DEVIATIONS OF ERGODIC SUMS
FOR TORAL TRANSLATIONS II. BOXES

by Dvrrey DOLGOPYAT and Bassam FAYAD

ABSTRACT

We study the Kronecker sequence {na},<x on the torus T when « is uniformly distributed on T¢. We show that
the discrepancy of the number of visits of this sequence to a random box, normalized by In? N, converges as N — 0o to a
Cauchy distribution. The key ingredient of the proof'is a Poisson limit theorem for the Cartan action on the space of d + 1
dimensional lattices.
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1. Introduction

1.1. Equdistribution of Kronecker sequences on T¢. — It is well known that the orbits of
a non resonant translation on the torus T? = R?/Z are uniformly distributed. A quan-
titative measure of uniform distribution is given by the discrepancy function: for a set
C CTlet

N-—1

D(a, x,C,N) = Z 1e(x + na) — Nv(C)

n=0

where (o, x) € T? x T, 1¢ is the characteristic function of the set C and v is the Haar
measure on the torus. (We will sometimes write v, if we want to emphasize the dimension
of the torus). Uniform distribution of the sequence x + naw on T is equivalent to the fact
that, for regular sets C, D(a, x,C, N)/N — 0 as N — 00. A step further is the study of
the rate of convergence to 0 of D(«, x, C, N)/N.

Already with d = 1, it is clear that if « € T — Q 1is fixed, the discrepancy
D(e, x, C, N) displays an oscillatory behavior according to the position of N with respect
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to the denominators of the best rational approximations of «. A great deal of work in
Diophantine approximation has been done on estimating the oscillations of the discrep-
ancy function in relation with the arithmetic properties of & € T, and more generally for
o € T?. Tt is of common knowledge that in studying the discrepancies in dimension 1 the
continued fraction algorithm provides crucial help, and that the absence of an analogue
in higher dimensions makes the study of discrepancies much harder.

In particular, let

D(a, N) =supD(a, 0,C,N)
CeB

where the supremum is taken over all sets C in some natural class of sets B, for example
balls or boxes. The case of (straight) boxes was extensively studied, and growth properties
of the sequence D(a, N) were obtained with a special emphasis on their relations with the
Diophantine approximation properties of . In particular, following earlier advances of
(20, 26, 30, 35, 40] and others, [2] proves that for arbitrary positive increasing function

¢ (n)

Z 1 <00 D(a, N) is bounded for
¢ (n) (InN)¢(InlnN)  almost every o € T".

n

(1.1)

In dimension d = 1, this result is the content of Khinchine theorems obtained in
the early 1920’s [26], and follows easily from well-known results from the metrical theory
of continued fractions (see for example the introduction of [2]). The higher dimensional
case 1s significantly more difficult and (1.1) was only obtained in the 1990s.

The bound in (1.1) focuses on the worst case scenario, that is, on how bad can the
discrepancy become along a subsequence of N, for a fixed « in a full measure set.

The restriction on « is necessary, since given any €, — 0 it is easy to see that for
a € T sufficiently Liouwnlle, the discrepancy (relative to intervals) can be as bad as N,g,
along a suitable sequence N, (large multiples of denominators of very good rational ap-
proximations). It is conjectured that for any & the discrepancy will be as bad as (InIN)“
along a suitable subsequence but not much is known better than the general lower bound
(InN)?/? that holds for every sequence on T? ([38]). Here again, due to the use of contin-
ued fractions the latter conjecture can be easily verified in dimension 1 (cf. discussion in
[20)

In another direction, but still studying the discrepancy for a fixed @ and along
subsequences of N, [9, 23] obtain a Central Limit Theorem in the one dimensional case
of circle rotations. The results of [9, 23] apply either for a set of @ of zero measure (so
called badly approximable numbers) and a set of times of large density, or for all o but
for a small set of times (in both cases, the time sets depend on «).

By contrast, if one lets both o and x be random then it is possible to obtain asymp-
totic distributions of the adequately normalized discrepancy for a/l N.
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This is the approach adopted by Kesten in [24, 25] (see also [3]) where he studied
the distribution of the discrepancies related to circular rotations as o and x are randomly
distributed over the circle. He proved the following result.

Theorem ([24, 25]). — Let 0 < a < b < 1 and define

N-1
D(@. x [a. 61 N) = Y " po(x + ko) = N(b — ).
n=0
. _ : . . ( D(@.x.[a.].N)
There is a number p = p(b — a) such that if (ct, x) is uniformly distributed on T? then =N

converges to the standard Cauchy distribution, that s,

D(a, x, [a, ], N
v @ 2 NS
pInN
where vy is the Lebesgue measure on T and
tan"'z 1
(1.2) C(z) = 3

Moreover p(b — a) = py is independent of b — a 1if b — a ¢ Q and it has non-trivial dependence on
b—aifb—acQ.

Our goal is to extend this result to higher dimensions. As in the case of other
results related to discrepancies of Kronecker sequences, the main difficulty comes from
the absence of a continued fraction algorithm that was also the main tool in Kesten’s
proof.

Before we describe our approach, let us mention that there are two natural coun-
terparts to intervals in higher dimension: balls and boxes. In [12] we considered the case
where C is analytic and strictly convex and showed that D(e, x, C, N) /N(’l_l)/ 2 has a
limiting distribution (which however depends on C and is not a standard stable law).

Here we address the case where C is a box and show that D(gﬂxf\gdl\l)
Cauchy distribution. To avoid the irregular behavior of the limiting distribution on the
size of the considered box, as is the case in Kesten’s result for example, we introduce an
additional randomness to the parameters, by letting the lengths of the box’s sides fluctu-

converges to a

ate. For a reason that will be explained in the sequel we also have to apply (arbitrarily
small) random linear deformations on the boxes.

More precisely, for u = (uy, ..., us) with 0 < ; < 1/2 for every ¢, we define a box
on the d-torus by G, = [—uj, u1] X ... [—uy, uy]. Fix a small n > 0 let
(1.3) G, ={U=(g;) € SLyR) : |a;; — 1| < n,Viand |g;;| <n V] #1}.

We denote by UC, the image of C, by a matrix U € G,,. Next, each length ¢ is assumed
to be uniformly distributed in a segment [v;, w;] where v;, w; are fixed such that 0 < v, <
w; < 1/2 for every 1.
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Let
={(,x,u,U) € T x T x ([v;, wi] X ... [vz, wy]) x G, }

and denote by A the normalized Lebesgue measure on X. For ¢ = («, x, 4, U) € X, define
the following discrepancy function

. , = <m=<N:(x+mx) mo S o= ;u;) N.
1.4 D@, N) = #{1 N:( ymod 1 € UC,} — 2/ (IT;u;) N
T heorem A. — For any z € R we have
D(@,N)
1.5 l Mo eX ¢
(1.5) m M €X /el < 1) = o
where € 1s defined by the Cauchy distribution_function (1.2) and
ML sin(27jn,)] sin(tjna+1) COb(Qﬂﬂld+2)
(1.6) o= ;(H — ( ) ! n M dnas

where (d+ 1) =",

,1 1 5 the Riemann zeta_function.

n=1

As it will be clear from the proof, the same statement holds if A is replaced by any
probability measure on X with smooth density. Actually, we could replace the two pertur-
bations of the box, the fluctuation of the sides’ lengths and the application of an SL,(R)
matrix, by a single random linear perturbation, or by U with r smoothly distributed in
a neighborhood of 1 and U € G,,. We prefer to keep the perturbations split because their
roles in the proof are quite different.

As it 1s alluded in the title, the discrepancy is a special case of ergodic sums
Zﬂ 0 ' A(x + nar). We refer the reader to a recent survey [13] for more results and open
questions on this subject.

Our proof of Theorem A shows that for typical «, a quenched limit (that is, with
fixed «, and x uniformly distributed on T?) of D(e, x, C, N) does not exist even if we
would allow the normalizing sequence to depend on «. The reason is that the main
contribution to the discrepancy comes from a small set of so called small denominators and,
at different scales, different small denominators become important. Also, the number of
the small denominators of a given size fluctuates. Therefore there is a sequence of times
when the discrepancy is dominated by a single small denominator, so, after a proper
normalization we get limiting distribution of compact support. On the other hand, we can
consider a sequence of times when there are many small denominators of approximately
equal strength, in which case the limiting distribution will be Gaussian. Since we can
obtain different limit distributions along different sequences, no limit exists as N — 00
(we refer the reader to [14, 15] for a more detailed version of this argument). We note that
the absence of quenched limits is often observed in zero entropy systems [4-6, 12, 17, 19,
32]. 'To finish, we mention that the paper [13] can be consulted for an introduction to
problems and results related to limit theorems for toral translations, an active domain of
research in the recent years.
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1.2. Plan of the paper. — We now give a description of the paper’s content and of
the main ingredients in the proofs.

Section 2 contains preliminaries and reminders. In §2.1 we recall the representa-
tion of the Cauchy distribution in terms of a Poisson process. In §2.2 we present Rogers
formulas that allow to compute the average and higher moments for the number of points
of a random lattice in a given domain.

In Section 3, harmonic analysis of the discrepancy’s Fourier series allows us to
isolate the frequencies that make essential contributions to the discrepancy and to show
that they must be resonant with «. After eliminating a small measure set of vectors o,
for which the resonances are too strong we obtain that the good normalization for the
discrepancy is (In N)?. The main outcome of Section 3 is to reduce the proof of Theorem
A to that of Theorem B establishing a Poisson limit theorem for the distribution of the
small denominators that appear in the (resonant) Fourier terms that contribute to the
discrepancy.

Namely, for each € > 0 we need to prove the Poisson limit theorem for the sequence

Nk o) mod 2, {kiui ), . . ., {kqua}, {{k, x)}

® AN ] [k ko)

keZ(V,N)

where (-, ), || - || and {-} denote respectively the Eucledian scalar product, the closest
distance to integers and the fractional part, and where

k= aik + -+ @ik,

Z®,N)={ke W®,N) : &, > 0 and 3m € Z such that
kiA...AkgAm=1and |[(k )| =|(k o) +ml|}.

and

d

1

=1

W, N) ::{keZd: <N,

d

[T%

=1

Vi=1,....d, |k|>1, _
€(InN)?

1
[k = 2|

In Section 5, we reduce the Poisson limit of the first two coordinates of (x) to a Pois-
son limit theorem (Theorem 5.4) for the number of visits to a cusp by orbits of the Cartan
action on the space of d + 1 dimensional unimodular lattices M = SL;;;(R)/SLyy1(Z).
To prove the Poisson limit for all components of (x), we need to show that the remaining
components are asymptotically independent of the first two. This requires an extra work
that is done in Proposition 5.3, where the argument is similar to the original analysis of
Kesten.
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The proof of Theorem 5.4 occupies Sections 6, 7, and 8. In Section 6, using mar-
tingale methods, we establish an abstract Poisson limit theorem that is well adapted to
variables coming from dynamical systems. Establishing Poisson limit theorems for dy-
namical systems is a subject with rich literature (see [1, 8, 10, 11, 18, 21, 22, 36] and
the references therein). The most relevant work for our purposes is the paper [11] where
a Poisson Limit Theorem is proven for partially hyperbolic systems assuming that the
mmages of local unstable manifolds become equidistributed at sufficiently fast rate.

In the present setting there are two new difficulties. First, the geometry of the cusp
1s quite complicated (especially for large ), in the sense that we do not know what is
the order of ks that contribute to the resonances in (x). However Rogers identities ([37,
41]) provide sufficiently strong control to handle this issue. Secondly, we need to consider
the action of the full diagonal subgroup of SL,;;(R) because, for a typical resonance,
ki, /_CQ ...,and k; have very different sizes. For such higher rank actions there is no notion
of “unstable manifold” because there is no notions of “future” and “past” and going to
infinity in different Weyl chambers gives different expanding and contracting directions.
In the present setting, we are able to prove a Poisson limit theorem using the fact that the
long leaves of the Lyapunov foliations become uniformly distributed at a polynomial rate,
except, possibly, for a small measure set. The fact that the we need to prove the Poisson
Limit Theorem for higher rank subgroups constitutes the main novelty of Sections 6-8.

The relevant equidistribution results for unipotent subgroups of SL,;(R) acting
on M are presented in Section 7. To exploit these equidistribution results in the proof of
(x), we introduce additional parameters in the form of small affine deformations of the
box. Indeed, if we work with the straight boxes we would have to establish a Poisson Limit
Theorem for lattices having a smooth distribution on a positive codimension submanifold
of M; while with the randomly slightly tilted boxes we have to establish a Poisson Limit
Theorem for lattices having a smooth density on M.

In Section 8 the conditions of the abstract theorem of Section 6 are verified for the
Cartan action on M using the equidistribution results of Section 7.

In section 9 we discuss the discrepancy for the number of visits to boxes of small
size N7, y < 1/d, and we obtain a similar result to the case y = 0 that corresponds to
our main Theorem A. The case y = 1/d was studied in [31] where a limit distribution
was obtained without any normalization. In the case y > 1/d, the problem is vacuous
since most orbits do not visit a ball of size N7 before time N (by the Borel Cantelli
Lemma).

In Section 10 we discuss the continuous time case, that is, we study the discrep-
ancies corresponding to linear flows on the torus. We show that in the case of boxes
the discrepancy is bounded in probability. Namely, the indicator function of a box is a
coboundary with probability one. We actually get convergence in distribution of the dis-
crepancies without any normalization. However, the method used to prove Theorem A
gives a Cauchy limit theorem for continuous discrepancies relative to balls, and this only
in dimension 4 = 3. Indeed, the latter 1s in sharp and curious contrast with the higher
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dimension case obtained in [12] that states that for 4 > 4 the continuous discrepancies
relative to balls converge in distribution after normalization by a factor T~3/2(=1),
Finally, some technical estimates are collected in the appendices.

2. Preliminaries

2.1. Poisson processes. — Recall that a random variable N has Poisson distribution
with parameter A if P(N = %) = e‘xi—f. Now easy combinatorics shows the following facts
() If N}, Ny...N,, are independent random variables and each N; has Poisson
distribution with parameter A;, then N = Z;m:1 N; has Poisson distribution with parameter
A
. (JH) Conversely, take N points distributed according to a Poisson distribution with
parameter A and color each point independently with one of m colors where color j
is chosen with probability p;. Let N; be the number of points of color j. Then N; are
independent and N; has Poisson distribution with parameter A; = p;A.

Now let (X, m) be a measure space. By a Poisson process on this space we mean a
random point process on X such thatif X;, X, ... X,, are disjoint sets and N; is the number
of points in X; then N; are independent Poisson random variables with parameters m(X;)
(note that this definition is consistent due to (I)). We will write {x;} ~ P (X, m) to indicate
that {x;} is a Poisson process with parameters (X, m). If X C R and m has a density /
with respect to the Lebesgue measure we say that / is the intensity of the Poisson process.

The following properties of the Poisson process are straightforward consequences
of (I) and (II) above, and their proofs can be found in the monographs [27, 39].

Lemma 2.1, — (see [27], §§2.3 and 5.2)
(@) F{O} ~P(X, m') and {O} ~P(X, m") are independent then

(O} U0} ~ P(X, m' +m").

(b) If{©;} ~P(X, m) and [ : X — ) 15 a measurable map then {f (©;)} ~ PO, [ 'm).

(c) Let X =9 X Z, m=v X A where A is a probability measure on Z.. Then {(©;, T';)} ~
P, m) ¢ {O;} ~BQ), v) and T'; are random variables independent from {O;} and from each
other and distributed according to A.

(d) Ifin (c) D=7 =R thn ® = {I';©;} 15 a Pousson process. If {©;} has measure f(0)dO
then © has measure f (8)dO wuth

o (2) )

Next, recall [16, Chapter XVII] that the Cauchy distribution is the unique (up
to scaling) symmetric distribution such that if Z, Z" and Z” are independent random
variables with that distribution then Z' 4+ Z” has the same distribution as 27Z. This gives
the following representation of the Cauchy distribution.
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Lemma 2.2. — (a) If {©;} is a Poisson process on R with measure c0~>d0 then

1
lim — OF
§—0 o
5<10j]

has a standard Cauchy distribution, with p = 7.
(b) If {©;} is a Poisson process on R with constant intensity ¢ and if T'; are 1ud random variables
having a symmetric distribution with compact support then

has a standard Cauchy distribution with p = ¢cE(|T"|)m.

We provide a sketch of the proof to illustrate the idea of the argument. For more
detailed presentation we refer the readers to [39, Theorem 1.4.2], or [15, Appendix B].
m Sketch of proof. To see part (a), let {Uj/-}, {Uj’/ } and {U;} be independent Poisson processes

. 1 1 . . . 2
with measure ¢. We want to show that ) v +> o have the same distribution as ) ot
But *

| | 1
Z@JFZ@: > -

seunonn

and we finish by observing, in light of Lemma 2.1 (a) and (b), that both {U]/} U {U]” } and

{%} are Poisson processes with intensity 2¢.
The proof of part (b) follows the same idea as the proof of part (a), but now we use
parts (b), (c) and (d) of Lemma 2.1.

2.2, Siwegel and Rogers wdentities. — For d € N, d > 2, denote the space of unimodu-
lar (d 4+ 1)-dimensional lattices by M, = SL;(R)/SLyy1(Z) and let u be the Haar
measure on M, ;. Denote
(2.1) c=c(d+ 1), e =0(d+1)7"  whereg(d+1)=) o

n=1
is the Riemann zeta function.

The following identities (see [37, 41] as well as [31, 42]) play an important role in
our argument. Let £, £, o be piecewise smooth functions with compact support on R*!,
For a lattice £ C M1, we say that a vector in £ is prime if it is not an integer multiple
of another vector in L. Let

FOy= Y f&. FO= > fiv)s).

veL, prime vi#tvoeL, prime
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F is called Siegel transform of | so we will sometimes denote F by S(f).

Lemma 2.3. — We have

Rd+1

(a) fF(L')dM(ﬁ):m J (x)dx,
M

0) /MFw)du(ﬁ):cQ fide [ fixd.

RA+! R4+

(c) Consequently

/ F(LydulL)=c | [ (xdx
M

Rd+1

2
+c1f J)f (—=x)dx + ¢ (f f(x)a’x) .
RA+! R4+

3. Negligible contribution of non-resonant terms

As we already mentioned, the proof of the main Theorem A is obtained by apply-
ing the results of §2.1 to a sum of resonant terms in the Fourier series of D(¢%, N)/(In N)“.
But first we need to isolate the resonant terms that contribute to the limiting distribu-
tion. This will be done in the current section, the outcome of which is summarized in the
Proposition 3.1 below. The proof of Proposition 3.1 is independent from the rest of the
paper and can be skipped in a first reading.

3.1. Recall from §1.1 the definition
X={(a,%,4,U) e T x T? x ([v;, wi] X ... [vs, ws]) x Gy}
where G, is given by (1.3). For # € X and k € Z“, we use the notation
(3.1) ki=ai k4 -+ @ik

Writing the Fourier series of the characteristic function of a box we get for the
discrepancy D(%, N) defined in (1.4)

DW.N)= Y U®.N)

keZ!—{0}

where

sin (27 k;) \ sin(wN(k, a))
Uk(z?,N)zaU< T ) G tho)) cos(27 (k, ) + Pra,N)
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and g o = 2000 a =1 (k) = YL kv

Fix a small number € > 0. For y € R we use the notation ||y|| for the closest distance
of y to the integers. In all this section, we will use the notation u = O(v), or equivalently
u < v, when |u| < C|v| for some constant C that does not depend on € or N.

Define W(, N) = W(«, (4;;), N) by
d

[

=1

(3.2) W@, N) 1= {keZd: <N,

d

[T%

=1

1
H</‘f’“>||fw}~

Next, we let

Z®,N) = {k€ W®,N) : k; > 0 and 3m € Z such that

(3.3) ki A...ANkgAm=1and |(k )| =k o) + ml|}.
Then define
- (0, N
(3.4) D®,N) = Z LGN
Q(9,N)
keZ
where
d —_
(3.5) Q,(%,N) = <]_[ /ci> | ¢k, ) || In Ny,
=1
2a - -
(3'6> Fk(ﬁ’ N) == ;¢ (kluh ey kduda N<ka (X), (ka X) + (pk,a,N)a
and
<3°7) ¢(771,---,77d7 Na+15 77d+2)
R [ML, sin(27jn,) | sin(Tjngs1) cos(27n )
N it :
J=1
The purpose of this section is show that (thN)'f — D is small in probability.

Proposition 3.1. — For any v > 0, if we take € > O sufficiently small and then N sufficiently

large we have

(3.8) A({z? eX:‘D(ﬁ’N)—D(z?,N)‘ZUDSU.
(InN)¢
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Remark 3.2. — Dufferences with the discrepancies relative to convex sets. Proposition 3.1
identifies the normalization term (InN)? and the resonant terms in the Fourier series of
the discrepancy function that contribute to its limiting distribution after normalization.
These terms involve multiplicative small denominators of the form (]_L /_fl) H (k, ) H with
H_L. /_fl| < N. The fact that frequency vectors £ coming from many different scales in the
set [T, %
as the asymptotic independence of the small denominators from different scales, are key
in proving that the limiting distribution of the normalized discrepancy turns out to be a
classical stable law (see Section 4 below). A similar analysis lies behind Kesten’s proof in
the case d = 1.

In contrast, the resonant terms in the Fourier series of the discrepancy function

< N yield small denominators (]_[Z /_fl) H (k, o) H of comparable strength, as well

relative to a convex set involve small denominators of the form |/c|d‘+T1 H (k, o) H The lat-
ter form of the small denominators limits the contributing terms to frequencies £ of the
same scale. Namely it is shown in [12] that the main contribution to the discrepancy
comes from frequencies |£| that are of the order of N7 , which leads to the normalization
factor N7 . Using Dani correspondence and mixing of expanding translates of horosh-
perical subgroups, it was shown in [12] that the limiting distribution of the normalized
discrepancy function is given by a Siegel transform of a certain function on the space of
marked lattices where the marked lattice is chosen at random. This is a special case of the
distribution obtained by taking a certain function on an appropriate moduli space and
evaluating them at a random point. Such distributions are not well studied in probabilis-
tic literature, even though recently it has been shown that they appear in many problems
related to distribution of ergodic averages of renormalizable systems ([5, 19, 32]). The
first steps towards creating the general theory of these distributions are made in [7, 34]
but more work is needed in this direction.

We will need several lemmas to prove Proposition 3.1. The lemmas will involve
L? estimates with respect to the variables («, x) € T?® as well as an exclusion of a small
measure of frequencies o where the discrepancy may go completely out of control due to
the very small denominators I,k H (k, a) H .

3.2. Let

DN = Y  U@N.

|ki|<N, k#£(0,...,0)

Lemma 3.3. — We have
(3.9) ID =Dyl =O().

The L? norm in (3.9) and below in Section 3 is taken with respect to the variables
(o, x) € T*.
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Proof. — Assume 1 € X given. Then for any ¢ > N and any ¢y, ..., ¢,—; € N let
Y(q q1, - - - qa—1) be the set of vectors k£ € Z? such that for some permutation of the indices

I, dwe have |/de| €[¢, ¢+ 1] and |/~cl/| € [¢;, ¢+ 1] for everyj € [1,d — 1]. Note that

the cardmahty of Y(q, q1s - - - ¢4—1) 1s uniformly bounded.
Since for any w € T and any m # 0,

1 1
<min(27‘[|a)|,—>=0< >,
m] lm| + 1

the contributions of high frequencies can be bounded as follows.

sin (2 mw)

m

ID — Dy I3

< Z g+ D2 (g1 + 1)2

4=N,q1,....qa-1=0 q
51n(7TN (k, o)
> "t
¢ \ sin(m (k, o) )
ke¥(g.q1,-ga-1)

1

< Z 2 2 2N<< LU
=Nogroger=0 1 (i + D2 (g1 + 1)

3.3. Define S, N) = S(U,N) := {k € Z? : |k| <N, |k| > 1}. Then let

Dy N)= > Uu®.N).

keS(®,N)

We want to replace D, by Ds. For a fixed matrix U, we want to bound the contributions
of frequencies £ such that |/_fz',,| < 1 for at least one index ¢; € [1, d]. Observe first that
since U is close to Identity then |k < 2N for every ¢. Moreover, there exists C(d) such
that for every (g1, ..., gs_1) € [0, 2N]*"! there is at most C(d) vectors k£ € [-N, N] such
that |/_fid| <1 and |/_fl}| € ¢, g + 1] for every j € [1, d — 1], where 7 is some permutation
of the indices 1, ...,d. We call \?(ql, ..., qq—1) the latter set of £&. We then exclude the
translation vectors a for which there exists (g1, . .., gs—1) € [0, 2N]?"! with at least one k €

Y(qg1, ..., qu) satisfying [T, (i + D] |[{k, @) | < €/(InN)*". The excluded set Ex(U)

has Lebesgue measure of order €.

2 InN)2@—D
Lemma 3.4, — |[Dy = DI} ope_pyyerey < bR
Proof. — Let

B, (71, -+ qa-1), U) ={a € T: 3k e Y(q1, ..., ¢ (U),
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d—1

pE/(InN)"" < (]_[(qz- - 1)) [k, e} || < @+ Dé/(InN)" ).

=1

Then Leb (Bp (((]1, ce s Qa—1), U)) < € . Hence

(g1 1)..(gz—1 +1D(InN)¢~!

2
||D2 - Dl ”LQ((T(I—EN)XTd) <

vy é (InN)2¢=D
(+1)...(gi1 + DH(InN)4! e2p?

Qlserqi—1 €[0,2N]471 p=1

InN)2¢-D

3.4. Tor ke Z? denote K(, k) = Hlel_fi. Let

S, N):={keZ’: |[K(k)| <N, |k| > 1} and D5(9, N) = ZUM, N).

keS
Lemma 3.5.

(3.10) ID; — Dyfl; = O (InN)*).

Proof.

o [ (o
ID;=Dal3< ) K (k)2 Td(sin(n(k,a)) o

keS,|K(k)|>N
N
= Y
K(k)?
keS,|K(k)|>N

For se N, let A, = {k € S: |K(k)| € [¢N, ¢"'N]} and observe that Card(A,) <«
¢N(AnN + 5)?~!. Thus

< InN!, O

IDs — Dyl < > ¢N(InN + 5!

s=0

(¢N)?
3.5. Recall the definition (3.2) of W(, N) = W(U, o, N)

) _ 1
W(ﬁ, N) = {/{ (S S((did‘), N) : |H;1:1ki| H <k’ Ol) H = m}
and let

D, N)= > U®.N).

keW(,N)
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Lemma 3.6. — ||Dy — Dslly, pi—p sy < V€ (InN)?,
Proof. — Since k€ S and U is close to Identity, we have that 1 < k| < 2N for

every 1. NQW, for every ¢, ..., gs € [1, 2N]? there are at most C(d) vectors £ € [N, N]
such that |&| € [¢;, ¢; + 1]. We denote the latter set of vectors Y(gy, ..., ¢;). We have that

2
||D4 - D(‘E ”LQ((Td—EN)XT") << Z AY((II ,,,,, q4)
(q1,-q4)€[1,2N]¢

where

AV = Z /d (L 1ql)|| (k, a)|)? ((Hi’zlm I <k,a>|\)zl/é(lnN>d do

keY (g, ...

Consider for each £ € Y(q, ..., ¢;) and p € N the sets

d
! I pH1
By, = {a €T iy (i=1 %> 6] < W}

We have that
Leby«(B
C T!/( kj?) —= —(l_[d lql)(lnN)d
Thus
1 2. e2(InN)* (InN)?
AY(fn ----- ,M)SC_ d dz ¢ < Ce d
€(IT_,¢) (In N)* & T, ¢
and the claim follows as we sum over (g1, ..., ¢,) € [1, 2N]“. O

3.6. Since the terms in Dy satisfy ” (k, a) H < g(ln%\l)d, we can replace Uy defined
in §3.1 by

sin (2 k) \ sin(N(k, a))
Vi(?,N) = al_[ ( A ) [k a)] cos(27 (k, x) + QrN.e))

and introduce

D;®.N)=2 > V.

FEW(S,N), £ >0
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Note that for small & we have |sind — 8| < |0]°, so

1 1 5
— - < <26.
sin@ 6| |Osinf |
Hence for £ € W(#, N),
| (k. 0] C
Uy — Vi =C <

MLkl ~ ean Ny (|1 E[)"
Summing over £ € W(?}, N) we have thus obtained

Lemma 3.7.

(3.11) [D; (9, N) = Dy (9, N)| <

E(nN)?’

3.7. Proof of Proposition 3.1. — Putting together Lemmas 3.3-3.7, we see that
(D5(®%, N) — D(®, N))/(InN)? satisfies (3.8) if € > 0 is sufficiently small and then N is
sufficiently large.

Recall the definition of D(9,N) given in (3.4). The difference between
(InN)D(®, N) and Dj is that for £ € Z(9, N), we comprise in (In N)D(®, N) all its
multiples whereas in D5 we take only multiples such that pk € W. Since we have already
shown in Lemmas 3.3-3.7 that the frequencies which are not in W(##, N) make a negli-
gible contribution after normalization by (In N)? as € — 0 and N — oo it follows that for

each v
AMilveX: |———=—-—D(,N)| > — < —
(InN)“ 2 2

provided that € is sufficiently small and N is sufficiently large. This finishes the proof of
Proposition 3.1. U

4. Poisson distribution of small divisors

In this section we reduce the Cauchy limit of the discrepancies to a Poisson limit
theorem (Theorem B) for the small divisors ([T, %) || (£, &) .

4.1. The following is the bulk of our proof of Theorem A.

Theorem B. — Assume that the distribution of O € X s absolutely continuous with respect to
the Lebesgue measure. For any € > 0, as N — 00, the process

{(mN)d (U /7:1-) | ¢k, o)

Nk, &) mod 2, {kyur}, . . ., {kaua}, {(k, )}
keZ.(9,N)
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where 7.(0, N) s defined by (3.3), converges to a Poisson process on

[—i, i} x (R/(2Z)) x T**'
€ €

with intensity
(4.1) c=2"1¢,/d!, e =1/¢c(d+1).

Remark 4.1. — 1Tt is sufficient to prove Theorem B when ¢ is distributed according
to a smooth bounded density with respect to the normalized Lebesgue measure A on X.

Indeed, let us suppose that Theorem B is known for smooth measures and assume
now that ¥ is distributed according to an integrable density p(9). Let Ky, KCo, ... IC, be
any partition of the target space

[—1, 1} x R/(2Z) x T,
€ €

Let N1(9,N), ... N, (¥, N) be the number of points of our process inside K, ..., re-
spectively. We need to know that as N — oo, N, (ﬁ N) are asymptotically independent

Poisson random variables with means c/C where /C is the volume of K;. Equivalently we
need to show that for each r tuple sy, .. .5,

lim [ exp i) SN@.N) | p@)dA@D) =Y (s, ... 5)
N—oo =

where ¥ is characteristic function of multivariate Poisson, namely

V(si,...5) =exp CZ’@ [0 — 1]
j=1

(the precise form of ¥ is not important for the argument below). Fix v > 0. Take a
smooth density p on X such that

_ v
(4.2) [P —pllLioy < 5"

Since we assume that Theorem B holds for smooth densities, for large N we have

4.3) /exp i;;]-J\g(ﬁ,N) PYAND) — Y (s, ... 5) <g.
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Combining (4.2) with (4.3) we obtain

/exp i sj./\/}(l?, N) | p(D)du (@) — (s, ...s5)| <v.

Since v as well as the partition Ky, ... K, are arbitrary we obtain that Theorem 5.4 holds
for absolutely continuous initial distributions.

Therefore we assume henceforth that the initial distribution of ¥ has smooth den-
sity on X.

Remark 4.2. — Observe that it does not change anything in the result nor in the
proof to take in the last coordinate of the process {(£, x) + ¢, o~} Instead of {{£, x)} since
the phase ¢; o n =7 (N — 1)(£, o) /2 1s independent of the variable x. It is with the phase
@r..N that Theorem B is used to prove Theorem A.

Here and below when we consider the Poisson process on a real line times a torus
the intensity is always computed with respect to the Lebesgue measure on the line times
the Haar measure on the torus. This normalization is convenient since in Lemma 2.1(c)
we need to have a probability measure on the second factor.

Sections 5-8 are dedicated to the proof of Theorem B.

Note that by standard properties of weak convergence the result remains valid in
the limit € = 0. That is, we get the following result which is of independent interest.

Corollary 4.3. — Let (U, ) have absolutely continuous distribution on SLy(R) x T?. Let
d

[T«
=1

ki>0andImeZs. t.hyA...NkyAm=1

(4.4) 7.0, N) 1= {keZd: <N, Vi=1,....d, |k|>1,

and ||k, e0) | = |(k, ) —i—ml}.

Then as N — 00 the point process

{(mN)d (1_[ /%) |k, ) }
i keZ(®,N)

converges to a Poisson process on R with intensity 2 ¢, /d!.

Note that

Z(9, N) = {kei(z&, N) :

(InN)* (H 7@-) K

(compare (4.4) with (3.3), (3.2)).
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Proof. — By definition of the weak convergence it is sufficient to prove that for each
€ the point process restricted by the condition

(InN)? (]_[ 7@) |k, )|
1

converges to the Poisson process on [—é, g] x (R/(2Z)) x T?. Thus the corollary fol-
lows from Theorem B and the invariance of Poisson processes under projection (Lemma

2.1(b). 0

1
=

M1

4.2. Proof that Theorem B implies Theorem A. — Fix z € R and n > 0. We want to
show that for N sufficiently large we have

D@, N)

W <z} —C&(pz)

(4.5) ‘)\.{19 eX: <.

We first use the approximation of lar(]ﬂ&l)\;f) by D(#%, N) given by Proposition 3.1. Observe
that unlike D(¥9, N), the definition of D(&%, N) depends implicitly on some € > 0. Having
fixed z € R, we know from Proposition 3.1, that if we fix € > 0 sufficiently small, and

then consider N sufficiently large the following holds

T n_n
X{ﬁEX.D(ﬁ,N)fz—4} 5
k{ﬁ X: @, )< }
= € (InN)4 =<

A{ﬁeX:D(ﬁ,N)§z+g}+g.

Hence it suffices to prove that for € sufficiently small and N sufficiently large we have
(4.6) M e X:D®,N) <z} — €(p2)| < g

We now want to use the representation of the Cauchy distribution in terms of
a Poisson process recalled in §2.1, and the Poisson limit of Theorem B. Recall that
D, N) = Y iz D0, N) /Q,(8, N) where €,(9, N) and I'(9%, N) are given by (3.5) and
(3.6) respectively.

First of all, Theorem B asserts that the point process {€2,(%, N)},ezw.n), that con-
verges to a Poisson process on [—é, é] with constant intensity ¢ = 29" !¢, /d!. Secondly,
Theorem B, with Remark 4.2, and Lemma 2.1 (c) tell us that {I";(?, N) };ezs.n) behave
asymptotically, as N — 00, like 1id symmetric variables with compact support, that are
independent of {€2,(, N) }iezw.n -
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Hence, the limiting distribution, as N — oo, of ) _,_, I'/(?%, N) /2, (9, N) is ap-
proached by that of ) @k/if where {®;} is a Poisson process on [—é, é] with constant
intensity ¢ and {T';} consisting of symmetric variables with compact support, that are
independent of {®;}.

Hence, if € was chosen sufficiently small, then N sufficiently large, it follows from
Lemma 2.2 (b) that (4.6) holds with p = 7¢E(|T}]), where the expectation is taken with
respect to the distribution of the 1id variables {T)}.

We finish by explicitly computing this limit expectation. Using the definition of I';

in (3.6) we get

= 2
(4.7) E(I]) = d_H/---/|¢(771»---77d+1)|d771---dnd+2
T

where ¢ is given by (3.7).
The formula (1.6) for p follows from (2.1), (4.1), and (4.7). Theorem A is thus
proved. U

5. Reduction to dynamics on the space of lattices

5.1. Notation. — The goal of this section is to reduce the proof of Theorem B to
Theorem 5.4 which is a Poisson limit theorem for the diagonal action on the space of
lattices. For this we rely on Dani’s correspondance principle relating Diophantine ap-
proximation problems to visits to a cusp by orbits of the Cartan action on the space of
d + 1 dimensional unimodular lattices M, ; = SL;,; (R)/SLy41(Z). For more details on
the specific approach adopted here we refer the reader to the surveys [33] and [13] and
references therein.

For simplicity we drop the subindex and refer to My, as M. We recall that u
denotes the Haar measure on M.

In all the sequel we associate to N the integer M = [In N]J.

Define

d
(5.1) My = {teNd:thgM—d}.

J=1

Given € > 0 let
I:(lve]a J:[—e,—l)U(l,e], K:[_:a:]-
€

For ¥ = (a, x, U) € X, we define

(5.2) A(z?):([i (1) )
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We recall that in all the sequel, it is assumed that the distribution of ¥ € X has
smooth density with respect to the Lebesgue measure.
Consider the Cartan subgroup

-
5.3) g = diag <e_t1, N OV t-/) , teR’
5.2. Reduction to a Poisson limit theorem for the Cartan action. — Let L be a unimodular
lattice in R“!. We decompose elements of £ as

v = (x(v), 2(v)) where x e R?, zeR.

Let IT(v) = (]_[’.jzl x]) z. Define

y
5.4) D={(x2:x€l xeJforj=2,...,d and MII((x, 2)) € K}.
Let ® : M — R be the Siegel transform of 1p, as defined in §2.2, that is

(5.5) ®(L)= )  1pv)

veL prime

The bulk of the derivation of the distribution of the small divisors of Theorem B
from a Poisson limit theorem for the diagonal action on the space of lattices is encapsu-
lated in the following simple observation. Recall the definition of Z (%, N) from (3.3).

Claim. — For © as in (5.7), the following are equivalent for t € TTy;:

(i) @EAW)) =1 _
(i) There exists a unique (k, m) € Z(9, N) such that ¢5 < ‘/fj‘ <& forj=1,...,d.

Proof: — From the definition of ® we have that
DA =#{(k,m) €L X Z, by A ... AN
m=1:g"A0)(k, m) € D}.

Recall the notation (3.1): & = a; 1k + - - - + a; sk, Then observe that the definition (5.2)
of A(¥) implies that

SA@) ) = (¢, () + )

Hence, from the definitions of D in (5.4), of [Ty in (5.1) and the definition of Z(#, N) in
(3.3), we conclude that

D AD) =#{(k,m) e ZO,N) e < |k| < j=1,....d}.

We have thus proved the equivalence between (i) and (i1) of the claim. 0J
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Define also an R x (R/2Z) valued function on M x R

(5.6) V(L b) = (Wi(L), Wo(L, )= Y Ipv)(MTI(v), bz(v) mod 2).

veL prime

Given € and N, suppose that ¢ € X is such
(5.7) VteIly, @EAW)) <1

Note that if (i) or (i1) of the Claim holds then

((mN)d (]_[ /2,) |k, o) |

Thus, for ¥ satisfying (5.7), we have that the sequence

{ <(lnN)d (]_[ /@) | ¢k, &) ||, N(k, @) mod 2) }
: keZ(9,N)

{\IJ (g‘A(z?), Ne—Zletf)}

) N<k9 Ol) mod 2) =V (gtA(ﬁ), N6727=1t,/) A

is exactly

ey, O (A (D) =1

Hence, to show that the distribution of

{ <(lnN)d (]_[ /@) | ¢k, &) ||, N(k, @) mod 2) }
: keZ(9,N)

converges as N — 00 to that of a Poisson process on [—1, 11 x R/(2Z) with intensity 2¢,

it is sufficient to prove:
(a) that the set of ¢ that do not satisfy (5.7) is small;

(b) that the process {\IJ (gtA (), Ne™ Thi
ity to a Poisson distribution.
This is the content of the following Theorem 5.1.

) } converges in probabil-
telly, P (A W)=1

Theorem 3.1, — Assume that the distribution of O € X has smooth density with respect to the
Lebesgue measure. Let A be the matrix A(0') as defined in (5.2). Then, for any € > 0, we have

(a) For any t € P, M(®(g'A) > 1) = O(M~*).

) {(v (¢a@),NeZhY) &

i converges as N — 00 to the Poisson

> }tenn,d>(e‘A<z9))=1
process on —L 1% R/(2Z) x P with intensity c;.

€’ é
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The notation X = O(M™2%) means that |X| < CM~* where C may depend on
other variables (such as €) but not on M.

In order to get the full Poisson limit in Theorem B we will also need an additional
effort to prove the independence and uniform distribution of the rest of the variables
namely of

(R, - R (kD o -

This issue 1s addressed below.

Dg?nition. 5.2. — Let L. > 0. Consider a sequence {1V, ..., 19} of points in Tlyy where
19 = (tfj), e tg)). We say that this sequence s L-split if for any pair 1, ) we have

i ) i )
|L‘/§) — t,E/ | > L for each p and | ml?x(z}())) — rn;tx(tf )| > L,

and for any 1 we have minp(tlgi)) > L.

Proposition 5.3. — Let R € R and s € N be fixed. Let KV (N) ..., K2 (N), £2(N) € R?,
be such that

9 = ([In k9], ... [In|E[])

15 v M-split (1] denotes the integer part).
Suppose that (wy, . .. ug, x\ . . . xg) are distributed according to a density px such that

(9-8) lloxller = R.
Then the distribution of the numbers
(i R ) (G )
(ki wd R b (G, )

converges to the uniform distribution on TV and the convergence is uniform with respect to N, (U, ),
the chouces of s vectors satisfying the splitness condition, and px satisfying (5.8).

3.3. Proof of Proposition 5.3. — By Weyl equidistribution criterion we need to show
that if /; : T**' — G are exponentials

d+1

S6r, . 00) = exp | 20 ) myb,

=1

and not all mj. are equal to zero then

(5.9) / ) s (/}?’ul, o FDug, (RO, x)) o (t, X)dudx — 0.
T J=1
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uniformly in the parameters involved. Suppose there exists some p < d such that not all
my, are equal to zero. Then the coefficient in front of u, in the above product is large since,

due to splitness, it is dominated by the contribution of the largest of /},?') for which m, is
non zero. In this case we show that the integral (5.9) is small by integrating by parts with
respect to u,. Next suppose that all m;, with j < s and p < d are zero. Let j be such that

My _. 0
max,(l, ) =: 4

1s of order exp(t]ij)). Then, due to the splitness condition, 7 dominates the coefficient

in front of x; and so we conclude that (5.9) is small by integrating by parts with respect

to x3. O
14

is the largest among those indices for which m;1) # 0. Note that k/-(;i)

5.4. Proof that Theorem 5.1 implies Theorem B. — As demonstrated earlier, parts (a)

and (b) of Theorem 5.1 imply that
|, N(k, ) mod 2) }
keZ(®.N)

{ ((ln N)? (]_[ /%) |k, )

converges as N — 00 to a Poisson process on [—z, 2] x R/(2Z) with intensity c,. Next,

it follows from part (b) of Theorem 5.1 that if ", #?, ... € II are the points such that
®(g,A) =1, listed in any order; then for any s € N, we have that

(5.10) AV, 1@, Y is VM —split) > 1 as N — oo.

Indeed, given €, € we can choose § such that the probability that the Poisson process on
[—é, é] x R/(2Z) x P with intensity ¢, has two points within distance § from each other
in projection on the last coordinate is less than €. Since M~!/? < § for large M (5.10)
follows. Therefore outside a set of small measure of ¥ € X, the set Z(#, N) satisfies the
hypothesis of Proposition 5.3.

Thus {({/_ﬁ wl, .. {kaug}, {(k, x) }) } Lez(s.n) CONVETge o uniformly distributed 1id’s on

T independent of

{ ((ln N)¢ (]_[ 7@-) |k, @)

|, N(, @) mod 2) }
keZ(9,N)

Lemma 2.1 hence yields the full Poisson limit of Theorem B. O
3.5. Modifying the initial distribution. — Before we close this section we make a last

observation that allows us to complete the reduction of our problem to a clear cut ergodic
theory problem on the space of lattices, namely the following

Theorem 5.4. — Assume that L € M is distributed according to a probability measure [i that
has a smooth bounded density with respect to the Haar measure on M. Then
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(a) For any t € P, (P (g*L) > 1) = O(M™2),
t -y L)}
) {(\p (g L, New = ) TMJ Y g to)=1, tely
Poisson process on -1 1% R/(2Z) x P with intensity ¢ = 2" "¢, /d..

€’ e

converges in probability, as N — 00, to a

Remark 3.5. — Asin Remark 4.1, it is easy to see that the statement with a smooth
bounded density of Theorem 5.4, implies the same results with a merely bounded density.
Moreover, part 9b) of Theorem 5.4 holds assuming that the initial distribution of £ is
absolutely continuous with respect to the Haar measure.

Proof that Theorem 5.4 implies Theorem 5.1. — Let n > 0 and define for an interval
A = [a, b] the intervals

AT =[a(l —1n),b(1+1n)] and A" =[a(l+n),b(1—n)].

Fix an interval K C K. Let ®* be defined as in (5.5) with the intervals I*, J*, K* instcad
of I, J, K. Next, given A = A(?}) for some ¥ € X, define

1+0) ... 0 0
A= 0o ... (40 0
-1
o . 0 (MLa+o)
1 .o 0 1
1o ... 1 o |®
0o ... O 1
where oy,...,04, ¢,...,¢ are distributed according to any smooth density on
[—n?, n?]*’. This guarantees that when ¥ is distributed according to a smooth density

on X, the lattice A has a smooth bounded distribution with respect to the Haar measure.
Thus, the implication of Theorem 5.1 from Theorem 5.4 stems from the straightforward
observation that if M is sufficiently large, then for any n € N it holds that

The proof of Theorem 5.4 occupies Sections 6-8.
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6. Poisson limit theorem for almost independent rare events

To prove Theorem 5.4 we will start with an abstract result that establishes a Pois-
son limit theorem for M? variables that behave similarly to iid variables with expectation
of order 1/M“. The variables to which the abstract Poisson limit theorem must be applied
to imply Theorem 5.4 will be defined precisely in Section 8 (see (8.2)—(8.5)). Essentially,
we will be considering a counting variable &, that takes integer values and that corre-
sponds to @ (¢°L) and two related variables v, and ¢, that give the value of ¥, and Wy in
W ('L, Ne~ thf) when &, = 1.

6.1. Setting and results.

e Let (€2, P) be a probability space. We denote by E the expectation with respect
to P.

e Let P be a bounded domain in R? with piecewise smooth boundary. For M € N
we let

HM:{tGNd:t/MEP}.

e We are given an inhomogeneous non-constant linear form on R,

d
M =00+ o
J=1

e We let (X, m) and (% m) be two probability spaces. Let Q be a countable collec-
tion of finite partitions of X and Q be a countable collection of finite partitions of X. We
assume that Q and Q converge to the point partltlons of (X, m) and (X, M) respectively.

e I'or every M we consider a sequence {§t }tem,, of random variables taking values
in non-negative integers and a sequence {v}}cp,, of X valued random variables on .

e For each fixed partition Q= (Kl, ..., Kp) € Q we suppose that &M can be de-

composed as & Z . where .S take values in non-negative integers and on the
set {EM = 1}, it holds that S oy = LiMek, -
We define
M _ &M M M
ne = 'i:t ]]'Sthl ’ nt’p = ét’p:ﬂ-éa}):ég\lzl .
(Note that, in fact, nM = = Tgv_y, and nt = ]].S\/[]_SM ; but we use a more complicated

definition above because condition (h2) below will ensure that with probabiilty close to 1
M

e°)

e Since all the variables depend on M, we will omit sometimes the superscript or

subscript M and denote Iy simply by IT, M by &, etc.

we have gt = &M, and 0}, = ’
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e In all this section, when we use the notation Y = O(X) or equivalently Y « X,
it corresponds to |Y| < C|X][, where the implicit constant C 1s allowed to depend on Q),
Qbut not on M, t, and & that will be introduced later in the section.

e We assume that for every fixed M, a sequence of partitions Iy, t € IT of (2, P) 1s
given. For w € 2 we denote by Fi(w) the element of I, containing @. We will denote by
F¢ the o-algebra generated by F,. We assume that the following hypotheses hold: there
exists R > 0 (that does not depend on M) and a set E such that

P(EC) — O(M—IOO{I)

and

(h1) For any t € T,
E(5) = OM™);
(h2) Yor any t € I1,
P> 1) =0M);
(h3) Fort, t eI, t#t,
P> 1.6 >1)=0M*);

(h4) Fort, t' € [Twith 4, (t) > A, () +RInM, forany p € [1, P] and for any w € E;

X
ha) EEIF@ = T 40 ()
K
) Bl Fo) = T 0 (),
K C
o) Bl Fo) = T2 40 ()

(h5) For t, t € IT with A,(t) > A;(t) + RInM, for any p € [1, P], for any w € E
&¢, 1s constant on Fg(w);

(h6) The algebras {F;} have a filtration like property in the sense that for t, t € I
with A;(t) > A, (t) + RInM, for any w € E

Fi(w) C F(w).
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Theorem 6.1. — Under conditions (h1)—(h6), the sequence of point processes
t
51l
MV gdoy ey

converges as M — 00 to a Poisson process with intensity ¢ on
(X x P,m x Leb).

Assume now that there is another form A(t) = 6, + Zj:l ot such that At >

A1 () on Int(P). Assume that there is another domain P S P such that denoting I M=
{t e N’ : t/M € P} we have that that (h1)~(h6) above are satisfied for ¢ € [Ty and that
maxp A > maxp A

Suppose that for each M we have a sequence of M of ¥-valued random variables

and assume that for any fixed element Q: (Kl, e KJ) € Q the following conditions
are satisfied.

(h7) There exists a sequence vy; — 0 as M — 00, and R > O such thatift, t' € l:IM
satisfy A(t) > A, (t) + RInM > A, (t) + 2R In M, then for any @ € E such that
§(w) =1

P € K| Fe)(w) — m(K)| < vy

(h8) For t, T € [Ty with A, (¥) > A(t) +RInM, for any; € [1, ]], for any w € E such
that &(w) =1

Il;teﬁj is constant on Fg(w).
Then we have the following strengthening of Theorem 6.1.

Theorem 6.2. — Under hypothesis (h1)—(h8), the sequence of point processes

{VM o L}
tooee M ftM=1,t€HM

converges as M — 00 to a Poisson process with intensity ¢ on

(X x X x P, m x m x Leb).

6.2. Proof of Theorem 6.1. — Divide P into arbitrarily small subsets Py, Po, ... Ps
of positive volume. Fix from the sequence Q a partition Q = (K, ..., Kp) that is arbi-
trarily close to the point partition.

Given any double sequence /,; € N, (p,s) € [1,...,P] x [1,...,S], we define the

event
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6.1) A:{V(p,s)e[l,...,P]x[l,...,S],

there are exactly /, ; points t € IT satisfying

t
Mepsandst:g:t,pzl}-

For a set B C R?, we denote by B the volume of B.
To prove Theorem 6.1 it suffices to see that

(em(K,)(P)#
b

(6.2) Jim P4 =] { exp (—m(K»(ﬁ))} .

V25

This section is devoted to the proof of (6.2). Fix an arbitrarily | small number

8 >0.

In the sequel we say that a function % which depends on M, §, and maybe some
other variables such as t € Iy, is 05(1) if the following holds: given v > 0, we can find
§(v) such thatif § < §(v), then there exists M(8) such that for M > M(8), we have |4 < v
(uniformly in all the additional parameters). O(1) has a similar meaning.

Partition IT into cubes C, . .., Cy of side size sM with one of the faces parallel to
Ker(A)).

Defimition 6.3. — We say that a k-tuple {(S;, 1)}, Si,Se,...Sr C {Cy,...,Cqu},
Uy ens 1y € {1... P}, realizes the event A if the event A is realized, and if the ly,s points tD W
of A are such that £ € S; and & = & ;, = 1.

Definution 6.4. — We call a collection of cubes 8-generic if the umages of any two of them under
Ay are distant by more than 38M. We say that a k-tuple {(S;, i)} is 8-generic if the cubes S, are
8-generic.

To obtain (6.2), we shall need the following,
Proposition 6.5, —
P(A) =P(A is realized by a 8-generic collection of cubes) + 05(1).
Proposition 6.6. — Given a S -generic k-tuple {(S;, ;) } we have that
k
P(A is realized by {(S;, i))}) = /8% (]_[ m(Kl-,)> exp(—em(X)P)(1 + 05(1)).
=1

Proof of (6.2). — By Proposition 6.5 we can restrict to the contribution of generic
collections of squares.
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Now, there are n, = %(1 + O(8)) cubes in MP,. The number of possible generic

choices of k-tuples {(S;, )} that realize A is thus

I1 <” )(1 +05(1)).

)
ps NP

Applying Proposition 6.6 we get that

P =[] [(}Z ) (cm(K»S‘f)l’“] exp (—em(@)P) (1 +05(1)

b5 P

K,)(P)h 5
:H[(Cm( DTV exp (—m(K,»(R))} (1 + (1)
Do pys*
since P = Y (P,), and m(X) = ¥ m(K,). 0

We now turn to the proofs of Propositions 6.5 and 6.6. Proposition 6.5 is a direct
consequence of Lemma 6.7(2) below.

Lemma 6.7. — We have

(1) PAte Iy : &> 1) =0OM™). B )

(2) PAC, " €Ty : & > 1,60 > 1 and |1, (t) — A ()] < 36M) < C3.

Progf- — Parts (1) and (2) follow by summation of (h2) and (h3) respectively. UJ

Proof of Proposition 6.6. — By Lemma 6.7 (1) we know that up to excluding a small
probability set we have that each &, t € Tl 1s either equal to 1 or 0. Hence, given a
§-generic k-tuple {(S;, 7))} we have that

P(A is realized by {(S;, i)}) =P (3", ..., t¥) €S, x ... x S;:
no, =1,V0le[1,kl,ne=0fort¢ {tV, ... tP}) (1 +05(1)).
We will thus finish if we prove the following
Lemma 6.8. — Given a §-generic k-tuple {(S, )} we have that
PAEY, ... .t9)eS x...xS;:
no ., =1LV0e[l,kl,ne=0frt¢ (£, ... t})
k
— 5 (]_[ m(Kil)> exp(—em(X)P)(1 + o5(1)).

=1

The proof of Lemma 6.8 will be given in the next subsection. O
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6.3. Compatible sirps. Progf of Lemma 6.8. — Divide I = Ily into strips parallel to
Kerl,, of the form )\fl [s;—1, 5;], of width 6 M. These strips have common boundaries. To

create some independence between the strips we let 5; = 5;_; + VM and define the strips
IV = A{'[5;, 5], for j > 1. We still denote their width by 8M (up to changing the definition
of § to 8§ — 1/+/M). Let L be the total number of the strips (observe that L is of order § ).
We can naturally assume that the partition into cubes Cj, ..., Cy is such that every cube
is completely included in a strip I¥. Note that, similarly to the proof of Proposition 6.5,
the probability that there is a point in a buffer zone is negligible.

Definition 6.9 (Type A and B strips). — Given a §-generic k-tuple {(S,, 1)} we call a strip TV
which contains a square S; a type A strip. The remaining strips (they are a majority) are called type B
strips. If TV is of type B we say that it is compatible if ne = 0 for all t € TV. If TV is of type A we say
that it is compatible if for q such that S, C TV, there exists €9 € S, such that Neo;, =1 and ng =0
forte IV — {¢2}.

Denote py =1, and forj > 0
b= P(HZ are compatible for / <j).

Lemma 6.8 becomes thus equivalent to showing that (recall that L is the total
number of strips)

k
p=c 5% [[mEK,) | exp(—em@)P)(1 +o5(1)).

q=1

The latter is derived immediately by an iterative application of (6.3) or (6.4) of the follow-
ing lemma, according to whether a strip is of type A or B respectively.

Lemma 6.10. — If TV is of type A, with S, € TV, then
(6.3) i = em(K; )8 p;(1 4 05(1))
and if TV is of type B then
64 B =1 (1= em@I( +05(1)))
with TV = TV /M.

Proof of Lemma 6.10. — We first prove (6.3). So, we assume TP is of type A, with
S, € IV*!. Let t be such that

(6.5) min A;(t) — RInM > A, (t) > max A, (t) + RIn M.

tellt! tell
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We define F; := F;.
We will need a control on the simultaneous occurrences of n, = 1 and ny = 1 for
pairs (t, t'). Denote

Vj = Z NeNy -

t,Vell, t£t": A () —A (Y)|<3RInM

Sublemma 6.11. — There is an F; measurable set ¥y C E such that P(E;) < % and for
w € E;

j

(6.6) E(V; 1 F) (@) < 1/¥M

and for t, t € TV such that 1, (t) > 1, (t) + 3RInM and w € E; we have
(6.7) E(enil F) (@) < M™%

The proof is technical and involves all the properties (h3)—(h6). We differ it to the
Appendix B.
As a consequence we get the following.

Sublemma 6.12. — We have for TV of type A, with S, C TV*', and w € E;

(6.8) p =PIV is compatible | F;) (@) = em(K; )84(1 + 05(1)).

]
Proof. — Recall that by definition,
(6.9) p=P@EteS,:n,, =1, andp=0fort#t, te V" F)(w).

We omit in the rest of this proof the mention of w, that is assumed to be fixed in E;. Since,
for a fixed t € S, Bonferroni inequalities imply that

E <r/t,i,] - Z NeNy |JT_]-)

vellUt! ¢t

< P(nt,i,[ =1, and n¢ =0 for t #t, t e [V |Jrj) =< E(’]t,i,,LFj)-

Hence, because w € E;,

‘p — Y E@;,|F)

tesS,

< > EaelF) <00/VM)+0(5)

t,€S,, t#telT!

where we used (6.6) for the terms with [A;(t) — A;(t)| < 3RInM, and (6.7) for the terms
with |A;(t) — A (t)]| > 3RInM.
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On the other hand (h4c) implies that for w € E
> E(n.,, |1 F) = em(K;)5" (1 + 05(1)).

teS,

proving (6.8). 0]
Proof of (6.3). — With the set E; from Sublemma 6.11 we have
1 = P((I1', ..., TPV are compatible) N E;) + O(InM/vM)
= E(]]-l_ll,...,l'[/' are CompatibleﬂE/’P(HjJrl iS Compatible |-E))
+ O(nM/vM)

where the last step relies on the fact that E; CE and so, by (h3), the event 11 1/ are compacible
is constant on F;(w) for w € E;. We finish using (6.8) and one more time the fact that

¢ CInM
P(E) < S, O

Proof of (6.4). — (6.4) follows from Sublemma 6.13 below exactly in the same way
as (6.3) follows from Sublemma 6.12.

Sublemma 6.13. — We have for TV of type B and w € E;
(6.10) p =PIV is compatible |F) (@) =1~— cm(ff)l:{/+1(l +05(1)).

Proof. — We omit in the rest of this proof the mention of w, that is assumed to be
fixed in E;. Observe that
p=P(p.=0forallte I’ |F)=1-p—p
with
| (there exists a unique t € TP such that n, = 1|.7-;)
p=P (there exists at least a pair (t,t) € [V such that Ne =Ny = 1|.7-;-) .

From the proof of (6.3) (taking the sum over all the squares of [F*" and i, € [1, P]
in (6.8) and (6.9)) we have that

P =em(X)I; (1 4 05(1)).
On the other hand
< Y. EMmelF) <O1/VM) + 0
(t,t)ellVt! ¢#£t

where we used (6.6) for the terms with [A,(t) — A, (t)| < 3RInM, and (6.7) for the terms
with |A;(t) — A (¢)] > 3RIn M.
Since p = 05(p), (6.10) follows. O
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The proof of Lemma 6.10, and therefore of Lemma 6.8 and Theorem 6.1 is now
complete. 0J

6.4. Proof of Theorem 6.2. — The proof of Theorem 6.2 is similar to the proof of
Theorem 6.1. In addition to using (h4), (h5) and (h6) to control v, we use (h7) and (h8) to
control ¢,. Let us briefly describe the necessary modifications.

We need a stronger notion of generic collections of squares than that of Defini-
tion 6.4.

Definition 6.14. — We call a collection of cubes S, . .., Sy strongly 8-generic if the distance
of any two among 2k intervals

A1(S1), A1(S2), -5 AT(SE), A(S1), A(S2), - -+, A(S)

is at least 36M. We say that a k-tuple {(Sy, 0,90}, where iy € [1, P, 5, € [1,]], is strongly S—generic
Sy, ..., Sy is strongly §-generic.

The same argument as in the proof of Theorem 6.1 shows that the contribution of
non strongly generic configurations becomes negligible as § — 0.
For the proof of Theorem 6.2 we need the following generalization of Lemma 6.8.

Lemma 6.15. — Given a strongly 8-generic k-tuple {(S,, 1, )}, we have that
P (3, ... ) eS x ... xS,

Ny =1, 6w e R Vie[1, K, n=0fortg (¢, ...,t(k)}>

k
= 5% (1_[ m(KZ-,)tfl(K/-,)) exp(—cm(%)ﬁ)(l + 05(1)).
=1

The derivation of Theorem 6.2 from Lemma 6.15 is exactly the same as the deriva-
tion of Theorem 6.1 from Lemma 6.8.

We thus focus on explaining the difference in the proof of Lemma 6.15 from that
of Lemma 6.8.

We need to replace Definition 6.9 of type A and B strips by the following definition
that takes into account a third kind of strips. We keep the division {I¥};_,
into the parallel strips of width §M.

.....

Definition 6.16 (Type A, B and C strips). — For j € [1, L), we say that TV is of type A if it
contains a cube S, from our configuration. For such a pair (TV, S,) we say that a strip T1? is associated
oS, if M (T17) N A(S,) # B. Note that since 3.(t) > A, (t) on Int(P), we have that p > j. We call
the union of all strips associated to a given S, a type C strip. Note that type C strips are a union of a
uniformly bounded number of consecutive strips T1', so their width s still O(8). The strips from the
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partition {TV} which are neither type A nor belong to a type C strip will be called type B strips. For
convenience, afler slightly decreasing the total number of strips to I < L, we still call the collection of
strips that we get {TVY;_y 1/ (the fact that the type C strips are slightly larger than the others will have

no consequence on the subsequent proofs).

Observe that there may exists k < k such that for q€ {k+1,...,k} it holds that

ATy N )L(Sq) = . If not, we just take £ = £. Thus, we have & type A strips, k type

C strips and L — k — & type B strips. It will be convenient for the proof below to add
IE+1, L Y4 strips in Ty where for everyj € [1, k — ]

M"Y = {te MMy : 3 €Sy, 1 [ () — A(¥)] <RInM].

We call IT¥* type C strips associated to Sj .+;- The fact that these additional strips are well

defined is due to our assumption that P is sufficiently large so that maxp A > maxp A

Denote the total number of strips L=1"4+ % — £.

The definition of compatibility for type A and type B strips remains the same as
in Definition 6.9. Given a cube S; of our collection, and a strip IV of type A such that
S; C IV and suppose that IV is compatible. This gives t € S; satisfying the conditions
of Definition 6.9 (n,0.4s = 1 and n; = 0 for all t € [V — {t}). Assume now that I1?, p > j
is a type C strip associated to S;. Then, I1” is called compatible if ¢ € Kj/ and 7, =0
for all t € I1” N [Ty;. In particular, for type C strips which are disjoint from ITy; the only
requirement that we have is that 0 € Kﬁ.

Let p; = P(IT’ are compatible for / <j). Then Lemma 6.15 becomes thus equiva-
lent to showing that

k
= it (]‘[ m(Ki)ﬁw(Kj,)) exp(—em(E)P)(1 + 05(1)).

=1
Then, as in the proof of Lemma 6.8, Lemma 6.15 follows inductively from

Lemma 6.17. — If TV is of type A, with S, € TV, then
(6.11) b1 = em(K; )8 (1 + 05(1));
i TV is of type B then
(6.12) bt =pj(1 — em(X)IF (1 +05(1)));
and if TV is a type C strip assoctated to a square S, then

(6.13) pier = pi(K; ) (14 05(1)).
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Proof: — We consider the same o-algebra J; as in the proof of Lemma 6.10, that
is F; := F; with t such that

min A;(t) — RInM > A,(t) > maxA,(t) + RIn M.
tell

tellt!

We then have from (h5) and (h8) that, regardless of the type of the strips, for v € E
]]-l'll,...,l'lj are compatible is constant on F](a))

Indeed, events of the form 1, , <k, , with A, ) eM'U...UIV and 1, , ek, with )Au(t(l)) €
) €K, « €K,

Ai(TT' U ... UTF) are constant on Fj(w) by (h5) and (h8).
Observe that (6.11) and (6.12) as well as their proofs are then identical to (6.3) and
(6.4) of Lemma 6.10. As for (6.13), it follows from

Sublemma 6.18. — If TV is a type C strip associated to a square S,, and w € E is such that
on w, T1' are compatible for | <j, we have

(6.14) P(TV"" is compatible | F) (w) = w(K;) (1 + o5(1)).

Proof. — By definition there exists some t € S, such that )A»(t(‘f) ) € A (TP, By
the definition of ¢, this implies that )A»(t(’/)) > A1 (t) + RIn M. Next

P € K |F) (@) —P@Ete IVt # 0| F) ()

< P(IV*" is compatible | F))(w) <P(L)) € K, | F) ()

t

Since @ € E, t? is constant on Fj(w). Hence (h7) gives
P(sl; € K| F) (@) = i(K;) + o5(1)
while (h4c) gives
P(Ate [V : n # 0| F)(w) = O0).

Combining the last three estimates we obtain (6.14). U

We have completed the proof of Lemma 6.17 and thus of Theorem 6.2. U

7. Rate of equi-distribution of unipotent flows

7.1. Notation. — Recall that {g*}cre is the d parameter subgroup given by (5.3).
We let

d
(7.1) T®=) t.
=1
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In the proof of Theorem 5.4 we will need to show asymptotic independence between the
moments of time such that ®(¢g*L) > 1 as well as randomness of the values taken then
by W (g*L, Ne~1®), For this we will rely on the fact that the action of g* on M is partially
hyperbolic in the sense that

d+1
TM=E ) (E,OF,)

q<p

where Ey is tangent to the orbit of g and E;k are invariant one dimensional distributions.
The corresponding Lyapunov exponents are A, with ¢ < p < d and %A, (correspond-
ing to p =d + 1) where

Ap=t,—t, A, =T(t)+t,.

:t . . . . :t + .
,» Which are orbit foliations for groups #,, where f,(u) 1s

the matrix with ones on the main diagonal, « in the p-th column of the ¢-th row, and zero
in all other places, while 4 («) are transposes of £/ (u). Below we shall abbreviate Ef 1
W-li_(d+|), }l?_(d+1) Wlth El, Wl, /l].

We also use the notation w(A) = f M AMdp(x), and for g € SLyy 1 (R), we denote
by A(g-) the function whose value at x is A(gx).

The Sobolev norm of index s will be denoted by || - ||s. We will always assume that
s 13 an integer.

Ej; are tangent to foliations W

7.2. Mixing for smooth functions. — Here we recall the mixing properties of homo-
geneous flows. To fix the notation we discuss only the subgroup /4, (x) (which is the only
subgroup used in the proof of Theorem 5.4 given in Section 8), however similar results
holds for all other unipotent subgroups including h;f].

By [28], Theorem 2.4.5 there exists s and constants C, k > 0 such thatif A, B € H®
then

(7.2) [L(AGB(E) — LA B)] < ClIA|5|[B] e 1]
We recall that this implies that there exists C > 0 such that
(7.3) | (AC)B (R (1)) — w(A)uB)| = ClIA]LS[IB][se™".

Indeed let 8 € [0, 7] be such that cos® = —¢™ and let

cosf 0O ... 0 sinf
0 1 ... O 0

R@@) = N
0 0 1 0

o
)

—sinf cosf
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o= diag(eft, 0,...0,¢).
It is then immediate to observe that
M(0) :=h ()R 'g-
1s uniformly bounded for ¢ > 0. By invariance of u we get
HACBR(¢)) = n(AC)BMOgR()) = u(A()Bi(g:)
with A,(-) := AR ™), B,(-) := B(M,"). Note that [|A/]|s < [|Alls, [B]ls < [|B]]5 uni-

formly in ¢ > 0 Hence, (7.3) follows from (7.2) applied to A,, B, and g, with ¢t =1In«.

7.3. Equidistribution. — The functions we are going to work with in Section 8 are
not smooth but they can be well approximated by the smooth functions. This motivates
the following definition.

Definition 71.1. — Given s,x > 0, we say that a _function A : M — R is in H>* with
A]ls.r = K if given 0 < € < 1 there are H®-functions A~ < A < A" such that

IAY = A7 [l < € and || A*]], < Ke ™

where 15 the Haar measure on M and || - ||s denotes the Sobolev norm of index s.

We say that y is a W, curve of size L > 0 if for some y € M we have y = {A,(1)y:
7 € [0, L]}. For a function A : M — R we use the notation

1 L
/A: —/ Al (s)y)ds.
4 L 0

Definition 7.2. — Fix kg > 0. Let L. > 0 and ‘P be a partition of M into W -curves of
length 1. and denote by y (x) the element of P containing x. Given a finite or infinile sequence of integers
(k,) and a function A € H>*, we say that P s ko-representative with respect to ((k,), A) if for any n

/ A—u(A)
gy (%)

where Ko = ||Allsx + 1, and L, = L™ is the length of gy (x).
We call the points x such that

(7.4) n (x e M:

2 ICALH_KO) S Ln_K()

Jor every n

f A- M(A)‘ < KAL*
gy (x)

representative with respect to (P, (k,), A). Observe that if P is ko-representative with respect to

((k), A) and
D L) <e

n

then the set of representative points has measure larger than 1 — €.
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The goal of this section is to show the following.

Proposition 71.3. — There exists s, ko, €9 > 0 such that forany 0 <r <s,0 < € <€, any
Sunction A € H>*, any L. and any sequence {k,} satisfying

Z (Lekq(k"))_l(o <€,

n

there exists a partition P of M into W -curves of length L that is k-representative with respect to
((F), A).

(b) If L € M is distributed according to a probability measure [ that has a bounded density with
respect to the Haar measure v, then the result of part (a) holds with (7.4) in the definition of representative
partitions replaced by

ﬁ(xe/\/l:

f A= pA)| = /CAL;K“) <CL,*
gy (x)

where C is the maximum of the density of i with respect to 1.

Remark 7.4. — The requirement that r < s will only serve to maintain the expo-
nent k in the speed of equidistribution in (7.4) bounded from below. Any upper bound on
r would yield a lower bound on « but it will be sufficient for us in the sequel to consider

functions in H%*, since we will have to deal with characteristic functions of nice sets (cf.
§8.3).

Progf: — It suffices to prove part (a). Part (b) follows from (a) since for any set 2 we
have f1(2) < Cu ().

Without loss of generality we will work with functions A having zero average, that
is (A) = 0. We will first prove Proposition 7.3 for A € H® and then generalize it to
A e H5r.

Now, assuming that p(A) =0, (7.3) implies that

[ (A A (w)-)] < CLRu ™

with Ky = [|All,, thus for S.(-) = L [V Ak (4)-)du we have
n(S?) < CL™*K3.

This implies that for k := « /3, we have

(7.5) p(xe M:[Sp(x)| > K\L™) < CL™.

Next let P be an arbitrary partition of M into W,-curves of length L. and for
u€ [0, 1] let P* =y (Lw)P. Then by (7.5)

/ A
y (x,0)

ﬁ((x,u)e/\/lx[o, 1]:

> /CAL_K“> <CL™
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where y (x, u) denotes the piece of P that goes through x and it denotes the product of
p and the Lebesgue measure on [0, 1]. Thus, we can choose u so that P" satisfies

f A
y(x)

If L 1s large we can drop the constant C if we let k( be slightly smaller than « /3.
Likewise, if (£,) 1s a finite or infinite sequence with

3 (L) < e

n

(7.6) m (x eM:

> ICAL_’“’) <CL™.

then there exists a partition P that is representative with respect to ((£,), A) as in Defini-
tion 7.2.

To extend (7.6) to functions in H®* (that may have infinite H*-norm), we use a
standard approximation argument. Note first that (7.5) still holds for non zero mean H?-
functions if we replace S‘ﬁ by S‘E(-) =SSP — u(A).

Now for € > 0 let A, AT, A~ be as in Definition 7.1 where we assume that
w(A) =0. Let Iy = ||A]|s.r + 1. Since 0 < w(A") < €, we have that

(7.7) w(x: S > 2K, L7F) < <x: SM(x) > 2L — e) .

So, if we choose € and & such that € = KC,L™ ~ K e "L, thatis € ~ L™ and k =
ko/(r+ 1) we get from (7.7) using (7.5) that

w(x:SP() > 2K,L7F) < <x: S () > [A] |s,,L—K0) <L,

Using A~ to bound u (x: SR(x) < —QICAL_’?) we see that (7.6) and thus the rest of the
proof extends to H®* functions, provided the exponent k is reduced. 0J

If A is a finite collection of functions we say that P is representative with respect
to ((k,), A) if for each A € A, P is representative with respect to ((k,), A).

7.4. Mixing for approximately smooth functions. — §7.3 controls the deviations of er-
godic sums for H®*-functions. We also need a bound on the rate of mixing for diagonal
flows. Namely, let A be a bounded H*-function.

Lemma 7.5, — There is a constant C such that for any H>* function B we have

Kmax\til

I (A()B(g) = (A u®B)| = C(IAlls + [|Allee) [IBllsce” T

where Kk s the constant from (7.2).
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Proof. — Without the loss of generality we may assume that
(7.8) w(B)=0.
Given €, let B4 be the functions such that
B_<B=<B:, u@Bi—B_)=<eand]|[Bi|ls <|IBlls.€e"
Assume first that A 1s positive. Then
(7.9) pn(AC)B_(g) = n(A()B(g)) = n(A()B4(g).
Next, by (7.2)
lL(AG)BL(g)] < (A By) + ClIAl5 [[B]l € e 0,
Note that due to (7.8)
pBi)=pu@By —B) <u@B,—-B_) <e.
Hence
ILAC)B(g)] < ClIAll [€ + [1Bllspe e

Choosing € so that e "D maxlil — ] we get

Kk max ||

| (AC)BL ()] < ClIAIL [[Bllowe™ 1

Likewise

Kk max |¢;]

| (ACB_(g)] < ClIALL [[Bl|oee™ 1

The last two inequalities together with (7.9) prove the lemma for non negative A.
In the general case decompose A = A; — Ay where

A =2l|Alle,  Ao=A —A.

Since both A; and Ay are non-negative we have

Kk max ||

(A (OB (g)) — nA)uB)] = C([|Alls + [[A[lre) [IBlls.ce”

proving the lemma in the general case.
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8. Poisson limit theorem for the diagonal action

8.1. Overview of the proof of Theorem 5.4. — The goal of this section is to prove The-
orem 5.4 using the abstract Theorem 6.2 and the polynomial rate of uniform distribution
of long pieces of horocycles given in Section 7.

We fix the probability space (£2, P) to be the space (M, ft) where fi is the measure
from Theorem 5.4 that is assumed to have a smooth bounded density with respect to the
Haar measure.

In all this section, the expectation with respect to i of a variable X will be denoted
E(X).

Let

(8.1) P={teR’:t>0, T(t) <1},

where T(t) = Z;[:l t;.. In this section we will denote by ITy; = MP. (Note that, in fact,
(5.1) gives ITyy = (M — d)P but we ignore “—d” in order to simplify the notation. Since
the result holds for arbitrary M, this does not cause any loss of genelity). Let

P={teR’ :T(t) < 10} so that [Ty, = {t e R. : T(t) < 10M]}.

Recall the definition of A, (£) = T(¢) + £, and let A(£) = t, + M. Observe that A(£) > A, (¢)
on Iy (even though i(t) can be equal to A, (?) on the boundary of ITy;, that is, if T(t) =

We take (X, m) and (X, @) to be the spaces K = [—é, é] and R/2Z equipped with
their normalized Lebesgue measures.

Fix any P > | and divide K into a finite number of intervals K, K, ... Kp and let
Q be the partition of (X, m) into the intervals K;, Ky ... Kp.

Similarly, fix any J > 1 and divide [0,2) into a finite number of intervals
KI, cees KJ, and let Qbe the partition of (X, m) into the intervals Kl, cees KJ.

Recall the definitions of ®, W given in (5.5) (5.6) and introduce ®,, p € [1, P] that
are defined by formula (5.5) with K, in place of K. Let

(8.2) Ot = d(4'L)
(8.3) Pf = D, (¢'L)
(8.4) ve=W,(¢'L)
(8.5) L=, (gL, Ne ')

Fix R to be a large number (the precise conditions on R are described later in this
section).

By Theorem 6.2, if we prove that ®°, {@;}pfp, ey Wy, for t € I1, satisty (h1)—(h8)
then we get the Poisson limit for
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{W(g"AE), Ne ") hery oeacen=1

required in Theorem 5.4.

Proposition 8.1, proven in §8.2, shows that ®* satisfies (h1)—~(h3). The proof relies
on Rogers’ identities given in Lemma 2.3. §8.3 contains estimates of || - ||s s norms of the
functions ®; and W;. Then in §8.4 we show, using Proposition 7.3, the existence of the
partitions I, and the set E such that (h4)-(h8) hold.

8.2. Multiple solutions. — The following proposition asserts that @ satisfies (h1)-
(h3).
Proposition 8.1. — Recall the notations ®* = ® o g*, ®; = &, 0 g'. Then uniformly in
teZ’, t € Z' — {0} we have
(a) (DY) = OM™);
(d) (@) =2 e [K, M~ + O (M~
provided that min(t;) > R1In M and R s sufficiently large;
J

() i (99" - o) =0 (M);
(¢) AL e M:D(L) #0 and D (g L) #0}) = O (M)
Note that (b) implies via Markov inequality that
(8.6) A{LeM: (L) > 1H =0 (M™).

Proof: — Without loss of generality, we can assume in the proof of the inequalities
(a), (b), (c), that L is distributed according to the Haar measure on M, and by invari-
ance of the Haar measure take ¢ = 0. The inequalities then follow from Rogers’ equal-
ities of Lemma 2.3. Namely, part (a) of Lemma 2.3 implies that u(®) = ¢, Vol(D) =
271¢; |KIM ™, where D is the set defined by (5.4). Indeed

=1 1%

_ K] ’ . dv —d
VOI(D)_W/W Li(x1(v)) Jl»;[]lJ(X](V)) T =27 |KIM™.

On the other hand, letting / = 1p we get, since I is an interval of positive numbers, that

(8.7) QL) -L)= Y. S w)= D fW)w)

vi#vo €L prime vi#£vo €L prime

so part (b) follows by Lemma 2.3 (b). As for () observe that if we define, for v = (x, z) € L,

d
J@ =1, [ []1460) | Lo T,
j=2
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u,(cbcbt’):/M Y. S v)du(L)

vo#tv) €L prime

where the contribution of vy = —v, vanishes because both I and ¢~ T are positive inter-
vals, while the contribution of v, = v, vanishes since either I and ¢ ™41 are disjoint or J
and e_tfj for some j = 2, ...d are disjoint. Applying Lemma 2.3(b) we get (¢).

Since pu(®,) =27 "¢;|K, M, («) follows by exponential mixing of the geodesic
flow (Lemma 7.5) and Lemma 8.2 from § 8.3. 0J

8.3. Estimates of norms. — Before we construct the partition F, we first state esti-
mates on the H** norms of ® and ®,. We also obtain an estimate on the norm of ®*
after making an appropriate cutoff. The results stated in Lemma 8.2 below are proven in
SA.2.

Let b, 5 be a smooth cutoff function supported on the set of lattices with a short
vector of size O(§). The existence of such function is guaranteed by Lemma A.1 from
Appendix A. We set by s =1 — b 5.

Let K = {z: d(z, 0K) < M™%} and set & = S(1) where D is defined similarly
to D (see equation (5.4)) with K replaced by K. Define similarly IA{/J, D,, and &Dp for
pell, Pl

Lemma 8.2. — For any s > 0 we have that (a) ||®||ss = O(1), ||Ci>||s,s = O(1). Also for
each p € [1, P]

1®)llss = O(1), [|®,]lss = O().

(b) For each § > 0, || Db, s||s.s = O(1).

(¢) For each 8 > 0, ||(®? — qD)bg,aHs,s — Q52+,
(@d) w(®;) =27 1¢| Ky,  u(D;) = OM10007),

0 (Db ) = O (8672),

) M((q>2 — D)hys) =0 (M_Qd).

8.4. The partition F, and the proof of (h4)—(h8). — Given t € IT we denote by TI*(¢)
the set of t € IT such that A, (t) > A;(t) + RInM.
Consider the following collection of functions

S ={(D, D ..0p, D, Dy,..., Dp, Phy yt000, (B2 — D)bo yy-10000}.

Let F; be a partition of M into W, -curves of size L, = (/' OM'""%) =1 '\vhich is k-
representative with respect to (IT*(t), ®) (that is, representative for all t € IT*(t)). Such
a partition exists due to Proposition 7.3, Lemma 8.2 and the fact that

Z (Ltem(i))*"“ -0 (M—lo“’“'f)

tell, iellt(v)
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if R is sufficiently large. Moreover, if we let E; be the set of £ such that for any t € I1, £
is representative with respect to (Fy, IT*(t), ®) then

W(E) = OM%),
Proposition 8.3. — There exist sets E with
A(E) < M7,

such that the variables @, 1,, ), 1, and the partitions ¥ satisfy the properties (h4)—(h8) of Section 6.

Progf. — Property (h4). We prove that any L € E; satisfies (h4) (with @ replaced
by L).

Properties (h4a) and (h4b) follow from parts (a) and (&) of Proposition 8.1 and the
definition of representative points.

To check (h4c) note that ®; are integer valued and so

t t2 t t2 t
CDP—r)tJ)SCDP —<I>p§CI> — o',
Since also 0 < & — 1¢, < P} < P we get
qu);_nt,pfét
where

gt = [(CI)2 — ®)by \p-10000 4 CDf)M\rMnmd] ogt.

Accordingly for £ € E,

0 < E(®) — eyl Fe) <EEIF) < 1

where the last inequality relies on parts (e) and (f) of Lemma 8.2 and the fact that £ is
representative with respect to (Fy, t, ®). The last display implies that

C
E(®{1.F) — 1o < E(nylFo) < E@)IF0).
Hence (h4c) follows from (h4b).
Property (h5). Consider t € T, t € IT*(t), and y; € Fy. If ®* =0 on y; then (h5) clearly
holds on y;. On the other hand suppose that there exists £ € y; and p such that
£,¢(L) # 0. If follows that g*(£) contains a vector (x, 2) €1 x J1 x K,. Note that

gty = {hrgt(ﬁ_) Jrer
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where Z is an interval containing zero of length which less than M~194_ Observe that
heg*(L) contains a vector (x;, z;) where x, =, z; =z + tx;. In particular |z, — 2| <
107199 Hence if gty; does not intersect

K, = {z:d(z 8K,) < M~10%00%)

then it is completely contained in K,. The measure of £ such that g*y; intersects Kp for
some p is thus bounded by O(M~'%%) from Lemma 8.2(d). Taking the complement to
the union of all these exceptional £ for all t € I, t € [T7(t) we get a set Ey such that
f(ES) = OM ™) and (h5) holds for £ € E,.

Property (h6). Since the size of the pieces of Fy is L = (X ®M!'%%)~! and the size of the
pieces of Fg 1s Lz = (eA‘(E)MIOOO‘[)_1 if we let

Es ={L:Fi(L) CF(L) forallt e I, t e [17(¢t)}

then we have t(E5) = O(M™'%).

We let E; := E; NEy; NE; and observe that f1(E;) = O(M™'%) and (h4), (h5), and
(h6) hold on E,.

Property (h7). Let K, ..., KJ be a partition of R/2Z with ] intervals. We will show that
L € E, satisfies (h7). Then we further refine E4 to ensure (h8).

Assume t, t' are such that )Au(t) > M)+ RInM > A (t) + 2R In M. We need to
show that if £ € E is such that ®* = CD; =1 then for anyj € [1,]]

- N ~ ~
(8.8) I (‘1’2 <§t£» m) € Kj|]'—t> (L) = IK;[(1 4 o(1)).
Let y¢ = F/(L). Then yy is of the form

Y = {h-}-‘C_}Ost(/q(t/)l\/{IOOOd)—I

for some £ € M. By property (h5) @, =1 on yy. In particular, CDp(g_T‘E_) =1, that is gL
contains a vector (x, z) € D,. Since g'h, = hy 0,¢" it follows that g4, L contains the vector
(%7, 2¢) € D). Namely, x;, =x, 2, =2+ 1O 1y . Now

- N N N 3
t71 _ _ A(t)
(8.9) v, (g h L, eT(t)> = e z; mod 2 = KT(t)z + Y 7x mod 2.

and since T varies on an interval of length (¢/'®M'*%)~! | the uniform distribution (8.8)
follows from the fact that A(t) > A, (') + RInM provided that R is sufficiently large.
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Property (h8). F¢(L) is of the form
{}l_},/j}ogrf((/\l(5)1\,11()[)0)—1

for some £ € M. By (h5), ®* =1 on Fi(w). (8.9) shows that if L; .k, is not constant on
Fi(£) then W, (g‘hi[',, eTl\W) lies in a O(M~1%%7) neighborhood of 8I~{j. Let

E= {,C € E,:Vt, t e IT with A, () > A(t) + RIn M it holds that :
Viell,Jl, Lk, is constant on F;([,)} .

Then (h8) holds on E. On the other hand, the same argument as for property (h5) shows
that L(E — E;) = OM %) as needed.

We have thus checked (h4)—(h8) for ®°, {dD;)}, {¢} for t € IT and p € [1, P], which
completes the proof of Proposition 8.3. 0J

Proof of Theorem 5.4. — Theorem 5.4(a) is exactly property (h4a) that we proved in
Proposition 8.3.

To prove Theorem 5.4(b), we note that it follows from Theorem 6.2 and from
properties (h1)—(h8) that we proved in Propositions 8.1 and 8.3, that the process

{(\IJ (gtﬁ, Ng727=1tj) , i)}
M/ o@Ete)=1, temy

converges in probability, as N — 00, to a Poisson process on
11
|:—:, :i| X R/(QZ) X 7)
€ €

with intensity 2/ '¢,. Since P= % the claim of Theorem 5.4(b) follows from the invari-
ance of Poisson processes by projection given by Lemma 2.1(b). OJ

9. Small boxes

One can also consider the visits to small boxes Cx = H]- [—%, %] The case y =0

is treated in Theorem A while the case y = 1/d was studied in [31]. For y > 1/d most
orbits do not visit Cx so we consider the remaining case 0 < y < 5. Recall (1.6).

D(x,0,CN,N)

Theorem 9.1. — Under the assumptions of Theorem A, (d N

Cauchy distribution.

converges lo the standard
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The proof of Theorem 9.1 is very similar to the proof of Theorem A so we just
describe the necessary changes.

Similarly to Theorem A the proof consists of two parts: showing that non-resonant
terms are negligible and establishing the Poisson limit for the resonant terms.

To describe the first part let

ZW,N,y)={ke ZW,N) : |k| > N},

v, N, y)

D®,N,y) = Z Q,(¥,N)

ke€Z(9.N,y)

where £; are defined by (3.1),

2A - -
Fk(ﬁ’ Ns V) == ?qs(klulN_ys ceey kdudN_y7 N(k7 a)a (kv X) + (pk,a,l\')

and €2; and ¢ are defined by (3.5) and (3.7) respectively. We have the following analogue
of Proposition 3.1.

Proposition 9.2. — For any v > 0, if we take € > O sufficiently small and N sufficiently large

we have that
> U}> <.

Proposition 9.2 follows from the estimates of Section 3 with the exception that §3.3
has to be modified to take into account that now we remove more frequencies (namely,
we now discuard the frequncies with |&| < N7).

Define U, (¢, N, y) similarly to U, (¢, N) with % replaced by ;N and let

A({ﬁEX ‘D(ﬂ’N’y) _ D(X,O{,CN’N)
(InN)4 (In N)?

D@, N,y)= Y U N,y),

0<|k|<N

D@, N, )= Y U@ N,y).

NY <|ki| <N
We claim that

D, — D,

9.1) —(ln N)?

converges to 0 in probability as N — oo.

To this end fix a small € > 0 and let

?(91, .. qd) = {/{E Zd: |/_fj| (S [q], %—{— 1]}’
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d
Qqrs - q0) = Hmax(qj, N”),

j=1

Q=1{(g1,-.-,q0) € Z' : min(|¢gj]) < N”, max(]¢;|) < 2N},

E={a:3(q1,....,q0) € Qand ke Y(qi,...q0) : ||k, a)]]
<€Q(q1, ... g0}

Then
9.2) mes(E) <é.

On the other hand, since for £ € \?(gl, ...qq) we have

| cos(2m (£, x) + PraN)]
Q(q1, - - qa)|I(k, )]

we get, repeating the arguments of Subsection 3.3, that

U@, N, )| =

(ln N)dfl
N
Combining (9.2) and (9.3) we obtain (9.1). Combining (9.1) with the estimates of Section 3

we obtain Proposition 9.2.
Next, Theorem B has to be modified as follows.

9.3) [ID2 — DIli2(ere—fyxmiy < C

Proposition 9.3. — Assume ¥ € X is distributed according to the normalized Lebesgue mea-
sure M. For any € > 0, as N — 00, the process

{ ((th)d (]‘[ /%) | ¢k, ) ||, (N(k, o) mod 2), {kyus N7}, ..., {kau N7},
{{£, x>})}
k€Z(W,N,y)

converges to a Poisson process on [—é, é] x (R/(2Z)) x T with intensity 2" ¢, (1 — yd)?/d!
where ¢y = 1/¢(d + 1) 15 the constant from Lemma 2.5.

The Poisson limit for the pair

(9.4) {(mN)d (]_[ /@-) | ¢k, ) ||, (N(k, o) mod 2)
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follows from the abstract Theorem 6.2 with P = {¢: 4> 0, ;4 < M} replaced by P, =
{t:t; >yM, thj < Mj}. Note that the change of variables =  — y M transforms P,, to
the simplex

(:3>0,> 1< —ydM}
J

so that Vol(P,) = (1 — dy)? Vol(P). This explains the extra factor (1 — yd)? in Theo-
rem 9.1.
The asymptotic independence of the remaining coordinates in Proposition 9.3
from the pair (9.4) is a consequence of the following modification of Propoition 5.3.
Given s € N consider a sequence of s-tuples (£, ... k™) where £9N € Z7. Let
k9N be vector with components

70:N) G.N) 0.N)
k/} = ap’lkl + cce + ap’dkd .

Proposition 9.4. — Suppose that

9.5) Vie(l,....s} [V >Ny
and
(9.6) Vi £ e(l,....s) iV —In|"NV|| > /0N

Let (x, u) be distributed according to a density px on T¢ x T such that
9.7 loxller <R.
Then the distribution of the s (d + 1)-tuples

((E, N7, G, 0, N7}, {9, 0}

(N, N, LA EY, NGO, 0))

converges to the uniform distribution on TV as N — 00 and the convergence is uniform with respect
to the matrix (ay,) the choices of {kV"™ Yy satispying (9.5) and (9.6), and px satisfying (9.7).

The proof of Proposition 9.4 is similar to the proof of Proposition 5.3 so we omit
it.

Apart from the modifications described above the proof of Proposition 9.3 is iden-
tical to the proof of Theorem B.

Also, the derivation of Theorem 9.1 from Propositions 9.2 and 9.3 is the same as
the derivation of Theorem A from Proposition 3.1 and Theorem B.
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10. Continuous time

In this section we discuss briefly the behavior of the discrepancy function in the
case of linear flows on the torus. Given a set C we consider the continuous time discrep-
ancy function

T
D(v,xC,T) = / Le (S x)dt — TVol(C)
0

where S! = x + vt.

In the case of balls, it was shown in [12] that for d > 4, the continuous time discrep-
ancy function has a similar behavior as the discrete time discrepancy, namely it converges
in distribution after normalization by a factor T@=3/2(=1,

Curiously, for balls in dimension d = 3, the continuous time discrepancy behaves
similarly to the discrete discrepancy of boxes and gives rise to a Cauchy distribution after
normalization by InT. This will be proved in §10.2 below.

It was also shown in [12] that for balls in dimension d = 2 the continuous time
discrepancy converges, without any normalization, in distribution. In §10.1 we will show
that this is also the case in any dimension d > 2 for the continuous time discrepancy for
boxes.

10.1. Boxes. — Let C = U(]_[]-(O, 1;)). We assume that the triple (U, x, v) is dis-
tributed according to a smooth density of compact support and that U € SL;(R) is such
that ||U — I|| < n where 7 1s sufficiently small.

Theorem 10.1. — As T — oo, D(v, x, C, T) converges in distribution.

Proof: — We have

D(v,x,C,T):4dZ H(%}M)
k

J
sin(7 (k, v'T))

) cos(2m (k, x) + ¢rr.0).

where £; is given by (3.1). We claim that for almost all U, v there exist a constant C(U, v)
such that

||D(U7 X, C’ T)”L% =< C(Uv U)
and moreover for each € there exists N = N(U, v) such that

Z l_[ (sin (2_7[/{]%)> sin(7 (k, v'T)) cos(27 (k, ) + )| <e.

el k; 7 (k, v)

L3
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To this end it suffices to demonstrate that for almost every (U, v)
-2

Z Hk (k, v) < 00.

k

Since det(U) # 0 there exists §(U) such that for each £ there is / € {1...d} such that
|k;| > 8|k|. Accordingly it suffices to check that for each /

-2

Y iU, v) <oo where Tu(U,v)=||[]k ]k v)lk
k e
All sums have the same form so we consider the case [ = d. Given numbers s, ... 5,1, s

and € > 0 denote Q2 (k, 51...57) =
{(U,v) : k| € [|k]Y, |k]"] forj=1,...,d — 1 and
|(k, v)] € LA, [k}
Then
P(Q(k, 51...50) < [T

d . . . .
where s = ijl 5;. We draw two conclusions from this estimate. First, for almost all (U, v)
we have

[

—1
ki | (k)| > [k~
1

J

provided that |£| is sufficiently large.
Second, for s > —2de we have

E(Log.,...p(U, v)T(U, v)) < G| 1@,

Hence

E (Z Lo es..on (U, ©)TL(U, v)) < 0.
k

Summing over all d-tuples (s, .. .s,;) € (€Z)? such that

d

5 <1, s:Zsj>—2d6

J=1

we get E (3, (U, v)) < 0o proving our claim.
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The claim implies that for large N the distribution of D(v, x, C, T) is close to the
distribution of

D (v, x, C,T)
sin anu sin(7r (k, vT)
=41 b |
%U ( ) rth oy SRR+ dur)

Hence it remains to prove that Dy (v, x, C, T) converges in distribution as T' — oo. This
convergence follows easily from the fact that as T — oo {v'T} becomes uniformly dis-
tributed on (R/2Z). O

A similar argument shows that randomness in C is not necessary. Namely, we have
the following result.

Theorem 10.2. — Let C = ]_[j(O, ;). Suppose that the pair (x, v) has a smooth distribution
of compact support. Then D(v, x, C, ') converges in distribution as T — oo.

The proof of Theorem 10.2 is similar to the proof of Theorem 10.1 with the addi-
tional simplifications since now |£;| > 1 and so only (£, v) may possibly be small. There-
fore we leave the proof to the reader.

10.2. Balls. — In this section, C is assumed to be a ball of radius 7 in T?®. We sup-
pose that v is chosen according to a smooth density p whose support is compact and does
not contain the origin, r is uniformly distributed on some segment [a, 4], x 1s uniformly
distributed on T® and v, r and x are independent.

Theorem 10.3. — There exists a constant p such that ST

the standard Cauchy distribution.

converges as T — 00 o

Proof. — The proof is similar to the proof of Theorem A so we just outline the
main steps. We have

D@, xB0.N. T =) fihv.xT)= > g
keZ3 keZ3 k prime

_cosl2m (k)4 ( To)IsinGr ( Tv)  _ \o0
where f; = ¢ i 2 8= Jip and

sin(27mr|k|).

cr ™

7 |k|?

Similarly to Section 3 (see also [12, Section 3 and §6.4]) we show that the main contribu-
tion to the discrepancy comes from the harmonics where

1
& kWK< —— and [k <T.
InT €lnT
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Therefore the key step in proving Theorem 10.3 is the following.

Proposition 10.4. — The point process

{1k, v)In'T, (k, Tv) mod 2, {(k, x)}, {rlkl}}

|k\§T,ek2|(k,v>|lnT<1,k])rime
converges as 'I' — 00 to a Poisson process on [—%, é] x (R/2Z) x (R/Z)? with constant intensity.

The proof of Proposition 10.4 is similar to the proof of Theorem B and consists of
the following steps.

(a) We prove the Poisson limit for {|£|*(k, v) In T} using the argument of Section
8. We first normalize one of the coordinates, say vs, of the vector v to 1, which reduces
the study of the Poisson limit for {|£|*(k, v) InT} to the study of the visits to the cusp in
M =SLs;(R)/SLs(Z) of g, A with

¢ 0 0 1 0 O
g=10 ¢ 0 and A(v,v)=|0 1 0
0 0 872! U1 V9 1

More precisely, the relevant neighborhood in the cusp is defined via the function

S, 2) =1L + )1 (2 +7)2)

where I =1, ¢), K =[—= L_]1. We then define ®(£) = S(f).

EInT’ énT
The Poisson limit of {|£|?(k, v) In'T} is obtained from a Poisson limit for

{® (@M} ey, -

In this setting, the manifold determined by A (v, v9) consists of the full strong unstable
foliation of g, and there is no need for extra parameters to establish the Poisson limit.

(b) We prove that (k, Tv) mod 2 is asymptotically independent of ||*(k, v)InT
using the fact that their values are determined at different scales (cf. proof of (h7) in

Section 8).
(c) We show that (£, x) and {7|£|} are independent of the previous data using the
superlacunarity of the sequence of small denominators (cf. Proposition 5.3). O
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Appendix A: Norms
A.l Preliminaries

It is well known that the fluctuation of ergodic integrals depends strongly on the regularity
properties of the observables. To gauge such regularity we will need several norms on the
space of lattices.

Let C3(M41) denote the space of smooth functions on M, ;. Let

Uy, Moy oo, Uggnyz—y

be a basis in the space of left invariant vectorfields on M. We let

||®||cs = max max max
0<k<siy,i9..50 LEM g1y

B, D, - 8uikd>(£)‘ .
Let H® denote the Sobolev space of index s. It is equipped with the norm
2
olz=3 % / ‘3u,~1 d, - .auikcb(ﬁ)‘ du(L).
0<k<s1iy,i9...01

Let a(£) denote the length of the shortest nonzero vector in L.

Lemma A1, — For each s there are constants Cy, Co such that for each § <1 there is a
Sunction b, 5 : M — R such that

0<hs=1,

h1s(L) =1#a(L) <34,
b1.5(L) =0 /a(L) > Ci4,
1b1sllesvy < Co.

Progf: — 'This lemma is a special case of [29, §4.2]. For completeness, we repro-
duce the formula from [29]. Let T be a nonnegative function on SL,;,(R) with integral
one supported on the set

llgll* < C, gl ™* < C.

Then one can set

bl,ﬁ(ﬁ) = / T(g) ]]-a(gﬁ)fclﬁ dﬂ(g) 0
SLy+1(R)



DEVIATIONS OF ERGODIC SUMS 347

We also need a space H** of functions on M, which can be well approximated
by H® functions (see Definition 7.1). Similar norms can be introduced on the Euclidean
space R”™'. We note the following inequalities for ®, W € C5(M )

(A.1) [ P[ls < Cs|[P]lcs,
(A.2) HW|[s < Cuf [W]|cs [P

where the constants Cs and Cy depend on s. Accordingly if ¥ € C3(M ;) is positive
and ® € H*" we get

(A.3) W []sr < C5[[W[lcs || Plls.r

(In fact, (A.3) holds for arbitrary smooth W since W can be represented as a difference of
two smooth positive functions, but we will only need (A.3) for positive W.)

We also need a space C**(R“*") which is defined similarly to H**.

Namely, given s,r > 0, we say that a function f : R — R is in C** with
||/ lcse = K if given 0 < € <1 there are C3-functions /= </ <f* such that

_ + _
|V+ —f ||L1(Rd+1) S € and Hf ||Cs(Rd+1) S Ké r.

Lemma A.2. — For each integer s and each R there is a constant C = C(R, s) such that:
(@) Iff is a CS(RY) function supported in the ball of radius R about the origin then

(A.4) NS sy, < Clif Hles@es) -
and if f is a CS* (R function supported in the ball of radius R about the origin then
(A.5) IS aermynny < ClIf llosemesy;

(b) Let by s = 1 — b5 where b, 5 is a_function _from Lemma A.1. Let f be a CS(R™") function
supported in the ball of radius R about the origin. Then

—(d+1
SN o sllcsimuy = ClIf les@erty 8 @D,

Progf: — Given a left invariant vectorfield 4 on SL;; (R) let [ be the correspond-
ing left invariant vectorfield on R**!. That is

d
B () =~ |/ (€))

where g(¢) is a one parameter subgroup of SL,;; (R) such that g'(0) = 4L.
Since 94S(f) = S(9gf), (A.4) follows from Lemma 2.3(c).
(A.5) follows from (A.4) since /~ < f < [T implies

SIH =S =S¢™M).
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Next
(S50 < Taerzs ) VW

veL, prime

However if the shortest vector in £ is longer than § there are at most O(§~“*V) terms
contributing to this sum. Accordingly

—(d+1
SN hosllcom,. < Clif llcomer) @D,

The higher derivatives are estimated similarly. O
A.2 Proof of results of Section 8.3

Proof of Lemma 8.2. — (a) Let ¢ be a C* function such that ¢(z) =1 for z <0,
¢(z)=0forz>1and 0 < ¢(z) <1for 0 <z<1.Given an interval K = [£i, k] let

n 1 2=k (2 hk+te
K& = 2 [¢< € ) ¢< € )}
_ _l z—ky +e€ _ z—k
¢K,€<z>—2[¢(—6 ) ¢( : )}

Consider the following functions on R**!

d
e =¢f) | [ ®) | o, @),

J=2

a\%], and define as in (5.5) the Siegel transforms ®F of £* instead

1
where KM = [—m,

of
d
f=16) [ []u6) | 1k, TI@)).
=2

Since £~ <f < /" we conclude that ||f||css®s = O(1). Now (A.5) shows that ||®||ss =
O(1). The norms of CiD, ®, and &)p are estimated similarly.

Part (b) follows from part (a) and (A.3).

Next, (8.7) shows that

(@) — P, <P*— D < (9)* — P
Thus

Bos [(P)* — @] < bos [@7 — @] < hos [(D))” — DF].
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We have
w (bas ([(@D)* = @F ] = [(@0)* — @7]))
=p([(@H = o] -[(@)" — 2/ ]) = O(e).

where the last step relies on Lemma 2.3(c).
Next, similarly to the proof of Lemma A.2 (b) we get

||(((I)3:)2 - q)i:)hQ,S”s,s = O (8_2(d+1))

proving part (c).
Part (d) follows directly from Lemma 2.3(d).
To prove part (e) we note that

w(®h ) < \/M(CDQ)/,L(E]%,S) < C\/M(b%a) < C5@+D/2

where the estimate of u(®?) follows from Lemma 2.3(c) and the estimate of M([ﬁ’ s)
follows from the fact that

Bis < St 2<cs2)

and Lemma 2.3(c).
Finally part (f) follows from Proposition 8.1(b) since by 5 < 1. U

Appendix B: Independence

Proof of Sublemma 6.11. — We start with (6.6). Observe that

InM
EEV;15)) =EV;) =0 (nv)

where the last step comes directly from (h3) and the fact that there is O(M>**~!In M)
terms in V. Let

1

Then P(EJ’-‘) =O(nM/ «/M) by Markov inequality while (6.6) holds for w € EJ’
We turn now to (6.7). Let t, t € TP such that A, () > A, (t) + 3RIn M.
Let now t be such that

(B.2) A (@®) —RInM > 2, (t) > A (t) + RInM.
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Recall that t is such that
min A;(t) — RInM > 4,(t) > max,(t) + RIn M.

telV+! tell

and that F; = F;. We let Fj(w) := Fi(w). We then consider the partition F,=F A F; and

let F, denote the o-algebra generated by F,.
The idea in addressing (6.7) is essentially the following:

by (h6) ~ by (h5) ~
EoilF) "~ E(EGuilFoI5) "~ E(nEdFlF)

by (h4) cm(X) cm(X) em(X)
~ M¢? M Md
The fact that (h4)-(h6) only hold outside of some exceptional set, makes the argu-
ment above incomplete and we now complete it. Due to (h6), we have that Fy(w) C F;(w)
for w € E. Hence, for w € E we have

E(nanel ) = E(E () ml75) + Ri (6
- E(E (nd7:) E (0l 5) 15) + R,
- E(E (nl7) E0rlF0 1) + Ry + R,

= E(ﬂtE (el F2) |-7'—;) +Ri+Ry+Rs
= E (Ut]lEE (&l F) |-7';) +Ri+Ro+Rs+ Ry

by (h4)
E(|F) ~

C
—E (1l F) +Ri+Ra+Rs + Ry

= N
= %+R1+RQ+R3+R4
where the inequalities follow from (h4c) and for i = 1, ..., 4, R; = Ri(t, ) are given by
Y S )
R, =E (E(n|%) [E (] %) —Ew@a ] |7).
Ry =E ([E (0] ) - n] Eml 70 17).

Ry =E (nE (1l Fo) 1) — E (nloE (] 7

F).

Note that R; are F; measurable for / € {1...4}. We claim that all of them have L' norm
of order O (M*IOO‘[). Indeed, first,

E (|Ry) <P(E) =0 (M%),
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Next

E(IRi) <E(

B (7))

-5((p-B{oiF)[1) 00 ™) =0

since on E, Fi() = Fi(w) due to (h6) and hence E (ntm) —E (| F) = 1, due to (h5).

E

(IR3]) and E (]R4|) are estimated similarly.
Let now

E/ ={wek:Vt,te V" andtasin (B.2)Vie(l...4}
IRt ®)] < M~}

Then by Markov inequality P((E/)) = O (M~"") and (6.7) holds for w € E/.

Letting E; = E: N EY where E; is given by (B.1), we finish the proof of Sub-

lemma 6.11. H
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