ANCIENT SOLUTIONS AND TRANSLATORS OF LAGRANGIAN
MEAN CURVATURE FLOW

by Jason D. LOTAY, Feux SCHULZE, and Gisor SZEKELYHIDI

ABSTRACT

Suppose that M is an almost calibrated, exact, ancient solution of Lagrangian mean curvature flow in CG". We
show that if M has a blow-down given by the static union of two Lagrangian subspaces with distinct Lagrangian angles
that intersect along a line, then M is a translator. In particular in G2, all almost calibrated, exact, ancient solutions of
Lagrangian mean curvature flow with entropy less than 3 are special Lagrangian, a union of planes, or translators.

1. Introduction

An important problem in complex and symplectic geometry is to find special La-
grangian submanifolds in Calabi—Yau manifolds. Szmoczyk [26] showed that the mean
curvature flow preserves the class of Lagrangian submanifolds in Calabi—Yau manifolds,
and so one can attempt to use the flow to deform any Lagrangian into a special La-
grangian. The Thomas—Yau conjecture [28], motivated by mirror symmetry [27], pre-
dicts that this is indeed possible, assuming that the initial Lagrangian satisfies a certain
stability condition. More recently Joyce [20] formulated a detailed conjectural picture,
relating singularity formation along the Lagrangian mean curvature flow to Bridgeland
stability conditions.

To motivate our main result, recall that along the mean curvature flow of zero-
Maslov Lagrangians, all tangent flows at singularities are given by unions of minimal
Lagrangian cones, according to Neves [23]. In particular all such tangent flows are sin-
gular, or have higher multiplicity. In order to understand how such singularities form, it
is therefore crucial to study a general class of ancient solutions of the flow, such as Type
IT blow-ups.

The simplest ancient solutions are those whose blow-down at —o0 is special La-
grangian. In this case [22, Proposition 4.5] implies that the ancient solution itself'is special
Lagrangian, and in particular static. Our main result is the following, addressing the next
simplest situation. See Section 2 for the basic definitions.

Theorem 1.1, — Let Py, Py C C" be Lagrangian subspaces which intersect along a line € and
have distinct Lagrangian angles. Let M be a smoothly immersed, ancient, Lagrangian Brakke flow in C"
with uniformly bounded area ratios. Assume further that M is exact and zero-Maslov with uniformly
bounded variation of the Lagrangian angle. For n > 3 assume in addition that M is almost calibrated.

If M has a blow-down at —o0 given by the static flow consisting of the union Py U Py, then
M is a translator.

Remark 1.2. — Yor the definition of a smoothly immersed Brakke flow, see Defini-
tion A.1. Note that a mean curvature flow F: M" x I — R"™" where I 3¢t — F(-,¢) is a
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smooth family of proper immersions is an example of a smoothly immersed Brakke flow.
The benefit of the notion of smoothly immersed Brakke flows is that it does not require a
global parametrisation and thus the condition is preserved by local smooth convergence.
In the Appendix we show that the weighted monotonicity formula naturally extends to
this setting, allowing weights with polynomial growth.

Two possibilities for the translator in Theorem 1.1 are the static flows given by
unions of translates of P, and Py, and the non-trivial translators constructed by Joyce—
Lee—Tsui [21], which play an important role in Joyce’s conjectural picture [20]. It is an
interesting question whether there are any more possibilities.

Combining Theorem 1.1 with the work in [22] shows the following. (Again, see
Section 2 for the definitions.)

Corollary 1.3. — For 0 < T < 00, let (1;)o<;<1 be a smooth, properly immersed, maximal,
rational, almost calibrated Lagrangian mean curvature flow in G* with entropy less than 3. Then any
Type 11 blow-up at a singular point (xo, 'T) 15 either special Lagrangian (and given in [22, Theorems
1.1 and 1.3]) or a non-trivial translator.

This results follows from Theorem 1.1 since for a zero-Maslov ancient solution
of the flow in C* with entropy less than 3 the only possible blow-downs are a union of
two planes. If the two planes have the same Lagrangian angle, then [22, Theorem 1.1
or Theorem 1.3] applies. If the two planes have different Lagrangian angle, then using
[22, Proposition 4.1] the planes must meet along a line, and Theorem 1.1 applies. An
analogous result holds also for Lagrangian mean curvature flow in a compact Calabi—Yau
surface under a suitable rationality assumption, such as in Fukaya [16, Definition 2.2], at
singularities with density less than 3.

In singularity analysis it is important to consider arbitrary blow-up limits of the
flow, not just those that are smooth. Theorem 5.1 provides an extension of Theorem 1.1
in the case n = 2 to Brakke flows obtained as blow-up limits of smooth flows.

Recently there has been great progress in classifying ancient solutions of geomet-
ric flows such as Ricci flow and mean curvature flow (see e.g. [2-5, 10]). A crucial new
difficulty in our work is that the blow-down P, U Py is singular along the line of inter-
section £. As a result, an approach based on the analysis of the linearized operator on
the blow-down faces substantial difficulties. An earlier result characterizing translators
among eternal solutions to the mean curvature flow of hypersurfaces is due to Hamil-
ton [17], relying on a differential Harnack estimate. It is not known if this approach can
be extended to higher codimension flows. Our approach is completely different and re-
lies on additional structure present in the Lagrangian setting. In particular, translators
are characterized by the condition that one of the coordinate functions, w, is a linear
combination of 1 and the Lagrangian angle 6, i.e. w = a + b6, see Proposition 2.10. The
function w is an ancient solution of the heat equation along M, and the basic idea of
the proof is to obtain information about w through solutions of the heat equation on
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the possible blow-downs. This is related to work of Colding—Minicozzi [8] on mean cur-
vature flow, and also to earlier works on harmonic functions [6, 11] and holomorphic
functions [12].

To illustrate the basic ideas, suppose that n =2 and let w be a coordinate function
vanishing on P; U Py. Define 7 so that on G? we have Vw =]V z, i.e. the line ¢ is parallel
to Vz. Let x be a coordinate function vanishing on Py, but not on Py and similarly y a
coordinate vanishing on Py but not on P;. The ancient solutions of the heat equation on
P, U Py with at most linear growth, allowing a different smooth solution on each plane,
are spanned by 1, 6, x, y, z, 260 (see Lemma 3.6). Here 6 is simply a different constant
on each plane. At the same time, 1, # and the coordinate functions x, y, z, w are ancient
solutions of the heat equation on our ancient flow M.

The first main step of the proof'is to show that either M is a translator, or along a
suitable sequence of scales t — —o0, the normalized projection of w orthogonal to x, 7,
z converges to z0 on the blow-down P, U Py (see Proposition 3.12). The main technical
difficulty at this stage is that the singular set given by the line £ has codimension one in
P, U Py, and we need to exploit that the angle 8 takes on different values on P, and Py in
order to pass solutions of the heat equation along M to solutions on P; U Py in the limit.
This is the content of Proposition 3.7.

The proof of Theorem 1.1 is completed using Proposition 4.5, based on the idea
that if along the flow w behaves like 26 at some scale, then the flow must break into two
pieces, which roughly look like the two planes P, Py rotated in such a way that their
intersections with the unit spheres are linked. Here the fact that 6 is a different constant
on each plane Py, Py is crucial. This linking behaviour is used to show that the flow must
have a point of density two, but the monotonicity formula then implies that the flow is a
static union of planes.

2. Preliminaries

In this section we introduce various key definitions and notation that we shall re-
quire throughout the article. In particular, we introduce the set-up for our study:

2.1. Lagrangians in G". — We first recall some basic definitions concerning La-
grangian submanifolds in G".

Defination 2.1, — An oriented Lagrangian L. in G s zero-Maslov if there exists a_function
0 on L (called the Lagrangian angle) so that

Q. = ¢ dVol;,

where Q = dzy N\ - -+ A dz, s the standard holomorphic volume form on G" and dVoly, is the Rieman-
nian volume form of L. We then have H = JV O, where H s the mean curvature vector of L and J s
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the complex structure on G". We further say that L. is almost calibrated if @ can be chosen so that
supf —inff <7 —e.

Jor some € > 0.

Defination 2.2, — An oriented Lagrangian L in G" 1s exact if there exists a_function B on L
so that

Jxt=Vg,
where x* is the normal projection of the position vector x € G". Equivalently,
dﬁ = )\’|L!

where A s the Liouville form on G", which s a 1-form on G so that %k is a primitive for the Kéhler
Jorm @ on C". The Lagrangian L. is rational if the set \(H, (L, Z)) s discrete in R. An exact

Lagrangian s clearly rational.

2.2. Spacetime track. — Throughout we consider a smooth, zero-Maslov, exact, an-
cient solution to Lagrangian mean curvature flow (LMCF)

(=00,0)3t—L,CC”

which evolves with normal speed given by H, with uniformly bounded variation of the
Lagrangian angle. We assume that L, has uniformly bounded area ratios, i.e. there exists
C > 0 such that

sup H"(L, NB(x, 7)) <Cr" forallr> 0,

X,

where B(x, r) is the Euclidean ball of radius r about x € G”". We call
M ={L x{t}|te(—00,0)} CcC"xR

the spacetime track of the flow, and write M(¢) = L,,.

Remark 2.3. — For n > 2 we will additionally need to assume that the flow M is
almost calibrated, so that one can apply the structure theory in [22] and [24].

Since our focus is on planes arising as blow-ups or blow-downs, it is useful to con-
sider them as trivial static flows as follows.

Definition 2.4. — For a pair of n-dimensional planes Py, Py C C", we let Mp,up, denote the
static flow corresponding to Py U Py.
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2.3. Rescalings. — It will be useful to perform parabolic rescalings of our flows, so
we shall introduce the following notation.

Definition 2.5. — For A > 0 we shall denote the parabolic rescaling
D,:C"xR—C"xR, (x,0) (Ax,A%).

Note that for a (Lagrangian) mean curvature floww M, we have that Dy M is again a (Lagrangian)
mean curvature flow.

It turns out to be helpful to consider a further rescaling, which turns self-similarly
shrinking solutions into static points of the flow.

Defination 2.6. — The rescaled flow is
Roti> L= M(—¢ ") =e’L_,—
which evolves with normal speed

Xl

2.1) H+ .

We recall Huisken’s monotonicity formula [18]:

d
2.2 T f O = AP pr dH"
tJr, L,

/f‘ (x—x 0)L
('f—fo)

for t < {, where f is a smooth function on L, with (uniformly) compact support, and

2
xo,lfo dHﬂ ’

X —X 2
Pro. (%, 1) = (47 (g — ) ™" exp (_ﬁ)

is the backwards heat kernel (centred at (xq, %)). For an extension to the non-compact
setting (suitable for the current set-up) and functions / with at most polynomial growth
see Proposition A.3. The density of a point (xg, ) along the flow L, is defined to be

@(Xo, llO) = }I/Yn;; 1 Pxq, 1 dH .
Recall also the entropy (L) defined by Colding-Minicozzi [7]:

1 _\x—xU\z M
nw(@l)= sup W/Le ndH".

x0€C”, r>0 (47.[7
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By virtue of Huisken’s monotonicity formula, ¢ = @ (L) is non-increasing along any n-
dimensional mean curvature flow in G”.

2.4. Set-up. — We now describe the main set-up that we shall have throughout the
article. In particular, this will be useful to fix notation.

We consider two oriented Lagrangian planes P, Py C R* = C" which intersect
along an oriented (real) line £ through 0. Suppose further that P, Py have distinct La-
grangian angles, which we denote by 6, 5. (Note that this must be the case if n = 2.)
Changing the Lagrangian angles by a fixed constant, we can in addition assume that
51 = —52.

We assume that the unit vector in the direction of £ is given by e, corresponding
to the (real) coordinate z. We let e,, = Je_, corresponding to the real coordinate w, noting
that e,, 1s necessarily orthogonal to P; U Py. We will think of w as the “height” function,
since w = 0 on P; UPy. We choose coordinates xi, ..., x9,—o such that xi,...,x,_;, w
vanish along Py and x,, ..., x9,_9, w vanish along P,.

Our key assumption is that our ancient solution M to LMCF has a blow-down at
—o0 given by P; U Py, 1.e.

(2.3) Dy (M) N {t < 0} = Mp,up, N {t < 0}

for A; \( 0, where the convergence is in the sense of Brakke flows. We note that this is
equivalent to the assumption that the sequence of smooth flows

(—00,0) > 1> Li= AL,

for t < 0 converges weakly to the (immersed) static flow (—00,0) 3 ¢+ P, UPs.
At this point we make the following observation about blow-downs of M.

Proposition 2.7. — Let M be an ancient solution to Lagrangian mean curvature flow as above
satisfying (2.3), so has blow-down at —oo given by Py U Py and for n > 3 is almost calibrated. T hen
all blow-downs at —o0 of M are unions of two multiplicity one planes which meet along a subspace L.
of dimension m € {1, ..., n— 1} and have Lagrangian angles 6, 0.

Proof. — We have the set of angles {6, 8,} for two multiplicity one planes in one
blow-down and the set of angles is the same for any blow-down by [22, Theorem 3.1].
Therefore, since 8, # 0, and by (2.3) the (Gaussian) density at —o0 is two, any blow-
down has to consist of two distinct unit multiplicity planes with the given angles. Again
using 6, # 05, the case that a blow-down is a pair of transverse planes is ruled out since
in this case [22, Proposition 4.1] would force the ancient solution M to be the static
flow consisting of the two transverse planes, which contradicts one blow-down being two
planes meeting along a line. 0J
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2.5. Translators. — There is a smooth, connected, zero-Maslov (in fact, almost cal-
ibrated), exact, ancient (in fact, eternal) solution to Lagrangian mean curvature flow in G”
whose blow-down at —oo is P} U Py, which is a translator constructed by Joyce—Lee—Tsui
[21]. We recall the definition of a translator as follows.

Defination 2.8. — A translator (in the e, direction) is a solution of LMCF satisfying
(2.4) H= Kei‘

Jor some k # O at some (and therefore any) time. (In _fact, we can rescale the translator and change its
orentation so that any k # O can be realised).

Suppose we have a zero-Maslov translator satisfying (2.4). Since H =]V, where
6 is the Lagrangian angle, e, = —Je,, and thus e} = —Je, , we deduce that

(2.5) 0+Kkw=c¢

for some k # 0 and constant ¢ (on each component of the translator).

Remark 2.9. — 1t is worth noting that any Lagrangian plane P so that e, is tangent
to P will give a trivial example of a Lagrangian translator, since it will satisfy (2.4).

Using (2.5) we deduce the following result.

Proposition 2.10. — If the flow M satisfies (2.3), so has blow-down at —o0 given by Py U Py
and for n > 3 s almost calibrated, then it is a translator in the e, direction if and only if on each
component of M. the height satisfies

(2.6) w=a+ b0

Jor some constants a and b.

Progf: — 1f M is a translator in the e, direction then (2.6) is satisfied by (2.5).

We now suppose that (2.6) is satisfied on M. If b # 0 we deduce that M is a
translator by differentiating (2.6) along M (#) for each ¢, which yields H=5""e".

If b = 0 then w is constant on each component of M and so e, is tangent to M as
the flow is Lagrangian. Hence, M splits as M’ x R, where M’ is an ancient solution to
Lagrangian mean curvature flow in G"~'.

Ifn > 3, then M’ is almost calibrated and by (2.3) has a blow-down at —oo given by
P} UP; (where P; = P] x £). Note that P}, P;, are transverse, but have different Lagrangian
angle. Then [22, Proposition 4.1] implies that M’ = > up, and thus M = Mpup,.

If n =2, then M’ is an ancient solution y to curve shortening flow in R?, which
has a blow-down at —oo which is a pair of non-parallel lines. We now show that y must
in fact be the asymptotic lines.
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Lemma 2.11. — Let y = (Y (1)) —oo<i<T be an ancient smooth curve shortening flow in R>.
Assume that a blow-down D; (y) (for A; \( 0) is either a pair of unit density static lines £, U £y
meeting at one point or a single unit density line. Then the flow 'y s the static line(s).

Progf. — The case where the blow-down is a single unit density line follows from
the monotonicity formula, so we only consider the case of a pair of transverse lines in the
blow-down.

It y were almost calibrated, then the classification of almost calibrated ancient
solutions to Lagrangian mean curvature flow in [22, Proposition 4.1] implies that  must
be the lines, since they have distinct angles.

Let y; :=D;,(y). Using the right-hand side of the integrated monotonicity formula
((2.2) with f = 1) and Fatou’s lemma we can pick a time ¢ < 0 (and a subsequence in 7)
such that on y;(¢) the curvature of the curve is locally uniformly bounded in L. This
implies locally uniform convergence in C'* from which it follows that, for  and R suffi-
ciently large, y;(£) N Bg (0) is given by the union of two small C* graphs over (£; U £,)(%).
Since the flow is smooth (and using the pseudolocality result [19, Theorem 1.5]), this de-
scription of the flow has to persist for a short time. We deduce that the flow has a point
with Gaussian density two (where the two graphs intersect) and thus the flow is backwards
self-similar around that point. Since we have assumed that one blow-down is £; U £, the
result follows. 0J

By Lemma 2.11 we deduce that each component of M is a plane which has e,
tangent to it, and hence M is trivially a translator. 0J

3. The drift heat equation

It is well known that the functions 1, 8 and the coordinate functions x; all satisfy the
heat equation along the mean curvature flow. Along the rescaled flow we instead consider
rescaled coordinate functions as follows.

Defination 3.1. — For any coordinate _function x; on G" we have the rescaled coordinate
function

/2

along the rescaled flow M. In particular, we have the rescaled height w = ¢~ "~ w.

Using the above definition, the next result, which is key for our purposes, follows
from a straightforward rescaling.
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Lemma 3.2, — The functions 1, 0 and the rescaled coordinate functions x; satisfy the drift heat
equation

Yo

(3.1) -

o

along the rescaled flow, where

1
3.2) Lof :=Af — §(x, Vf)
is the drift Laplacian.

Note that, when computing derivatives g—{, the rescaled flow has velocity H 4 %XL.

We will compare solutions of the drift heat equation along the rescaled flow with
solutions on the blow-downs. By Proposition 2.7 all possible blow-downs are unions P} U
P), of two n-dimensional subspaces of G" meeting along a subspace of dimension less than
n. We therefore study solutions of (3.1) on Euclidean spaces.

On an n-dimensional space P = R" we define the drift heat equation and drift
Laplacian by (3.1) and (3.2). For a solution f(x, T) of the drift heat equation on P, we
define the weighted norm ||/ ||, by

3.3 VI = f s, )2
P

By [9, Theorem 0.6] the function log ||f||; is convex in 7, and it is linear if and only if
f is homogeneous, i.e. f(x, T) = ¢ *"h(x), where £ is an eigenfunction of £, with eigen-
value A. In this case log||f||> = —2At + log ||4]|* and we say that / has degree 2A. The
eigenfunctions of the Ornstein—Uhlenbeck operator £ = A — x - V on Euclidean space
are well-studied, see e.g. Bogachev [1, Chap. 1]. The eigenvalues of £ are non-negative
integers k, and the corresponding eigenfunctions are degree £ homogeneous polynomials
given by products of Hermite polynomials. If Hy is an eigenfunction of £ with eigenvalue
k, then the function %(x) = H,(x/+/2) is an eigenfunction of £, with eigenvalue £/2.
This leads to the following

Lemma 3.3. — Let P =R" and let x; be coordinate functions on P. The eigenvalues of L on
P are given by non-negative half integers, and so the homogeneous solutions of the drift heat equation on P
have non-negative integer degrees. The homogeneous solutions with degree 0 are the constants, while those
with degree 1 are spanned by the rescaled coordinate functions e~/ x;.

We will be interested in solutions to the drift heat equation on the blow-downs
P} U P, where P! are two distinct n-dimensional subspaces of G". We define these as
follows.
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Defimition 3.4. — A solution of the (drifi) heat equation on Py U P; 15 a pair u= (uy, up),
where w; is a solution of the (drifl) heat equation on P). We define the weighted norm ||ull- of u by
lull? = N ll7 + lleea 13-

We observe that the function 6, equal to the constant gj on PJ’, is a solution of the
(drift) heat equation on P} U P} in this sense. Note that we can see u = (u;, ug) as one
solution to the (drift) heat equation on the (immersed) shrinker P} U P}, so we still have by
[9, Theorem 0.6] that log ||u||; 1s convex, and it is linear if and only if « is homogeneous.
Lemma 3.3 implies the following.

Lemma 3.3. — On any blow-down P\ U P, the homogeneous solutions of the drift heat equation
have non-negative integer degrees.

Recall our basic assumption that one blow-down is given by P; U Py, where P; N
Py, = £ 1s a line. Recall the coordinates x, ..., x9,_9, 2, W as chosen in Section 2.4, where
the coordinate along £ is z and w is the height function vanishing along P, U Py. We then
have the following, which also uses the assumption that the Lagrangian angles of P; and
P, are different.

Lemma 3.6. — The degree 0 solutions of the drift heat equation on Py U Py are spanned by
1, 0. The degree 1 solutions are spanned by e="*xy, ..., e "/ *x9,_9 and e7"*z, ¢ /%20,

Progf. — The degree 0 solutions on P, U Py are given by pairs (¢, ¢3) of constants.
These are spanned by the functions 1, @ since 6 equals two distinct constants 6; on the
subspaces P;.

The degree 1 solutions on P, U Py are given by pairs (f}, ) of linear functions on
C" restricted to the subspaces. According to our choice of coordinates in Section 2.4, f,
1s in the span of x, ..., x,_1, 2 and f; 1s in the span of x,, ..., x9,—9, 2. SInce xy, ..., X,
vanish on Py, and x,, ..., x9,_o vanish on P;, the collection of functions x, ..., x9,_o on
P, U Py define the pairs (x;, 0) and (0, x)), where 1 <:<n—1and n<; <2n— 2. At
the same time z, z0 contain the pairs (z, 0) and (0, z) in their span (again since 6 takes
distinct values on Py, Py). O

3.1. Lunuts of solutions of the heat equation. — In this subsection we show that if we are
given a solution « of the heat equation along the ancient mean curvature flow M, and
a sequence of rescalings of M converging to a blow-down P} U P; given by a union of
distinct n-dimensional subspaces, then along a subsequence we can extract a normalized
limit of u, determining a solution of the heat equation on both planes separately.

Standard methods allow us to extract limits on compact sets away from the inter-
section E = P} NP;, and in the limit we obtain solutions of the heat equation on P/ \ E for
J =1, 2, which are in L across E. The main difficulty is that E may have codimension 1
in P} and codimension 1 sets are not removable for solutions of the heat equation. (Con-
sider for instance the solution given by two different constants on the lower and upper
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half planes.) To overcome this issue it is crucial that the angle 6 differs on the two sub-
spaces (which we have by Proposition 2.7), while at the same time the space-time integral
of |VO|? converges to zero as we approach the blow-down. This allows us to show that
the solutions that we obtain in the limit on Pj’ \ E are distributional solutions across E,
and hence smooth.

To state the result, let L be a sequence of smooth solutions of LMCF in G" de-
fined for ¢ € [—1, 0]. We assume that the L have Euclidean area growth and uniformly
bounded Lagrangian angles. We assume that L, — P; U P}, weakly as i — 0o, where as
above P} are n-dimensional subspaces meeting along a subspace E of dimension at most
n— 1. Here, as usual, we view P} U P} as a static flow. For the definition of functions with
polynomial growth we refer the reader to Definition A.2.

Proposition 3.7. — In the setting above, for each i, let u; be a solution to the heat equation on L}
Jort € [—1, 0], with at most polynomual growth. Assume further that there is a uniform C. > 0 so that

(3.4) / @M <
Ll

—1

Then, after passing to a subsequence, we have u; — u where u = (4y, uy) is a solution of the heat
equation on the union Py U P; for t € (=1, 0] in the sense of Definition 3.4. The convergence u; — u
here means smooth convergence on compact subsets of (—1, 0] x G" \ E, w.e. on compact subsets away
Jrom t = —1 and away from the intersection P} N Py,

Progf. — We have
0, — Aui = =2|Vu|*.

We apply the monotonicity formula (2.2) (see Proposition A.3) to «; with different centers
(%0, fp) In G" x (—1, 0]. Using the uniform bound (3.4) we find that for any R > 0 there
1s a constant Cr > 0 so that

sup |u;| < Cr,
Bgr (0)x[—1+R~1,0]

0
/ f » |Vuz-|2 < CR.
—14R-1 JBrO)NL

Let 6; be the Lagrangian angle on L' | and 6, # 05 the (constant) Lagrangian
angles on P}, P,. As in [23, Theorem A], we have that for all s € (—1,0), /' € C*(R) and
compactly supported smooth functions ¢,

2
i [ r0)8=Y" [ s@)e.

(3.5)
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Since 0, # 05, we can choose f € C*(R) such thatf(gl) =1 andf(gg) =0, and we fix
such a function f for the rest of the proof.

We also fix a smooth function ) compactly supported in Bg(0) x (=1, 0). Then
we have

d
(3.6) — f_f(ei)uiX = f_f/(ei)(Aei)uiX + /vf(ei)(Aui)X +f_f(9i)ui3¢X
dt Jii L L L

—/_f(@)uiUV@,DX) _/_f(ei)uiX|V9i|2,
L L

where D denotes the ambient derivative on Euclidean space, using the fact that both
u; and 6; solve the heat equation on Lﬁ and H = JV6,. Note that, since x has compact
support, we may use (3.5) and the fact that the (spacetime) I.>-norm of |H| = |V6;| goes
to zero as 1 — 00 (see [23, Lemma 5.4]) to deduce that

0 0
f SO (AG)u;xdt —/ SO)u(JV;, Dx)dt

1JL 1JL
0

_/ SG)ux|VOPdt — 0 asi— oo.
—1Ji

Therefore, since x has compact support in Bg (0) x (-1, 0), if we integrate (3.6)
with respect to ¢ on [—1, 0], we have that

0 0
3.7) f f_f(@i)uiatxdt - f /_f(@l-)(Aui)xdt te,
-1JL -1 JL

where €, = 0 as 1 = 00. (Note that €; will depend on yx.) Integrating by parts on the
right-hand side of (3.7) we get

0 0
3.8 | [r@mwsxa= [ [ ro)wu v
—1Jy -

1Ju

0
+ / SO)x(Vu;, VO)dt + €.

1JL

Again from (3.5) and the fact V6; converges to zero in L? (in spacetime), we may absorb
the second integral on the right-hand side of (3.8) into €;. We can then integrate by parts
in the first term on the right-hand side of (3.8) and absorb another term involving V6; by
the same argument into ¢, to get

0 0
<3.9> / _f(@i)uialxdt = — / f(@l)uZA)(dt + €.

1JL 1Ju
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Recall that f 0,) =1 and S (05) = 0. Since the w; are uniformly bounded on the sup-
port of x by (3.5), and we have good convergence away from the line £ = P, N Py, the
contribution as we pass to the limit as : — o0 in (3.9) near the singular set £ is negligi-
ble. Therefore, we can pass to the limit in (3.9) along a subsequence, and get that the
subsequential limit %, of the % on P, satisfies

0 0
/ / alatht = —f f ﬁ]AXdl‘
—1JP —1JP

This means that the limit %, is a bounded distributional solution of the heat equation on
P, so it follows that #; 1s a classical solution on P;.

Repeating the argument starting with the subsequence converging to %, on P, and
changing the choice of function f so that it takes the value 1 on 85 and 0 on 0, yields the
result. 0J

Since the drift heat equation and usual heat equation are related by rescaling,
one can apply Proposition 3.7 to sequences of solutions of the drift heat equation along
rescaled mean curvature flows. In particular, suppose that we have a sequence of rescaled
flows M, for 7 € [—1, 0], converging to P} U P, weakly. Recall the weighted L?-norm
defined 1n (3.3) and let #; be solutions of the drift heat equation on Mi, with |J&]-; <1,
and such that the #; have polynomial growth. Proposition 3.7 implies that after passing to
a subsequence we have u; — %, for a solution % of the drift heat equation on P; U P, for
7 € (—1,0]. We have the following additional information, saying that for T > —1 the
weighted L*-norms of the ; cannot concentrate near E and near infinity.

Lemma 3.8. — Under the setup above we have

(3.10) [ull: = Iim [Ju]|; <lminf(lw]-,
Jort e (—1,0].
Progff — The mequality |||, < ||lw]-; for T > —1 follows immediately from the

monotonicity formula (2.2) and the observation that (3, — A)u? < 0.

For r, R > 0let us write A, g = Bg(0) \ B,(E), where E = P| NP} and B,(E) denotes
the r-neighbourhood of E. Let § > 0. From Proposition 3.7 we know that for any », R > 0,
and T € [—1 4+ 6, 0] we have

. Iel2
lim we =/ :/
700 JMiNA, R (P{UP)NA, R

To prove (3.10) it is enough to show that for any €, § > 0, there are r, R > 0 such that for
all zand 7 € [—1 4 &, 0] we have

lel?
/ “12 Y e
MI\A, R

9 _ixl?
T L NAS



14 JASON LOTAY, FELIX SCHULZE, GABOR SZEKELYHIDI

First, using the log Sobolev inequality due to Ecker [13, Theorem 3.4], we have a p > 1,
depending on 6 > 0, such that

(!

for a uniform C, as long as T € [—1 448, 0]. It follows using Holder’s inequality that, given
R > 0, we have

1-1/p
/ |2 e ™7t < C (f e—lx2/4> ,
Mi\BR (0) M \BR (0)

and so using the Euclidean area bounds for M! we can find an R (depending on §, €)
such that

1/p
wen)” <

i
T

P €
3.11) f e = < €
NI@\BR(O) 2

fort e [-1+46,0].
Viewing R (and 8) as fixed, the uniform bound in (3.5) implies that if r is sufficiently
small (depending on €, §, R), then

0 12 €
/ |ui|ze T4
M NBg (0)NB,(E) 2

Combined with (3.11) this implies

2

— 4

/ e ™ <€,
MEA, R

as required. O

3.2. Three annulus lemma. — A well-known method for controlling the growth of
solutions of PDEs is the three annulus lemma, see for example [25]. In this subsection we
prove a version of the three annulus lemma for solutions of the drift heat equation along
the rescaled flow. We use an argument by contradiction, similar to Simon [25], based on
the monotonicity of frequency shown by Colding—Minicozzi [9]. Related ideas are also
applied in [8].

In this subsection we assume that L; is a rescaled Lagrangian mean curvature flow
such that, along a sequence 7, = —00, we have L, — P, U Py. In addition we assume, as
before, that the L, have uniformly bounded area ratios, uniformly bounded Lagrangian
angle and are almost calibrated for n > 3.

Proposition 3.9. — For any s & Z there 1s a Ty = To(s) > 0 with the following property.
Suppose that u is a solution of the drift heat equation (3.1) on the rescaled flow M, for T € [-T —
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2, =T] with ' T > T, such that u has polynomial growth. If in addition we have that the weighted
L?-norm defined in (3.3) satisfies
lull —r—1 = ¢ ull -,

then we also have

/2
lull —1—9 > ¢/ [lee|| —r—1.

Progf. — We argue by contradiction. Suppose that there is a sequence of solutions
u; to (3.1) on intervals [-T; — 2, —T,] with T; — oo, such that

(3.12) Nl —r,—1 = "l ]| -,

but

(3.13) leill 10 < &l 1

By rescaling we can assume that ||%]||_t,—; = 1 for all z. It follows from (3.13) that then

l|u;|| —1,—9 < ¢/%. We can apply Proposition 3.7 to time translations of the u;, and along a
subsequence we can extract a limit % satisfying the drift heat equation along a blow-down
P} UP; of the flow L, on the interval (=2, 0]. Using (3.10) we have

(3.14) lall- =1,

and at the same time the local uniform convergence of u; to %, together with (3.12) and
(3.13), implies

(3.15) lllo < e?, |7, < e’ forall T e (=2,0].

By [9, Theorem 0.6] we know that log ||ﬂ||2 1s convex. From (3.14) and (3.15) it follows
that log ||z]|? is linear with slope s. By [9, Theorem 0.6] % must be homogeneous with
degree s. By Lemma 3.5 the homogeneous solutions on any blow-down have integer
degrees, so since s ¢ Z, we have a contradiction. [

We can use the three annulus lemma to extract the leading order behaviour of
ancient solutions to the heat equation as follows.

Proposition 3.10. — Suppose that u is a non-zero solution of the drift heat equation along the
rescaled flow M, for T € (—00, 0], with polynomial growth. Suppose that for some G, d > 0 we have
lull2 < Ce™™ for all T < 0. Let T, — —00 be integers. Up to choosing a subsequence we have the

Jollowing. The translated (rescaled) flows L. = M,_,, converge weakly to a blow-down Py U P}, and
the normalized translated solutions

wi(t) = |lull;' u(t — )
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converge to a non-zero homogeneous solution u of the dnift heat equation on P\ U P, for T € [—2,0].
The convergence is locally smooth on [—2, 0] away from P} NP, and also in L* as in (3.10).

Proof — Let sy > d for some sy ¢ Z. We claim that there is a 7y < 0 such that we
then have

(3.16) lulley < e lull

for all T < 7. If this were not the case, then Proposition 3.9 would imply that in fact
ullr—r = €7 |lull ;441 for all integers £ > 0 and some 7, but this would eventually con-
> /2 41 for all integers £ > 0 and , but th 1d tually
tradict the assumption ||u||3_,C < Ce=h,

The growth condition (3.16) together with the normalization of % implies that
||| _5 < ¢*/2. Using Proposition 3.7 we can extract a limit % along a subsequence on
P} U P;. The convergence is locally smooth on (=3, 0] away from P} N P, and using
Lemma 3.8 the convergence is in L2 for T € [—2, 0] as required.

It remains to argue that % is homogeneous. For this note that Proposition 3.9 im-

plies that for any s ¢ Z one of the following must hold:

(1) [lull;—1 = ¢’?||ul|, for all sufficiently negative integers T,
(2) lull;—1 < e’?||ull; for all sufficiently negative integers T,

since if (1) holds for some sufficiently negative T then it must hold for T — £ for all integers
k> 0 by Proposition 3.9 as well. It follows that there is some s5; € R such that (1) holds for
all s < s, and (2) holds for all s > s;. We deduce that in the limit we have

- S1/2 (1= - 211
7l =Nzl -, -y = e [allo.

The convexity of log ||z||; then implies that log ||u]|, is linear, from which it follows that u
is homogeneous. O

We will also need the following variant of the three annulus lemma, similar to
Donaldson—Sun [12, Proposition 3.11].

Proposition 3.11. — Let V | be the space of solutions of the drift heat equation along M, given
by the span of 1, 0 and e~"*x; _for the coordinate functions x;. Let N C V <\ be any subspace and let u
be a solution of the drift heat equation along M, with polynomial growth. Suppose that there is a constant
C > 0 such that

(3.17) lull> < Ce ™, forallt < —1.

Forany © let Tl ,u:=u—f, where f € V and u— [ s orthogonal to 'V at time T :

(u—f.g) = f (u—fge ™" =0, forallgeV.
M,



ANCIENT SOLUTIONS AND TRANSLATORS OF LMCF 17

Guwen s ¢ Z, there 1s a'T'y > 0 with the following property. If
T yull —r—y > €| T -1
Jor some T > Ty, then

T gull —r—g > | TLp_yul| r_y.

Proof. — The proof'is by contradiction, similar to that of Proposition 3.9. Suppose
that we have a sequence T; — 00 and corresponding ; such that

(3.18) [ ST | ) BT

and at the same time

(3.19) ITT g —otil| —r,—2 < N _p gl -
Let v; = I1_1,_ou;, so that v; is orthogonal to V at t = —T; — 2. By scaling we can
assume that ||v;||—1,—; = 1. It follows that [|[IT_t,_,v;||_1,—; < 1, and so by (3.19) we have

|lv;ll —1,—o < /2. We claim that for sufficiently large i we also have
s
(3.20) lvill =15 < €[Vl -1,

If (3.20) did not hold, Proposition 3.9 would imply that for some constant G > 0 and
for all integers £ > 3 we would have ||v;||_1,_; > C~'¢*/°. At the same time v; = u; — f;
for some f; € V, and since both % and f; satisty an estimate of the form (3.17), we get a
contradiction. Thus (3.20) holds, and so we have a uniform bound ||v;||_1,—3 < REanral

Applying Proposition 3.7 we have that, along a subsequence and after time trans-
lations, the v; converge to a limit solution v of the drift heat equation on a blow-down
P UP, for T € (—3, 0]. It follows using (3.10) that [|v]|_y < ¢/? and ||V]|_; = 1.

We claim that we also have

(3.21) 1l < e,

in which case we will reach a contradiction just like in the proof of Proposition 3.9. Note
that the new difficulty is that we only have the bound ||TT_y,v;|| 1, < ¢~*/?, and the norm
of v; can be larger than that of its projection IT_v,v;.

To see that (3.21) holds we show that under our assumption that v; is orthogonal to
V at time —'T'; — 2, we have that v; is also approximately orthogonal to V at time —T;. Let
g € V and consider normalizations g; of g such that ||g||_r, = 1. By Proposition 3.10, after
taking a further subsequence we can assume that the g; converge to a homogeneous limit
g on P UP;, on the time interval [—2, 0], satisfying the drift heat equation. We can apply
the L?-convergence (3.10) to v; + g;, together with our assumption (v;, g)_1,_o = 0 to find
that (v, g)_» = 0. Since g is homogeneous, this implies that (v,g), =0 forall T € [-2, 0].
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It follows from the 1.?-convergence we have (v;, ;) _r, — 0. Since this applies to all g € V,
we find that

I T, vil -, _
imoo ]|,
and it follows that |||y < ¢*/2. This leads to a contradiction as discussed above. (Il
Let us use coordinates x, ..., X9,_9, 2, W as in Section 2.4. Recall that a blow-

down of our ancient rescaled flow M, along a sequence of scales 7, = —00 is given by
P, UP,y, where P; NPy = £ 1s a line, the coordinate w vanishes on P; UP; and JVz = Vw.
Without loss of generality we can assume that the t; are all integers. Let us write L! for
the corresponding sequence of flows for ¢ € [—2,0) converging weakly to P, U Py. We
then have the following dichotomy.

Proposition 3.12. — Either we have that w = a + b0 for some constants a, b along our flow
Ly, so L, is a translator, or up to choosing a subsequence of the T; we can find a sequence of linear functions
¢, € Span{xy, ..., x9,_9, 2} with ¢; — 0 and a sequence o; — O such that along the sequence Li
converging to Py U Py we have

ai_l(w —¢;) > 0 asi— o0,
where the convergence is in 12 and locally uniformly away from the line £.

Proof. — Recall Definition 3.1 and let V= Span{1, 6, xy, ..., X9,-9, Z}.

Suppose first that the rescaled height w is in V. Note that M, — P; U Py and w
vanishes on P; U Py, but non-trivial linear combinations of xy, ..., x9,_s, 2 do not vanish
on P, U Py. This implies that we must have w = a 4 56 for constants a, b. By Proposi-
tion 2.10 the flow L, is a translator.

Suppose now that w is not in V. We apply Proposition 3.11 to w along the flow
with V as chosen. For any integer £ < 0 let us write

IT,w

Il

Note that by our assumption IT;w # 0 for all £. Using Proposition 3.11 together with
the argument in the proof of Proposition 3.10 we find that along a subsequence £; =
7, = —00, time translations of the w,. converge to a homogeneous solution w of the drift
heat equation on P, U Py, which is orthogonal to the solutions 1, 8, xy, ..., X9,—9, 2. At the
same time the growth rate of w can be at most degree 1, so by Lemma 3.6 we must have
W = ce~*/? 20 for a non-zero constant c.

To finish the proof we need to consider how the w; are related for different £. By
definition we have

(3.22) ﬂ)k = ykﬁ)kH + a; + b/ﬁ + Fk,
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where y;, @, by are constants, and F;, € Span{¥,, ..., Xy,—9, z}. Using Proposition 3.11,
and arguing as in the proof of Proposition 3.10, we know that for any subsequence £ —
—0oo0 there is a further subsequence along which the wy, (translated in time) converge to a
homogeneous solution along some blow-down P} UP;, with degree 1 which is orthogonal
to V. Since || W]l = 1 for all £, it follows that ¥, — ¢~ V2 and ||a; s, |6:0 |l | Fell; = O
as k = —oo. Note that the norms ||1||;, ||0]|; are uniformly bounded away from 0 and
oo for all £, using the fact that on all blow-downs P} U P; the angle 6 equals the same
constants @, 6, on the two subspaces P}, P,. Therefore a;, b — 0.

Let us define the constants u; by o =1 and y; = prq1 /e for all sufficiently
negative integers . From (3.22) we have

MWy = g1 Wiyt + Wi + bi0) + ik,
and so
k k
(3.23) = g Do+t Y e+ 00) + gt Y
i=—1 i=—1
Using that 41/ pnr — ¢ /% and a, b, — 0, it follows that

k

e Y wilai+ bio)

1=—1

(3.24)

— 0.

k

At the same time, since Wy is the normalized 1.?-projection of w orthogonal to V (at time
7 = 0), we have Wy = cW + ¢; + o0 + F, where ¢, ¢1, ¢, are constants with ¢y # 0 and
F € Span{xy, ..., x9,-9, z}. Using (3.23) and (3.24) we can write

Mlzlco(ﬁ) - d;k) =w; + Ej,

where |E.||; = 0 and ¢~)k is in the span of xi, ..., X9,—9, z. Along our subsequence £; we
have W), — W = ¢c¢ "/?z0, and so as required we obtain a sequence L! converging to
P, UPy, and 0; # 0, ¢; € Span{x,, ..., x9,_9, 2} satisfying

al-_l(w —¢;) — 0.

It remains to show that o;, ¢; — 0. Note that since w vanishes on P; U Py, on Lil we
have ||w||LL-_1 — 0 as 1 = 00, while ||99-||Li_1 and ”Z”Li_l are bounded away from 0 and oo.
It follows that if ¢, 4 0, along a subsequence, then also o; 4 0 along this subsequence,
and we would have a{1¢i — 20 in L2, but this contradicts the fact that on P, U P, the
function z0 is L?-orthogonal to 1, ..., X9, 9, z. Therefore we must have ¢; — 0, which
implies that [|w — ¢i||L11 — 0 and so g; — 0 as well. ]
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In the next section we will show using a topological argument that the second
alternative in Proposition 3.12 leads to a contradiction. This will complete the proof of
our main result.

4. Linking argument

In this section we use a topological argument to rule out the second alternative in
Proposition 3.12. Throughout this section we let (=00, 0) 3 ¢+ L, C G" be a smooth,
exact, ancient solution of LMCF with uniformly bounded area ratios and Lagrangian
angle and which is almost calibrated for n > 3. Recall that for a positive sequence A; — 0,
we consider the sequence of parabolically rescaled flows

(—00,0) 3t Li= AL, —,.

We assume that as i — 00 the flows ¢ > L converge weakly to the static flow (—00, 0) >
t = P, UPy, where P}, Py are n-dimensional Lagrangian subspaces meeting along a line £.
We write 6; for the Lagrangian angles of P; as before, where 6, = —,.

Since the L are exact, they admit primitives B; of the Liouville form as in Defini-
tion 2.2. We have the following (see Neves [23, Proposition 6.1]).

Lemma 4.1. — We can choose the primitives B; along the flows L such that
(0, — A)(B; + 216;) = 0.

Since |VB;| = |x*| and L/ | converges to the union P; U Py locally smoothly away
from £, we have that g];; — Bj as 1 — o0 locally smoothly on each plane P; away from

£, for suitable constants Bj Similarly 6; — 6; locally smoothly on P; away from ¢, as
¢ — 00. Given this, we make the following definition.

Definition 4.2. — Since the L., are exact, and almost calibrated for n > 3, by [24, Theorem 4.2]
there exists a set £ C (—2,0) of measure zero so that whenever s € (—2,0) \ &, we have two
distinet connected components Ei,w Eé,y of B3(0) N L., (afler possibly passing to a subsequence)
wntersecting Bo(0) and converging (as Radon measures) to the planes Py, Py respectively in Bo(0). Note
that there might be more connected components of B3(0) N Lﬁ,, but the components Ei,w Z;)S, are
uniquely determined, and the remaining components converge to zero as Radon measures.

Let s; € (—1/2,0)\ € so that by # by, where
(4.1) b; == cos(B; — 2(1 + 51)6)).

This is always possible since 0, # 0y and € has measure 0. We then let Ej = E]fjl N By(0) wn the
notation above.
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4.1. Approximate solutions of the heat equation. — We now prove our first key result,
which provides solutions of the heat equation, which on the two components X, for

j = 1,2, approximate b,z pointwise.
Proposition 4.3. — Recall the notation of Definition 4.2. Let
(4.2) B; = cos(B; + 2(t — 51)6;)

and let h; be the solution of the heat equation along L with polynomial growth (see Proposition A.5) such
that at t = —1 we have h; = B;z. Then

(4.3) lim sup |bz—hl=0 forj=1,2,

=0 iNBy (0)
where Zj are the constants given i (4.1).

Remark 4.4. — The idea of Proposition 4.3 is that [_?;Z defines a solution of the
heat equation on the union P; U Py, and we try to find solutions along the flows L! which
approximate it. Along the flows we do not have two components at each time converging
to the two planes, so we cannot directly define a function like Zj.z. However, in the limit
as i — 00, the functions B; approximate the constants ; on the two planes P;. B;z only
approximately satisfies the heat equation as : — 00 but should stay close to a genuine
solution #; with the same initial condition. In addition we have a good pointwise estimate
for the difference between B, and the constants Zj on the two components Ef at the
specific time ¢ = sy, as in Neves [24, Theorem 4.2].

Proof. — Let
(4:.4) Ei = BZZ - /ll‘.
Our goal is to show that E,; is small as ¢ becomes large. At £ = —1 we have E; = 0, so we

compute the evolution of E,;. We have
V(i +2(t—s0)0) =]+ 2(ss — OH),
and since B; + 2(¢ — s,)6; satisfies the heat equation we get
(3, — A)B; = |x" +2(s; — HH[’B,.

Since |B;| <1, at = —1 we have |4] < (1 + |x|?). Using the maximum principle (see
Ecker—Huisken [15, Corollary 1.1], which applies to subsolutions that satisfy the mono-
tonicity formula) and the evolution equation (3, — A)(1 + |x|?) = —2r we find that
|k < C(1 + |x|?) for t € [—1, 0) for a dimensional constant C > 0. Below the constant
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C may change from line to line but is independent of ¢, ¢. In particular we also have
;| < C(L+ [x[).
Since z and A; satisfy the heat equation along the flow L!, we have the evolution

equation

(0, — AE; = |x" 4+ 2(s) — H)H|’B,z — 2(VB,, V2).
We deduce that

(3 = AE| < x4+ 205 = HHI*(1 + [x[*) 4 2[x" + 2(s) — HH.
From this, together with the estimate |E;| < C(1 + |x|?), we get

(4.5) (3, — A)E; < 2|E||(3, — A)E;| — 2|VE,|*
< 2E|[x 4 2(si — OHP*(1 + |x[*) 4+ 4[Ei| [x* + 2(ss — HH|
<E +C(x [P+ (s — °[H) (1 + [x[*),
where we also used the estimate 4|E;|b < Ef + 4b” to get the last line.
Using that 6; satisfies the heat equation and |V6;| = |H|, as well as (3, — A) |x|* <0,
we also have
@, — M)A+ IxD0+ DO < (1 + [x[H67 —2(1 + [x[) (1 + D[H/?
— 4(t+ 1OV, V|x[")
<—(1+ "+ DHP +CA +[x/M67,

forte (—1,0).

Let k > 0 be small. Combining (4.5) with the previous inequality, for ¢ € (=1, 0)
we have
(4.6) 0, — A)(e—fEf (4 x|+ 1)95)

< C(x"* + (0 = 0° =) A + [
+ G+ [x[H67 — x4+ D+ x)HI”.

Suppose that x; € Bo(0) N L_ﬁl and denote by py, ,, the backwards heat kernel cen-
tred at (x, 51). For ¢ € (—1, 51) we have from (4.6), using the monotonicity formula (2.2),
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d
(4.7) @/(WE? + (1 + x|k (¢t + 1)07) px.,
L
< fC(IXLI2 + (51 = P HP) (1 + [x[) pxy s,
L

+KC/(1 + |X|4)9i2/0x0,51
1

—k(t+1) / |H|2(1 + |x|4)10xo,$1'
L

Integrating (4.7) with respect to ¢ from —1 to s, yields:

(4.8) ¢ " EZ (%0, 51) + (1 + %0/ M)k (51 + 1)07 (x0, 51)

S\/
L,

51
*"C/ f 0+ x84,
-1 JLu

51
- K/ @+ DIHPA + [x]") px,. dt.

1 JL

51
¢'Ef P + / f Qx4 (5 — OFHPD A+ %1y,
-1 Ju

Note that E; =0 at £ = —1 by the definition of %;, and hence the first term on the right-
hand side in (4.8) vanishes.
We now estimate the second term in (4.8). Note that for ¢ € [—1, s; — k] we have

(1 + |x|4):0x0,x1 (X, t) S CKpO,O(x9 t)

for some k-dependent constant C, > 0, since s; < 0 and thus py,, will decay more
rapidly at infinity than pg for any ¢ € [—1, 51 — k]. Therefore,

s1—K
(4.9) / f_C(IXLIQ + (51 = O HP) (1 + [x]") oy, At
-1 L

0
<G f V(|XL|2 + [HI*) po odL.

1Ju
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We now notice that

1
(4.10) / / C(s; — t)2|H|2(1 + |X|4)px0,51 d¢

S1—K 2
51
fcﬁf / H”(1 + [x]") oyt
s1—k JLj
K ’l 9 4
<- (+ DHEHPA A+ [x[) pxg. dt;

1
1—k JLj

where C > 0 1s a constant and « is chosen sufficiently small that (¢ + 1) > 2Ck for ¢ €
[s1 — K, 51]. Equation (4.10) shows that the integral on the left-hand side of the inequality
can be compensated for using the last term in (4.8).

Our remaining concern is

51 51
(4.11) / P x| oy e < / x4 %1 oy, dE

1—K L; S|—K Lll.

51
2 4
=/ f 1%|"(1 + [%|") pxy.5, A2
si—k JLINB, —1/10(0)
51

T / / | %121+ [x]) Pt
st—k JL\B, —1/10(0)

The first integral can clearly be estimated as

51
4.1 / / X2+ %] g
s1—« JLINB,__1/10(0)

51
< QK—6/10/ / /Oxo,sldt < CK2/5
si—k JLINB, —1/10(0)

for some constant C > 0, using the uniform area bounds for L. Using the area bounds
again for ¢ € [—1, 5;], we can estimate our remaining spacetime integral by the integral
over an n-plane P for « sufficiently small:

51
4.13) / / | %21+ [x[) oyl
si—k < L\B, —1/10(0)
0
< 01/ f % (1 + [x]") px,.00lt
=« JP\B —1/10(,
< 026—1//(

for constants C;, Cy > 0.
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Combining (4.9)—(4.13) shows that, for « sufficiently small, we have

51
(4.14) / /,C(lel2 + (51 = O HH) (1 + [x[") oy i
—1 ;

0
<Gy / (Ix*1? + [H|*) po,odt
—1Ju

51

. K ‘

w0 5 [ [ DIEEQ -+ )
s1—k JLj

for some constant C > 0 and a constant C, > 0 depending on «.

Noting also that 67 is uniformly bounded, we may therefore combine (4.8) and
(4.14) to obtain

0
(4.15) E?(x0, 51) < Cy (=7 + [H|*) pg 0dt + Ci*?,

—1Ju

if & > 0 1s sufficiently small.

For fixed « > 0, the first term on the right-hand side of (4.15) converges to zero as
1 — 00, as in [23, Lemma 5.4]. It follows that for any ¥ > 0 we can choose ¢ sufficiently
large so that

E7(x0, 51) < 2Ck™.
By definition of E; in (4.4), and the fact that B; = cos(f;) at ¢ = 51, we have that

(4.16) lim sup |cos(B)z—h|=0.

100 By(0)NL,

As in [23, Lemma 7.3], we now use that the limiting behaviour of the functions
B; in (4.2) as t — 00 is t-independent. More precisely, for all ¢ with compact support in
By(0) and f € C*(R) we have

(4.17) lim | f(B)¢dH" = lim f F(B)GdH".
5 1 LI,l

— 00 lel — 00

On Lf,l we have B; = cos(f;) and so we have the pointwise bound |VB;| < |x*|. Using

the Poincaré type inequality [23, Proposition A.1], we deduce that there are constants

by, by such that supsip, o) |B; — 4] = 0 as i — 0o. At the same time from (4.17) we find
By

that !3]- = Z] for the constants in (4.1), since on L’ | we have B; = cos(8; — 2(1 + 5))6)).
Note that by construction on L | we have 8; — Ej and 6; — 6; on the plane P;, locally
smoothly away from £. It follows then from (4.16) that lim;_, o SUPip,(0) bz — hi| =0, as
required. UJ
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4.2. The linking argument. — Continuing the setup from the previous subsection, we
now show that indeed the second possibility in Proposition 3.12 leads to a contradiction,
if our flow ¢ — L, is smooth and embedded.

Proposition 4.5. — Suppose that we have ¢; € Span{x,, ..., x9,—9, 2} with ¢; = 0 and a
sequence \.; — O such that along the sequence L. we have

(4.18) u; =)\Z._1(w —¢p;)—> 20 om P UPyasi— 00,

where the convergence is in 1> and locally uniform away from €. Then for sufficiently large i the flow L
is not embedded.

Remark 4.6, — Recall that Z} are the components of By(0) N Lil, as in Defini-
tion 4.2, and let us suppose for simplicity that C]Z = Zj N 0B;(0) are smooth (n — 1)-
dimensional submanifolds of the sphere (which can always be done by changing the ra-
dius of the ball slightly if necessary). The key to the argument is to show that the subman-
ifolds C} in the (2n — 1)-sphere are linked for z sufficiently large, which implies that the

Ef intersect in By (0). Then L_il cannot be embedded.

Progf: — Since 6 equals the distinct constants 0., 60, on the planes Py, Py, by mod-
ifying the A; and adding multiples of z to the ¢;, we can assume for simplicity that

u; —> bz onPjasi— o0,

where Zj are given in (4.1). The convergence is in 1.2, and locally uniform away from the
line £. We also assume without loss of generality that A; > 0.

Recall the notation of Definition 4.2 and Proposition 4.3. At t = —1 we have #; =
B.z by definition, and the function B; converges in L.> and locally smoothly away from £ to
the constants Z_7J on the two planes. It follows that at t = —1 we have ||u; — %;||;2 = 0. The
monotonicity formula applied with points (x, s) for different x, € By(0) then implies

lim sup |u; — h;| = 0.
1—00 i
J

Applying Proposition 4.3 then yields

lim sup |u; — ijl =0.

1—> 00 Zl
J
We deduce that, given any € > 0, once : is sufficiently large we will have
(4.19) |w — ¢; — Abz| <€A, on %
Suppose without loss of generality that b, > b, and choose

0 <€ < |b — by|/100
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in (4.19). Let

bo= (b1 + b2)/2
and, recalling that ¢; € Span{x, ..., x9,—9, 2}, define half-spaces

Ho=1{(x1, .o %90, 2, w) €C" 1w >+ Aibyz),

Ho={(x1, ..., %09, 2,w) €C" 1 w < @ + Aibyz).
The inequality (4.19) implies that, for all ¢ sufficiently large,

(BN{z> 1/ CH, and (ZiN(e>1/2) CH,

(4.20) _ | . .
(ZiN{z<—1/2DCH and (ZiN{z<-1/2)CH..

In other words, the relative positions of the components Ef in terms of the halfspaces H,
must switch as we pass from z > 1/2 to z < —1/2.
We can choose R =1 + § for § > 0 small such that

(4.21) Ci =%/ N3Br(0)

are smooth. Our aim now is to show that the submanifolds C} in dBR(0) are linked for
sufficiently large ¢, which will imply that the Ej intersect in Bg (0).

Consider the two points p_, p;y whose only non-zero entries are =R in the z-
component in coordinates (x1, ..., x99, 2, w) on G". So p_, p; lie on £ N 9B (0) where
¢ =P, NPy. Since the Ej converge smoothly to P; away from the singular line £ as z — o0,
we can assume that outside of By /9 (p+) the submanifolds C} are smooth perturbations of
P; N 0Bg(0).

Any connected components of the C]Z- contained entirely inside B;,19(p+) must lie
in different half-spaces H', by (4.20) for i sufficiently large, and so do not contribute to
the linking number of the C]l We may therefore discard these components, if there are
any, and assume from now on that the C]l are connected.

Forj=1,2,let 13]’ be the graph of w = ¢, + /\Z@-z over P;. Since ¢;, A; — 0, the I~)JZ
are small perturbations of the P; for 7 sufficiently large. Moreover, since by # by by (4.1)
we have that the f’; intersect transversely at the origin. Hence, the spheres

(4.22) Ci=P/NdBg(0)

have linking number 1.
We now claim that, for ¢ sufficiently large, the submanifolds C]l in (4.21) can be de-

formed to the CJZ in (4.22) without any crossings. Outside of the balls B} 90 (p+) this is clear

since there the lef are smooth perturbations of the (NJJZ At the same time, for ¢ sufficiently
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large, inside the balls By,o(p+) the pairs of submanifolds {C}, é;} are contained in dis-
joint half-spaces for j = 1, 2 by (4.20), so the submanifolds in each pair can be deformed
to coincide without intersecting the submanifolds in the other pair.

We conclude that the linking number of the submanifolds CJZ: in (4.21) is therefore
also 1 for sufficiently large z, which implies that the flow is not embedded. U

5. Proof of main theorem

We first show that combining the results from Section 3.2 and Section 4.2 yields a
proof of the main theorem:

Proof of Theorem 1.1. — We can assume that the ancient flow M is defined for
t < 0. We note that the assumption that the flow has a blow-down given by the static
union of the planes P, U Py implies that the entropy is bounded above by 2. This implies
that if the flow has an immersed point (%o, #), then the monotonicity formula yields that
the flow is backwards self-similar around (%o, ), i.e. the flow is given by the static flow
(M, up, + (%0, 1)) N {z < O}

We can thus assume that M is embedded. Combining Proposition 3.12 and Propo-
sition 4.5 yields the statement. 0J

Since in many geometric applications it is essential to classify not only smooth
ancient solutions to mean curvature flow, but also more general Brakke flows arising as
limit flows, we also record the following extension of Theorem 1.1.

Theorem 5.1. — Let Py, Py C C* be Lagrangian subspaces which intersect along a line €
through 0. Let M be an ancient 2-dimensional Brakke flow which s the (weak) lLimit of smooth,
zero-Maslov, exact Lagrangian mean curvature flows (1) _g2_,_o defined on B(0, R;) C C", where
R, — oo, with uniformly bounded variation of the Lagmngiaﬁ angle and unyformly bounded area ratios.
If M has a blow-down at —00 given by the static flow consisting of the union of the planes P, U Py,
then M is a smooth translator.

Progf — We again assume that M is defined and non-vanishing for ¢ < 0. Note
that the assumptions imply that M has uniformly bounded area ratios and is unit regular,
meaning that every point of Gaussian density one has a space-time neighbourhood where
the flow i1s smooth. Furthermore, as in the proof of Theorem 1.1, it follows that the
entropy 1s bounded above by 2. Assume now that there is a point (x, {)) where the
Gaussian density of M is 2. Then as above we see that M = (Mp,up, + (%0, %)) N {¢ < 0}
(using unit regularity to conclude that neither of the two planes can vanish before ¢ = 0).

We can thus assume that all Gaussian density ratios of M are strictly less than 2.
Neves structure theory [23] then implies that we obtain uniform local curvature bounds
along the sequence (Li)—Rf and thus the convergence is smooth. This yields that M

<t<0>
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is a smooth, ancient, zero-Maslov, exact Lagrangian mean curvature flow with uniformly
bounded variation of the Lagrangian angle and uniformly bounded area ratios. Theo-
rem 1.1 then implies the statement. U

Remark 5.2. — In the previous theorem one can also allow that the flows
(Lj)—R§<t<o are defined on the Riemannian manifolds (B(p;, R;), g)) where B(p;, R;) C
R?" are geodesic balls with respect to g; and g; is a sequence of Calabi-Yau metrics on
B(p, R;) converging smoothly to the standard Euclidean metric on C".
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Appendix: Smoothly immersed Brakke flows

In this appendix we give a definition of smoothly immersed Brakke flows and record that
the weighted version of Huisken’s monotonicity formula, see [14, Theorem 4.13], can be
extended to weights with polynomial growth. We recall Remark 1.2 for the relation with
properly immersed mean curvature flows.

Defination A1 (Smoothly immersed Brakke flows). — We say that an n-dimensional (integral)
Brakke flow M in R"™™ defined on a time interval 1 C R, is smoothly immersed if around every
point (x,1) € R"™" x 1 in the support supp M of the Brakke flow there exists an open space-time
newghbourhood U, such that the flow can be represented by a smoothly immersed mean curvature flow
i U. Note that this includes that the multiplicity 6 (x, t) agrees with the number of sheets passing
through (x,t). If n = m we say that M is in addition Lagrangian if the local immersions can be
chosen to be Lagrangian.

Consider an n-dimensional, smoothly immersed Brakke flow M in R, We call
amap f a function on M if it assigns to each (x, f) € supp M an unordered 0 (x, ¢)-tuple
of real numbers. We say that such a function is continuous, smooth, etc. if locally it can be
represented by a continuous, smooth, elc. function on a suitable local immersion represent-

ing M.

Definition A2 (Functions with polynomial growth). — We say that such a_function f on M
has polynomial growth d € N if for every interval | € 1 there exists a constant Cy such that for all
R>0

A.1) sup [/ (x, Ol <Cy(1+RY,
supp MN(Br (0) x])

where ||f (x, t)|| denotes the maximal possible absolute value of | at (%, t).

We recall that Ecker’s weighted version of Huisken’s monotonicity formula is given
by (2.2) for a (sufficiently smooth) function / on M with (uniform) compact support. We
can extend this as follows to a (sufficiently smooth) function with non-compact support.
Note that in the following we will do all calculations implicitly on the local immersions
representing the flow.

Proposition A.3. — Let M be an n-dimensional, smoothly immersed Brakke flow M in R*"
and let f be a smooth_function on M. Let ty, ty € Lwith t; < ty < ly and assume that

)
_/ /(fQ+ ’(at_A)f‘)pXO,tothdt<oo,
a}
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as well asf('7 tl) € Ll (IOXU,L‘()(" tl) dlu“tl) andf(" tQ) € Ll(loxo,to('7 t?) d/*’LtQ)' Then

(A‘Z) /fpxo,to thQ f /fpxo,z‘o dl’Lz‘l +f /(at - A)fpxo,fo dl’Ll‘ dt
(X —x0)"
./f' 20— 1)

Progf. — Let n be an ambient cut-off function. We have

2
Oxo.ty A, dL .

@ —A)(f) =n@ —A) S+, —A)n—2(Vf,Vn)
and thus after integration by parts
A3 f @ — &) (1f) pdpt, = f 1@ — A)fp
+ ff (@+ 80 +2(9n.2)) pdu,.
Recall that for an ambient function 7 one has at (x, {) € supp M
(A.4) Ain = trp D’ + (D, Hyy)

where D is the standard ambient derivative and M! is one of the sheets locally represent-
ing the flow. This implies (assuming 7 is independent of time)

(8, + AM;’) n= trT,,MjDQU +2(Dn, Hy;) .

Recall further that the assumption of bounded area ratios implies that

[

where H(x, 1) = Ze(x 0 H, i (x, 7) is the varifold mean curvature and the M: are the sheets
passing through (x, ¢). Thus, again using bounded area ratios, we have

lo
/ /Ilepdu;dtSC(tz)-
t

pduta’tﬁc < 00,
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The above gives

A5 ‘ [ (@ av+290.22)) pan,

< [ 11 (1001 + 1Vl + 1D IH() p s,

3 ( 3
SC(/Vlgpduz) (f <|D2n|2+Ianzv,%f+anl2lH|2)pduz> :

We now choose ¢ to be a cutoff function which is equal to one on B;(0) and vanishes
outside of By(0) and let nr(x) = ¢(x/R). Integrating (A.3) from ¢ to & with n = nr
and letting R — 0o (using (A.5) and the space-time integral bound on [H|?) gives the
result. O

Remark A.4. — For a smooth function f/ on M with polynomial growth such that
(0, — A)f also has polynomial growth the conditions of Proposition A.3 are satisfied.

We note that using polynomial barriers one obtains existence of caloric functions
with polynomial growth given initial data of polynomial growth. Furthermore, the above
monotonicity formula yields uniqueness. We record this in the following proposition. We
write M=, for the restriction of the Brakke flow to IN {¢ > ¢} and extend the definition
of a function with polynomial growth on supp(M) N {(x, &) | x € R**"} in the obvious
way.

Proposition A.5. — Let M be an n-dimensional, smoothly immersed Brakke flow in R"™" and
Jor ty € T let fy be a smooth_function on supp(M) N {(x, &) | x € R™™} with polynomial growth.
Then there exists a unique smooth_function f on M=, of polynomial growth such that

(A.6) 0, — A =0 and fli=yy=1o-

Progf: — We first note that Proposition A.3 together with Remark A.4 yields
uniqueness as stated. For existence we have the following claim.

Claim. — Given R > 0 there exists a solution fg to (A.6) on (Br(0) x [fo, fh + R?)) N
supp M such that for every 0 < r <R

sup I/l < Coe“r (1 + 1),
supp MN(B,(0)x [1, 4 ])

Jor some Gy > 0 just depending on n, m and d.

Note that the claim does not specify any boundary values at the spatial boundary.
From the claim, the existence follows, since interior higher order estimates imply that we
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can take a subsequential limit as R — 00 to obtain the stated solution /. The convergence
of f to the initial data fy as ¢ N\ { follows similarly from higher order interior estimates.

To prove the claim, let R > 0 be given. Note that since M is smooth there
exists K > 0 such that the mean curvature H of the flow is bounded by K > 0
on Byr(0) x [#, & + R*]. Since M is smoothly immersed, there exists an (open) n-
manifold M and an immersion F, such that F,, : M — R"*" smoothly parametrises
M (%) NB3r (0). Furthermore we can smoothly extend F;, to a standard (immersed) mean
curvature flow F, parametrising M for ¢ € [{, & + 8] with § := R/(2K): this follows from
the bound on H. Note further that M (¢4 §) NBg(0) C F,;5(M). This again follows from
the bound on H on B4z (0) x [#, fp + R?].

Let fy be of polynomial growth of degree d such that for all » > 0

(A.7) sup @) < Co(1477).

(x,1p)€supp MN(B,(0) x{ip})

Choose R’ € (2R, 3R) such that U := Fzgl (Br/(0)) C M has smooth boundary. We can

then construct a solution f to the heat equation (with respect to the induced metric g
on M via F)) with initial value f) and boundary value zero. Note that (A.4) together with
d > 2 implies that there exists C; > 0 such that Ce®' (1 + |x|?) is a supersolution to
the heat equation along the flow. Thus, by the maximum principle together with (A.7), as
well as the assumptions on the boundary data, we have

If (. O] < Coe® O (1 + [F(x, 0],

for (x,t) € U X [fy, ty + 8]. Note that by restriction this yields a solution f to the heat
equation with the claimed bounds on M N (Br(0) X [4, & + 8]). We can now repeat this

process, starting at {, + & where as initial data we take f oF ;Jlra on F,,5(U) C supp M (4 +
8) N Byr(0) and zero on (supp M (4 + 8) N B4r(0)) \ F,,+s(U). Repeating this process
finitely many times yields the stated solution fz. O
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