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ABSTRACT

If U : [0, +00[xM is a uniformly continuous viscosity solution of the evolution Hamilton-Jacobi equation
9, U+ H(x, 0,U) =0,

where M is a not necessarily compact manifold, and H is a Tonelli Hamiltonian, we prove the set 3 (U), of points in
10, +00[ xM where U is not differentiable, is locally contractible. Moreover, we study the homotopy type of X (U). We also
give an application to the singularities of the distance function to a closed subset of a complete Riemannian manifold.

1. Introduction

Let M be a smooth connected but not necessarily compact manifold. We will as-
sume M endowed with a complete Riemannian metric g. For v € T, M, the norm |[v||, is
g2(v, v)"/2. We will denote also by || - ||, the dual norm on T*M. If y : [a,b] > M is a
curve, its length £,(y) (for the metric g) is defined by

b
ty) = / 17Ol ds.

The distance d that we will use on M is the Riemannian distance obtained from the
Riemannian metric. Namely, if x, y € M the distance d(x, ») is the infimum of the length
of curves joining x to y. Since g is complete, the distance 4 is complete, and for every pair
of points x, y € M, there exists a curve joining x to » whose length 1s d(x, ). Moreover,
for every compact subset K C M and every finite R > 0, the closed R-neighborhood
Vr(K) = {x e M| d(x, K) <R} of K is itself compact.

Before giving our results for the general Hamilton-Jacobi equation, we will give the
consequences in Riemannian geometry.

If C 1s a closed subset of the complete Riemannian manifold (M, g). As usual, the
distance function d¢ : M — [0, +-00[ to C is defined by

dc(x) = infd(c, x).
ceC

We will denote by £*(d¢) the set of points in M \ C where d(; is not differentiable. Note
that X*(d¢) has Lebesgue measure 0, since the Lipschitz function d; on M is differen-
tiable almost everywhere.

Theorem 1.1. — Consider the closed subset C: of the complete Riemannian manifold (M, g).
Then ¥*(dc) 1s locally contractible.
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As a first application, if we take C = {p}, the set £*(d,) is nothing but the set of
¢ € M such that there exists two distinct minimizing geodesics from p to ¢. The closure is
known as the cut locus Cut-locus o (p) of p for (M, g), see [20, §2.1]. It is well-known
that, for M compact, this cut locus Cut-locusny ) (p) is a deformation retract of M \ p,
see [20, Theorem 2.1.8], therefore it is locally contractible. It is also known that the cut
locus Cut-locusgy, g () 13, in general, not triangulable, see [18]. However, even if there is
an extensive literature on the cut locus, very little was known up to now about the set
of ¢ € M such that there exists two distinct minimizing geodesics from p to ¢. As Marcel
Berger said in [4, Page 284]:

The difficulty for all these studies is an unavoidable dichotomy for cut points: the mixture of points
with two different segments and conjugate points.

Our methods permit to separate the study of these two sets.

To state another consequence of Theorem 1.1, we introduce the following defini-
tion:

Defimation 1.2, — If (M, g) s a complete Riemanman manmifold, we define the subset
UM, g) CM x M as the set of (x,9) € M X M such that there exists a unique mnimizing
g-geodesic between x and y. This set U(M, g) contains a neighborhood of the diagonal Ay C M x M.
The complement NUM, g) =M x M\ UM, g) is the set of points (x,y) € M such that there
exists at least two distinct minimizing g-geodesics between x and y.

In fact, as we will see in Example 2.24, we have NU(M, g) = Z*(danr), the set of
singularities in M x M \ Ay of the distance function of points in M x M to the closed
subset Ays. Therefore, Theorem 1.1 implies:

Theorem 1.3. — For every complete Riemannian manifold (M, g), the set NUM, g) C
M x M\ Ay is locally contractible. In particular, the set NU(M, g) is locally path connected.

As above, from NUM, g) = Z*(dan), we recover that NU(M, g) has Lebesgue

measure 0.

Definition 1.4. — For a closed subset G C M, we define its Aubry set A*(C) as the set of
points x € M\ C such that there exists a curve y : [0, 4-00[— M parameterized by arc-length such
that d(y (1)) =t, for all t > 0, and x = y (&) _for some ty > 0.

Remark 1.5. — A curve y : [0, +00[— M parameterized by arc-length such that
dc(y (1)) =t 1s necessary a g-minimizing geodesic.

We necessarily have X*(di) N A*(C) = @ (as follows from Proposition 2.12 and
Lemma 2.14).

Theorem 1.6. — If C 15 a closed subset of the complete Riemannian manifold (M, g), then the
inclusion *(dc) C M\ (C U A*(C)) is a homotopy equivalence.
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If U is a bounded connected component of M \ C, then U N A*(C) = @, see §7,
and Theorem 1.6 implies that the inclusion ¥*(d) N U C U is a homotopy equivalence.
This fact was already known. It is due to Lieutier [21] in the Euclidean case and to
Albano, Cannarsa, Nguyen & Sinestrari [1] in the general Riemannian case. The non-
compact case 1s, to our knowledge, new, see however [7] where they study the unbounded
components of £*(d¢) in the Euclidean case.

A consequence of Theorem 1.6 is

Theorem 1.7. — For every compact connected Riemanman manifold M, the inclusion
NUM, g) CM x M\ Ay is a homotopy equivalence. Therefore the set NU(M, g) is path con-
nected.

Of course, the homotopy equivalence in this theorem is a consequence of the
compact version of Theorem 1.6, which is due, as we said above, to Albano, Cannarsa,
Nguyen & Sinestrari [1].

We will give a version for non-compact M in §7.

For sake of completeness, we note that the subset Ay, is a deformation retract of
UMM, g). In fact, we can get such a retraction using the midpoint in a geodesic segment
minimizing the length between the pair of points.

We now state our general results for Tonelli Hamiltonians. The local contractibility
Theorem 1.8 is valid under slightly less restrictive conditions on the Hamiltonian H, see
§8.

We recall that a Tonelli Hamiltonian H : T*M — R on M (for the complete Rie-
mannian metric g) is a function H : T*M — R that satisfies the following conditions:

(1*) The Hamiltonian H is at least C?
(2*%) (Uniform superlinearity) For every K > 0, we have

C*(K)= sup K]|pll.—H(x, p) < co.

(xpET*M
(3*) (Uniform boundedness in the fibers) For every R > 0, we have
A*(R) =sup{H(x, p) [ lIpll. =R} < +o00.

(4%) (C? strict convexity in the fibers) For every (x, p) € T*M, the second derivative
along the fibers 3°H/dp?(x, p) is positive definite.

Note that (2*) implies
V(x, p) € T"M, H(x, p) = K|Ipll. — C*(K).

We will consider viscosity solutions of the Hamilton-Jacobi equation. There are
several classical introductions to viscosity solutions [2, 3, 8, 11]. The more recent intro-
ductions [14, 15] are well-adapted to our manifold setting.
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If u: N — R is a function defined on the manifold N, a singularity of « is a point
of N where « is not differentiable. We denote by 3 (u) the set of singularities of «.

The goal of this work is to study the topological structure of the set of singularities
2 (U), with U : O — R a continuous viscosity solution of the evolutionary Hamilton-
Jacobi equation

(1.1) 9,U + H(x, 0,U) =0,

defined on the open subset O C R x M.

In [9], we announced the results and sketched the proofs for M compact in the
case of the stationary Hamilton-Jacobi equation, 1.e. for U of the form U(¢, x) = u(x) — ¢t,
with «: M — R and ¢ € R. We extend the results of [9] to the case of the evolutionary
Hamilton-Jacobi equation (1.1) covering also the case when M is non-compact.

Our first result is a local contractibility result.

Theorem 1.8. — Let H : T*M — R be a Tonelli Hamultonian. If the function U : O — R,
defined on the open subset O C R x M is a continuous viscosity solution of the evolutionary Hamuilton-
Jacobi equation (1.1), then the set 3 (U) C O of singulanities of U is locally contractible.

In fact, as we will see, the above theorem follows from its particular case with
U:]0, +o00[xM — R.

To give a more global result on the topology of 2 (U) we need the Aubry set of a
solution of (1.1). For this we first recall that the Lagrangian L. : TM — R (associated to
H) is defined by

L(x,v) = sup p(v) —H(x, p).

peTIM
This Lagrangian L is finite everywhere, and enjoys the same properties as H, namely

(1) The Lagrangian L is at least C? (in fact, it is as smooth as H).
(2) (Uniform superlinearity) For every K > 0, we have

(1.2) C(K)= sup K]|v|, — L(x, v) < co.

(v, v)eTM

(3) (Uniform boundedness in the fibers) For every R > 0, we have

(1.3) A(R) = sup{L(x, v) | v, <R} < +o0.

(4) (C? strict convexity in the fibers) for every (x, v) € TM, the second derivative
along the fibers 3?1/ v?(x, v) is positive definite.

Again (1.2) implies

(1.4) V(x, v) € TM, L(x, v) > K||v||, — C(K).
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A Lagrangian L: TM — R, on the complete Riemannian manifold (M, g), is said
to be Tonelli if it satisfies the conditions (1) to (4) above.

Definition 1.9 (Aubry set). — Let U : ]0, T[xM — R, with T €]0, +00], be a viscos-
ity solution, on 10, T[xM, of the evolutionary Hamalton-Jacobt equation (1.1). The Aubry set L+ (U)
of U is the set of points (¢, x) €]0, T[XM for which we can find a curve y :]0, T[— M, with
y () = x and

b
U, y (b)) —U(a,)/(a))=/ L(y (5), 7 (5)) ds,

Jor every a < b €]0, TT.

It is well-known that U is differentiable at every point of Z1(U), see Proposition
2.12. Therefore, we have X (U) N Z(U) = @. To avoid further machinery, in this intro-
duction, we will state our results assuming the function U : [0, {] x M — R uniformly
continuous.

Theorem 1.10. — Let H : T*M — R be a Tonelli Hamiltonian. Assume that the uni-
Jormly continuous function U : [0,¢] x M — R s a wviscosity solution, on 10, t[xM, of the
evolutionary Hamilton-Jacobt equation (1.1). Then the wnclusion 3,(U) = X (U)N]0, [ xM C
10, {({xM\ Z,(U) is a homotopy equivalence.

2. Background

We will need to use some of the facts about viscosity solutions and the negative
Lax-Oleinik semi-groups. We refer to [14] and [15] for details and proofs.

In the remainder of this work, we will assume that H : T*M — R is a given Tonelli
Hamiltonian on the complete Riemannian manifold M. We will denote by L : TM — R
its associated Lagrangian defined by

L(x,v) = sup p(v) — H(x, p).

pETIM

2.1. Action and mimimizers

If y : [a, b] = M 1s an absolutely continuous curve, its action L(y) is defined by

b
L(y) = / L(y (9), 7 (5)) ds.

Note that since L is bounded from below (by —C(0)), we always have L(y) > —o0,
although we may have L(y) = +o00.
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For x, y € M, and ¢ > 0, the minimal action #(x, ») to join x to y in time ¢ is

hi(x,9) = infL(y) = inff L(y (9), () ds,
14 14

0

where the infimum is taken over all absolutely continuous curves y : [0, {] — M, with

y(0) =xand y (1) =).
From the definition of %,, we obtain the well-known inequality

(2.1) hyys(x, 2) < hy(x, ) + h(y, 2), forall ¢, s> 0 and «, y, z € M.

A minimizer (for L) is an absolutely continuous curve y : [a, 6] = M such that

L(y) = h—.(y (@), ¥ (b)).

Tonelli’s theorem [6, 10, 13] states that, for every a < b € R and every x, y € M,
there exists a minimizer y : [a, b]] — M, with y(a) = «, ¥ (b) = ». All minimizers are as
smooth as L.

Moreover, all minimizers are extremals, 1.e. they satisfy the Euler-Lagrange equa-
tion given, in local coordinates, by
0

L . L .
(¥ (), J/(S)):| =5,V ©. 7).

d
2.2) Z [au

dt
As 1s well-known the 2nd order ODE (2.2) on M yields a 1st order ODE on TM which
generates a flow ¢ on TM called the Euler-Lagrange flow. A curve y : [, 5] = M is an
extremal (1.e. satisfies (2.2)) if and only if its speed curve s (¥ (s), ¥ (s)) is (a piece of) an
orbit of the Euler-Lagrange flow ¢".

An absolutely continuous curve y : [a, 5] — M is called a loca/ minimizer (for L)
if there exists a neighborhood U of y([a, b]) in M such that for any other absolutely
continuous curve ¢ : [a, b] — U, with §(a) = y (a) and §(b) = y (b), we have L(6) > L(y).
The regularity part of Tonelli’s theorem implies that such a local minimizer y : [q, ] —
M is as smooth as L and satisfies the Euler-Lagrange equation (2.2). Therefore its speed
curve s = (Y (s), ¥ (s)) 1s (a piece of) an orbit of the Euler-Lagrange flow ¢[L.

Example 2.1. — The simplest Tonelli Hamiltonian H, : T*M — R on the com-
plete Riemannian manifold (M, g) is given by H,(x, p) = %H p||f

Its associated Lagrangian L, : TM — R is given by L,(x, v) = %Hvllf.

If y : [a, /] = M is a curve, we will denote by L,(y) its action for this Lagrangian
L,, that is

I
L) = [ 17O b
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The next lemma is well-known and follows from the Cauchy-Schwarz inequality.

Lemma 2.2. — For any curve y : [a, b] = M we have
L(y)? - d*(y (a), y (b))
20b—a) — 2b—a)

with equality if and only iof v is a minimizing g-geodestc.
T herefore, for every t > O and every x, y € M, we have

o)
2.4 i) = =5

Moreover, a curve y - [a, b] — M s L,-minimizing of and only if it 1s a minimizing geodesic.

(2.3) L,(y) =

Example 2.3. — 1f (M, g) is a Riemannian manifold, we define the Riemannian
manifold (M x M, g x g) as M x M with metric g X g, 1.e.

(g x g)(xl,;@)((vl, Vo), (wy, w2)) =g, (v, w;) + g, Vg, wy),

where we used the identification T',, ,,(M x M) =T, M x T,,M. If (M, g) is complete
sois (M x M, g x g).

Therefore H,, : T*(M x M) — R is given by ngg((xl, x9), (p1, p2)) = %Hp] ”)261 +
Hipall2 -

Its associated Lagrangian L,., : TM — R is given by L, (x, X, vy, v9) =
slhonll? + g llvall?,-

A curve T" : [a, 5] = M x M is nothing but a pair of curves y;, o : [a, b] — M,
such that I'(s) = (y1(s), y2(s)), for all s € [a, b]. We will denote this identification by I' =
1, vo)-

Lemma 2.4. — If ' = (y1, ) : [a, ] = M X M s a curve in M x M, uts length is
Lo o(T) =Ly, (Y1, ¥0) = fa \/||y1 (s)||f,l(5) + ||y2(5)||f/2(5) ds. The action of T 1s given by

1 [ 1 . (
2.5) L, ,(I') =Ly, (y1, 1) = 5/ 17112, ) + §|Iyz(s)||§2m ds

=L,(y) + L,().
The g X g-distance in M x M s given by

d((x1, %), (1,92)) = v/ d(x1,91)? + d(x2, 32)2.
Therefore, since B ((x1., %), (1,2)) = d((x1, %), (01,92))%/ (20), we get

§ED = d(x, 1)+ d(XQJ)?)Q.
2t
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Most of the proof of Lemma 2.4 is similar to or uses Lemma 2.2.
In order to give the connection between action and viscosity solutions it is conve-
nient to introduce the following (obvious) definition.

Defination 2.5 (Graph of a curve). — If y : [a, b] — M, we define its graph Graph(y) C
R x M as

Graph(y) = {(t,y (1) | € [a, b]}.

We now recall the definition of domination for a function.

Definition 2.6. — If U : O — [—o00, +00] is a function defined on the subset O C R x M,
we say that U s dominated by L. (on O) if for every absolutely continuous curve y : [a, b] — M, with

Graph(y) CO and L(y) = fab L(y (s), y(5)) dt < +00, we have

b
(2.6) U(b,J/(b))EU(a,V(a))va L(y (), 7 (5)) dt.

Note that the right hand side of (2.6) makes always sense since we insisted that
L(y) < +o0.

Remark 2.7. — 1) We used the inequality (2.6) rather than the usual

b
(2.7) U(y(9), ) = U(y(a), &) <L(y) =/ L(y (), v () dt,

since it will be convenient to consider real valued functions with possibly infinite values.
Of course when U is finite valued (2.6) and (2.7) are equivalent.

2)IfU: I xM— R, where I C R is an interval, then all curves defined on a
subinterval [a, b] C I have their graph included in I x M. Therefore, in such a case, the
function U is dominated by L if and only if

(2.8) U/, x) — U, x) < hy_i(x, %), for every x, ¥ € M, and every t < ¢ € 1.

A first connection between action and viscosity solutions is given by the following
proposition, see [19] or [15] for a proof.

Proposition 2.8. — Assume V : O — R is a continuous _function, where O C R x M s an
open subset of R x M. Then V is a viscosity subsolution of the Hamulton-FJacobi equation (1.1) on O
if and only if 1t 1s dominated by L. on O, where L is the Lagrangian associated to H.

2.2. Cahbrated curves, backward characteristics

Defination 2.9 (Calibrated curve). — Let U : O — [—00, 4-00] be a function. An absolutely
continuous curve y : [a, b] — M is said to be U-calibrated (for the Lagrangian L.) if Graph(y) C O,
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its action L(y) = fab L(y (s), y(5)) ds is finite, and

b
(2.9) U(b, y (0)) =Ula, y(0) + L(y) = U(a, y(0)) + / L(y (5), y () ds.

Again we used 2.9, rather than the more usual U(b, y (b)) — U(q, y(a)) = L(y),
because we would like to allow possibly infinite values for U.

Proposition 2.10. — Suppose U : O — [—00, +00] s a_function defined on the subset O.
If the absolutely continuous curve y : [a, b] — M s piecewise U-calibrated, then it is U-
calibrated.

Of course, the curve y : [a, 8] = M is said to be piecewise calibrated if we can
find a finite sequence a = < {;, < --- < #; = b such that each restriction y|[#, t;11], 1 =
0,...,¢—11s U-calibrated.

The notion of calibrated curve 1s useful when U is a viscosity subsolution as can be
seen from the following well-known proposition.

Proposition 2.11. — Suppose the function U : O — [—00, +00] s dominated by L. If
y i la, b] = M s U-calibrated, with at least one of the two U(a, y(a)), U(b, y (b)) finite, we
have:

(1) Forevery t € [a, b, the value U(t, y (1)) s finite.

(2) The restriction y |[d, b'] s also U-calibrated, for any subinterval [d', V'] C [a, b].

() the curve y 1is a local mimimizer. Hence it is as smooth as L and a solution of the Euler-
Lagrange equation (2.2).

We will need some facts about differentiability and calibrated curves for viscosity
subsolutions. We only quote the properties that we will use latter. The reader is referred
to [2, 3, 8, 13-16] for context and proofs.

Proposition 2.12. — Suppose the function U : [a, b] x V — R, with V an open subset of
M, s continuous and a viscosity subsolution of (1.1) on la, b[ X V. Assume that y : [a, b] = M, 15 a
U-calibrated curve. 1If 9, U exusts at (¢, y (1)) with t € [a, b], then

U, y () = 0,L(y (1), y ().

Moreover, the function U s differentiable at every point (t, y (t)) with t €]a, bl.

2.3. The negative Lax-Oleinik semi-group and the negative Lax-Olemnik evolution

In fact, viscosity solutions which are continuous are always given by the negative
Lax-Oleinik evolution as we now recall.
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Once the minimal action is defined, we can introduce the negative Lax-Oleinik
semi-group.

If u:M — [—00,+00] is a function and ¢ > 0, the function T, u: M —
[—o0, +00] 1s defined by

T, u(x) = 11%\11 u(y) + 1 (, x).
JeN

We also set Tj; u = u. The negative Lax-Oleinik semi-group is T, ¢ > 0.

It is convenient to define « : [0, +00[ xM — [—00, +00] by u(t, x) = T, u(x). This
function u is called the negative Lax-Oleinik evolution of u.

From the inequality (2.1), we obtain the well-known inequality

(2.10) u(t+ s, x) < u(t,y) + h(y, x), forall ¢, s > 0 and x, y € M.

Example 2.13. — By (2.4), for the Hamiltonian H, : T*M — R, and Lagrangian
L, : TM — R, defined in Example 2.1, we have /; (x, y) = d(”z—f)o Therefore, the associated
negative Lax-Oleinik semi-group T} is defined, when ¢ > 0, by
- : @y, x)*
¢ _
T ulx) = inful) +—0—,
foru: M — [—00, +00].
If G C M, we define its (modified) characteristic function x¢ : M — {0, +00} by

0, ifxeC,

XWD=0 | o e G

Therefore its negative Lax-Oleinik evolution Xc, for the Lagrangian L,, is defined, for
t> 0, by

dc(x)2
2t

(2.11) et x) =

’

since Ra(t, ¥) = infyey xc () + d%—f = inf.c d(;’j‘)Q and de(x) = infec d(c, ).
Note that d; = dg, where C is the closure of C in M. Hence, we get X¢ = X¢ on
10, +00[ xM. Therefore, to study the properties of ¢ on ]0, +00[ XM, we can always

assume that C 1s a closed subset of M.

Lemma 2.14. — Suppose G 1s a closed subset of the complete Riemannian manifold (M, g). A
curve y : [a, b] = M, with a > 0, is x¢-calibrated if and only if it is a minimizing g-geodesic and

dy®) d&y@) Ey®),yw)
2b 2 2b—a)




SINGULARITIES OF VISCOSITY SOLUTIONS. .. 337

A curve y : [0, b] = M is x¢-calibrated if and only if it is @ minimizing g-geodesic, with y (0) € C
and dc(y (b)) = d(y (b), y (0)).

Progf: — Suppose that the curve y : [a, b)] = M, with a > 0, is }c-calibrated. It
must be a minimizing geodesic. We now recall, see Lemma 2.3, that for a minimizing
g-geodesic y : [a, b] — M, we have

d*(y (b),

Therefore, using (2.11), we see that a minimizing g-geodesic y : [a, b] — M, with a > 0,
is calibrated if and only if

Ay ()  di(y(@) N &y (), y (@)
2% 2 20 —a)

This finishes to prove the first part with ¢ > 0.

The second part can be deduced from the first (using domination) and the fact that
y 1[0, 8] &> M is f¢-calibrated if and only if the restriction y |[a, b] is Xc-calibrated, for
all a €]0, 5]. O

We will now give the relationship between the Aubry set Z.(xc) of Xc, see Defi-
nition 1.9, and the Aubry set A*(C) of the closed set C, see Definition 1.4.

Proposition 2.13. — If C s a closed subset of the complete Riemannian manifold (M, g), then
we have Lo (Xc) =10, +o00[x (C U A*(C)).

Progf: — From Lemma 2.14, a curve y : [0, +00[— M is x¢-calibrated for the
Lagrangian L,, if and only if it is a minimizing g-geodesic satisfying

(2.12) y(0) € C and do(y (1)) = d(y (1), ¥ (0)), for all ¢ > 0.

Therefore, a constant curve with value in C is Xc-calibrating. This implies that
10, +00[xC C Zws(Xc)-
For a curve y : [0, +00[— M and A > 0, we define y; : [0, +00[— M by

v () =y (AD).

Obviously, the curve y : [0, +00[— M is a minimizing g-geodesic that satisfies (2.12), if
and only y; is also a minimizing g-geodesic satisfying (2.12).

Assume now that (¢, ) € Zoo(Xc), with » ¢ C. We can find a x¢-calibrated curve
y [0, 400[— M, with y(¢#) = . Since y(0) € C, the g-geodesic y is not constant. Since
geodesics are parametrized proportionally to arc-length, we can find A such that y; 1s
parameterized by arc length. As we saw above, the curve y; is a minimizing g-geodesic
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satisfying (2.12). Since the g-geodesic y; is minimizing and parametrized by arc-length,
we get do(y5.(s)) = d(y,.(s), ¥5.(0)) = 5. By Definition 1.4, this means that y € A*(C).
Hence Z,.(x¢) C]0, +oo[x (C U A*(C)).

It remains to show that 0, +00[ x.A*(C) C Zoo(Xc). Suppose y € A*(C). By Def-
inition 1.4 and Remark 1.5, we can find a minimizing g-geodesic y : [0, +00[— M pa-
rameterized by arc-length such that do(y(¢)) = d(y(0), y (1)) and y = y (%) for some
lp > 0. Therefore, for every A > 0, the curve y, is x¢-calibrated. Therefore, we get
/), v, (1) € Ioo(Xc), for every ¢ > 0. Since y3(l/A) = y(hh) =, and A > 0 is ar-
bitrary, we conclude that (¢, 9) € Zo(Xc), for every ¢ > 0. Hence ]0, +o0[x.A*(C) C
T (Xc)- U

Example 2.16. — We specialize to the diagonal Ay = {(x,x) [xe M} C M x M
of the Riemannian manifold (M x M, g X g). In this case

dAM (X,_)))Z — d(x7_)))2

<2°13) XAM(’CJ}) == 9 4/

The left hand side equality follows from (2.4), with G = Ay;. Moreover, for all z € M we
have

(2.14) Vo (x, 2) + d2(z,9) = d(x, 2) + d(z,9) > d(x,),

with equalities if and only if z is the midpoint on a minimal geodesic between x and .
This readily implies \/gdAM (x,9) =d(x, ).

The following lemma, left to the reader, sums up the calibration for the distance
function to Ayr.

Lemma 2.17. — Let T : [0,¢(]] > M X M be a curve in M x M, with I'(s) =
(11(8), Y2 (8)), with y1, ys : [0,8] = M. The curve T is Ya,,-calibrated if and only if y, and
Vo are both minimizing g-geodesics, with y,(0) = 15 (0) and

dy1 (@), ()

d(y1(0), y1(8) = d(y2(0), (1)) = >

Therefore, if T = (y1, ¥2) 1 [0, t] = M X M s such a }a,,-calibrated curve, then the curve y :
[—¢, t] = M defined by

yl(_‘g)v .Z.](“S‘ S [_t’ O])

219 7= v2(s), s €10, 1,

is a minimizing g-geodesic.
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Conversely, iof v : [—t,t] = M, is a minimizing g-geodesic, then I' = (y1, y») : [0, ] —
M x M defined, for s € [0, t], by

Y1(s) =y (=)

(2.16)
Yo(s) =y (s)

is Xy -calibrated.
The following theorems were obtained in [15].

Theorem 2.18. — Let u: M — [—00, +00] be a_function and denote by u : [0, +00[ X
M — [—00, +00] its negative Lax-Oleinik evolution. If u is finite-valued on 10, to[ X M, then it is
continuous and even locally semiconcave on 10, ty[ x M.

Moreover, the negative Lax-Oleinik evolution is a viscosity solution, on 10, t)[ x M, of (1.1).

This is a consequence of [15, Theorem 1.1].

Theorem 2.19. — If the continuous function U : 10, t[ xM — R is a viscosity solution of
(1.1) on 10, o[ x M, then U = u on 10, io[ x M_for some function u : M — [—00, +00].

This is a consequence of [15, Theorem 1.2].

It follows from Theorem 2.19 that Theorem 1.8 for O = ]0, {[xM is a particular
case of Theorem 3.1 below, which states that X, (%) is locally contractible for any u : M —
[—00, +00] such that # is finite on ]0, #[xM.

We now recall some more facts on « obtained, for example, in [15].

Proposition 2.20. — For every function u : M — [—00, +00], we have u = u_ on
10, +oo[xM, with u_ : M — [—00, +00] the lower semi-continuous regularization of u given
by u_(x) = liminf,_, , u(y) = supy, inf,ey u(y), where the supremum 1is taken over all neighborhoods
V of x. This function u_ s the largest lower semi-continuous function which 1s < u.

Example 2.21. — 1f C C M, it is not difficult to see that the lower semi-continuous
regularization of the characteristic function ¢ 1s precisely the characteristic function g,
where C is the closure of C in M.

As a consequence of Proposition 2.20, without loss of generality, we can assume
that the function  is lower semi-continuous when we consider properties of # away from
{0} x M.

This is quite convenient since, as shown in [15] it allows to have backward charac-
teristics and characterize the points where # is differentiable.

Proposition 2.22. — If the function u : M — [—00, 4-00] s lower semi-continuous, and its
negative Lax-Oleinik evolution u is finite on 10, to[ x M, with ty €]0, +00], then, for every (i, x) €
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10, ([ XM, we can find a backward u-characteristic y : [0, t] — M with y (¢) = x. Moreover, the
Sunction u is differentiable at a point (1, x) €]0, to[ X M, if and only if there exists a unique backward
u-characteristic y : [0, t] — M with y (£) = x.

Example 2.23. — If C is a closed subset of the complete Riemannian manifold
(M, g), it 1s well-known that the inf in the definition of d¢:(x) is always attained and that
there exists a g-geodesic y : [0, {] = M with y(0) € C, y(t) = x and dc(x) = d(y (0), x).
It is also well-known that d¢ is differentiable at x ¢ G if and only if there is a unique (up
to reparametrization) minimizing g-geodesic y : [0, ] — M, with y(0) € C, y (¢) = x and
dc(x) = d(y (0), x).

Proposition 2.22 generalizes these facts, on the Lagrangian L, of Example 2.1, to
all Tonelli Lagrangians.

Example 2.24. — If we apply the previous example to the closed subset Ay of the
complete Riemannian manifold (M x M, g X g) we first recover the well known fact that
any pair of points x, y in M can be joined by a minimizing geodesic.

Moreover, the function diM 1s differentiable at (x, y) € M x M if and only if there
is a unique (up to reparametrization) minimizing g-geodesic in M joining x to y.

Therefore, recalling from Definition 1.2 that U (M, g) is the set of (x,y) € M x M
such that there exists a unique minimizing g-geodesic between x and y, we obtain that
the set of points in M x M where d3 , is differentiable is precisely U(M, g). Hence, its
complement M x M\ U(M, g) = NU(M, g)—the set of points (x, y) € M such that there
exists at least two distinct minimizing g-geodesics between x and y-is the set E(dZM) of
singularities of diM. Since, the diagonal Ay is contained in U (M, g), we conclude that

S (day) = NUM, g).

2.4. Cut pownts and cut time function

In this subsection, we will consider a lower semi-continuous function « : M —
[—00, +00] such that # is finite on ]0, 4[xM, where ¢ €]0, +00]. By Theorem 2.18,
on ]0, {,[xM the function # is locally semiconcave and a viscosity solution of the
evolutionary Hamilton-Jacobi equation (1.1). Moreover, by Proposition 2.22, for every
(¢, x) €10, {H[ xM we can find a backward #-characteristic ending at (¢, x).

Recall that ¥, (z) denotes the set of singularities of # contained in ]0, #[ x M.

We now introduce the set Cut,, () C]0, {H[xM of cut points of &.

Definition 2.25 (Cuty, (). — The set Cuty, (@) of cut points of u is the set of points (¢, x) €
10, to[ X M where no backward u-characteristic ending at (¢, x) can be extended to a u-calibrated curve
defined on [0, '], with t' > t.

Lemma 2.26. — The point (¢, x) €10, {H[xM is in Cuty, (@) if and only if for any u-
calibrated curve 8 : [a, b] — M, with t € [a, b] and 5(t) = x, we have t = b.
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Progf. — In fact, if § is as given above, and y : [0,{] - M is a backward a-
characteristic ending at (¢, x), then the curve defined on [0, 6] D [0, {] which is equal
to y on [0, ] and § on [¢, 4] is continuous and piecewise calibrated on [0, 4]. Therefore,
by Lemma 2.10, it is a #-calibrated curve extending y. If (¢, x) € Cut,, (%), then we must
have ¢t = b. ]

Proposition 2.27. — Under the hypothesis above, we have
2[{) (a) - Cutl() (Zl) C]Ov tU[XM \ :Z’.l(] (a) .

Moreover, the set 2, (u) is dense in Cut,, (u). Hence, we have

Eto(a) C Cutto(a) C Eto(a)

Proof. — The fact that Cut,, (z) N Z, (2) = @ follows from Lemma 2.26. Note now
that for every point (¢, x) €]0, t[xM \ Cut,(z), we can find a #-calibrated curve y :
[0,#] — M with ¢ > ¢ and y(¢) = x. Therefore, by Proposition 2.12, the function u is
differentiable at (¢, x). Hence, we get X, (2) C Cut,, (2).

We now prove the density of the inclusion X, (#) C Cut,, (). Suppose that V C
10, {H[xM is an open neighborhood of (7, x) which contains no point of X, (). Since
i is semiconcave and is differentiable everywhere on the open set V it is C'!, see [8].
Therefore, if we set

X(t, x) = 9,H (x, 0,1(t, v)) ,
we conclude that the vector field X on V defined by
X(t, %) = (1, o,H (x, 0,u(t, x)))

is locally Lipschitz. Therefore, we can find a unique solution I' : [—€, €] = V of f‘(t) =
X(t, T'(¢)) with T'(0) = (7, ¥). Given the form of the vector field X, we have '(s) = (¢ +
5,7 (s)) with ¢ a curve in M such that y(0) = x. It is well known that y : [t — €, t + €] —
M, defined by y(£) = y(t — 1), is #-calibrated with y (f) = x, see [12, Proposition 3.4,
Page 487]. Lemma 2.26 now implies that (, k) is not in Cut,, (z). Hence any open subset
of 10, %[ xM intersecting Cut,, (%) contains points in X, (). O

At this point, it is convenient to introduce the cut time function t : ]0, [ xM —
10, ¢,] for u.

Defination 2.28 (Cut time function). — For (¢, x) €]0, to[ x M, we define T (t, x) as the supre-
mum of the t' € [t, to[ such that there exists a u-calibrating curve y : [t, {'] = M, with y (£) = x. The
Sunction T 20, (o[ xM =10, o] for u is the cut time of u.

We give a characterization of the cut-time function.
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Proposition 2.29. — Suppose (¢, x) €10, to[ X M. Choose a u-calibrated curve y : [0, t] —
M with y (t) = x. Extending y to an extremal y : [0, 400[— M of L, we have (¢, x) = sup{t’ €
10, %[l ¥ 110, ¢ is u-calibrated} > t.

Progf. — Set S = sup{t' €10, ©[| y|[0, #] is u-calibrated}. Since y : [0, {] — M is u-
calibrated, we indeed have S > ¢. Moreover, if ¥|[0, ] is #-calibrated, with # > ¢, then
y|[¢, ¢'] is also u-calibrated. Therefore, we get S < t(¢, ).

On the other hand if § : [¢, s] = M is u-calibrated, with 8(¢) = x, then the con-
catenation 8 * (v|[0, £]) of ¥|[0, {] and § is also u-calibrated, therefore § * (y|[0, ]) is a
minimizing extremal. Since the concatenation § * ([0, ¢]) coincides with y on [0, ¢], we
must have 8§ * (y|[0, ¢]) = y on [0, s]. In particular, we get that y|[0, 5] is u-calibrated.
Hence, wet get T(¢,x) <S. [

Proposition 2.30. — The properties of the cut time function T are:

1) Tt x) €L, bol;
(@) t(¢, x) =t if and only if (¢, x) € Cut,, (2);
(il)) T(t, x) =ty if and only if (¢, x) € T, (1);

(1v) the function T s upper semi-continuous.

Proof. — Property (i) is obvious. Property (i1) follows from Proposition 2.26.

Property (ii1) follows from Proposition 2.29 and the fact that calibrated curves are
minimizers (hence extremals).

For part (iv) Assume that (¢, x,) = (¢, x) with ©(%, x,) = ¢. We must show that
! < 7(t, x). By contradiction, assume ¢ > (¢, x) > (. Fix (" such that /' > " > ©(¢, x) > (.
For n large, we have (4, x,) > ¢” > t,. Therefore for such an n we can find a #-calibrated
curve y, : [0, "] = M, with y,(#,) = x,. Extracting if necessary, we can obtain a curve
y : [0, '] — M which is a C! limit of the minimizers y,. This curve y is also #-calibrated
and satisfies y (f) = x, this a contradiction since ¢’ > T (Z, x). ]

3. Local contractibility

Theorem 1.8 is a consequence of the following more general one.

Theorem 3.1. — Assume that the function u : M — [—00, 4-00] s such that its negative
Lax-Oleinik evolution u is finite at every point of 10, to[ x M. Then the sets X,,(w) and Cut, () are
locally contractible. In particular, they are locally path connected.

At this point it is useful to introduce the concept of U-adapted homotopy.

Definition 3.2 (U-adapted homotopy). — Suppose U : [0, t5] x M — R is a viscosity solution
of the evolution Hamilton-Jacobi equation (1.1). A continuous homotopy ¥ : S x [0, §] — M, with
8> 0and S CJO0, to[ XM, is said to be U-adapted if it satisfies
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(1) forall (t,x) € S, we have t + & < ty;

(2) for all (¢, x) € S, we have F [(¢, x), 0] = x;

3) f ¢+ s, F[(¢,x),s]) ¢ 2y, (U), for some (¢, x) €S and some s €]0, 8], then the curve
ot F[(x,t),0 —t],0 €lt,t+s], is U-calibrated.

Notation 3.3. — For such a U-adapted homotopy F : S x [0,8] — M, with S C
10, t[xM, we define F : S x [0, ] —]O, {(,[xM by

Fl(t, x),s] = (t+ 5, F[(4, %), 5]).

Of course, the important property of an adapted homotopy is the last one, as can
be seen from the proof of the next Proposition.

Proposition 3.4. — Assume that the function u : M — [—00, 4-00] s such that its negative
Lax-Oleinik evolution u is finite at every point of 10, fo[xM. If F: S x [0,8] — M, with S C
10, to[ XM, @5 a u-adapted homotopy, then

F[(t’ X)» 5] = (t+ S, F [(t’ X)? 5]) € Zt()(a),

Jor all s such that T(t, x) — t < s <8, where T is the cut time function_for u.

Proof: — Assume that F[(¢, %), s1 = (t + 5, F[(1, %), 5]) ¢ ¥, (@), then, by part (3) of
Definition 3.2, the curve o +— F[(x, ¢),0 — {], 0 € [t, t + 5], is u-calibrated which implies
that 7 + s < 7 (¢, x). ]

Other nice features of U-adapted homotopies are the stability by restriction and
composition, given in the following lemma whose proof is immediate.

Lemma 3.5. — Suppose U : 10, (o[ xM — R is a wviscosity solution of the evolution-
ary Hamalton-Jacobi equation (1.1). If ¥, : Sy x [0,8,] = M, and Fy : Sy x [0, 8] = M
are two continuous U-adapted homotopies, with Sy, Sy CJ0, o[ XM such that F, [(t, %), 8,] =
(t+61,F  [(¢,x),81]) € So, for all (t,x) € Sy, then the homotopy ¥ : Sy x [0, 8 + 8] = M
defined by

Fi [(¢, %), 5], fors € [0, 8],

F[(#, %), 5] = -
FQ [Fl [(l" x)v 81] y S — 81] ) jb?'.f S [817 81 + 52]7
us utself U-adapted.

We will deduce Theorem 3.1 from the lemma below, whose proof will be postponed
to section §4.

Lemma 3.6. — Assume that the function u : M — [—00, 4-00] s such that its negative
Lax-Oleinik evolution u is finite at every point of 10, to[ x M.
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Then, for every compact subset C: CJ0, to[x M, we can find § > 0 and a u-adapted homotopy
F:C x[0,8] = M such that for every (t, x) € C and every s €]0, 8], we have

a[ZL + S, F((ll» X), 5)] - h&[xv F((t7 X), 5)] = max &(t + S, 'Z) - hx(x7 Z)
(3.1) M
> u(t + s, x) — h(x, x).

Remark 3.7. — 1In the proof of Theorem 3.1, we only use the existence of a u-
adapted homotopy. The inequality (3.1) will be used for the application to Riemannian
manifolds. More precisely, we will use inequality (3.1) to obtain Proposition 7.3, which 1s
used in the proof of Theorem 1.6.

Proof of Theorem 3.1. — Fix (4, x) € Cut,,(#), and a neighborhood of (7, x) of the
form [a, b] x K, with [a, 6] C]0, t)[ a compact interval, and K C M a compact subset.
Hencea<i<bandx e IO(, where K is the interior of K.

We now remark that, to prove the theorem, it suffices to find a neighborhood [ —
€,t+ €] x V of (¢, x) contained in [a, b)] x K and a homotopy H: [ — €, + €] x V x
[0, 1] — [a, ] x K such that

(C1) H[(4,x),0] = (4, x), for all (¢,x) €[t —€,i+€] x V;
(C2) H[(¢, x), s] € X (w) for all (£, x) € Cut,,(0) N[t —€,1+ €] x V, and all s > 0;
(C3) HI(t, x), 1] € S, (@), forall (1, %) € [I — €, 7+ €] x V.

In fact, properties (C1) and (C2) show that the inclusion Cut, (&) N[t —€,i+ €] X V C
Cut, (w) N[a, b] x K (resp. (@) N[t —€,t+€] x V C X, (w) N[a, b] x K) is homotopic
to H(:, 1) as maps with values in Cut, (z) N [a, b] x K (resp. X, (2) N [a, 8] x K). We now
observe that, cutting down the neighborhood V of x on the manifold M, we can assume
that V is contractible in itself. Hence, so is [{ — €, 7 + €] x V. Therefore, by (C3), we
obtain that H(-, 1) on [{ — €, 1+ €] X V is homotopic to a constant as maps with values in
¥, (@ N[a, b] x K. This clearly finishes the proof of local contractibility for both 2, (u)
and Cut,, ().

It remains to construct H. We first use Lemma 3.6 to find a u-adapted homotopy
F:[a, 6] x K x [0,8] = M for some § > 0. Since F[(%,¥),0] =x¢€ K, we can find
§,€ >0, with § < 8, and a neighborhood V C K of x such that [ — €,7+ € 4+ 8] C
la, b[, and F ([f —e,l+€]xV x]0, 5]) c K. Since the point (2, x) is in Cut,, (z), we have
7(t,x) = ¢, where 7 is the cut time function of #. Using that 7 is upper semi-continuous,
we conclude that (¢, x) — ¢ < § in a neighborhood of (¢, ) in ]0, {[xM. Hence, cutting
down € and V if necessary, we can assume that 7(¢, x) —¢ < 8, for (¢, x) € [i—¢€, {+€] x V.
Therefore, Proposition (3.4) applied to the #-adapted homotopy F implies

F[(4,%),8] =(t+8,F[(t,%),8]) € B, (),
forall (4, x) e[i —e, i+ €] x V.
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We now define the continuous homotopy H: [t — €, 1+ €] X V x [0, 1] — [a, b] X K by
(3.2) H[(t, x), s] =F[(1, ), s8] = (¢t + 8, F[(1, x), s8]) .

Obviously, the homotopy H satisfies the required property (C1) given above. It also
satisfies (C3), since H[(¢, x), 1] = F[(¢, %), 8] € E,,(w), for ({,x) € [t — €, i+ €] x V. To
prove (C2), we remark that 7(, x) = ¢, for (¢, x) € Cut, (&), which, again by Proposition

(3.4), implies H[(¢, x), s] = F[(¢, x), s8] € X, (), for every s > 0. O
We now prove Theorem 1.1.
Proof of Theorem 1.1. — 1f C 1s a closed subset of the complete Riemannian man-

ifold M, from Example 2.13, the negative Lax-Oleinik evolution x¢ is given, for ¢ > 0,
by

R dc(x)*
Ro(x) = CQt :

The partial derivative 9, ¢ is given by

dc(x)?
212

al)’eC(t, X) = -
Hence, it is defined and continuous everywhere. This implies that
(3.3) 2 (Xc) =10, +ool[x Z(d¢),

where X(d2), as usual, is the set of points in M where 7, is not differentiable.

From Theorem 3.1, we obtain that X(x¢) =]0, +0o[x X (a,’é) is locally con-
tractible, which implies that ¥ (d2) is also locally contractible.

We now observe that dé 1s differentiable at every point ¢ € C, since 0 < dé (x) <
d*(c, x). Therefore, from dc; > 0 on M \ C, we get

(3.4) D) = 2*(do).

This finishes the proof Theorem 1.1. U

4. Proof of Lemmma 3.6

In this section, the function « : M — [—00, +00] is lower semi-continuous function
and such that # is finite on ]0, #[xM, where £, €]0, +00].
Lemma 3.6 will follow from the lemma below.
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Lemma 4.1. — Assume that the function u : M — [—00, 4-00] s such that its negative
Lax-Oletnik evolution w is finite at every point of 10, fo[ x M.

Then, for every compact subset of the form [a, b] x K CJO0, to[ XM, we can find § > 0, with
[a—38,b+ 6] x K CJO, to[ xM, and such that for every (¢, x) € [a, b] x K and every s €]0, 8],
we can find a unique y = y(s, ¢, x) € M such that

u(t +s,9) — hy(x,9) = max u(t + s, 2) — hi(x, 2).
na

Moreover, for every r > 0, we can find 5(r) €]0, 8] such that d(x, y(s, t, x)) <r, for all (¢,x) €
[a, b] x K and all s €10, 8(7)].

Progf. — We first show the second part of this Lemma. Since we will prove the
uniqueness by the end of the proof, for now, we will show that for a given » > 0, the
maximum max_ey 4(t + s, ) — h(x, z), for s small, can only be achieved in B(x, 7).

We start with defining by defining the function % : ]0, 4+-00[ %[0, 400[xM —
[—o0, +00] by

sup_ g 4(t + 5, 2) — hy(x, 2), for s > 0,

4.1 u(t,s,x) =1 .
@1 u(hr %) u(t,x), fors=0. 0O

Claim 4.2. — For all (¢, s, x) €]0, +00[ X [0, +00[ XM — [—00, +00], we have
4.2) u(t, x) > u(t, s, x) > u(t + s, x) — |[A(0)]s,

where A(0) = sup{Li(z, 0) | z € M}.
In particular u(t, s, x) is finite when t + s < ty and continuous at every (1,0, x), with t < ly.

Proof. — By definition (4.1) of «, the inequalities (4.2) are true for s = 0.

For s > 0, we have u(t, 5, x) = sup,\; u(t + s, 2) — h(x, 2). Therefore, the left hand
side inequality of (4.2) follows for u(t + s, z) < u(t, x) + h(x, z), which is (2.10).

For the right hand side, we have u(¢, s, x) = max ey u(f + 5, 2) — h(x, 2) > u(t +
s, &) — hy(x, x). But A,(x, x) is less than the action of the constant path at x, hence

h(x, x) < /5 L(x, 0) di = L(x, 0)s < |A(0)]s,
0

which implies u(t, s, x) > u(t + s, x) — hy(x, x) > u(t + s, x) — |A0)]s. O

We fix a positive number A > 0 such that [e — A, b+ A] C]0, %][.

By Theorem 2.18, the function # is continuous (and even locally semiconcave) on
10, t[xM. Therefore it is bounded on the compact subset [ — A, b+ A] x V,(K), where
Vy(K) = {y € M | di () < 2). Set

4.3) B =sup{|a(t, ©)| | (t,x) €[a— A, b+ A] x Vo (K)} < +00.
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Claim 4.3. — Forall s,t > 0, with t, t +s € [a— A, b+ A] and all x € Vo(K), we have

(4.4) B>u(t,s,x) > —B —|A0)|s = —B — |A(0)| 4.

_Pm(yf — This follows from (4.2), since (¢, x) and (¢ + s, x) are both in [a — A, b+
Al x VoK) and t,t+s€la— A, b+ Al CJO, . O

Claim 4.4. — For every r €]0, 1], we can find 5(r) €]0, A] such that
u(t+5,9) — h(x,9) < =B = [A) | — 1,

(¢, %) € [a, b] x V(K), all s €]0,8(r)], and all y € M such that d(x, y) > r.

Proof. — To prove this, we take a minimizer y : [0, s] = M such that y(0) =
x, ¥ (s) = . Since d(x,9) > r, we can find ' €]0, s[ such that d(x, y(s')) =r. Since y
is a minimizer joining x to y, we have /% (x, y) = hy(x, y () + h_y (¥ (s'), ). Moreover,
the function « satisfies u(¢ + s, y) < u(t + 5,y () + by (¥ (), ). Therefore

u(t + s,9) — h(x,9) <a(t+5,y () = hy(x, ¥ () <B = hy(x, y(5)),

where the last equality comes from (¢, y(s")) € [a, b] X Vy(K) and ¢ €]0, A], since
d(x,y(s)) =r<land0 < s < s < A.Integrating (1.4) along the speed curve of y|[0, s'],
we obtain

/

hy (x, v () :/ L(y @,y @) dt = KL, (y[10, s'T) — C(K)s,
0

for all K > 0. Since £,(y[[0, s'1) > d(x, y(s")) =r, we conclude that
u(t + s,9) — hy(x,y) < B —Kr+ C(K)s'.

Since r > 0, we can then choose K such that B— Kr < —B — |A(0)|f, — 2. Now that K is
chosen we can take §(r) = min(1/C(K), A). Hence, if s < §(7), since s’ < 5, we get

u(t+5,9) — h(x,9) <B—Kr+ C(K)s' < =B —|A0)|{ — 2 4+ CK)S
=-B—-[AO)n -1,

as desired. This finishes the proof of 4.4. U

Claim 4.4_implies peM|u(t+s,2) —h(x,z) > —B—|A0)|A} C B(x, r), for all
(¢, x) € [a, b] x V(K), all r €]0, 1] and all s €]0, 6(r)].
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Therefore from (4.4), for (¢, x) € [a, b] X V,(K) and s €]0, 8(r)], where r < 1, we
have
u(t, s, x) = maxu(t + s, ) — h(x, p) = max u(t+s,9) — h(x, )
4.5) yeM yeB(x,7)

= max u(t + Sa))) - hx(x’y)
€V (K)

Hence, this maximum is achieved at a point in the compact subset B(x, 7) (and only at
points in B(x, 7).

Since y € V,(K) is compact, the equality 4.5 (together with Claim 4.2 to cover the
case s = 0) implies that the function # is continuous on [a, 8] x [0, 5(1)] x V,(K).

To prove the uniqueness part of Lemma 4.1, we need to introduce the positive
Lax-Oleinik semi-group T}, ¢ > 0, whose definition we now recall.

If u: M — [—00,+00] is a function and ¢ > 0, the function T}u: M —
[—o0, +00] 1s defined by

(4.6) T u(x) = sup u(y) — h(x, ).

yeM

We also set Tiu=u.

Remark 4.5. — As 1is well-known, the semi-group T,‘ defined by T[_ () =
—T (—uw) is in fact the negative Lax-Oleinik semi-group associated with the Lagrangian

L.: TM — R defined by L(x, v) = L(x, —v).

For u: M — [—00, +00], it is convenient to define # : [0, +00[xM — [—00, +00]
by

u(t, x) =T u(x).

We will call % the positive Lax-Oleinik evolution.

Recalling that u(¢ + s, y) = T, u(y), for ¢, 5, we see that

(4.7) T T () = max e+ 5.0) = b ) = it ..

This equality is also valid for s = 0, from the definition of T and .

Claim 4.6.— Fort, s > 0, with t, t+s €]0, [, the function TjT;H_u is locally semi-convex.

Progf — Fix t,s > 0, with ¢, ¢+ s €]0, fo[, set v =T u. Then T7 T, u=10(s, )
and s €]0, ¢ + s[. We first show that ¥ is finite everywhere on 10, ¢ + s[x M. We have
V(s, x) = sup, . u(t + 5, 2) — hi(x, 2). Hence 0(s, x) > u(t + s, x) — h(x, x) > —00 since

t+s5€]0, .
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From (2.10), we obtain u(¢+s, z) < u(t, x) +h,(x, z). Hence v(s, x) < u(t, x) < 400,
where the last inequality follows from ¢ €]0, f][.

Since U is finite everywhere on ]0, ¢ + s[ x M, using Remark 4.5 above, we obtain
from Theorem 2.18 that the positive Lax-Oleinik evolution ¥ is locally semi-convex on
10, ¢ 4 s[xM. Therefore TF T}, u=10(s, -) is locally semi-convex on M. O

The main point to prove the uniqueness statement in Lemma 4.1 is the following
Lemma.

Claim 4.7. — There exists 8 €10, 8(1)], such that TTT ,u is C' (and even C"') on
\071/2(K) ={yeld, K) < 1/2}, fort € [a, b], and s €]0, 5].

Progf: — As we know already from Claim 4.6 that T'T"_ ,u is locally semi-convex,
it suffices to prove that TfT;rtu is locally semi-concave on a neighborhood of V; 5(K).

Since # is locally semi-concave on ]0, f[ X M, we obtain that the family of functions
(T, @ iera—a p+a] 1s equicontinuous and equi-semiconcave on the compact neighborhood
V,(K) of K.

If M is compact, we could take K = M, and the C' property above follows from
[5].

For the noncompact case, we will use [17, Appendix B], which adapts some of the
results of [5] to the noncompact setting.

To be able to use [17, Appendix B], it is useful to introduce, for » > 0 a modified
family T;"" of positive Lax-Oleinik operators defined by

T u(x) = sup{u(y) — h(x,9) | d(y, x) <1},

foru: M — [—o00, +00].

Using a covering of a compact set by a finite number of domains of charts of the
manifold M, it is not difficult to see that the following lemma is a consequence of the
positive Lax-Oleinik version of [17, Lemma B.7]. 0

Lemma 4.8. — Let K and Ky be two compact subsets of M with K| C K.

Assume that F* is a_family of functions from M to R, which is equi-continuous and equi-
semiconcave on Ko. Then there exits 1y €]0, 1], and 8y > 0, such that the family (THw | we
Fr,te€[0, 801} is equi-semiconcave on K.

End of proof of Clarm 4.7. — We apply Lemma 4.8 above with the family of func-
tions F* = (T, ) ca—a.5+a] and the compact sets Ky = V(K), K; =V, 9(K). Note that
by (4.5), we have

T;FT;r[u(x) =T T  u(x), for t € [a, b],s €]0,8(r)] and x € V,(K).

s+
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Therefore by Lemma 4.8, we get that, for s < § = min(8y, 8(ry), 8(1)) and ¢ € [a, 4], the
function TTT7 u is semiconcave on V,,(K). We conclude that, for s €]0, 8], ¢ € [q, ],

the function T'T ,u is indeed C"!on \0/1 /2(K). This finishes the proof of Claim 4.7. [J

As we will show below, the construction of the homotopy in Lemma 3.6 will follow
easily from the uniqueness given in Lemma 4.1.

Claim 4.9. — Fix § giwen by Claim 4.7. Assume (1, s, x) € [a, b]x]0, §[ XK. Then there
exists a unique y = y(t, s, x) € M such that

(4.8) u(t, s, x) =T u(y) — h(x,).
Moreover, if s < min(8, §(r)), where 5(r) s gien by Lemma 4.1, we have d(y, x) < r, for the y given
by (4.8).

Progf. — We have

i(t, 5, %) = maxu(t +5,9) — h(x,).
yeM

Therefore, the existence of y = y(¢, s, x), as we saw, follows from (4.5).

We now show the uniqueness. Suppose that y = »(¢, s, x) is a point where u(¢ +
$,9) — hy(x, ) achieves its maximum u(¢, s, x). Calling y : [0, s] = M the minimizer such
that ¥ (0) = x and y (s) =, we have

T u(y (0) =t s,y (0)) =T u(y () — Ay (0), ¥ (5)).

Since TjT;rtu is differentiable at x = y(0), we use the T} version of Proposition
2.12 (again this version follows from Remark 4.5) to obtain that

dTIT  u=3,L(y(0),y(0)).

Hence the curve y : [0, s] = M is unique, since it is (as all minimizers) a solution
of the Euler-Lagrange equation. This implies the uniqueness of y = y (s). UJ

By Claim 4.9, we can define the function F: ([, ] x K) x]0, 5[— M by taking as
F[(¢, x), 5] the unique y = y(¢, 5, x) € M such that

4.9) u(t, s, x) = T u®y) — h(x, ).

In other words F[(¢, x), s] is the unique », where T u(y) — A,(x, ») achieves its maximum.
We extend this function F to ([a, 6] x K) x [0, n[ by F[(¢, x), 0] = x. Therefore F satisfies
part (2) of the Definition 3.2 of #-adapted.

Clarm 4.10. — The homotopy F : ([a, b] x K) x [0, 8] = M, defined above, is continuous
and u-adapled.
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Proof. — We first show that I is continuous on ([a, 8] x K)x]0, §]. For this, we
remark that, since § < (1), the map F takes values in the compact set V,(K). Therefore,
to show that I is continuous on ([a, b] x K)x]0, §], it suffices to show that its graph is
closed in ([, ] x K)x]0, 8] x Vo (K). By the definition of F, its graph Graph(F) is given
by

Graph(F) = {((t, ), 5,») € ([a, b] x K)x]0, 8] x V,(K) |
ut, s, x) =T u(y) — h(x, )}

Since, as we observed above, the three functions (¢, s, x) = u(Z, 5, x), (¢, 5,9) = T u(y)
and (s, x, ») = hy(x, ) are all continuous for (¢, s, x, ) € [a, b] x ]0, 8] x K x M, we con-
clude that Graph(F) is closed.

To show that F is continuous at a point in ([«, ] x K) x {0}, using Lemma 4.1, we
note that d(x, F[(¢, x), s]) <r,for 0 <s < 8().

We now check condition (3) of Definition 3.2 for F. Fix (¢, x) € [a, ] x K. Assume
that « is differentiable at (¢ + s, F[(¢, x), 5]), for some s > 0. Choose a minimizer y : [¢, { +
s]— M, with y(¢) = x and y (¢ + s) = F[(¢, x), s]. Since

THT Ly (0) = il 5, y (D) = Tou(y (L4 9) — h(y (0, y (L4 9),
by the T version of Proposition 2.12, we obtain
dy oy (T ) = Ly (t 4 9), y (1 + ).

We now observe that, by the same Proposition 2.12, the backward u-characteristic y :
[0, ¢+ s] = M ending at y (¢ + s) satisfies

iy (T 0) = 3,L(F (L +5), Y (L + 9)).

Since y (¢t + 5s) = y(t + s5), we conclude that the two extremals ¥ and y have the same
position and speed at time ¢ + s, therefore y = y|[¢, ¢ + s]. In particular, the curve y is
u-calibrated.

To finish the proof that F satisfies part (3) of Definition 3.2, since y : [¢, t+s] — M
satisfies with y (£) = x, y (¢ + 5) = F[(¢, x), 5] and is -calibrated, it suffices to apply the
next lemma which shows that y (¢ + s") = F[(¢, x), 5], for all s € [0, s]. O

Lemma 4.11. — If y : [, t + s] = M s u-calibrated then, for all s' € [0, s, we have
ult, s, y) =ult,y@) = + 1, y(t+5) = he(y (0, y (t+5)).
T herefore, the function ¥ defined above, see (4.9), satisfies

y(t+ ) =Tt x), 5], forals €0, min(s, §)].
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Proof. — Note that the equality u(¢, y () = a(s' + ¢, y (t+5)) — by (Y (), y ¢+ )
is equivalent to u(s'+ ¢, y(t + 5)) = a(t, y (1)) + hy(y (), y(t + 5')), which is a con-
sequence of the #-calibration of y. Therefore, it remains to show that u(¢, s, y (£)) =
u(t, y(1)). Note that the inequality u(t, s, y(£)) < a(t, y(¢)) follows from (4.2). On
the other hand, by definition (4.1) of #, we have u(t, s, y()) > u(s' +¢,y(t + 5)) —
he(y (1), y (1 + ) = u(t, y (1)). O

To finish the proof of Lemma 3.6, it remains to observe that (3.1) follows from the
definition of F, and that any compact subset C of ]0, {,[ XM is contained in a subset of
the form [a, 6] x K, where K is compact subset of M and [a, 6] C]O0, #].

Remark 4.12. — 1t follows from Lemma 4.11, the homotopy I': C x [0,5] — M
constructed in Lemma 3.6 satisfies the following condition:

(CCYIfy : [¢, t+s] = M is u-calibrated, with y (¢) = x, then F((¢, x), s') = y (¢ + ),
for all s € [0, min(§, 5)].

Note also that, if the adapted homotopies F;, Fy of Lemma 3.5 satisfy condition
(CC), so does the homotopy I obtained from them in that Lemma 3.5.

Therefore, as the reader, will realise, all adapted homotopies that we construct will
also satisfy condition (CQ).

5. Constructions of global homotopy equivalences

The goal of this section is to establish some results that will help to construct ho-
motopies of the type mentioned in the proof of Theorem 1.10.

Proposition 5.1. — Assume u: M — [—00, +00] is such that u is finite on 10, +00[ x M.
If there exists 8 > 0 such that, for every compact subset C: C]0, +00[ x M, we can find a u-adapted
homotopy F : G x [0, 8] = M, then, for every T €]0, +00], the inclusions

ET(&) C CutT(Zt) C]O, +OO[XM\IT(Q)
are all homotopy equivalences.
We reduce the proof of Proposition 5.1 to several lemmas.

Lemma 5.2. — Under the hypothesis of Proposition 5.1, for every compact subset C. C
10, +00[ XM, there exists a u-adapted homotopy F : C. x [0, +00[— M.

Proof — We show, by induction on the integer n > 1, how to extend the #-adapted
homotopy F : C x [0,8] = M to a #-adapted homotopy F : C x [0, n§] = M. Assume
F:C x [0,n8] = M is constructed for some n > 1. As introduced in Notation 3.3, we
define F: C x [0, n] =10, +-00[ xM by

F[(t, x), s] = (¢t + 5, F[(¢, x), s]) .
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Since F is continuous, the subset C, = F[C x {n8}] is a compact subset of ]0, 4-00[ x M.
Therefore, by the hypothesis of Proposition 5.1 applied to G, instead of C, we can find a
u-adapted homotopy F, : C, x [0, §] = M. By Lemma 3.5, if we extend F to C X [, (n+
)81, by F(4, x), s1 = F, [F[(#, x), n], s — n], it will be @-adapted on C x [0, (n+ 1)§]. O

Lemma 5.3. — Under the hypothesis of Proposition 5.1, for every compact subset C of
10, T[xM \ Zy(«), where T €]0, +00], we can find a continuous homotopy

G: (10, T[xM\ Zr (@) x [0, 11 =10, T[xM \ Zr (&)

such that:

(5.1) Gl(t, %), 11 € S1(@), for all (¢, x) € C,

(5.2) G[(1, %), 0) = (4, x), for all (1, x) €]0, T[xM \ Z1(3),
and

(5.3) G(Zr(w) x [0,1]) C Zr(w),

(5.4) G(Cutr(3) x [0, 1) C Cutr(@).

Progf: — We choose C’ a compact neighborhood of C in ]0, T[xM \ Zr(u). We
apply Lemma 5.2 for C’ (instead of C) to obtain the homotopy F : C" x [0, +-00[— M.
As introduced in Notation 3.3, we define F: C' x [0, +00[— ]0, +00[ xM by

Fl(t, x), 5] = (¢t + 5, F[(¢, %), 5]) .

We first observe that the image of F avoids Zy(2). In fact, if (¢ + s, ) = Fl(¢, x), s] =
(t+ s, F(t, %), s]) is in Zr(u), then 0 < ¢ + 5 < T, and there exists a #-calibrated curve
y : [0, T[> M such that y (¢ 4+ 5) =y. By Proposition 2.12, this implies that z is dif-
ferentiable at (¢ + s, ) and any #-calibrated curve 8 : [a, { + s] = M ending at y must
coincide with y|[a, ¢ + s]. Using again that # is differentiable at (¢ + s, ) = Fl(t, %), 5] =
(t+ s, F[(¢, x), s]), and that F is #-adapted, we obtain that the curve o — F[(¢, x),0 —
tl,0 € [t,t + 5], which ends at y, is a-calibrated. Therefore F[(¢,x),0 — (] = y(0),
and F[(¢,x),0 — t] € Ty(2), for o € [t,t + 5]. In particular, for o = ¢, this would im-
ply (¢, x) € Zy(w), which is impossible, since (¢, x) is in C" which is disjoint from Zy ().
Thus we obtained

(5.5) F:C'x]0, +00[— M\ Zy(2).

Since F is #-adapted, we must have

(5.6) F((C' N Ee(@) x [0, +00l) C (@)
(5.7) F((C"N Cutr(@) x [0, +00[) C Cutr(@).
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Since C is a compact subset of 10, T[xM \ Z1(«), and the upper semi-continuous 7 is <
T everywhere in ]0, T[xM \ Z1(u), we can choose a finite Ty < T such that the cut time
function 7 is < Ty on C’. Since C’ is a compact neighborhood of C in 0, T[xM \ Z (),
we can find a continuous function o« : C" — [0, 1] such that « is identically equal to 1
on C, and « is identically 0 on dC’, the boundary of C" in ]0, T[xM \ Zr(«). We define
G:C' x [0,1] —]0, 4o00[xM by

GL(L, %), s1 =F[(t, ), soe(t, ) (To — 1)].
In particular, we get
Gl(¢, %), s] = (¢ 4+ sa(t, x)(To — 0), F[(¢, x), sa(t, x)(To — ] .

Since ¢ + sa (¢, x)(Ty — t) < Ty, the image G(C’ x [0, 1]) of G is, in fact, contained in
10, Ty] x M. Taken together with (5.5), it implies

G(C' x [0,1]) C]0, T[xM \ Zr(@).

Properties (5.2), (5.3) and (5.4) of G on C' x [0, 1] follow from properties (5.6) and (5.7)
of F. Since for (¢, x) € G, we have a (¢, x) = 1, we get

Gl(t, %), 1]1= (¢ + (T — 0, F[(2, ), (Ty = H]) = (To, F[(¢, x), (To = D).

Since F is u-adapted and 7 < T on C’ D C, we obtain property (5.1), from Proposition
3.4.

Since G[(¢, x), s] = (¢,x), for (¢,x) € dC', we can extend G continuously to
(10, To[xM\ Zr(a)) x [0, 1T by GI(z, x), s1 = (¢, x), for (¢, ) € C".

It is not difficult to check that this extension G still has the required properties (5.1)
to (5.4).

Proof of Proposition 5.1. — We can find a sequence of compact subsets C,,n > 1 of
10, T[xM \ Z1 (), such that C, C (o]nH, and 0, T[xM\ Z1(z) = U,5(C,. We construct a
homotopy H : (]O, T[xM \IT(&)) x [0, +00[—]0, T[xM \ Zt(u) such that H(X1(u) x
[0, +o00[) C (), H(Cutr(2) x [0, +oo[) C Cutr(), H((¢, x, 0) = (¢, x), for all (¢, x) €
10, T[xM \ Zy(2), and

H(C, x [n, +00[) C Zy(u), foralln> 1.

We will construct H on ]0, T[xM \ Z1(z) x [0, #] by induction on n> 1.
We start by applying Lemma 5.3 to the compact set C; to obtain the homotopy

G : (]O,T[XM\IT(&)) x [0, 1] =10, T[xM \ Zy(w),
with

Gi[(, x), 0] = (4, %), for all (£, x) € (10, T[xM \ Zr(2)),
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and
G (C) x {1} C Zr(w),
G (Zr(@) x [0, 1]) C Er(w),
G, (Cutr(z) x [0, 1]) € Cutr(u).

We then set H[(¢, x), s] = G,[(¢, x), s], for (¢, x) € 0, T[xM \ Zr(u), s € [0, 1]. As-
suming that H has been constructed on (]0, T[xM \IT(&)) x [0, n], we apply Lemma
5.3 to the compact set H(C,4; x {n}) to obtain the homotopy

G, : (10, T[xM\ Z1(@)) x [0, 11 =10, T[xM\ Zr(@),
with

G,[(t, x), 0] = (¢, x), for all (¢, x) € (10, T[xM\ Z (),
and

Gu[H(Cyp x {n}) x {1}] C Zr (@),
Gu(Zr(@ x [0, 1]) C Zr(w),
G,(Cutr(@) x [0, 11) C Cuty(®).

We then define H on (]O, T[XM\IT(&)) x [n,n+ 1] by
H[(, x), s] = G,(H[(, x), n], t — n).

It is not difficult to check that H satisfies the required properties.

Since C, C (O]Hl, we can define a continuous function « : ]0, T[xM \ Zr(z) — R
such that « =n+ 1 on dC,, a(Cy) C [0, 1], and a(C, \ (O]n_l) C [n, n + 1]. Therefore
H[(¢, x), a(t, x)] € Zr(w), for all (¢, x) €]0, T[xM \ Zt ().

We now define the homotopy H:M \Z(u) x [0, 1]— M\ Z(«) by

H[(x, 1), s] = H[(z, %), s (¢, x)].

It is not difficult to check that H[(x, £), 0] = (v, ), H[(x, ), 1] € (@), for all (4, %) €
10, TIXM\ Zy (%), H(Z+(2) x [0, 11) € Z+(2), and H(Cuty(2)) % [0, 1]) € Cuty(z). This
finishes the proof of Proposition 5.1. U

Here is a useful criterion that allows to show that the hypothesis of Proposition 5.1
holds.
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Lemma 5.4. — Let u: M — [—00, +00] be such that u is finite on 10, +00[ x M. Assume
Jor every ty > 0, we can find a constant k,,, such that, for every compact subset C C [{, +00[ XM,
we can find 8 > 0 and a u-adapted homotopy F : C. x [0, 8] — M, such that

d(F[(t, x), s], x) <kys, forall (t,x) € Candall s € [0, 5].

Then for every compact subset C: C10, +00[xM, we can find a t-adapted homotopy F : C x
[0, +00[— M.

Proof. — By Proposition 5.1, it suffices to show that for such a compact subset of
C CJ0, 4o00[xM, we can find a z-adapted homotopy F:Cx[0,1]— M.

We first find a, b €]0, 4-00[, with a < b, and a compact subset K C M such that
C Cla, b] x K.

We now use the hypothesis of the Lemma, applied to the compact set [, b+ 1] x
V...(K) C [a, +00[xM, to find a #-adapted homotopy

F:([a, 6+ 1] x V., (K)) x [0,8] > M,
such that, for all (¢, x) € [a, b+ 1] X \_/K,,(K) and all s € [0, 8], we have
(5.8) d (F[(¢, %), 5], x) < K,s.

If 6 > 1 we have finished. If § < 1, we will use an argument analogous to the one
in the proof of Proposition 5.1. Choose ny > 2 such that (np — 1)é < 1 < ny8. Note that
npd <148 <2. By induction on n =1, ..., ny, we will construct an extension of I on
C x [0, 8] to a u-adapted homotopy F:Cx [0, n6] — M which also satisfies

5.9) d (F[(t, x), s|, x) <«k,s, forall (¢,x) € C and all s € [0, n8].

For n =1, we just take as F the restriction of F to C x [0, 8]. Assuming that F:C x
[0, n6] — M has been constructed for n < ny, we note that for every (t,x) e CCla, bl xK
and every s € [0, 78] C [0, 1], we have ¢ + s € [a, b + 1] and d(F[(¢, x), 5], x) < k.5 < K,.

Hence (t + 8, T, %), n8]) € [a, b+ 1] x V. (K). Therefore, for 5 € [18, (n+ 1)8], we
can set

Fl(Lx),s]=F [(z 8, (1, %), n8]). 5 — n5] .

By Lemma 3.5, this extension F of F is still u-adapted. It remains to check (5.9) for s €
[78, (n+ 1)8]. Noting that

Fl(t2).5] =F [(t + 8, F(t, x), n8]). s—nS] ,
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from (5.8), we obtain d(F[(L‘, x), ], F[(t, x), n8]) < k,(s — nd), hence

d(F1(t, %), s], x) < d(F[(¢, %), 5], F[(¢, ), n8]) + d(F[(t, x), n8], x)

< Kk, (s — nd) + Kk nd = K, 5.

Since nyd > 1, this finishes the proof of the Lemma. O

6. Functions Lipschitz in the large

To state the generalization we have in mind, we recall the definition of Lipschitz in
the large for a function, see [22, Definition A.5] or [15].

Definition 6.1. — Let X be a metric space whose distance is denoted by d. A function u : X —
R is sawd to be Lipschitz in the large if there exists a constant K < 400 such that

lu(p) — u(x)| < K+ Kd(x, ), forevery x,y € X.
When the inequality above s satisfied, we will say that u is Lipschitz in the large with constant K.

Note that we do not assume in the definition above that « is continuous.

Obviously, when X is compact u : X — R is Lipschitz in the large if and only if «
is bounded.

As 1s shown 1n [15, Proposition 10.3], the function « : X — R is Lipschitz in the
large if and only if there exits a (globally) Lipschitz function ¢ : X — R such that

I = @lloo = suplu(x) — (x)| < +o0.
reX
In particular, a Lipschitz in the large function « : M — R is bounded from below by a
Lipschitz function and therefore # is finite everywhere on [0, +00[ x M.
As we will see below the next theorem generalizes Theorem 1.10 stated in the
introduction.

Theorem 6.2, — Assume u: M — R s a Lipschitz in the large function. For every 'T €
10, +00] the inclusions L (u) C Cutr(u) CJ0, T[XM \ Z1 (@) are homotopy equivalences.

It is not difficult to see that, for a function « : M — R Lipschitz in the large with
constant K, its lower semi-continuous regularization u_ is itself Lipschitz in the large
with constant K. Therefore, by Proposition 2.20, without loss of generality we can prove
Theorem 6.2 adding the assumption that « is lower semi-continuous.

To prove Theorem 6.2, we need a preliminary result, namely Corollary 6.4 below.

To obtain this Corollary, we need following result, whose proof is standard and can be
found in [15, Theorem 10.4].
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Proposition 6.3. — If u s Lipschitz in the large, then for every ty > 0, the restriction of ils
negative Lax-Oleinik evolution u to [ty, +00[xM is (globally) Lipschitz.

Corollary 6.4. — If u 1s Lipschitz in the large, then for every ty > 0, we can find a constant
such that for every t > ty, s > 0, x,y € M with u(t + s, 9) — h(x, p) > u(t + s, x) — hy(x, x), we
have d(x, y) < Ky,s.

Progf: — By Proposition 6.3 above we can find a global Lipschitz constant A < 4-00
for & on [fy, +00[ x M. The inequality u(t + s, ) — h(x, ) > u(t + s, x) — h(x, x) yields

h(x,p) < u(t+s,9) — u(t + s, x) + h(x, x).

Since /4,(x, x) < sA(0) (where A(0) = sup,;L(x, 0) was defined before, see (1.3)), we
obtain

h(x,9) <u(s+t,9) —u(s + ¢, x) + h(x, x)
< Ad(x,9) + A(0)s.

But by the uniform superlinearity of L, see (1.4), we know that 4,(x, ) > (A 4+ 1)d(x, ) —
C(A 4 1)s. Hence, we have (A + 1)d(x,y) — C(A + 1)s < Ad(x,p) + A(0)s, from which
the inequality d(x, y) < [C(A 4 1) + A(0)]s follows. ]

Proof of Theorem 6.2. — Suppose C C]0, 400[ xM is compact. We show that there
exists a #-adapted homotopy F : C x [0, +00[— M. This will imply Theorem 6.2 by
Proposition 5.1.

Choose ) > 0 such that C C]4, +00[ x M. By Lemma 3.6, we can find a z-adapted
homotopy Fy : C x [0, §] = M with

ult + 5, Fo((1, %), )] = Is[x, Fo((2, ), )] > ult + 5, x) — h(x, x).

By Corollary 6.4, we obtain d(Fy((¢, x), s), x) < k;,s. The existence of a #-adapted homo-
topy I : C x [0, +00[— M now follows from Lemma 5.1 and Lemma 5.2. 0

Proof of Theorem 1.10. — Under the hypothesis of Theorem 1.10, by Theorem
2.19, we know that U = &, with « : M — R defined by u(x) = U(0, x). Note that the
function u itself is uniformly continuous.

Any uniformly continuous function z : M — R is Lipschitz in the large, since it
is a uniform limit of Lipschitz functions, see for example [15, Lemma A.1]. Therefore,
Theorem 1.10 is a consequence of the more general Theorem 6.2. 0J

Corollary 6.5. — Assume that the function u: M — [—00, +00], with u finite everywhere
on 10, 400, is such that T, u = u(t,-) is Lipschitz in the large, for every t > 0. Then, for every
T €]0, +00l, the inclusions Xr(u) C Cutr(w) CJ0, T[XM \ Zy (1) are homotopy equivalences.
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Proof. — Again, like in the proof of Theorem 6.2, it suffices to show that, for every
compact subset C C]0, +00[x M, there exists a #-adapted homotopy F : C x [0, +o00o[—
M.

By compactness of G, there exists { > 0 such that C CJ4, +0o[xM. Set u, =
T u= u(ly, -). We have w, (¢, x) = u(ty + ¢, x). Setting C,, = {(t — &, x) | (t,x) € C} C
10, +o0l, since u, 1s Lipschitz in the large, by the beginning of the proof of Theorem
6.2, we know that we can find a #,-adapted homotopy Fy : C,, x [0, +00[— M. It is not
difficult to see that F : C x [0, 4+00[— M, defined by F(¢, x) = Fo(¢ — £, x), is a u-adapted
homotopy. U

Corollary 6.6. — Suppose that the manifold M s compact. If the function u: M —
[—o00, +00] s such that u is finite everywhere on 10, +00[ X M, then, for every T €]0, +00], the
inclusions Ly (u) C Cutr(u) CJ0, T[XM \ Z1 (@) are homotopy equivalences.

Proof. — By Theorem 2.18, we know that T'; « 1s continuous on M, for every ¢ > 0,
therefore Lipschitz in the large, since M is compact. It suffices now to apply Corollary
6.5. O

Lemma 6.7. — Assume that G C M is a closed subset of the complete Riemannian manifold
(M, g). If the curve y : [0, +00[— M is x¢-calibrated, then either y is a constant curve with value in
Corda(y(t)) = +00 when t — +00. Therefore, if U s a relatively compact component of M\ C,
then 10, +o00[ x U is disjoint from L oo (Xc)-

In particular, if M is compact, then for any closed subset G we have T, (X)) =]0, +00[x C.

Progf. — Assume (f, x), with xp € U and {, > 0, is in the Aubry set Z . (xc). We
can find a x¢-calibrated curve y : [0, +00[— M, with y () = xy. By Lemma 2.14, the
curve Y is a g-geodesic satisfying y(0) € G and da(y (1)) = d(y(0), y (1)) = vt, for all
t >0, where v = [y (5)|l,(y is its constant norm of speed, from which the first part and
the last part of the lemma follow.

For the second part, we note that, for a non-constant x¢-calibrated curve y :

[0, +00[— M, the image ¥ (]0, +0o0[) is contained in a unique connected component
of M\ C on which d¢ is not bounded. U

Corollary 6.8. — Assume that C C M s a closed subset of the compact Riemannian manifold
M. Then the inclusion £*(dc) C M\ C s a homotopy equivalence.

Progf. — Since M is compact Z, »,(X¢) =]0, +00[x C, by the previous Lemma 6.7.
By Corollary 6.6, we obtain that the inclusion £*(}¢) C]0, +oo[x(M \ C) is a
homotopy equivalence. But, by (3.3), we have *({¢) =]0, +00[x Z(d}) and by (3.4),
we have X (dé) = X*(dc). This finishes the proof of the Corollary. ]
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7. More applications to complete non-compact Riemannian manifold

Assume that G is a closed subset of the complete Riemannian manifold (M, g).
If M is not compact, then neither x¢ nor xa(t, -) = dc(+)?/2t are necessarily Lipschitz
in the large. So, we cannot apply Corollary 6.5 to obtain the global homotopy type of
T*(dc) = £(d3). Instead, we will show that Proposition 5.1 directly applies.

For y € M and ¢, s > 0, we introduce the function ¢, , : M — R defined by

()’ (.2’
2(t+ ) 25

Lemma 7.1. — Suppose that x, y € M are such that @, ; ,(x) > @y;,(»). Then we have

(7'1> (pt,s,_y(x) = )EC(ZL + s, X) - kf(X,y) =

2s 2s
d(x, ) < Tdc(y) and dc(x) < (1 + 7) dc ().

Proof. — From the definition (7.1), the inequality ¢, ; ,(x) > @, ,,(») translates to
)’ dp,9’ _ o)’
2(t+ ) 25 T 2t+s)
Using d¢(x) < dc(y) + d(x, ), we obtain
() _ [deO) +de ) dO, 0*
2t +s) — 2(¢+ ) 2s

B dc()?  2dc()d(x,y) ( 1 _i) )
=30ty T 24 T \aGgs " 25)
_ dc(»)?  2dc()d(x, ) B td(x,)*
IR 2t + ) 95(t+5)

from which the inequality d(x, y) < 2sdc(p)/t follows. To prove the last inequality of the
lemma, we again use d¢(x) < dc(p) + d(x, ). ]

Lemma 7.2. — Assume that (ly, x0), « .., (bys X,)5 ... 15 a (finile or infinite) sequence in
10, 40o[ xM, with s, = t,41 — t, > 0, and such that @, , .,(Xur1) = @; 5, (x). Then

dc(x,) < 0 d (x0) and d(x,, x0) < 267" ds (x0).

Proof. — From Lemma 7.1, we get

25,

(7.2) d (X1, %) <

2s,
dC(Xn) and dC(xn—H) S (1 + t_s> dC(xn)

n n
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Therefore dc(x,) < HZ:OI (1 + 2[—Y) dc (%) from the second inequality above. The first in-

equality in the lemma follows from ]—[::01 (l + %) < /% which we now establish by

taking log’s. Using that log(l + ¢) < ¢, for ¢ €]0, +00[, that # is non-decreasing and
Z:l 0152 =, — = tn, we get

n—1 n—1

n—l
logl_[(l-l— ) Zlog(l—i— ><QZ .7()5{5%.

We now combine the already established first inequality of the lemma with the
inequality (7.2) to obtain

n—1 n—1 n—1
2 : 2
ACtyx0) < Y dCrigrx) £ Y —do(e) <2 (Z %M/‘“) de ()

i=0 =0 =0 "

Combining this last inequality with # non-decreasing, we obtain

n—1 n—1
d(x,, xp) <2 <Z ;egtl/to> dc(xg) <2 (@em/m) dc(x0).
; 0

i=0 "

Therefore, since Zf;ol 5; < t, and t < exp(t), we get

Zn 1
=0 Z Zt"/f[]

0

d(x, %) < 2 ( ) dc(x0) = 2-- " 2’””"dc(%o) <20 dg(x). O

We now prove that x( satisfies the hypothesis of Proposition 5.1.

Proposition 7.3. — Suppose C is a closed subset of the complete Riemannian manifold (M, g).

Then for every compact subset K CJ0, +00[xM, we can find a Xc-adapted homotopy F : K x
[0, 1] — M.

Progf. — The compact subset K C]0, +00[xM is contained in a set of the form
[a, b] x A, where A is a compact subset of M and 0 < a < b < 4-00. We then define k by

Kk = P/ mﬁlxdc < +o00.

Since A is compact, its neighborhood Vo (A) = {x € M| dy(x) <k} isalso compact.
By Lemma 3.6, we can find § > 0 and a x¢-adapted homotopy F : ([a, b+ 1] x V, (A)) X
[0,6] — M.

If 6 > 1, then the restriction of F to K x [0, 1] does the job. If not, cutting down
on § we assume § = 1/n, with 7 an integer > 2.
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We will show that we can extend F by inductiononi=1,...,n—1to F: K x
[0, @+ 1)/n] = M by

F((, x), 5) = F[(t+ i/n, F(t + i/n, %)), s — i/n], for s € [i/n, (i+ 1) /.

This homotopy is well-defined if we show by induction that, for (¢, x) € K C [q, 8] X A,
the sequence (x;, ¢ + ¢/n), with xy = x, defined by induction fort=1,...n—1 as

x=F[(t+ @ =D/, xi1), 1/n],

is such that x; € \_/K(A), fori=1,...,n—1.

Since F: ([a, b+ 1] x V. (A)) x [0, 1/n] = M is defined by Lemma 3.6, the in-
equality (3.1) implies that the sequence x;, while it make sense for t =0,1,...,n—1,
satisfies the hypothesis of Lemma 7.2 with {; =t +i/n <t+ 1 < b+ 1. Therefore

d(x;, o) < &' dg (xp) < 2D/ max dc =k,
since xp =x € A, t € [a, b] and t; < b+ 1. This implies that x; € V, (A). ]

Proof of Theorem 1.6. — Since we know by Proposition 7.3 that x¢ satisfies the hy-
pothesis of Proposition 5.1, we obtain that the inclusion X (}c) CJ0, +00[ x M\ Zoo (Xc)
is a homotopy equivalence. But, by (3.3) and (3.4), we have £ (Xc) =10, +oo[x Z(d3) =
10, +00[x Z*(d:) and, by Proposition 2.15, we have Z.,(xc) =10, +oo[x (C U A*(C)).
Therefore, the inclusion ]0, +o00[x *(d:) C]0, +oo[x M \ (C U A*(C))) is a homo-
topy equivalence, which implies that X*(dc) € (M \ (C U A*(C)) is itself a homotopy
equivalence. 0J

We now explain the generalization of Theorem 1.7 to non-compact complete Rie-
mannian manifold.
We first introduce the subset AU (M, g) C M x M.

Definition 7.4, — For a complete connected Riemannian manifold (M, g), the subset
AUM, g) C M x M is the set of points (x,p) € M X M such that there exists @ minimizing
g-geodesic y ] — 00, +00[— M, with y (a) = x, y (b) =, for some a < b € R.

Lemma 7.5. — We have AUM, g) = Ay U A*(dp,)-

The proof is left to the reader. The following generalization of Theorem 1.7 now
follows from the lemma above and Theorem 1.6.

Theorem 71.6. — For every connected complete Riemannian manfold M, the inclusion
NUM, g) CM x M\ AUM, g) is a homotopy equivalence.
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8. More results on local contractibility

In fact, our local contractibility result can be applied for viscosity solution defined
only on an open subset, and also for Hamiltonians which are not necessarily uniformly
superlinear. More precisely, we have.

Theorem 8.1. — Suppose H : T*M — R is a C* Hamiltonian such that:

(@) (Superlinearity on compact subsets) For every compact subset C: and every real number K >
0, we have sup{K||pl|l, — H(x, p) | x € C, p € TTM} < o0.

(b) (C? strict convexity in the fibers) For every (x, p) € T*M, the second derivative along the
fibers *H/3p*(x, p) is positive definite.

If the continuous function U : O — R defined on the open subset O C R x M s a viscosity solution of
the Hamulton-"facobt equation (1.1), then its set of singularities £ (U) C O 1is locally contractible.

Progf. — Since the result is local, we can assume that O = Ja, 5[ xW, with W C M
open with W compact. We will first modify H outside of T*W to reduce to the case where
the Hamiltonian is Tonelli. Choose a C* function ¢ : M — [0, 1] with compact support
such that ¢ is identically 1 on the compact subset W. Define H:T*M - R by

H(x, p) = (1 — () IpII + 9 (0 H(x, p).

Since the support of ¢ is compact, using the properties of H, it is not difficult to check that
H is Tonelli and coincides with H on T*W. This last fact implies that U : Ja, 5[ xW — R
is also a viscosity solution of (1.1) for H.

Therefore without loss of generality, we can assume that H is Tonelli.

Fix (%, x0) €la, b xW. Pick n > 0 such that [{, — 1, {H + 1] X B(xo, 2n) Cla, B[ xW.

The viscosity solution U is Lipschitz on the compact set [ — 7, tp + 1] % B(xo, 2n).
Therefore, since speeds of U-calibrating curves are related to upper differentials of U by
the Legendre transform, we can find a finite constant K such that for every [«, 8] C
[to — n, & + n] and every curve y : [a, B] — I_B(xo, 2m), which is U-calibrating, we have
1Y ()l < K. Choose now € > 0 such that € < and 2Ke < 5. Since U: O — R, as
any viscosity solution, has backward characteristics ending at any given point (see [15,
Theorem 7.6]), from the definition of K and the choice of €, for every (¢, x) €]ty — €, t, +
€] x B(xo, n), we can find a U-calibrated curve y, , : [{) — €, t] = E(xo, 2n). It follows that
U(t, x) = inf ey 0n) Ullo — €,9) + hiiyie (9, %), Tor all (2, x) €] — €, + €] X B(xo, ).
Therefore, if we define «: M — R by

u(y)_ U(to_ev_y)’ lf_))EE(X(), 277)7
" oo, ify € Blxo, 20),

we obtain

(8.1) U(t,x) =u(t— iy + €, x) for all (¢, x) €]ty — €, fy + €] x B(x, n).
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Since U is continuous and B(xy, 217) compact and not empty, the function # is bounded
below and not identically +00. Therefore u is finite everywhere and X* (%) is locally con-
tractible. By (8.1), we have X(U)N]{ — €, & + E[XIOS(xO, N ={G6+iH—¢€x|(s,x €
*(@)N]0, 2e[ xB(xo, 7). Hence T(U)NNhy — €, 4 + e[xB(xg, ) is itself locally con-
tractible. 0J
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