that, for 2 sufficiently large, wy, s, 1xj0.11 1s £-close to a constant
map, which is a contradiction.

(2) If f = 7p_ ow has image in the negative end of B_ for s sufficiently large, the sequence
w, converges, after a translation of the image, to a trivial strip in W over some intersection
point y € aN A(@). The uniqueness of the limit is proved as in the previous case using the
Long Strip Lemma, Version 1 (Lemma 7.3.6). U

Convergence on the thin part. The map @ defined above is not the SFT limit of the sequence
%; in general. In fact the w-area of %, can be smaller than the w-area of % and, when this
happens, we have to look for the missing area in the thin part.

We analyze the behavior of the limit near a node of F.,. Let v be the pinch-
ing geodesics corresponding to a node n. We slightly change perspectives by identifying
the neighborhoods Thin, (FZ-, g, v) with standard Euclidean cylinders [-R#, Rf] x S! or
strips [-R%, R?] x [0, 1].

Suppose that 7 is an interior node. For 7 large and & small, «;,({£R¢} x S') is close
to closed orbits y4 or points p1 by the asymptotic properties of u_ . The first observation
is that % ([—R{, Rf] x S') cannot be close to a closed orbit on one side and to a point on
the other side because there i1s no homotopically trivial closed Hamiltonian orbit in N.
Similarly, if 7 is a boundary node, then #;([—Rf, R7] x [0, 1]) cannot be close to a chord
on one side and to a point on the other side because all chords define nontrivial classes
in H(W_, L).

Lemma 7.3.14. — Let n € Foo be a node and let ey : [0, +00) x S! — F ooreg:
[0, +00) x [0, 11— ¥ be the two ends corresponding to n. If

_1ir+n (@, 0es)(s, 1) =pr €W_,
then py = p_.

Progf. — Suppose that n is a boundary node; the proof for an interior node is
completely analogous. Arguing by contradiction, suppose that p_ # p.. We choose
n < %d(p_,[ur), where d(p_, p) is the distance between p_ and py. Let " > 0 be the
constant which depends on 7 and appears in the Long Strip Lemma, Version 2 and
let 5 be a constant such that, for all s > 75, the distance from py to (@ 0 ey)(s, {) is less
than 7'/2. Let v be the pinching geodesic that gives rise to # and let Thin, (F_, g, V)
be the union of the two connected components of Thin, (F,_, g») corresponding to the
node n. Then there is a constant € > 0 such that, for all ¢ < €, the portions of the two
ends of I, corresponding to n which are parametrized by [0, 5] x [0, 1] are contained in
Thick, (F, g, v). We then identify Thing(Fi,gi, v) = [-R, RE] x [0, 1] with its stan-
dard complex structure. Then the C$°-convergence of % to u. implies that, for ¢ <€
and ¢ > 0, %;({£R?} x [0, 1]) are contained in n’-neighborhoods of p. The Long Strip
Lemma, Version 2 then implies that p, = p_, a contradiction. UJ
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Lemma7.3.15. — Let n € Fo, be a node arising from pinching a geodesic in the homotopy class
v. Assume that the two ends of ¥ corresponding to n are asymplotic to closed orbuts 'y and y_ or to
chords y,. and_y_ over intersection points in a; N hA(a;). Then, for all & sufficiently small, the restrictions
Ui\ Thing (iy,6,0) COnverge (in the SET sense), as 1 — 00, to a stack of holomorphic cylinders or strips
whose ends are asymptotic to closed orbits or chords, and whose successive components have matching ends,

as i [BEHWZ, Figure 14].

Progf- — We consider the case of boundary nodes first. For ¢ > 0 sufficiently small
and ¢ sufficiently large (depending on ¢), the maps %y, (i 4,0) define a homology class
A€ Hy([0,1] x S, ({1} x @) U ({0} x A(a)) Uy, Up_). There are two cases:

(1) Ex(A) =0, or
(2) Eo(A) > 0.

We will identify Thing(Fi,gi, v) =[—RE, R x [0, 1].

Case (1). We verify that % |y, (i g0

Version 1, for ¢ 3> 0: Fix n arbitrarily small, and consider ¢y, Ry, n" and § as in the Long

Strip Lemma, Version 1. Let & > 0 be sufficiently small such that Thin, (F,_, g, v) is
”

mapped by %, to %-neighborhoods of trivial strips over y_ and y,. Then there exists

¢ > ¢ such that for all > 0,
— Rf —¢> Ry,
— Ul[—re.—Re 40,17 18 1)'~close to a portion of the trivial strip over y_,
— U|Re—cRé1x[0.17 18 17'~close to a portion of the trivial strip over y,, and
— Eg(@li—re reyxp0.17) < 8.

) satisfies the conditions of the Long Strip Lemma,

This follows from observing that every compact subset K C Thin, (Fgo, o, V) can be
identified with some compact subset K; C Thin, (F ', g, v) provided ¢ > 0, and the se-
quence %]k, converges uniformly to 7|k with respect to all derivatives.

We then apply the Long Strip Lemma, Version 1, to %|j-r: r¢1xjo,1] and conclude
that y; = - and %l{-rs re1x0.17 18 C'-close to a portion of the trivial strip over y, = y_.
Case (2). Fix a constant i > 0 such that, for every A € Hy([0, 1] x S, ({1} x @) U ({0} x
A(@)) Uy Uy") with y and y” of action less than E = E(%), we have f,@ > h.Such a
constant exists by [BEHWZ, Lemma 10.9].

Fix & > 0 sufficiently small. Since % ([—R?, R7] x [0, 1]) is contained in the strip
end of W_, we may assume that the maps % take values in W. Using the argument
from the proof of the Long Strip Lemma, Version 1, if the image of %][-gr: rejxjo,17 18
contained in an 7-neighborhood of the strip over y_, then %|[—r: rejxjo,17 1s 7-close in the
C’-metric to a trivial strip, which contradicts (2). Hence there is a sequence of points
pi € [=RE,RP] x [0, 1] such that (after passage to a subsequence) %;(p;) limits to a point
¢oo Which is a distance > 71 from the strips over y,, after suitable translations of % in the
target.
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Next consider the domain translations Ell (s, 8) = u;i(s — s(p;), t). After passage to a
subsequence the maps % converge in C2 to a J'-holomorphic map z', : R x [0, 1] — W,
after translations in the target. By construction, Ea(ﬁ;o) > (. We repeat this process on %;
defined on [—R{, R%] x [0, 1] minus a suitable annulus [K, K] x [0, 1] until we obtain J'-
holomorphic maps Eéo, e H[oo such that Ew(ﬂéo) 4+ + Ea(ﬁéo) = Ez(A). An argument

similar to that of Case (1) and based on the Long Strip Lemma, Version 1, shows that the
1 !
to reorder the % so they are adjacent.)

The case of interior nodes is completely analogous: the only difference is that we

have to replace the Long Strip Lemma by the Long Cylinder Lemma. U

ends of @, U, ..., U, match up with those of their adjacent curves. (Here we may need

This completes the proof of Proposition 7.3.2. O

Remark 7.3.16. — Proposition 7.3.2 is only a preliminary result. We are still left
with the task of analyzing the limit more precisely.

7.4. Intersection numbers. — In order to analyze the SF'T limit %y, we use the inter-
section numbers 7*(%;) and n*(v;) to constrain the behavior of holomorphic maps which
are asymptotic to §y or to [0, 1] X {20}

We briefly recall the definition of the intersection numbers 7* (%) given in Section 5.
Let py > 0 be sufficiently small. Consider the torus T,, = {p = py} C N, oriented as the
boundary of {p < pp}. We take an oriented identification T, >~ R?/Z? such that the
meridian has slope 0 and the closed orbits of Ry on T, have slope m. We pick a closed
orbit 8; € T,, and consider the parallel sections (¢%)" determined by 8;. We assume we
have chosen 8; so that (U;O)T is disjoint from the relevant Lagrangian submanifold. Then
(@) = (@, (0)"). o

Since 7~ (4;) = m > 2g for an W_-curve %; by Lemma 5.4.14, we have

a

(7.4.1) > u@) =m.
J==b
For each level v; of %,, we have a decomposition

v =0 U}
as in Equation (5.7.1), where Uj’ is the union of the irreducible components of v; which
branch cover the section at infinity o} and Uj’f is the union of all other irreducible com-
ponents.

Lemma 7.4.1 (Intersection with v;, j > 0). — Suppose j > 0. Then the following hold for
po > 0 sufficiently small:
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(1) 110! has a positive end E ;. which converges 1o 8, then
7.4.2) (&, (0L 2.

(2) I/} has a negative end E_ which converges to 8h, then
743 (@) zmn—p

If EJ/-/ has multiple ends at covers of 8, then their contributions to n'(v;) are summed.

Progf — Let £, be a positive end which converges to 8. Let 7x : R x N — N
be the projection onto the second factor. Provided py is sufficiently small, 75(E4) N'T,,
determines a homology class (¢, p) € H;(T,,) >~ R?/Z?. One can easily check that

1

Ny 9y _,

(&4, (0l)") =det (m l?) =p—qgm.

Since (£, (0/)") > 0 by the positivity of intersections in dimension four and m > p, we
must have ¢ < 0. We then obtain:

(&, (U;o)T> = p.

Let £_ be a negative end which converges to 8;. As above, m5(E_) N'T,,, determines
a homology class (¢, —p) € H;(T,,) =~ R?/Z? such that

q)=—p—qm.

o=,

Since (€_, (o/.)") > 0 by the positivity of intersections in dimension four and m > p, we
must have ¢ < —1. We then obtain:

(€, (@) =m—p.

Finally, if v} has multiple ends at covers of &y, then the total intersection of v} with
(G;O)T is bounded below by the sum of the contributions of each end. O

Next we consider v; whenj < 0. Let rg : R x [0, 1] x S — S be the projection along
the Hamiltonian vector field 9,. Also let Ry, be the radial ray {¢p = ¢} C D? = {p < ¢},
where ¢ > 0 is small. Under the projection g, each positive end &€, of Uj/f which limits
to [0, 1] X {2x} maps to a sector S(E;) of D? = {p < &} going in the counterclockwise
direction from Ry, C @, to Ry, C Z(EQ). The sector &(E,) is a thin wedge if 1, = iy and
the angle is 277: Similarly, each negative end £_ of ¥} which limits to [0, 1] x {20} maps

to a sector &(£_) going counterclockwise from Ry, C A(@;) to Ry, C @,.
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Lemma 7.4.2 (Intersection with v;, j < 0). — Suppose j < 0. Then the following hold for
po > 0 sufficiently small:

(1) 1f E]/-/ has a positive end & which converges to [0, 1] X {zs0}, then
(7.4.4) (Erol)y>1,

and the relevant sector is a thin wedge if and only if equality holds. Moreover, if the sector is
not a thin wedge, then

(Er,ol) > 2.
2) If Ej/-/ has a negative end E_ which converges to [0, 1] X {200}, then

(7.4.5) (E_,00)> 2.

Proof. — Suppose p, < &. The restriction of §,, to [0, 1] x S consists of m Reeb
arcs [0, 1] x {¢} on {p = po}, where 0 </ < mand ¢, = ¢y + {(27/m). Let &, (resp. £-)
be a positive (resp. negative) end of Uj’»’ which converges to [0, 1] X {zs} and let §(E+) be
the corresponding sector in D?.

By the assumptions on the @; given in Section 5.2.2, the angles of the thin wedges
are 27” and the other sectors of Dg — Ua; — Ulﬁ(ﬁi) have angles greater than ing) This
implies that:

(i) (€, 08) = 1;
(i) (€4,00)=1ifand only if §(£,) is a thin wedge; and

(i) (€_,0l) > 2.

The lemma follows. U

Similarly, we have the following lemma, whose proof is the same as those of Lem-
mas 7.4.1 and 7.4.2 and will be omitted.

Lemma 7.4.3 (Intersection with 0,). — The following hold for py > 0 sufficiently small:
(1) Ifv, has a positive end E., which converges to 8", then

(7.4.6) (€, (0)") = p.
(2) If vy has a negative end E_ which converges 1o [0, 1] X {20}, then

(7.4.7) (€., (0" > 2.

Defination 7.4.4 (Boundary point at z,). — Consider ﬁj’f : FJ’/ — W, forj < 0. A point
VS BFJV will be called @ boundary point at 2o 3V (p) € Ly — Ly forj =0 and v/ (p) €
(L@ — Lia) U (La — La) =R x {0, 1} x {20} forj < 0.
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Lemma 7.4.5. — Consider v} Fj/.’ — W, j<0.Ifpe BFJ// is a boundary pownt at
Zoos then, for any sufficiently small neighborhood v(p) C ¥ of p, there exisis py > O such that
@' W), (02)") =k — 1> 2.

Here the constant £y is as given in Section 5.2.2.

Progf. — We will prove the case j < 0, leaving 7 = 0 for the reader. Let p be a
boundary point at z, of Uj’-’ which maps to a point on R x {1} x {2} (without loss of
generality). We consider the projection 75 : R x [0, 1] x S — S. By Definition 5.3.2,
the projection 75 is holomorphic when restricted to g '(D?), where & > 0 is sufficiently
small. Hence 7rg o Uj’.’ is holomorphic when restricted to (75 o Ej’.’)_l (D?) and some sector
of D? — a must be contained in Im(rg o ﬁj’.’) because holomorphic maps are open. This
in turn shows that

(@ ), (02)7) =k —1>2g

by assumption, provided p, is sufficiently small. 0J

7.5. Some restrictions on Us. — We now present some lemmas in preparation for
Theorems 7.6.1 and 7.6.3. Lemmas 7.5.1-7.5.3 give restrictions on %, which arise from
intersection number calculations from Section 7.4, and Lemma 7.5.5 gives a lower bound
on the ECH index of the levels v;.

In what follows, “component” is shorthand for “irreducible component”. We first
discuss the “fiber components”, i.e., components v : F — Wj of v; which map to fibers of
W;. There are three types of fiber components:

(i) ghosts, i.e., vV is constant;
(ii) “closed fiber components”, i.e., F is closed and v is nonconstant;
(il) “boundary fiber components”, i.e., dF # & and v is nonconstant.

If ¥'is a closed fiber component, then ¥ is a branched cover of a fiber of W;. Next let
¥: F — W, be a boundary fiber component. If j < 0 and ¥ maps to 75, ' (p), p € 9B, then
V(F) D7 (p) — A, where A =Lg or Ly, Similarly, if j = 0 and ¥ maps to 7' (p),
p€0B_, then ¥(F) D75 () — L.

Lemma 7.5.1. — The only possible non-ghost fiber component of Uy, is a closed component
7T (p) which passes through W. There is at most one such component.

Progf — Let v be a non-ghost fiber component. Then v is a d-fold branched cover
of a fiber if it 1s a closed fiber component and a d-fold branched cover of a fiber cut along
a (or A(a)) if it is a boundary fiber component. In either case, n*(V) = d - m. This implies
that d = 1.
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We now prove that ¥ is a closed fiber component passing through m. Arguing by
contradiction, if m ¢ Im(v), then there is a component ¥ of %y, such that m € Im(?).
If ¥ is a cover of o, then there must be some component of v for j > 0, which has a
negative end at some 8). Therefore n~ (Uj’.’) > 0 by Lemma 7.4.1(2). If ¥ is not a cover of
0, then ¥ has a nonzero intersection with o and hence n~(0) > 0. In either case we
have n*(iis,) > m, which is a contradiction. This proves that m € Im(?).

Finally boundary fiber components are eliminated because they project to a point
in dB_, and therefore cannot pass through m. U

We recall the notation v; = v;Uv v , where v’ /; denotes the union of all components of
v; which cover the section at 1nﬁn1ty o and v " denotes the union of all other components

of v Vj. The covering degree of v v will always be denoted by p;. We also define v v to be the
union of the components of v v Wthh are asymptotlc to a multiple of §) or z, at either

end and are not trivial cyhnders or strips, v; ’ to be the union of the remaining non-fiber

components of v/, and 5][ to be the union of the fiber components of V7.

Lemma 7.5.2. — If v, = &, then, with the exception of ghost components:

(1 E —Qandv = for allj;
(2

(3
(4) vosa W -curve or a degenerate W_-curve, i.e., Vg is the union of @ W_-curve and
afiber T (p) which passes through ™.

)

) n ] <0, kas a boundary point at zx;

) every level i, ) # 0, has image inside W' or W and
)

Progf. — If v, = @, then vy = vj,. Since %; passes through m for all 7, the level v :
Iy — W_ must also pass through m. By Lemma 5.4.14 and the proof of Lemma 5.4.8,
n~ (Vy) = mbecause m € 0. Equation (7.4.1) and the nonnegativity of »* then imply that
n~(Vy) =mand n*(v;) = 0 for j # 0.

(1) Ifv v #J orv ;é &, then at least one of Equations (7.4.3)—7.4.6) applies and
Z#On (v]j) > 0.

(2) This follows from n~ (vy) = m and Lemma 7.4.5.

(3) Since n*(v;) = 0 for j # 0, (1), combined with Lemma 5.3.20, implies that
Im(v;) C W if j > 0, whereas (1) and (2), combined with Lemma 5.3.9, implies that
Im(v;) CWif; <0.

(4) Since n~ (vy) = m, v, intersects o, only at m and the intersection is transverse
by Lemma 5.4.14(2). By (1) and (2) and Lemmas 7.5.1 and 5.4.16, if v, is not a W_-curve,
then it must be a degenerate W_-curve.

This completes the proof of the lemma. U

Lemma 1.5.3. — If U, # @, then, with the exception of ghost components:
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1) there is only one negative end o vn, >0, (sa V%) which is asymptotic to a multiple o 8o;
by g Iy, YV, symp p

(2) Uoo has no fiber components;

(3) no 5]/-', 7 =<0, has a boundary point at zo;

(4) V] has image inside W, W_, or W';

(5)

(6)

o

U;I, J <0, s a union of thin strips from ze to some x; or x.;

53 has tmage inside W_ — int(W_) and has 8y, for some ry > 0, at the positive end and
some subset of {x1, ..., Xog, X|, ..., Xy g} of cardinality 1y at the negative end;

(7) Uj, 0 <j < d, has image inside W' — int(W') and has 8, for some 1, > 0, at the positive

6

end and e with 1] + 1/ = 1;, at the negative end.

Proof. — (1) By Lemma 7.4.1, each negative end of Ef, for y > 0, which is asymp-
totic to a multiple of §; contributes at least m — 2¢ to Zj‘;l n*(v;), where m > 2g, because
the total multiplicity of §, is < 2g. If there are at least two such negative ends of 5}1, then
the total contribution to Z;=1 n*(v;) is at least 2(m — 2g) > m, which is a contradiction.
Suppose Ei,, 0 < & < a, has a negative end at a multiple at §.

(2) By Lemma 7.5.1, a fiber component of %, is a fiber 7y () which passes
through m and additionally contributes m to ;;7 , 7" (V), a contradiction.

(3) By Lemma 7.4.5, a boundary point at z,, additionally contributes > 2¢ to
Z;:_ ,n*(v;). This is again a contradiction.

(4) By (3), i]b does not have any boundary point at z,,. Since the ends of ijb are
contained in N or [0, 1] x S and »* (5;) = 0, we conclude that Im(ﬁj) CW,W_jorW
by Lemmas 5.3.9, 5.4.16 and 5.3.20.

(5), (6) Let p; = deg(v}) be the covering degree of U over 0. Then py < py < -+ <
pa—1 and p, = 0. This follows from (1) since a negative end of ilﬁ 41 at (a multiple of) §; is
required for p; > pj;.

Let p, be the multiplicity of §, at the negative end of Eg,. The negative end of
ﬁ(ﬁl, contributes at least m — p, to n* by Equation (7.4.3) and the positive ends of E}i, for
J=0,...,d — 1, give a total contribution of at least p, — py to n* by Equations (7.4.2)
and (7.4.6). Hence,

a

(7.5.1) D owt @) =m— p.

=0
On the other hand, by Equation (7.4.4), the contributions of the positive ends of 5},
Jj=—=b,...,—1,add up to

-1

(7.5.2) > w @) = po.

J==b
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Equations (7.5.1) and (7.5.2) give:

a

(7.5.3) D owr@) =m.

Jj=—b
Equality holds by Equation (7.4.1). This in turn implies that:

(1) equality holds in both Equations (7.5.1) and (7.5.2); and
(i1) Uf, J <0, has no negative end which limits to z..

Since py < 2g, each 5}1, J < 0, must be a union of thin strips by Lemma 7.4.2. This gives

(5). Moreover, U5 has 8, at the positive end and no negative ends at z,, by (if) and
(7.5.4) = (W5) = pi — po

by Lemma 7.4.3 and (1).

The argument to prove (6) is similar to the proof of the blocking lemma in [0],
and the presence of the Lagrangian boundary condition for 7, does not change the proof
in any essential way. We consider C, = JTN(EE) NT,, where 0 < p < 1, as an element
of Hi(T,, nx(Ly) N'T,); we are viewing C, as the boundary of the portion of JTN(US)
outside the solid torus of radius p. We recall that nx(Ly) N'T, consists of 2g parallel
segments in T, which are tangent to the Hamiltonian flow. Suppose p; > 0 is small.
Let U;&; be the union of positive ends of Ug that limit to multiples of §;, and let C:Ol =
x(UE) N'T, . We view €/, as an element of

H,(T,) = Hi (T, mx(Ly) N'T,).

Using “balanced coordinates” on V = N — int(N) (cf. Section 5.1.2), we obtain an iden-
tification H,(T,,) = Z’ such that — writing vectors as rows — (1, 0) corresponds to the
homology class of the meridian (i.e., the closed curve which bounds a disk in V) and
(1, m) corresponds to the class of a closed Hamiltonian orbit.

With respect to this identification, G, = (¢, p1 — po) for some ¢ < 0 and we have

1
pl—po—qm=det< ! )zpl—pozo.

m pr—po
By Equation (7.5.4), we obtain ¢ = 0 and C,, = €, , since any intersections besides those
coming from U,;&; would give some extra contributions to 7~ (ig).

Next consider C,,, where py =1 — ¢, ¢ > 0 small. Since there are no ends of
ﬁg between T, and T,,, it follows that C,, is the image of (0, p; — po) € H;(T,,) in
H,(T,,, 7x(L3) N'T,,). Negative ends can approach x; or «; either from the interior of V

or from the exterior of V. A negative end of T, approaching x; or «. from the interior traces
a segment in T, with both endpoints in the same connected component of r(L;) N'T,
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and whose relative homology class is the image of the class (0, 1) € H,(T,,). This means
that at most p; — py ends of ﬂg approach x; or x from the interior.
Finally let p3 = 1+¢, & > 0small. The ends of ﬁg between T, and T, are negative

ends at x;, ¥ or positive ends at closed orbits on T. Let C:Og = x(0) N'T,,, where U is

(3 z
obtained from ﬁg by truncating the negative ends that limit to x; or x. from the exterior
of V. There are no positive ends of Ug that limit to a closed orbit on T}; this follows
from asymptotic winding considerations of the positive ends and a comparison with C,,.
Since there are no negative ends of U, that limit to a closed orbit on T}, it follows that
[C),1=0¢€H(T,,, nx(Ly) N'T,,).

Finally, we eliminate the possibility of ends which limit to x; or x. from the outside
of V by observing that nothing else can contribute to C,, but the ends at x; or x.. This
implies that there are p; — po of them, each representing the image of the class (0, 1) €

H,(T,,), and leaving no room for ends limiting to x; or x. from the outside. Then C,, is
homologically trivial, and therefore the positivity of intersections 1mphes that it is empty.
Since ps; was arbitrarily close to 1, it follows that the image of v, v0 cannot escape W_ —
mt(W_), which implies (6).

(7) This 1s similar to (6) and is left to the reader. U

Remark 7.5.4. — One can easily compute that I(Ug) =7y and I(ﬂf) = r]’ + 27}’
when j > 0.

Lemma 1.5.5. — The ECH index of each level v}, j = —b, ..., a, is nonnegative if ] €
j%‘g_ . Moreover, 1f ] # 0, the ECH index of ; 15 strictly positive.

Proof — Recall that the restrictions ] and J' are also regular by definition. Case
J > 0. By [HT1, Proposition 7.15], Igcu(v;) > 1 for j > 0 since J' is regular and no level
v; with j > 0 consists uniquely of trivial cylinders.
Casey < 0. We write v; = U; U E? U E]b

Suppose that v, = @. Then v} = & and Ejﬁ = o for all j < 0 by Lemma 7.5.2, and
we are left with 5;’, which is simply-covered and has positive Fredholm index by regularity
and translation invariance. By the index inequality (Theorem 4.5.13), I(v;) = I(E;) > 1.

Next suppose that Uj # &. Then ﬁjﬁ is a union of thin strips from z to some x;
or x; by Lemma 7.5.3 and each thin strip has ECH index 1. We also have I(U]{) =0 by

Lemma 5.7.15 and I(Uj) > 0 by the previous paragraph.
We claim that

(7.5.5) I(v) =1 UV UD)) =1(0) + L(V) + 1(0)).

Note that, although v, i? and U? are disjoint, v; and ﬁf are both asymptotic to (a multiple
of) zo at the positive end and the additivity of the ECH indices of 5]/ and ijﬁ needs to
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be verified. For that purpose, recall from Section 5.7 that each ij’ comes equipped with
data D}’ = (D )j’.", (D )}%m) at the positive and negative ends, since %y, 1s the limit of the
sequence {%}. The key observation here is that (D’ )]‘.” =D )j»mm, since all the components
of Ef,, J <, are thin strips whose data ('Di)j/ = ((Di jt-i’, ('Di)ﬁom) at the positive end
satisfies (DEIF Jf-f‘ = (Di)j/-,mm. Hence we can choose a simultaneous grooming ¢ = {¢}
for both EJ/ and ijﬁ at the positive end z, such that c,j has winding number w(c,:') =0

(see Equation (5.7.4)) and connects E(ﬁik J) to @ ;. If we choose a groomed multivalued
trivialization T compatible with ¢*, then

L@ UY) =1L{@) + @),

which immediately implies Equation (7.5.5).

Case j = 0. Suppose that v, = &. Then, v is a W_-curve or a degenerate W_-curve by
Lemma 7.5.2. If 7, is a W_-curve, then it is simply-covered and satisfies I(vy) > ind(vy) >
0. If v is a degenerate W_-curve, then U, can be written as a union of a fiber C and a
W_-curve ﬁg. The Fredholm index of UE is nonnegative since UE is simply-covered and
hence is regular. The Fredholm index of C is given by:

ind(C) = —x (C) + 2(c; (TW_), C)
= (20— 2) 422 —2) =2—2.

The algebraic intersection number (C, EB) is equal to 2g and

(7.5.6) 1(Ty) > ind(C) + ind(7,) + 2(C, 7,)
>(2—-29)+0+2129) =2¢+2,

by Theorem 5.6.9.

Next suppose that v, # @. We have 1(v)) = 0 by Lemma 5.7.16. Next, by
Lemma 7.5.3, if 7, # @, then Im(v)) C W_ — int(W_) and has &' ", p; — po > 0,
at the positive end and some (p; — pp)-element subset of {xy, ..., X9, &}, ..., x’Qg} at the
negative end. Hence I(Ug) = p; — po by Lemma 5.7.17. Finally, since Im(UE) C W_ by
Lemma 7.5.3, UZ 1s simply-covered and I(ig) > 0. The ECH indices of v, Ug, and U(b) are
additive. This completes the proof of the lemma. 0

=0 .
7.6. Compactness theorem. — Let J (e, 8, p) be a generic almost complex structure

which is (e, U)-close to J_ € \—f{ , where U and K, 55 are as in Convention 5.8.12. We

write:

i o I=i,n*=m e
(7.6.1) Mig(e, 8, p) =M 7y, yi ).
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Rx N !
R 2 1 1 1 1 oy
W_ | 0 0 0 0 0f\1 0
w I 1 1 0\1 1\1 1 1
w | 1
0 e e W e ®
F16. 4. — Schematic diagrams for the possible types of degenerations. Here e represents 8, o represents 2o, and X

represents some x; or x.. A vertical line indicates a trivial cylinder or a restriction of a trivial cylinder, and a double vertical
line indicates a branched double cover of a trivial cylinder or a restriction of a trivial cylinder. The labels on the graphs are
ECH indices of each component

As before, ﬁoo € 8./\/13 (e, 8 , p) 18 written as Uo, = V_; U - -- UV, and each v; is written as
v = v Uv v = v Uv v Uv v U v/ where v[ & for j # 0. There are no ghost components
by an 1ndex argument as 1n Lemma 6.1. 8

We now prove the following compactness theorem, which is basically a conse-
quence of two constraints: 1(z;) = 3 and n*(%) = m. The list of possibilities should be

viewed as a preliminary list, since we will subsequently eliminate Cases (2)—(6) in Theo-
rem 7.10.1.

Theorem 7.6.1, — Letj? be (g, U)-close toj_ € j\;‘i and K, o5-regular with respect to m,
and let Us, € AIME(e,8, p). If Uy # B, then U, contains one of the following subbuildings:

(1) A 3-level building consisting of ) with 1 =2 fromy to 8oy'; v, = 0; and Uj_l which
i a thin strip from zeo to x; or X..

(2) A 3-level building consisting of 0y with 1 =1 from some y" to 8yy'; vy = 0 ; and 7,
which is a thin strip.

(3) A 4-level bulding canszstmg of v, wzt/z I=1 from Y to 85y'; U, which is a branched
double cover of 0 ; V' | = Ono; and 0 v° | and v° ~y which are both thin strips.

(4) A 3-level buzldmg conszsz‘zng of Uy with L =1 fiom y to 8;y'; U} which is a branched
double cover of 0 _; and v Il " | which is the union of two thin strips.

(5) A 3-level building conszstmg of Uy with 1 =1 fiomy to 83y'; Uy = 0 ; Uo with 1 =1
Srom 8 to x; or x.; and v v " which is a thin strip.

(6) A 4-level burlding consisting of vy with I =1 fmm y o 83y'; V) = o, v? with 1 =1
which is a cylinder from 8y to h; vy = 0 _; and v v_1 which ts a thin strp.

Here we are omatting levels which are connectors.

See Figure 4.
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Proof. — By Proposition 7.3.2, u; converges in the sense of SFT to a holomorphic
building %, =7, U --- Uv_;. We have three constraints:

i) >, 1) =3,
(i) I(v;) > 0 for all j, and
(111) Z;‘l:fb n*(v;) = m.
(i) comes from the additivity of ECH indices, (i1) comes from Lemma 7.5.5, and (ii1) comes
from Equation (7.4.1).

Suppose that v, # @, i.e., we are in the situation of Lemma 7.5.3. We have the
following restrictions:

— the top level v, 1s nontrivial and satisfies I(v,) > 1;

- Uj<OUj:-t consists of py > 1 thin strips and contributes Zj<0 I(ﬁf) = po > 1 to the
total ECH index;

- Ul‘-‘:_bﬁf consists of p, components and each component has ECH index > 1,

with exception of Eg, which has ECH index 0, where ¢ and p, are as in
Lemma 7.5.3.

This immediately implies p, < 2 because p, is also the number of nontrivial curves with
a positive end at dy and each of them has ECH index I > 1 by Lemma 7.5.3. We also
have py < p,, and therefore we can divide the proof into three cases:

— Casel:p, =py=1.
— CaseIl': p, =2 and py = 1.
— Case II”: p, = 2 and py = 2.

Case I. In this case v, = o and Ej_l is a thin strip. This leaves two possibilities for v;:
either I(v;) = 2 and we are in Case (1), or I(v;) = | and we are in Case (2).
Case II. In this case we have Eﬁ] # () and with a positive end at §, for some j, > 0. Since

I(U]FO) = | by Remark 7.5.4, v_, consists of a single thin strip and there are no other levels

with j < 0. If jy = 0 we are in Case (5), and if j > 0 we are in Case (6). In Case (6), 5? is a

cylinder connecting §, with z by Lemma 7.5.3 and Remark 7.5.4.
Case II”. In this case U;_ov; consists of two thin strips. If they are on the same level we are
in Case (4) and if they are on different levels we are in Case (3).

This completes the proof of Theorem 7.6.1. O

Remark 7.6.2. — In Cases (3)—(6), the total number of branch points of uf:_bﬁ; 18
one, where we are not ignoring connector components that cover o : Assume without
loss of generality that the only nontrivial ] is v, and that vj, double covers o . Let b
be the number of branch points of vj,. Then ind(v;) = b — 1 by Proposition 5.5.5, the
Riemann-Hurwitz formula, and the proof of Lemma 5.8.9. The index inequality, the
additivity of the indices, and the condition I(%;) = 3 force b = 1.
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The proof of the following theorem is similar and will be omitted.

Theorem 7.6.3. — Letj? be (&, U)-close to ] _ € j\q and K, o5-regular with respect to m,
and let oy € IME(e, 8, p). If V) # D, then U, contains a 3-level subbuilding consisting of U, with
I=1 fiomy to Syy'; v, =0; and U | which is a thin strip. Here it is possible to have Ipcy = 0
connectors in belween.

7.7. Asymptotic eigenfunctions. — We now collect some facts about the asymptotic
operator and asymptotic eigenfunctions, referring the reader to [HWZ1] and [HT2].

7.7.1. The asymptotic operator. — We study the local behavior of a holomorphic
half-cylinder which converges to a degree { > 1 multiple cover of &, denoted by §}.
Let us denote Dio = {p < po} C D? with py > 0 small (in particular < %) and K =
[C, +00) x (R/2(Z) with [ € N. We will be using balanced coordinates on (R/2Z) x D? ;

£0°
see Section 5.1.2. A holomorphic half-cylinder which is asymptotic to 8} at the positive
end restricts to a holomorphic map
u:K— R x (R/2Z) x DQO,
which can be written as:

(s, D)= (s, ¢, z(s, 1),

where lim z(s,¢) =0.

s—+00
Lemma 7.77.1. — The function 7z : K — Dio satisfies the equation

(7.7.1) 0,2+ 10,z +¢ez=0,

where & = ~.
Progf. — 'The partial derivatives of u are: d,u = (1,0, d,2) and d,u = (0, 1, 9,2).

Then J(0,u) = R 4 (0, 0, 20,z), where R 1s the Hamiltonian vector field. We compute
that R = 9, + €94. Hence J(0,u) = (0, 1,10,z + 1€z). This gives Equation (7.7.1). ]

Definition 7.7.2. — We define the asymptotic operator
A LI(R/2IZ,C) — 1*(R/2IZ, C),
J = = —¢f.

We remark that the asymptotic operator which appears in [HWZ1] is A;, whereas
the asymptotic operator in [HT2] is —A;. The eigenfunctions of A, are the asymplotic
eigenfunctions, and are given by ¢e”"/!, ¢ € C, n € Z, with corresponding eigenvalues —e.
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An asymptotic eigenfunction ce” #/l is said to be normalized if |¢| = 1. Let Eyyji— be the
eigenspace of A; corresponding to the eigenvalue %* — &.

For a strip-like end asymptotic to the intersection point 2z, the asymptotic oper-
ator is still /' +— —i9,f — ¢f, but now acting on functions f : [0, 1] — C with boundary
conditions_f(0) € ¢+ R and /(1) € ¢“R for some real constant ¢;. The eigenfunctions
are ce™ O OTE) L e R 5 € Z, with corresponding eigenvalues n — 2¢. As before we
say that an eigenfunction is normalized if |¢| = 1.

7.7.2. The asymptotic eigenfunction at an end. — Let y € @gg and y' € @\Qg,l. As be-
fore, the modifier * is placed as in MZ (y, 8)y’) to denote the subset of M; (v, 85y)

satisfying *. The modifier * = (/;, ..., ) means (/,..., /) is a partition of / and we
restrict to curves with A ends at §, with covering multiplicities /i, ..., /.

. . _ : i
We consider the asymptotics of z € /\/lj(—f"""l*)(y, 8.y’) near the negative end §;. Let

T ‘R x (R/2Z) x D2 — D7

P0

be the projection to Dio with respect to balanced coordinates; we also write 7 for Ty,
Also let

=Ty 0u: (=00, 5] x (R/2LZ) — Dy

be the projection of the negative end of # which corresponds to 83. The following asymp-
totic result is due to Hofer-Wysocki-Zehnder [HWZ1]:

Lemma 7.7.3. — There exist constants Cy, Cy > 0 such that the following holds: For any u €

C. given by f:(1) = ¢ such that

(7.7.2) 12i(5. 0) — DL (D)] < Coen e Ve,
(7.7.3) 18,215, 1) — eI (1)] < Coe/hmerOnt—),

(We allow ¢ =10.)

Note that, because of the particularly simple form of the Hamiltonian flow around
89, Lemma 7.7.3 could also be proved directly by standard Fourier series arguments.

Defination 7.7.4. — The function f;(t) satisfying Equation (7.7.2) is called the asymptotic

. . _ . I
eigenfunction for % at the negative end §;."

12 This is the terminology from [HT?2], which is slightly different from that of the Hofer school.
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The following is due to Wendl [We3] and Hutchings-Taubes [HT2, Prop. 3.2].
(The proof of [H'12, Prop. 3.2] essentially proves the following lemma, but is not quite
stated in the same way.)
rreg
W
supported on R x {p; < p < po} C R x N for 0 < py < p1 < po arbitrarily small, such that the
Jollowing holds:

(%) for all y andy ,pam'tions (Ly..ub) qfl JE {1 LAY andr eNU {O} the set of

Lemma 7.7.5. — There exists an arbitrarily small perturbation :]7 of ] in which s

real codzmenszon 2 submanifold.

The real codimension 2 condition is due to the fact that dimg E; ;4. = 2. Let
CcJ= 'f,, be the (dense) subset of almost complex structures which satisfy (x).

j*

w

7.7.3. Defimition of U,_;. — Let y € Oy, ¥ € Oy,y, and J € T Let w €
./\/l%:ind:m*:m_l(y, 8oy’). Since J’ satisfies (%), the asymptotic eigenfunction of % at & is
nonzero. Hence we can associate a normalized asymptotic eigenfunction at & to u.

Now let

~ 0, if l;
(U,_1(y), 8y = Tmind=2,i*=m—1,f5, ) Tp;é
#(M; (¥, 0Y)/R), ifp=1.

for a generic normalized asymptotic eigenfunction fs;,. The modifier f;, stands for “the
normalized asymptotic eigenfunction at the negative end 8y is f5,”.

7.7.4. The limit m — 0o. — Suppose m > 0. Let £, : S — S be a smooth exten-

sion of A:S = S via v, as defined in Section 5.1.2, and let fi:S—S be the smooth
extension of A via v,,. We recall that £, is the identity on the disk D7 /2 C S of radius %

We will denote N, (including m = 00) the mapping torus of f,, and define W/, =
R x N,,. Of course W', is diffeomorphic to W’ for all m (including m = 00); we will write
W, instead of W’ when it is necessary to keep track of m. This will happen especially
when m = 0o. The Hamiltonian structure on N,, will be written as (¢ ,, ®). We then
define Ji as in Definition 5.3.14, with g replaced by ay,. Similarly, we will use the
notation W_,, and Jiw_, instead of W_ and J7 when we need to specify m.

Although the orblt 8o 1s degenerate when m = 00, we still define the set P=PU
{80} of orbits, the set Oy (resp. Oy) of orbit sets constructed from P (resp. P) which
intersect S x {0} exactly  times, as in Section 5.3.2.

Letf € Jy_,- In analogy with Definition 5.3.16, let ./\/lJ—/OO (y, Séy’) be the moduli

space of J' holomorphlc maps in W’ from y to 8y’ without fiber components. (We recall
that y and y’ consist of orbits in N.)
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The Hamiltonian vector field of (o, @) 13 degenerate, but all degenerate orbits
are contained in the interior of V, and therefore transversality for the moduli spaces
My (v, 85y") works in the usual way. An almost complex structurej v € Fv, 15 regular

1f./\/l% (y,80y’) is transversely cut out for all 0 < k< 2g, />0,y € Ok, and y’ € O

Lemma 7.7.6. — A generic ] € T, 15 regular and satisfies (%).

Proof. — The Fredholm theory for holomorphic curves with Morse-Bott asymp-
totics uses Sobolev spaces with exponential weights. The regularity of simply-covered
moduli spaces in this setting is treated in Wendl [We3]. U

As before, we write J— ':f C jWoo for the dense subset of regular almost complex

structures and jl C j(:/ for the dense subset of almost complex structures which

satisfy (x). We Clalm that if J' v ,
for m > 0 are in j% . Indeed, using the same exponential weights at 8, for both J'_ and

then nearby almost complex structures J', € T,

J ., if),. € Jiw., 1s regular, then so is a nearby J. € Jyw, by continuity. We can then
turn off the exponential weights for 0 < m < oo without affecting the regularity. The
condition () also carries over by continuity.

On the other hand, compactness is more subtle. In fact the Hamiltonian vector
field of (etg,00, @) has a Morse-Bott family of orbits corresponding to int(D? /9) and a circle
of degenerate orbits corresponding to 9D? /2, and the standard asymptotic convergence
theorems do not work for degenerate orbits. For this reason, we will need extra work to be
able to apply the SFT compactness theorem; namely we will need to show that a family
of degenerating ]/, holomorphic curves satisfying the appropriate topological constraints
cannot approach an orbit of D? /o besides a multiple of &.

Given a ]’ -holomorphic map u : I — W', we say that an end of F accumulates to a
Hamiltonian orbit y if, after parametrizing the end by (sy, +00) X S' or (=00, —s) x S,
there is a sequence s, — 400 such that klirglo u(£s;, t) = y (¢) uniformly in ¢.

Lemma 1.7.7. — Let u: ¥ — W' be a finite energy ) -holomorphic map. Then every end of
¥ accumulates to a Hamiltonian orbit y . If an end of ¥ does not accumulate to any degenerate orbit, than
it is asymptotic to a (Morse-Bott) nondegenerate orbit.

Proof. — The accumulation to a Hamiltonian orbit follows from [Ho]. If an end
does not accumulate to any degenerate orbit, then there is a neighborhood of the degen-
erate orbits which does not intersect the image of the end, as the set of degenerate orbits
1s compact. Then we can repeat the arguments of [HWZ1, HWZ2] in the complement
of that neighborhood. 0
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Let y. be the orbit corresponding to z € D} /o for the stable Hamiltonian structure
(0tp.00, @) on N. We will use intersection arguments to constrain the behavior of a se-
quence of ]’ -holomorphic maps that accumulate to orbits y. for some z € D? so- (Recall
that all other closed orbits in mt(V) intersect a fiber more than 2g times for m >> 0, and
therefore are automatically excluded.)

Lemma 7.7.8. — Let ¥ be a compact Riemann surface with boundary and let

OF=Bfu...uBf UB U...UB;, L>1

A _

be a decomposition of Y into connected components. We parametrize the components By, j =1, ..., E
by B S' — B, in an orentation-reversing manner. Let 0 be a positwe real number and v : F — W’
aJ', -holomorphic map with m > 0, such that

(1) each 7t 0 v o B; is n-close to a cover of an orbit y.; with z; € D%/Q and n < lf—", and

Y
d 2
(1) each o v(Bf) us contained in a small neighborhood of N =N — it (V).

Then n'(v) > m.

Proof. — Consider subsets V,, = D‘f7 x S'and Vo1, = D%/2+n x S' of N. Both
0V, and 9V, 9, are foliated by Hamiltonian orbits. We choose coordinates on 9V, and
0V,94y such that the meridian has slope (1, 0), the orbits on 9V, have slope (0, 1) and
the orbits on 0V 91, have slope (1, £) with £>> 0 (here we are assuming that 1 has been
perturbed so that the foliation on 0V 94, has rational slope).

Perturb 7 if necessary so that 7 o v is transverse to 0V, and V9, and let

C_=nagov(F)NAIV, and Cp=ngovF)NaIV,,,

where C_ and C are oriented as the boundaries of Im(zrg o v) NV, and Im(zg o v) N
Vi/944. Since o v maps no Bf inside V94, and C; is positively transverse to the orbits
on 0V o4y, it follows that C represents some homology class (¢, p) with p, ¢ > 1. Then
a simple homology computation implies that C_ represents the homology class (¢, 0).
Hence #'(v) = gm > m. ]

Lemma 7.7.9. — Letfml_ € j%m be a sequence such thatfmi —J. € ‘7%00 as i — oQ.

Guen a partition (1) of [, a sequence of curves

— 1=1,(0),n'=m;—1
4 € M0 oy, 8)

with 1 — 00 converges (up to extracting a subsequence) to a curve

_ I=1,(),7=0
uooGMJ—/ (. (y,cSéy’),

where (U 1s the intersection number of U, with the section at infinity.
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Proof. — The first steps of the compactness theorem are unchanged by the pres-
ence of degenerate orbits. Let F ; be the domains of the maps %, which we assume to have
the same topological type and be hyperbolic. (Otherwise we can remove one point from
I%;, without changing the name.) We claim that % satisfies the uniform gradient bound
(Equation (7.3.3)). Indeed, if there is a sequence of points in F; with gradient blow up,
then we obtain a nonconstant holomorphic plane that accumulates to an orbit, contra-
dicting the noncontractibility of all the orbits.

After passing to a subsequence, the punctured surfaces F; converge to a punctured
nodal surface Fo, in the Deligne-Mumford moduli space. We denote by I the punctured
Riemann surface obtained by removing the nodes from Fy. By the gradient bound, we
can extract a subsequence from % which converges in C% to a J'__-holomorphic map
@, :F._— W' (The holomorphic map denoted by %, in this proof should not be con-
fused with the holomorphic map %, introduced in Section 5.7.2). We assume that no
component of @ is a connector over §). The modifications required by the presence of
a connector over §, are easy and left to the reader.

Fix € > 0 small and suppose that : > 0. Consider the connected component
of Thing(Fi) with a puncture that limits to 86; we identify it with (—o00,s;) x S'. We
claim that there is no s < 5; such that 75 o %lyxs 1s sufficiently close to an orbit y,
with z € Df o~ {0}. Arguing by contradiction, if there is such an s, then we consider
Cy = (—00,s] x S! and C, := F, — (—o0,s] x S'. Since C; limits to 5(1), we have
7' (4;|c,) = m; — . On the other hand, there exists a compact surface with boundary
F c G such that %|f satisfies the conditions of Lemma 7.7.8 and n'(%|r) > m;, a contra-
diction. We can similarly argue that, for any other component (s_, s;) x S' of Thin, (I%}),
there is no s € (s_, s4) such that 7y o %|(xs 1s sufficiently close to an orbit y, with
Z€ Df/Q — {0}; here s_ = —00 or s; = +00 are allowed.

We now apply the usual compactness argument (in view of Lemma 7.7.7) to obtain
a limit J'__-holomorphic building %, such that no level of the building has an end that
accumulates to an orbit y. for z € D} s — {0}. Finally, since J' € Jas every level of s
has ind > 1. On the other hand, since %, has total Fredholm index To, it is a single-level

building. U
Let] € Jwi - By the compactness and regularity of moduli spaces, there are
only finitely many curves Cy, ..., C,, modulo R-translation, such that

1=1,7=0,(; ;
Cie M0y, 85v)

for some orbit sets y,, y: € 6* and partition (/;) of /;. Here if % is a curve with an end at
ég , then its ECH index is computed using the Conley-Zehnder index of 8, with respect to

A, m > 0, and 7(%) is defined as the intersection number of % and the section at infinity.
Let

[iR/2UZ — C, (>
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be the asymptotic eigenfunction corresponding the end 83 of C;. The condition ¢; # 0
follows from Lemma 7.7.6. We may therefore assume without loss of generality that all
the f; are normalized.

7.7.5. Radial rays.

Definition 7.7.10. — A bad radial ray is a radial ray Ry, = {¢ = ¢, p > 0} in G which
passes through a point in

f@li=1,...,n0<t<2l;t=3/2mod 2}.
A radial ray Ry, which is not bad is said to be good.

A good radial ray must exist and, as it is explained in the following remark, we can
assume it is R.

Remark 7.7.11. — The set of bad radial rays is determined by (WOO,J_’OO). Strictly
speaking, we should choose the set of endpoints E C dD? as in Section 5.2.2 such that
Rgy+x 1s a good radial ray and ¢y < ¢ (yj(m)) < @ + ¢(m) where ¢(m) — 0 as m — o0.
After a rotational coordinate change of D?, we may assume that R is a good radial ray

and 0 < ¢ (y;(m)) < c(m).

7.8. The rescaled function. — In this subsection we will use limiting arguments in
which m — 00 and /im — h; see Section 7.7.4. Hence many of the almost complex
structures and moduli spaces will have an additional subscript m, where m = 00 1s also a

e T - 5 N .
possibility. Let J' € ‘7\\, and let J', € [7“, be a nearby almost complex structure with
respect to the integer m > 0. Let J—,m € jw‘g be an almost complex structure which

restricts to ]/, and letj<> be (¢, U)-close toj_’m.
Let m;, 1 € N, and & Uj, 1, € N, be sequences satisfying the following properties:

(SI) lim m; = oo;

(S2) u _ MI St (y,y; m), where y = {x,} Uy’ or {x}} Uy for some /; and
(S3) for all ¢ e N and k, v > 0, there exists ]l,( » such that, if j > j; ., then %; is
(k, v)-close (cf. Definition 6.5.2) to aJ_’mi—holomorphlc building %, = U v;;
with 66’ L FE D
Moreover, assume that one of the following holds:

(S4°) the first negative end at §, in the building #;», has multiplicity one, or
(S47) the first negative end at dy in the building %, has multiplicity two.

Property (S3) is a consequence of the fact that the sequence %; converges in the
SFT sense to the building #;, for each fixed z. Property (S4°) corresponds to Cases (1) and
(2) in Theorem 7.6.1 and Property (S4”) corresponds to the remaining cases.
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7.8.1. Truncation. — Recall the projection T = T3, using balanced coordinates.

Lemma 7.8.1. — Let U be a ], -holomorphic curve in W',, with ECH index 1 < 2 for

J, € j\%m and let V' : (—00, so] — W' be a negative end of U which is asymplotic to a multiple cover

of 8. Then for every ), i > O there exist positive constants R and k' < n such that "7/ > % and
o~ = , K
[T V—R O -] =3,
=~ n ! gt K
9T o D(R D)~k O] = 3
Jor all t, where f is the normalized asymptotic eigenfunction for V.

Proof. — This is a slightly weaker rephrasing of Lemma 7.7.3, in view of Lemma
7.7.5. O

Let F be a Riemann surface and z: F — (W_, J_) a holomorphic map. We denote
by p: F— B_ the map Tp_ouand by s: F— R, #: F — S' the functions obtained by
composing p with the coordinates (s, £) on B_. The functions (s, ¢) give local coordinates
on I outside the critical points of p.

Let g be the restriction of an s-invariant Riemannian metric on W’ to W_ and let
d be the distance induced by g on W_.

~

Defination 7.&2 C Truncation). — A truncation (, i {R(Z)}éozl,m, e, k) of a holomor-
phac map u: ¥ — (W_, ] ) is a tuple where:

- F us a subsurface of ¥ and U is the restriction of U to F;
~ p =B_N{RY <5 < RWY;
— Joreach l=1, ..., 1y — 1, the restriction

VE fmp—l({R(/) <5< R(H—l)}) > B.N {R(l) <5< R(H-l)}

s a branched cover;

— SUp, i d(x, 05) < 2k';

— ifd@(y),05) <<, theny € F;

— W eTFis the unique point such that u(m) = m;

— ¢t (resp. ¢ ) is the union of components of aF — P (OBL) for which ds(n) > O (resp.
< 0), where v 1s the outward normal vector field along aF.

The map p is a branched cover only restricted to portions of F, and not globally,
because there can be portions of dF which are mapped to the interior of B_ N {R™ <5 <
R(lo)}‘



158 VINCENT COLIN, PAOLO GHIGGINI, KO HONDA
Definition 7.8.3. — A good truncation
l /
(VF{R()}[ ]am K’K)

is a truncation (u, F, {R(Z)}é"zl, m, e, k'), together with a constant k& > 0, such that % ' > 2 and:

) Hﬁ 0Uler —f H o Sk, where [ 15 an asymplotic eigenfunction of 8y or 2o (as appropri-
ate) on each component of ¢* and ||f ||co > «’.

Lemma 7.8.4. — Let m; and ‘uy be sequences satisfying (S1)—(83) and either (S4°) or (S47).
Then there is a sequence j () such that the following hold for all j > j(2):

(1) u; admuts a good truncation

DA ~
(‘/]’Fjv{R()}[[) 1° i’e“’KzaK)

(2) Iim &/ = lim k; = 0 and lim 4 = 4-00;
(3) lim Rglg)) = +00 and lim Rgl(f) = —00.

Progf: — We prove the lemma in Case (S4°), where the notation is simpler, i.e., we
can use (s, t) as global coordinates on F;. In this case /) = 2. Case (S47) is conceptually
the same.

Fix a sequence n7; — 0. Then, by Lemma 7.8.1, for each 7 there exist «/, k; and R,
which satisfy:

’
l K 1.
— k], k; <n; and <> E,and

- |ﬁoU( R;, 1) — Kif; (t)| K" for all ¢, where f; is the normalized asymptotic
eigenfunction for a negatlve end v; of aJ/ ~-holomorphic curve v; of ECH in-

dex I < 2 that limits to 8. The curve v, is a component of the SFT limit of the
sequence {u;};.

On the other hand, by (S3) and Definition 6.5.2, for all ¢ there exists j(z) such that
if j > j(?) then there exists R}, such that

(ﬁo@-(jo —R.{) -7 o¥(-R, z)‘ < K§
for all £. Setting R =R/, — R;, we obtain:
TomRY, 0 —kifi0)] = [ToHR, 0 — T o T(-K, 1)

+ |ﬁ o i(—R;, 1) — K;/ﬁ(l‘)| < Ki.

Similar considerations also hold for the ¢-derivative and at the negative truncated
end. 0J
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Remark 7.8.5. — As i — 00, the curves v; approach one of the C; from Sec-
tion 7.7.4, modulo R-translation, by Lemma 7.7.9. Hence the normalized asymptotic
eigenfunctions f; limit to the normalized eigenfunction f;, for C; at the negative end as
1 — 00.

7.8.2. Ansatz. — We define Z; = T o %;;) and, to simplify computations, we will
make the ansatz

(7.8.1) Zi=e " 'w,
where g; =~

Lemma 7.8.6. — The functions W; F,—> G defined by Equation (7.8.1) are holomorphic
with respect to the standard complex structure on G.

Progf. — We give the proof for Case (S47); Case (S4’) is similar but simpler. The

functlons (s, ) give local conformal coordlnates on F outside the branch locus because
bi: F;— B_is holomorphic. Then Z; : F; — C satisfies Equation (7.7.1):

0,z + 10,z + €z = 0.
If we plug in Equation (7.8.1) into Equation (7.7.1) we obtain:
—8i€_gixwl‘ + 6_81158517)12' + z'e_s"’azwi + Sl'e_aixwi =0.

Hence d,w +10,w; = 0, so w; is a holomorphic map to the standard complex line (C, 7) in
the complement of the branch point. Then it is holomorphic everywhere by the removal
of singularities. U

7.8.3. Rescaling. — Consider the dlagonal subsequence %; = %), 1=1,2,.... We
abbreviate F; = T, i@)» Di = i) [F,)» T = Mgy, ete. Fix R, Ry > 0 and let K be the con-
nected component of p; ' (B_ N {—R}, < s < Ry}) containing M;. By passing to a subse-
quence we may assume that the topologies of K; and F; — K; are independent of ¢. In
order to simplify the exposition, we will assume that this is the case for all :.

Definition 7.8.7. — We define C; = sup_oy |Wi(2)| and w; = w;/C;.
The holomorphic maps w; : F,—C satisty the following properties:

(1) sup.og, (D) = 13 3
(2) there is a unique point M; € F; such that w;(M;) = 0; the zero M, is a simple
Z€r0;
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3) if x € dF,; and pi(x) = (s,1) € 0B_, then w;(x) € FETIRY with g = % and

1

lim ¢; = 0 for some ¢; depending on the boundary component of dF; contain-

ing x;
(4) for every truncated end ¢ (i.e., a connected component of ¢t or ¢”) there are
constants k; and ! such that the inequalities

(7.8.2) |wile —fil o <% Ifilleo =&

holds, where f; is an asymptotic eigenfunction of § or z (as appropriated) on
¢, and k; and the constants k! satisfy k' /k; — 00 as { — 00.

Remark 7.8.8. — The loops of w;|.+ have winding number 1 around the origin
when 7 is sufficiently large: in fact k! > k;, so the linear homotopy between w;| = and fi(¢)
is contained in G*.

Lemma 7.8.9. — After passing to a subsequence, w; |, converges to a nonconstant holomorphic
Junction Weo |k, -

Progf. — After passing to a subsequence we may assume that K; converges to a
Riemann surface K, with boundary. Since w;|k; is uniformly bounded, the lemma fol-
lows from Montel’s theorem. (l

From now on we assume that we have passed to a subsequence so that Lemma 7.8.9
holds. In the following subsections we analyze the convergence of w;, not just on the uni-
formly bounded part K;. This involves techniques of SF'T' compactness.

7.8.4. Energy bound. — Following Hofer [Ho], we define an energy for holomorphic

functions on Riemann surfaces with boundary and punctures.

Definition 7.8.10 (Energy). — Let C be the set of smooth functions ¢ : [0, 00) — [0, 1]
such that 9(0) =0 and ¢'(r) > 0 for all r € [0, 00). If ¥ is a Riemann surface and u: ¥ — C a
holomorphic_function, we define the energy of u as

E(w) = sup/u*d(go(r)d@),

peC JF

where (1, 0) are polar coordinates on C.

Remark 7.8.11. — If we identify C* — R x S! using the log map, then

supf ud(p(r)do)
F—u=1(0)

peC
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agrees with the usual expression for the Hofer energy of

logou:F—u'(0) - R x S".
Lemma 7.8.12. — The sequence w; has uniformly bounded energy.

Proof. — By Stokes’ theorem,

ﬁ w; (de(rdb) = /L w; (@(r)do).

F; oF;

The boundary 8F; is the union of ¢, f; = ;' ({t =k N F,, k=0, 1, and f, = p; ' ({1 <
t < 2}) N AF;, all oriented using the boundary orientation. If ¢ is a component of ¢, then
fc wrdf = 2 deg(w;|,) if ¢ is a circle and fc w;df ~ % if ¢ is an arc because w]. is C'-
close to an asymptotic eigenfunction with / > 1 (compared to the C” norm of the eigen-
function). This follows from the exponential decay estimates of [HWZ1]; also see [HT2,
Lemma 2.3]. Moreover, for k=0, 1, fm w’(¢(r)df) = 0 since wl;,, k=0, 1, projects to
a radial ray. Finally, ffl_2 w’(¢(r)df) < 0 since wly, always has a component in the nega-
tive O-direction; here it is important to remember that we are projecting using balanced
coordinates. This proves the lemma. UJ

Remark 7.8.13. — Observe that E(cu) = E(x) where ¢ € C*.

7.8.5. Bubbling. — The goal of this subsection is to eliminate certain types of bub-
bling.

Let (Fi,g;,-), ¢ € N, be a sequence of Riemannian surfaces which are compatible
with the complex structures and have injectivity radii which are uniformly bounded be-
low. For example, one could obtain the metrics g; by scaling the compatible hyperbolic
metrics by a conformal factor so that the thick parts remain hyperbolic, while the thin
parts become flat cylinders. We will use these metrics to compute the pointwise norm of
the differential of the functions w; which are denoted by |w|.

Lemma 7.8.14. — For every compact set K C B_, there is a constant Cx > 0 such that
|lw;(2)| < Ck and |wi(z)| < Ck for all z Epl-_l(K) and all 1 € N.

Proof. — The lemma holds for K N K; by Lemma 7.8.9. Hence it suffices to con-
sider KN K¢, where K¢ := E— —mt(K;). Since w;(K¢) C C*, we compose with log : G* —
R x (R/27Z) and consider §; =logow;[k:. The sequence ¢; has uniformly bounded en-
ergy by Lemma 7.8.12. If |¢/], 7 € N, is not uniformly bounded on K¢, then the usual
bubbling analysis yields a nonconstant finite energy plane v} : G — R x (R/27Z) or
half-plane v : H— R x (R/27Z); see the proof of [Ho, Theorem 31]. If % is a half-
plane, then v (dH) is contained in a line R X {1} C R x (R/27Z) as a consequence



162 VINCENT COLIN, PAOLO GHIGGINI, KO HONDA

of the boundary conditions for the maps w;, and we can double U}, to obtain a noncon-
stant finite energy plane by the Schwarz reflection principle. On the other hand, by [Ho,
Lemma 28], there are no nonconstant finite energy planes in R x (R/2wZ), a contra-
diction. Hence |¢/[, ¢ € N, is uniformly bounded on K¢. This in turn implies uniform
bounds on |w;| and |w!| on KN K¢. O

7.8.6. Case (S4°). — In Cases (S4°) and (S4”) we often pass to a subsequence without explicit
mention.

Suppose we are in Case (S4°). Recall the compactification ¢/(B_) of B_ defined in
Section 5.1.1, obtained by adjoining the points at infinity p,, p_. Here ¢/(B_) is isomor-
phic to the closed unit disk, p. is a marked point in the interior and p_ is a marked point
on the boundary under this identification.

Theorem 7.8.15. — The sequence (W;);en converges uniformly on compact subsets to a holo-
morphic map Weo : B_ — G such that:

(1) Wao(dB_) C R and woo(m’) =

2) hm | Weo (s, £)| = +00 ana’ hm |Z:ES 2| = fajo (), for some 1, Jo;

(3) leoo Weo(s, 1) =c € RT;

4) ;Uoo|,n[(B ) is a biholomorphism onto ils image. In particular W' is the unique zero of

Woo la_y and 1s simple;
(5) Weo extends to a holomorphic map cl(B_) — CP', still called weo, such that
Woo (3el(B-)) = [ar, as] CRY and weo(p4) = 00

Recall that f;;, (¢) is a normalized asymptotic eigenfunction of the curve C;, with a

negative end asymptotic to a multiple of §;.

Progf. — The uniform convergence on compact subsets is a consequence of the
bounds from Lemma 7.8.14. (1) is immediate from the convergence, together with the
observation that the angles between the arcs in a tend to 0 as m; — oo.

(2) We can either use SFT' compactness and analyze the levels, or argue directly as
follows: Let K (resp. K;") be the component of F; — int(K;) with positive (resp. negative)
s-coordinates. We expand w; and we, in Fourier series on K

+oo

w;(s, 1) = Z algﬂﬂ(s-'rll) Weo (s, ) = Z 00 n(s+il)

n=—0o0

By the uniform convergence of w; to Wee, lim @ = a®° for all n. Then (2) is equivalent to
1—> 00

the conditions:

() lim o™ = fi,(0); and
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(i) lim @ =0 when n> 2.

Since we are in Case (S4°), {RZ(-Z)}?J=1 = {Rfl), R™}, i.e., [y = 2. By Equation (7.8.2)

Sk‘ia

1 [? .
‘— / (R, 0) = f(®) e
2Jo
where fi(¢) is not necessarily

for all n € Z. On the other hand, if we write f(f) = ¢

normalized, then
i nnR
- ci(slm

2
% f (wi(Rl@, 0 — ﬁ(t)) TG = gl g

0
where &, 1s the Kronecker delta. Hence
(@) |a]- 7R <R for all n# 1; and
(b) |aieR — ¢ <%.
We prove (ii). Arguing by contradiction, suppose that lim la,| # 0 for some n > 2

1— 00

By (a), there exists C > 0 such that Ce®” < K; for all i. Since R® — 00 and lim &

i R | < k; for all 7. On the other hand, |¢;| > k! and hm = = 400,

exists, we obtain |aje

which contradicts (b).
Next we prove (i). We claim that lim 4] # 0 for topological reasons. Indeed, if
lim @, = 0, then lim & = 0 for all n > 1 by (i) and the curve w;]| —R® has nonpositive

winding number around 0 when : 3> 0, a contradiction. This proves the claim. Finally,

1— 00
R ®
lim |d| - == — | =0, since lim & = lim = = 0. Hence
i—00 leil lei] i—o00 i i— o0 lal
i
= Jijo (D
i—00 |a1|

which proves (1).
(3) This is similar to (2). We expand w; in Fourier series on K

+00

U),'(S, Zf) — Z al &L ze(nn 81)(3+lt)

—00

> =0 forall

§—>—00

By the uniform convergence, lim @ = a° and we can similarly prove that a
n < 0. This implies (3) because the normalized eigenfunctions converge to a constant as

1 — +00.
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(4) Since Hy(c/(B_), dcl(B_)) = Hy(CP!, [a), ay]) = Z, we have a well-defined no-
tion of degree for w,. Moreover, as in the closed case, the degree is equal to the cardinal-
ity of the inverse image of a regular value in CP! — [a;, a]. Hence deg Weo i@y = 1 be-
cause w_ (00) = {0} and 0 is a simple pole. This implies that we, : int(B_) — C — [ay, as]
is a biholomorphism.

(5) follows from (2) and (3). 0J

7.8.7. Case (54”). — We give a brisk treatment of the construction of the limit,
mostly pointing out the differences with (S4°). The main difference is that the holomor-
phic maps % admit good truncations with a component which is a branched double cover
over its image with a single branch point 4; € B_, and we must analyze different cases de-
pending on the behavior of the branch point as ¢ — 00.

There are five cases:

(@) lm b, = bo, € mt(B-),

(b) Tim b; = by € 9B,

(@) Tim s(b:) = 400,

(d) Zl:)rg s(b;) = —o0 and d(b;, 0B_) > C, where C > 0 is a constant, or
(d”) 11m s(b;) = —o0 and d(b;, 0B_) — 0.

1— 00

The sequence p; : F,— B_ converges in the SFT sense to a 1- or 2-level holomor-
phic building po = p2, p2 UpL,, or p L Up% , where p2 !, p2, pl. are branched covers of B,
B_, B', respectively. We have a 1-level building in Cases (a) and (b) and a 2-level building
in Cases (c), (d’), and (d”) Let p2 - Fm — B_ be the restriction of p2, to the Component
containing the limit My, of M; and let p’_ : F_ F!_ — B or B be the restriction of bt 12, 0
pL. to the component containing the limit b, of 4;. If p = p’_ (i.e., in Cases (a) and (b))
we drop the superscripts.

Near all the punctures of ?;O, * € {m, b}, we use cylindrical or rectangular coordi-
nates (s, ¢) induced by the coordinates (s, £) on B_ by pullback, after a possible translation
in the s-direction.

For x € {@,”, —}, we denote the compactification of B*, obtained by adjoining the
points at infinity p%, by ¢/(B*). Similarly, let cZ(lNTZ;O), * € {m, b}, be the compactification
of i* , obtained by adjoining ¢ ;, where j € {1} or {1, 2}, depending on the number of
ends. (If there is only one end, we suppress the index.) The maps p7 F* — B*, can be
compactified to ])OO cl(F* ) = ¢(B*), where g7, y is mapped to p.

In Case (a), Fy is an annulus with a puncture ¢4 in the interior and a puncture
q—; on cach boundary component. In Case (b), Fy is a disk with one puncture ¢4 in
the interior, two punctures q_;, 7 = 1, 2, on the boundary, and two boundary points b ;,
J =1, 2, which are glued together to give by. The points q_; and b ; alternate along the
boundary. In Case (c), ﬁ?o is a disk with a puncture q} in the interior and a puncture %
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on the boundary, and i};o is a sphere with three punctures g, q/’_z]-, J=1,2.In Case (d),
F isN a disk with a puncture g in the interior and two punctures ¢ ; on t}}f: boundary
and F’_ is a disk with four punctures qftd- on the boundary. In Case (d”), F7} is a disk
with a puncture g3 in the interior and two punctures g% ; on the boundary and F’ is
a disk with four punctures th.j on the boundary and two boundary points b j, 7 = 1, 2,
identified.

Cases (a) and (b) are similar to Case (S4°), while the situation in Cases (c), (d’) and

(d”) 1s complicated by the fact that the limit is a 2-level holomorphic building;
Cases (a) and (b).

Theorem 7.8.16. — Suppose lim b; = bog € B_. Then (w;);en converges to a holomorphic
map We Foo — C such that:

(1) weo(9Fs) CR¥;
(2) at the positive puncture q.,
Weo (5, 1)

Im |we (s, £)| = 400, Im ——=/_.(0);
s—)-‘rOOl OO( )| 5> +00 |woo(5, t)l l(U()( )

) at the negatie punctures q_j,j =1, 2, ) Er_nC>O Woo(s, 1) = ¢ € RT;

(3
(4a) mn Case (a), weo extends to a holomorphic map we : cl(im) — CP! such that we :
mt(cl(?oo)) — CP' — ([a1, @] Uas, a4]) is a bz/zolomorp/zzsm
(4b) i Case (b), Weo extends to a holomorphic map we d(Fso) — CP' such that we -
mt(cl(Foo)) — CP! — [ay, ay] is a biholomorphism;
(5) Moo s the unique zero of Wool i)y and is simple; poo(Moo) = m’

Progf. — The proof of Theorem 7.8.15 goes through without modification to give
(1)-3).

(4a) As in the proof of Theorem 7.8.15(4), we can define the degree for maps of
pairs (cl(Fy), 0cl(Fs)) — (CP', R"). The degree of w, is 1 because it has a unique pole
of order 1. The order of the pole at the positive puncture can be computed from the wind-
ing number of f;;,, which is the smallest one for a positive eigenvalue by Lemma 7.7.5.
Then wy can have no branch points in the interior of cd(Fao). (4b) 1s similar. (5) follows
from (4a) and (4b). O

Cases (c), (&) and (d”). When the sequence {4;} is unbounded, there are surfaces F *x €
{m, b}, with embeddings ¢} F* — F,, such that F* Converges to F* Letp™ F‘“ — B be
the restriction of p; and let P F F! — B*, = @ or’, be the composition of an s-translation
and p;| so that s-coordinate of PL(b;) is zero.

Let w; be as in Definition 7.8.7. Let

= (pio)'B_N{s(h) — 1 <s<s(b) + 1) CF
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and Cf = SUp g/ |wi(tf(z))|. Then we set w™ = w; o ¢ and wf = (w; o Lf)/Cf.

Lemma 7.8.17. — For every compact set K C B*, there is a constant Cx > 0 such that
lwr(2)| < Ck, and |(w})'(2)| < Ck for all z € (p?)~'(K) and all i € N. Here x € {m, b} and
x € {a,", —}, as appropriate.

Progff — Similar to Lemma 7.8.14. UJ

Lemma 7.8.17 implies that the limits w™ and w”, exist. The following lemma gives
the behavior of w™ and w’, near the punctures.

Lemma 7.8.18. —

(1) Letu:R" x (R/mwZ) — C* be afinite energy holomorphic map. If the map ¢ — u(s, t)
has degree one for some (and therefore all) s € R, then _liT lttoo (s, 1) = +00 and

oo (8, 1) .
im ————— =" with ¢ # 0.
e a5, 0)

(2) Letu:R™ x (R/wZ) — C* be afinite energy holomorphic map. If the map t — u(s, t)
has degree one for some (and therefore all) s € R™, then lim |ux (s, t)| = 0.

Progf. — (1) Let us view u as a map R" x (R/7Z) — R x (R/7Z). As in the
proof of Lemma 7.8.14, since « has finite energy, it has bounded derivative. Let u,(s, {) =
u(s + k,, 1), where k£, € RT and lim %, = +00. The sequence u, has uniformly bounded

n——+00
derivative and converges to a finite energy holomorphic map

U :RX (R/TZ) - R X (R/TTZ).

Such a holomorphic map is of the form u (s, ) = (s + a, ¢ + b), where a, b are constants.
This implies (1). (2) is similar and is left to the reader. O

Case (c).

Theorem 7.8.19. — Suppose lim s(b;) = +00. Then (W™);en converges to a holomorphic
map w3 : F; — G such that: o

(1) w2 (dF") C R¥;

(2) at the positive puncture q7

. . w (s, ¢

lim |wX(s, )| =400, lim sz(t),

s—>—+00 s—>—+00 |w(‘>“O (5, l‘)|

where f 15 a normalized ewgenfunction of the asymptotic operator at 8 with winding number
one;
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(3) at the negative puncture 4™, lim w3 (s, t) =c € RF;
§—>—00

(4) w3 extends to a holomorphic map w7, cl(ﬁg‘o) — CP' such that wy int(cl(ﬁg)) —
CP' — [a1, ay] is a biholomorphism; and
(5) m’ is the unique zero of W |y and 1s simple.

Also (w?);en converges to a holomorphic map w!, : ﬁfm — G such that:

.. b
(6) at the positie puncture q°,

: ) o wl (s, 1)
hIJZl lwe (s, )| =+o00,  lim

X7 £ (D
= s—>400 |wgo(s, t)l 1()/()( )’

(7) at the negative puncture q°. | that connects to q7, ) Er_nOo w! (s, =0;
(8) at the other negative puncture q”_,, Sl}i{noo w! (s,0) =ceR";
, o wR(s0) o wl(s,0)
9) at the punctures q and q”_,, lm ———— = —_—
Tt [wR(s, O] oo [wl (s, D)
(10) w’, extends to a biholomorphism w!_ : CP* — CP'; and
(11) qb_’1 is the unique zero of w’, and is simple.

Progf. — 'The proof of Theorem 7.8.15 goes through with little modification, in
view of Lemma 7.8.18. We remark that (8) is a consequence of Convention 6.6.4 and the
proof technique of Lemma 6.6.5. U

Cases (d°) and (d”).

Theorem 71.8.20. — Suppose lim s(b;) = —00. Then (W™),en converges to a holomorphic
map wy, : F; — G such that:

(1) wROFy) CRY;
(2) at the positive puncture q7

w™ (s, 1)
lim |wX (s, )] =400, lim ——— =/ ();
tim w5, 1) Jim o]

(3) at the negative punctures q= ;.7 =1,2, lim wX(s, 1) =¢ € R*;

(4) w3 extends to a holomorphic map w3, CZ(F‘;) — CP! such that w? : int(cl(ﬁ?o)) —
CP' — [ay, ay] is a biholomorphism;
(5) Moo 25 the unique zero of W i)y and 1s simple.

Also (wf),-eN converges to a constant map wgo : F’;o — C.
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7.9. Involution lemmas. — In this subsection we collect some lemmas on holomor-
phic maps between Riemann surfaces with anti-holomorphic involutions. These lemmas,
collectively referred to as the wmvolution lemmas, will play an important role in Section 7.10
and in the sequel [II].

Our starting point is the following observation, whose proof is straightforward.

Observation 7.9.1. — Let %y, Xy be Riemann surfaces with anti-holomorphic involutions
L1 Ly, Tespectively. If f + Xy — X 15 a holomorphic map, then | 1= ty o f o ¢ is also holomorphc.
Moreover, if | =f, then f(Fix(t))) C Fix(to), where Fix(1;) ts the fixed point set of t,.

There are four versions of the involution lemma; the first two will be used in this
paper and the last two only in the sequel [II]. We start by introducing some common
notation which will be used in all four versions: For 7 = 1, 2, the Riemann surface X,
is an open subset of CP' which is invariant under complex conjugation and has finitely
generated fundamental group; moreover no component of CP! — ¥; is a single point. The
complex conjugation on CP! restricts to an anti-holomorphic involution ¢; : ¥; — X;. On
each X; we fix “radial rays”

R;=X;NR="U {o0}).

The asymptotic marker 7'32-(0) is the connected component of ToRP' — {0} (ie., a tan-
gent half-line) consisting of vectors with negative d,-component; similarly, the asymptotic
marker R;(00) is the component of T, ,RP' — {0} that is mapped to R;(0) under the
inversion z > é The radial rays R; and their related asymptotic markers are invariant
under the involution ¢;. In this section we will use the notation D for the open unit disk
in G, considered as a Riemann surface.

Lemma 7.9.2. — Given %; as above, there is a compact Riemann surface with boundary X;

with a biholomorphism %; > nt(X;). Moreover there is an anti-holomorphic involution ¢; : I
such that the diagram

Ei(ﬂ'
ZZ'C%

~.

M <— M|

commules.

Sketch of proof. We outline the proof of the first statement. Use the uniformization
theorem to identify the universal cover of ¥ = X or Xy with the open upper half space
H. Let G C PSL(2, R) be the deck transformation group of H such that H/G = X. If
G 1s finitely generated, then (0H — L)/G is a collection of boundary circles of ¥, where
L C 3H is the limit set of G. Hence © = (H —L)/G. O
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Fic. 5. — The map /1, in Lemma 7.9.3. The left-hand side is X, where the point at infinity is represented by the dotted
circle, and the right-hand side is Xy. The thicker lines on left-hand side are the slits [as;_, a;] and the thinner lines are the
asymptotic markers. The cross on the left is the origin and the cross on the right is /(0) € Ry. Lemma 7.9.3 states that f
maps the asymptotic marker R (00) at oo € X, to the asymptotic marker Ry(0) at 0 € X,

Note that %, will not necessarily be the closure of ¥, in CP'. However, when
referring to points in the interior of ¥;, we denote them by the corresponding point in
%,. In the same way we view the radial rays R; as subsets of %,, and the asymptotic
markers as tangent half-lines to X; (provided they make sense). Lemma 7.9.2 implies that
they are invariant by the involution on X;.

The image of an asymptotic marker by a holomorphic function is defined by the
differential at the regular points. At the singular points the local behavior of a holomor-
phic map still allows us to define the image of a tangent ray.

For the first version of the involution lemma, let

£, =CP' — ([a1, %] U+ U a1, ay)),

where ¢; € R" and ¢) < --- < ay, and let Xy = D. We write 9T, =9, 2, U---U apil,
where 0;X,,1=1, ..., p, corresponds to the slit [ay;_1, ay;].

Lemma 7.9.3 (Involution Lemma, Version 1). — Let f = %\ — o be a holomorphic map
which ts a q-fold branched cover with g > p, such that:

0 SOE) =0T i=1, .. ps
(ﬁ> f_l(o) = {o0}; and
(i) f(0) € Ry.

Then | maps Fix(11) to Fix(15) and R1(00) to R(0). (See Figure 5.)

Progf: — We claim that f/ :? =190 f oty. To compare [ andf, we consider their
quotient Q = f/f. We observe three facts:

(1) Q has no poles, since f aidf have zeros only at 00 and their orders agree.
(2) 1Q(2)| =1 for all z € 9%, so the maximum modulus theorem implies that
QX)) CD={z[ < 1}.

(3) The degree of QJ,5,, viewed as a map to S' = 8D, is zero, since

deg(flax) = deg(Flys,)-
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If Q is not constant, then by (3) there must be a branch point of Q along 8;X ;. In partic-
ular, Q(X)) ¢ D, which contradicts (2). Hence Q is a constant map and f = c’f for some
¢ € G — {0}. Now (ii1) implies that ¢ = 1, and we have f :].

Finally we apply Observation 7.9.1 to conclude that / maps Fix(¢;) to Fix(t9) and,
by (iii), maps R (00) to Ry (0). O

The proofs of the other versions of the involution lemma are similar, and will be
omitted.

Lemma 7.9.4 (Involution Lemma, Version 2). — Let ¥, = Xy = CP' and a; € R=" with
a=0<ay < <a, Assume [ : Xy — Xy is a holomorphic map which is a q-fold branched
cover with q¢ > p, such that:

<1> f_l(oo) = {alv ceey a[)};
(ii) /~'(0) = {oo); and
(1) f maps R1(0) to Ry (00).
Then | maps Fix(11) to Fix(t5) and R, (00) to R»(0).

Lemma 7.9.5 (Involution Lemma, Version 3). — Let ¥y = X9 =D and a; € R=" with
a=0<a <---<a,<l. Assumef : X\ — Xy is a holomorphic map which is a q-fold branched
cover with g > p, such that:

(1) f—l(O)_: {alv cee ap};
(ii) f1(d%)) = dXy; and
(1) f maps R1(0) to R4(0).

Then f maps Fix(t,) to Fix(t9). Moreover f(—1) = —1.

For the fourth version of the involution lemma, we consider X1 =D — ([a;, o] U
-+ Ulag—1, ayl), where a; € (0, 1) with @ < -+ < ag, and Xy = {R < [z| < 1}, where
0 <R < 1. We write 0%, = aoil u---u 8pf], where aofl 1s the boundary compo-
nent which can identified with {|z] = 1} and 3, X, i =1, ..., p, corresponds to the slit
[agi—1, asi].

Lemma 7.9.6 (Involution Lemma, Version 4). — Let f = % — X be a holomorphic map
which is a g-fold branched cover with ¢ > p, and L C {1, ..., p}, such that:

(1) f(aiil) ={lz|=1} when 1€ ZL;
(i) f@Z)) = {2l =R} wheni=0o0ri ¢ Z; and
(iii) /(0) € Ry.

Then f maps Fix(t,) to Fix(ty). Moreover f (—1) = —R.

See Figure 6.
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Fic. 6. — The map f1z, in Lemma 7.9.6. The left-hand side is ¥, and the right-hand side is ¥,. The thick lines on the
left-hand side are the slits [ag;_1, as;]. The cross on the left is the origin and the cross on the right is f(0) € R,. The dots
represent —1 € 9%, and f(—1) € 0X,. Lemma 7.9.6 states that f(—1) = =R

7.10. Elimination of some cases. — We are now in a position to eliminate some of
possibilities that appear in Theorem 7.6.1:

Theorem 71.10.1. — Suppose m>> 0, &,8 > 0 are sufficiently small, tin, € IML(e, 8, p),
and Uy, # 2.

(1) If 1= 2, then the 3-level subbuilding described in Theorem 7.6.3 does not occur.
() If 1 =3, then Cases (2)—(6) of Theorem 7.6.1 do not occur.

We briefly sketch the idea of the proof. In all the cases that are eliminated by The-
orem 7.10.1, the (unique) component of UJ’?ZIEJF C oo which 1s asymptotic to a multiple of
dy at the negative end has ECH index I = 1.

Suppose that, for m > 0, there is a sequence of holomorphic curves which con-
verges to a configuration %, that we want to exclude. In Section 7.8, we applied a rescal-
ing argument to construct a holomorphic building which keeps track of how the limit
U 18 approached; this is similar to the layer structures of Ionel-Parker [IP, Section 7]. In
the simplest case, this building is a holomorphic map ws : B_ — C which satisfies the
asymptotic condition

Weo (S, 1)

im = i (1),
A Tl

where f;;(#) is a normalized asymptotic eigenfunction of an I =1 curve with a nega-
tive end asymptotic to §). The condition I =1 is used as follows: since there are only
finitely many I = 1 curves with negative ends asymptotic to &y, we may assume that
—1¢ {ﬁm(%)} as explained in Section 7.7.5 and Remark 7.7.11.

Remark 7.10.2. — 1In this subsection we identify ¢/(B_) =~ D so that p, corre-
sponds to 0 and p_ corresponds to 1. There is an anti-holomorphic involution ¢ on B_
that fixes the half-line {t = %}, and {t = %} corresponds to the radial ray R = DNR=’ by
Observation 7.9.1. In particular, m’ is mapped to a point on R.

Similarly we identify ¢/(B") >~ CP' so that p, corresponds to 0, p_ corresponds to
00, and {t = g} corresponds to the radial ray R="|
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We now use the involutions lemmas from Section 7.9 to obtain a contradiction. By
the involution lemmas and the symmetric placement of the basepoint m’, we obtain that

3
woo(LY _)
Weo Ol =10 Wy,. Hence lim ————

= —1, which contradicts —1
SRl DI # )

7.10.1. Proof of Theorem 7.10.1. — In this subsection we use limiting arguments
in which m — 00 and £,, — fi; see Section 7.7.4. Hence many of the almost Complex
structures and moduli spaces will have an additional subscript m, where m = 00 is also
a possibility. For example, we will use the notation j#m and Jy_, introduced in Sec-
tion 7.7.4 to refer to Ji and Jiy_ with respect to m.

Let]' € i and let J, €T

W,
spect to the integer m > 0. Let _]_,m € ng; be an almost complex structure which re-

stricts to J/, and letjgm be (¢, U)-close tojf)m
We will treat Theorem 7.6.1 in detail and leave Theorem 7.6.3 to the reader. Sup-

be a nearby almost complex structure with re-

— =0 . .
pose that, for a sequence m; — 00, there sequences %; of J_  -holomorphic curves which

converge to ajgmi -holomorphic building %, falling into one of Cases (2)—(6).

Elimination of Case (2). Suppose for each i the sequence %; converges to a building %
satisfying Case (2). By Theorem 7.8.15, we obtain a holomorphic map wy, : ¢/(B-) —
CP', whose restriction to mt(c/(B_)) is a biholomorphism onto its image.

We apply the Involution Lemma 7.9.3 to obtain a contradiction: Let £, be the
compactification of ¥; = CP' — [a;, ;] and let Xy =d(B_) be 1dent1ﬁed with D as in
Remark 7.10.2. Let f : ¥, — X, be the extension of (Weo lin(a_y) "+ Such an extension
exists because X, is biholomorphic to the open unit disk and biholomorphisms of the
open unit disk extend continuously to the boundary.

By Lemma 7.9.3, f maps R;(00) to Ry(0) and, conversely, wo, maps RZ(O) to

1(00) Since the asymptotic marker RQ (0) in >, corresponds to the asymptotic marker
{t= —} for py € ¢/(B_) by Remark 7.10.2, 'Rl(oo) is a bad radial ray (in the sense of
Deﬁnltlon 7.7.10) by Theorem 7.8.15(2). This contradicts Remark 7.7.11, so we have
eliminated Case (2).

Elimanation of Cases (3) and (4). We will treat Case (4); Case (3) is almost identical. Suppose
for each 7 the sequence #; converges to a building ;o satisfying Case (4). By Remark 7.6.2,
for each ¢, the total number of branched points of UL bv is one. If we exercise some
care in choosing the diagonal sequence in Lemma 7. 8 4, we can divide the argument for
Case (4) further into Subcases (a), (b), (c), (d’) and (d”) as in Section 7.8.7, depending on
the behavior of the branch points of the maps 7g_ o vy ;.

Subcases (a) and (b). By Theorem 7.8.16, we obtain holomorphic maps

W 1 cl(Fa) > CP',  poo :Foo > B_,

where Weooli (., 15 @ biholomorphism onto its image X, Z_CP1 — ([a1, a2] U [as, a4])
and pn 1s @ branched double cover with one branch point. Let £, be the compactification
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of ¥, as in Lemma 7.9.2, and let £y = ¢/(B_) be identified with D as in Remark 7.10.2.
We define f : ¥, — X, as the extension of Poo © (woolint((;l(Foo)))_l- Such an extension exists
because X, 1s biholomorphic to an open annulus, and biholomorphisms of the annulus
always extend to the boundary. At this point we apply Lemma 7.9.3 as in Case (2) to
obtain a contradiction. Case (b) is completely analogous and can be excluded in the same
way.

Subcase (c). By Theorem 7.8.19, we obtain pairs of holomorphic maps

wl d®)—CP', p_:F_ —>B,
w®: d(F") - CP', p":F" B

The map w( restricts to a biholomorphism of im‘(cl(ﬁ?o)) with ¥™ = CP' — [4;, a»] and
the map p7; is a biholomorphism because it has degree 1. Let ftln be the compactification
of =™, Identify ¥, = ¢/(B_) with D as in Remark 7.10.2. Let /™ : | — X, be the
extension of p7} o (w;no|l‘m(d(Frono)))_l. As in Case (2), Lemma 7.9.3 implies that /™ maps
R (00) to RIM(0) and, conversely, w™ maps R (0) to R™(00). ~

Next we consider the “upper level” (w2, p.). The map w’, : c(F.)) — CP' is a
biholomorphism and the map p’, : F2. — B’ is a branched double cover with one branch
point. We define /* = p’ o (w’)~" : CP' — CP', using the identification ¢/(B') ~ CP'
from Remark 7.10.2. By Theorem 7.8.19(9) and the previous paragraph, f " maps R, (0)
to R»(00). Then, by Lemma 7.9.4 and Theorem 7.8.19(7),(8), /* maps R, (00) to R (0).
As in Case (2), this is a contradiction because Ri(o0) is a good radial ray. ~
Subcases (d°) and (d”). By "Theorem 7.8.20, we obtain a holomorphic map wg : c/(F3) —
CP' which restricts to a biholomorphism of mt(cl(Fm)) with CP! — [a), ag] Then the
proof proceeds as in Case (2).
Elimination of Cases (5) and (6). The limit configurations of Cases (5) and (6) must contain
a connector over ;. This implies that Theorem 7.8.19 applies, and we obtain pairs of
holomorphic maps

w' d(F ) —CP', pl ¥ —B,
w®:d(F") - CP', p":F" > B

OO

Then the argument of Case (4c) applies.
This completes the proof of Theorem 7.10.1.

7.11. Proof of Lemma 7.2.5. — We begin with the following corollary of Theo-
rem 7.10.1. Recall the notation from Convention 5.8.12, Step 2 of Section 7.2 and Equa-
tion (7.6.1).

Corollary 7.11.1. — Suppose m > 0 and €,8 > 0 are sufficiently small constants. If u €
MZ(g,8,p) or ./\/lil—’(m)(s, 8, p), then Im(w) NK, o5 # . In the latter case, o > 0 and €,8 > 0
are sufficiently small constants which depend on 1.
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Proof. — Arguing by contradiction, suppose there are sequences &;,; = 0 and
% € M2 (g, 8, p) such that Im(%) N K, 95, = @. Then the limit 7, € dM2(0, 0, p) of
%; has a nontrivial v, component. By Theorems 7.6.1 and 7.10.1(ii), % satisfies Case (1)
of Theorem 7.6.1. Hence, for > 0, w; € G(B,,), which is a contradiction. The case of
%€ MZ(g, 8, p) is easier and is a consequence of Theorems 7.6.3 and 7.10.1(i). 0J

Proof of Lemma 7.2.3. — Suppose that 7y, € 3 M2™. We are in the situation of
Lemma 7.5.2. If v, is a degenerate W_-curve, then I(v,) > 4 by Equation (7.5.6) since
g > 1. Therefore degenerate W_-curves are ruled out by Constraint (i) in the proof of
Theorem 7.6.1. Hence U, is a W_-curve and the other levels vj, j # 0, are multisections
of W or W. In this case, the curve vy is simply-covered. Corollary 7.11.1 implies that
the component through m also intersects K, »s. Hence passing through m is a generic
condition and we must have ind(vy) > 2 and I(vy) > 2. This gives us two options for
Uso = V_, U--- U7, either

(@) b=0,I(v,) =1,and I(v;,) =0, =1,...,a—1;0r
(B) a=0,b=1,and I(v_,) = 1.

Ghost components are not possible since each ghost component takes up ind > 2 by
Lemma 6.1.8. Hence Uy, € A U A. ]

7.12. Gluing. — The goal of this subsection is to prove Theorem 7.2.2.

7.12.1. The moduli space N'. — Let ¢ = T, where m is a sufficiently large integer
and let n, : [—m, 1] — R be a smooth function such that:

— n.(0)=¢for —m <6 <6;
— n(0)=0for 0, <6 <m;and
— 1, 1s monotonically decreasing for 6, <6 < 6,;

for some —m <60, <6, <.

We use two coordinate systems on B_: (i) the usual coordinates (s5,¢) € R X
[0, 2]/(0 ~ 2) and (i) complex coordinates via an identification of ¢/(B_) with D such that
p. 1s mapped to 0 and p_ is mapped to —1. Then dB_ is parametrized in an orientation-
preserving manner by a coordinate ¢*, 0 € (—, 7).

Definition 7.12.1. — Let N' = N, be the space of holomorphic maps w : B_ — G such
that the following properties hold:

(N}) w(e?) e RT - ¢m© for all§ € (—m,7);
(Ng) lim ‘w(s, {) — ¢re 0TI < 00 _for some ¢; € RT; and

(N3) Lim |w(s, £) — coe™™™

s—>—+00

< 00 for some ¢y € CG*.

In particular:
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(Ny) deg(w) =1 away from the sector {0 < ¢ < ¢} C CP'; and
(N5) after composing with the chosen identification ¢/(B_) =D, w extends con-
tinuously to D so that w(0) =w(—=1) =00

Multiplication by a real constant gives an R*-action on NV.

Even though A is the space we are interested in, it will be convenient for tech-
nical reasons to regard A/ as an open subset of a vector space N obtained by relaxing
properties (N})—~(Nj).

Definition 7.12.2. — Let N = /V,,S be the space of holomorphic maps w : B_ — G such
that the following properties hold:

N) w(e®) eR- e forall § € (—7, 7);

(Ny)  lim ‘w(s, 1) — 6‘1678(X+”71)‘ < 00 for some ¢; € R; and

(N%> lim ‘w(S, 1) — "] < 00 for some ¢s € C.
s—>400

In order to compute the dimension of N we identify B_ with D — {—1, 0} and
N with the space of the holomorphic sections of a holomorphic line bundle E — D with
values in a real rank one subbundle I along oD — {—1}.

We construct the bundles E and F as follows. Consider a cover of D by three open
sets

Uy=D—{0,1}, Uy ={zeD|z| < 1/3}, Uy={z€D||z+1] < 1/3}.

Over each open set we take a trivial line bundle E; = C x U; = U, and define the bundle
E by gluing the bundles E; via the transition maps

Yy EOonﬂUl — E, |U0mU,, Y1 (z,v) = (2, 2v),

z+1
WQ . EOonﬂUQ - EQIU()ﬁUQ’ WQ(Z, U) v].
—z+1

Let mg, : E; = € x U; = G be the projections corresponding to the trivializations. If we
parametrize oD — {—1} by 6 € (—m, ), the subbundle F is given, as a subbundle of E,,
by F(6) =R ¢,

It is convenient to view ¥ =D — {—1, 0} as a surface with a negative strip-like end
and a positive cylindrical end and E as a line bundle over . Let (=00, —R) x [0, 1] be a
strip with coordinates (s, £). We identify the strip-like end Z of £ with (—o0, —R) x [0, 1]
via the map

en(s+it) —
¢ :(—o0,—R) x [0, 1] = X, ¢(SJ)=€7,(T”+Z.~
Here the fractional linear transformation B(¢) = rnaps the upper half plane H to the

unit disk D and 0 to —1. Observe that A(¢) = z( L) which appears in the definition of

-+l
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Yy 1s the inverse of B(¢). Hence the gluing map ¥, becomes
Yo ((s, 1), v) = ((5,0), ),

with respect to coordinates (s, ¢).
The linear Cauchy-Riemann operator

D:WM(@E,F) - /(T ®c E)

is Fredholm for p > 2 and its kernel consists of smooth holomorphic functions. We denote
by H°(E, F) its kernel and by H'(E, F) its cokernel.

Lemma 7.12.3. — There is an identification H(E, F) = N Jor every choice of 1.

Proof. — The isomorphism H°(E, F) = N associates to a holomorphic section & €
H°(E, F) the holomorphic function 7y, 0 & : £ — C, i.e., g, 0 & is obtained by writing
&y, with respect to the trivialization of Ey. On the negative end Z we can write

g, 0&8(s, ) = Z cne("”_‘f)(f+it)+is’

n>1

since 7, 0 & is holomorphic. By applying the transition function v, ', we obtain that the
leading term of 77, 0 & on Z is ¢ T+ which is condition (Ny) in Definition 7.12.2. For
a similar reason 7y, o & has a pole at 0 of order at most 1. O

We will consider also the compactified surfaceviv] obtained by adding the “seg-
ment at infinity” to the strip-like end Z. Alternatively, > admits an identification with the
truncated surface ¥ — Z. Let E — X be the line bundle obtained by extending E — X.

Lemma 7.12.4. — ind D = 3 _for every choice of 1.

Progf: — We decompose I = cd(0X)U (85) d0%), where X —93% corresponds
to the “segment at infinity” of the negative strip-like end Z and ¢/(3%) is the closure
of 3% in 9. We parametrize ¢/(0X) by 0 € [, ] and 9> — 9% by 8" €[0,1] in a
manner compatible with the orientation of 3. induced by the complex structure on . In
particular, 8 = — is identified with " = 1 and 8 = 7 is identified with 8" = 0.

We define a trivialization 7 of E ss by

7(0) = e ©)

along ¢/(0%), with respect to the trivialization of Eg,
T(@/) — _gi(n+€)9’

along 9% — 9%, with respect to the trivialization of Eo.
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We also define a Lagrangian subbundle FcEl sx by Flyx = F and rotating it in the
counterclockwise direction by the minimal amount on 0¥ — 9 2. This means:

F@)=R."®

along ¢/(0X), with respect to the trivialization of E,
F@') =R

along 9> — 9 >, with respect to the trivialization of E,.

By the doubling argument of Theorem 5.5.1, Lemma 5.5.3 (or, rather, its proof) and the
formula for the index of the Cauchy—Riemann operator on line bundles over punctured
surfaces (see for example [We2, Formula 2.1]), the index of D is

indD = x (D) + . (F) + 20, (B, 7) — 1.

From the explicit definitions of T and F one computes that MT(F) = —1and ¢ (E, T)=2.
Hence ind D = 3. O

Lemma 7.12.5. — The operator D 1s surjective_for every choice of 1.

Progf. — 1In view of Theorem 5.5.1, the surjectivity of D follows from [We2, For-
mula 2.5] and [We2, Proposition 2.2(2)] applied to the double of D. 0

Corollary 7.12.6. — The real dimension of N is3 Jor every choice of ..

7.12.2. The maps € and §. — We define an R-linear map:
¢ :/’\7,,8 — R x C,
w = (1, ¢),
where ¢, ¢, are the coefficients from (ﬁl) and (Nz) of Definition 7.12.2.
Lemma 7.12.7. — The map € is an isomorphism.

Hence () is an open positive cone contained in R* x C*.

Proof — Since € is a linear map, it suffices to check that € is injective. First observe
that ker & consists of continuous functions w : D — C such that w(—1) = 0, w(?) €
R forall @ € (—m, ), and w is holomorphic on D.

If w # 0, then we can apply [Se2, Lemma 11.5]; referring to the equation on the
second-to-last line of [Se2, p.156], the left-hand side of the equation is positive while the
right-hand side is zero, a contradiction. U

Next we prove that A/ is nonempty for any choice of 7.
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Lemma 7.12.8. — Let wy = €~ '(1,0). Then wy : D — {—1} — G is holomorphic,
wo(e?) € RY - ™ © wq has no zeros, and lim T Duy(s, 1) = 1 for coordinates (s,t) €

(=00, 0) x [0, 1] on a negative strip-like end around —1.

Progff — The only nontrivial part of the statement is that wy has no zeros in the
interior and along the boundary — this follows from the equation on the second-to-last
line of [Se2, p.156], where the right-hand side of the equation is zero. U

Corollary 7.12.9. — N is nonempty for any choice of 1.

Proof. — Take any w € N with ¢y # 0. Then w + cwy € N for any ¢ sufficiently
large. 0J

Lemma 7.12.10. — If w € N, then w has a unique (simple) zero in D — {0}.

Progf. — The lemma follows from a straightforward winding number argument,
since w maps dB_ to the sector {0 <6 < ¢, p > 0} and has a pole at 0. O

We denote PA/ = N /R", where R" acts on N by multiplication and we define
the maps

T N—>D-{0, F:PN—-D-{0)
by F(w) = w™'(0) and F([w]) = F(w).
Lemma 7.12.11. — The map § : PN — D — {0} is a diffeomorphism.

Proof. — We first prove the injectivity of §. Let wy and w; be maps in N such that
wal 0) = u)f1 (0). Then w = Z’T‘l’ is a holomorphic map on D such that w(dD) C R, so it
is constant. Then w, and w, represent the same element in PN.

Next we prove surjectivity. Fix an element wy € N and let z5 € D such that
wy(z9) = 0. For any z; € D — {0, 29} we look for a holomorphic function w,, : D — CP!
such that w,,(21) =0, w,,(20) = 00, w,, (3D) Cc R, and ®,, |p 1s a btholomorphism onto
its image. By the argument of the previous paragraph, if such w,, exists, it is unique up to
multiplication by a positive real constant. If we set w = w., wp, then w € N, w(z;) =0,
and §(w) = z1.

The function w,, with the desired properties is given by

W ©) :f(g(g)z)»

where g : D — H is a fractional linear transformation such that g(z) = i, Re(g(z,)) = 0,
and 0 < Im(g(z))) < 1, and f : CP! = CP' is an element of PSL(2, R) (i.e., f fixes the
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real axis) such that £ ((g(z1))*) =0, f((g(20))*) =f(—1) = 00, and f(0) = 1. Note that f
and g are uniquely determined by the above conditions. This proves the surjectivity of §.
Finally, we claim that the dF([w]) is an isomorphism for all [w] € PA/. To this end,
let us define E(z) = w.wy € N. Then F!(2) is the class of E(z) in PN. The map E is
smooth because the maps f, g, and hence w, are rational maps whose coefficients depend
smoothly on z. In order to prove the claim it suffices to prove that d2(z) is injective for
any z € D — {0}. Here, in order to distinguish the differential of & at z € D — {0} from
the differential of the function Z(2) : D — {0, —1} — C, we will use the notation dZ(2)
for the former and %;z) for the latter. We define the map
F:NxD-{0}) > C, Fw,z=w().

By differentiating the identity F(E(z), z) = 0 we obtain

oF JE() + oF 0
—dE(z — =0.
ow 0z
We observe that % = Biéz) , which is invertible because z is a simple zero of
(E(2),2) {=z
E(2). Hence dE(z) 1s injective. ]

7.12.3. Proof of Theorem 7.2.2. — We refer to Section 7.2 for the definition of the
moduli spaces M, My, and M_;, and of the gluing parameter space . In order to
simplify the exposition we will assume (without loss of generality) that all the multiplicities
of y" are 1 and that each of M,/R, M,, and M_,/R is connected; in particular, both
M and M_, /R are single points.

We choose a smooth slice M, of the R-action on M, such that the following hold
for some k|, kg > 0, Ky > 7 — ¢, and for all v, € M;:

— each component of v |, is (k| + k¢, 0)-close to a cylinder over a component of
8oy’; and
— the component v, of v, |,<o which is close to o satisfies

7121 [T o — T < o,

where ¢¢™ is the normalized asymptotic eigenfunction corresponding to the negative end
dp of vy and T = T3, is the projection to Dio with respect to balanced coordinates. By
a slight abuse of notation, we will refer to K(’)e(” (™) |,y = Kkice” " as the asymptotic
eigenfunction of v, at §,.

Similarly, we choose a smooth slice M_; of the R-action on M_; such that the

following hold for some «|, k; > 0, K; > 2¢:

— each component of V_, |5 is (k] + &, 0)-close to a strip over a component of
{200} Uy'; and
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— the component v_; of U_|,>o which is close to 0 satisfies

(7.12.2) | o) — kye ™ (de™")| oy < K1€7F,

where de=¢"

is a normalized asymptotic eigenfunction corresponding to the positive end
2o Of V_1. Note that ¢ is completely determined by the data {(z,7) — (¢,/)} at the positive
end zo. Without loss of generality, we assume that z;; = R*, A(g;;)) = R* - ¢¢, so that
d = ¢°. Similarly, we refer to kje™**de™*"| —g = k|de*" as the asymptotic eigenfunction of
V_; at Zoo.

In the rest of this section, when we write v;, 1 = 1, —1, we will assume that v; is i the shce
./\/l Also forTeR and 1 ==£1, let v; 1 be the T-translates of v; in the R-direction; 1.e.,
ifs: W — R, x =3, is the R-Coordlnate then sov;r =s0v;,+ T. Let f(¢) = B e’”’
be the asymptotic eigenfunction of v, at §, with eigenvalue w — €. Then the asymptotic
eigenfunction of U, 1 at & is ¢/, Similarly, let g(t) = ape®1™ be the asymptotic
eigenfunction of V_; at z., with eigenvalue 2¢. Then the asymptotic eigenfunction of
U_ at 2 18 €1 g.

Also, for the rest of this section, we fix y € Ogg and y € S, 4@ once and for all.

Since there is no risk of confusion, we will write

M — M}f&nfzm(y’ y)’ Mext — M}f?),n*:m,fxt(y, y)

After identifying the quotient M, /R with the slice M for i = %1 we write
B = (57, 00)2 x M, x My x M_;;

compare with Equation (7.2.2).
We describe the gluing map

G:P—> MY 02=(T4,vy,0,0-1) > 1),

defined in a manner similar to that of Section 6.5.2. First we form the preglued curve
7 (d) from the data d = (T, 0y, Vg, V1) by patching together

Wior )=ty VoloT_ <=1y, (Vo191 ) ls=—1_-

Then we choose cutoff functions ,EZ, :=—1,0, 1, on the domains of v;. If Y, ¥, and ¢,
are deformatlons of V_y _o1_, Vo, and v ot, , the condition for the deformation ,3 Wi+
Bowo + Bivr1 of @ (d) to be holomorphic is given by the following equation:

(7.12.3) ,3—1@)—1(1#—17 Vo) + ﬂo@)o(l/f—l, Yo, Y1) + ,31®1(W0, Y1) =0

Equation (7.12.3) is analogous to Equation (6.5.1) and is solved as in Step 3 of Sec-
tion 6.5.2. The situation considered here is simpler than that of Section 6.5.2: in fact
there is no obstruction bundle because v is regular. For 7 sufficiently large, G is a home-
omorphism onto its image.
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Given § > 0 small, let D; (ﬁb) be the closed ball of radius 8 and center m’ in B_
with respect to some fixed metric. Then let M, | € M“ be the subset of curves % that

pass through Dj (ﬁb) X {200} € W_ and are (k, v)-close to breaking.

Claim 7.12.12. — M, C M.

Progf. — Something stronger is actually true: if the image of w € M® intersects the
section at infinity o at a point in the interior of 6, then u € M. This is a consequence
of the intersection theory developed in Section 7.4: in fact n~ (¥) = m and the intersection
point with o at the interior already contributes m to n~ (z). However, if z € M* — M,
then the image of % also intersects o, at some boundary points, which give some extra
contribution to n~ (). This is a contradiction. [

Let 0 = (T4, V1, Uy, V_1) € B. Writing ¥ = #*(0) and % = (D), we define w” =
w?(0) and w = w(d) as follows:

(7.12.4) w¥ =6 (To ﬁ#|_2T75552T+) and w =¢"- (T o U|l_or_<,<o1,)-
The map w 1s holomorphic by Lemma 7.8.6.

Lemma7.12.13. — Let0; = (T ;, vy, Vo, V_1) € P be a sequence such that im T ; =

1—> 00

+00 and lim V) ; =V} oo € M. Then the sequence u; = u(d;) has a subsequence which converges
1—> 00
10 (V1,005 Vo, V_1).

Progf. — The lemma is a consequence of the following standard gluing result (cf.
[HT2, Theorem 7.3(a)]): Given («, v), there exists 7 3> 0 such that #(9) is (k, v)-close to
(U1, Vg, V_)) for each 0 = (T4, v}, Vg, V_)) € P = (5r, 00)* x M| x My x M_,. O

Recall that £ () = Bye™" is the asymptotic eigenfunction of U, at the negative end
8o and g(£) = ape®' ™ is the asymptotic eigenfunction of U_; at the positive end z,,. We
define the function

IM:B— R" x C*,
H(Ti’vlav()aifl) = (Ola ﬂ)v

where ae®'~ is the asymptotic eigenfunction of U_; _yp_ at 2z, and Be™ is the asymp-

totic eigenfunction of v, o1, at dy.

Lemma 7.12.14. — Let 0; = (T1,,01,,00,v_1) € B be a sequence such that
lim Ty, = +o00. Let m; = u(0;) "' (o) and let fi(t) = Bie™" be the asymplotic eigenfunction

i—400
0of V1 ; at the negative end 8. Then, after passing to a subsequence, lim B; = B, and, after rescaling
1— 400
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by positwe real numbers in addition, the sequence w; = w(0;) of holomorpluc functions defined as in
Equation (7.12.4) converges in the CS2~topology to a holomorphic map we, € N which satisfies the
Jollowing:

(1
2) T1(0,), afier rescaling by positive constants, limits to E(Wxo);

) E(Wweo) = (Aag, Aofs) for some Ay, Ag > 0, Ay, Ay not both zero;
(2)
(3) o lim m; =My € mt(B_), then woo (Myo) = 0 and wo, € N5 and
4)

1—>+00
4) if Woo(Moo) = 0 with My, € mt(B_), then i_l)iinoo m; = My.

Proof. — By Lemma 7.12.13 we can extract a subsequence (which we still call ;)
such that %(9;) converges to 4y = (V). Vg, V—1). By the SFT convergence of %(?;) to
U we obtain a sequence of good truncations satisfying the estimates of Lemma 7.8.4.
The proof of Theorem 7.8.15 then goes through essentially unchanged to yield the limit
Wso. (1) 1s a consequence of the nontriviality of we, and (2)—(4) are consequences of the
convergence in G7°. 0J

Let wy € N be a map such that wy (ﬁb) =0 and let Vs C NV be the subset con-
sisting of maps w such that w(m) = 0 for some m € Dy (ﬁb). Note that V; is an R"-
invariant neighborhood of wy, whose slice under the R*-action is compact in view of
Lemma 7.12.11. We now have the following diagram:

G
ex 8
P M DS M

|

R x C* ¢

N D V.

Let us write B := [T~ (E(V;)). Recall that €| 57 is a diffeomorphism.

Lemma 7.12.13. — If v ts sufficiently large, then the following hold:

(1) M[(Z?v) NIm(G) C G(PBs)o).
(2) G(Pasys) C int(M;, ).

Progf: — (1) We show that, for r sufficiently large, if
() (03) € Dyys(m'),

then 0 € *PBs/o. Arguing by contradiction, suppose there exist sequences 7; — 00, 0; =
(T:I:,iv Ul,i’ Vo, U_l) ¢ (,B(g/g, and ﬁi € Dg/g(ﬁb) such that T:I:,i > 57}‘ and ﬁ(a,‘)_l(O'o_o) = ﬁz‘.
By passing to a subsequence, we may assume that lim m; = my, € Djs;s /12(ﬁb) and that

=00
the asymptotic eigenfunctions of v;; converge to By e™" for i — co. We now apply
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Lemma 7.12.14 to the sequence %(;) to obtain a holomorphic map ws € N satis-
fying Lemma 7.12.14(1)~(3). In particular, I1(9;), after rescaling, limits to €(ws) by
Lemma 7.12.14(2) and ws(My) = 0 by Lemma 7.12.14(3). Since my, € D55/12(ﬁb), this
contradicts 0; ¢ Bs /o (or equivalently IT(,) € E(Vs)9)).

(2) Suppose there exist sequences 7, — 00 and 0; = (T'L;, V1, Vo, V-1) € Pos/s
such that Ty ; > 57, and u(0;) ¢ int(./\/l‘(sk’v)). By passing to a subsequence and applying
Lemma 7.12.14 to u(d,), we obtain a holomorphic map wy, € N such that E(wy) €
E(Vys/3) by Lemma 7.12.14(2). On the other hand, w(0) ¢ D;s (m’) since () (o) ¢
D;s(m’) by Lemma 7.12.14(4). This is a contradiction. [

Fix 6 > 0 and take 7y > 57 sufficiently large. We write

OPasys,0) = Basys N 0By,
where B,y = {T+ > n} C*P and P,y = {T+ = n}. By Lemma 7.12.15(2), we can
define
(7.12.5) Y1 9%Ps/35.00) — Ds(@),

which maps ? to G(0) ™! (05). Since 9%9s/3,(,,) 1s compact (note that restricting to {T} =
7o} is the same as taking a slice under the R™-action on Vys/3), the map Y is proper and
the local degree is well-defined.

Also define

(7.12.6) Y2 0%Bos/3.00) —> Ds @),

which maps 0 to the zero of €~ o T1(9). The map Y” is well-defined by the definitions
of Pos/3 and Vs. It is also proper and the local degree is well-defined.
The maps T" and YT are sufficiently close in the following sense.

Lemma 7.12.16. — For any k, X' and X" can be made arbitrarily C°-close by choosing r
sufficiently large.

Proof. — 'This follows from Lemma 7.12.14. OJ

In particular, the local degrees of Y’ and Y near m” agree. The local degree of
T’ is equal to the left-hand side of Equation (7.2.3), while the local degree of Y is equal
to the right-hand side of Equation (7.2.3). (We were assuming that each of M, /R, M,
and M_, /R is connected.) This completes the proof of Theorem 7.2.2.
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